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Last Time:

• The definition and terminology of sequences
• Finding the formula for the general term Can)ofa sequence
• Calculating the limit of a sequence if it exists (using some theorems✗

Get a) Find the first 5 terms of the sequence {cosCnt}n= ,

Ttarted cosGH
,
cosCMD ¥+4 divergent.

- 1
,
1

,
-1,1, -1, . . .

b) Find the limitof the sequence { (1+3)%-7=1+2,4+114+53, . . .
y= (1+2×-7--76) tnly)=✗k(1T¥)
limit : ¥y•xk(1+¥)≈(✗ • 0) =¥%ʰf¥#≈E
= "x:.li?;-;?-=iimlPt:-Io--#)--21imkCD--24izy=e2

seqisconv. limit is@
✗→x

c) Find the limit of the sequence { Tnt -Fin? =D-154-52,8-9 .. .
ii. n-Ñ÷⇒n→a

Li:#/ = !%¥+rn=i:÷¥Tms + rn

=D goestoo



Monotone ConvergenceTheorem
Bounded Sequence

Def: A sequence {an} isboundedab.org there is

a real number M
, an ≤M for all n unbounded

•

°

boundedteow M ≤ an foralln
"

ñ.::É
If aseq.is boundedabove& below,

n

wesa
,
it is bounded

Otherwise
, itisunbounded

theorems. If a sequence {an} converges] check
then weknow that it is bounded

Note : a sequence can be bounded withoutconversing .
Def : Aseq {an} is increasing if an ≤ anti forattn

decreasing if an ≥an+,
fora /In

Monotonesequeg.is increasing or decreasing
theorem :(Montone Convergence Theorem) check

If {an} is abounded sequence and {an} ismonotone](eventually

foraÑresit @hen {an} converges .



Inc:i)9n≤ anti (notforn-lor2.ba/-alln)decreasinsisii)aaY-≥1 everything flipped
iii) ffx) f(n)=an F' Ix) ≥O

k•9y=ln9n if itsconvergent

gbisgest#inseq. 41=43.2 . /

E± : {¥-3!
,

= nt-n.cn-D.cn-at -
2 ¥ -16g

. - 3.2.1

anti ! ¥?⃝=an
9n⑨≤an② a+Dt=ntDTÉÉñ ,

@H) . n !
anti ≤ an when ≤ 1 4≤nH

3≤ n

✓ ✓
eventually decreasing, bounded see .

So it converges
{9293,94 ,

. .
-33 has the same limit as {9,0×9}

,
- . .}



timn*¥÷=¥¥
tyrant , -11%9 ← writing ant, interns

simplify ofqn
Kimm 4 Ii ←

simpliBlimith-rx@Ip9nInEx9nii.m.Ei1ni.m.an-inirs.an
0 . liman = lima . liman =D

Series

91/92/93/941 - - - -

↓ add

9+921-931-94 t - - -

Throw goofball 1-meter intheair

each time it bounces halfthedistaneupword
↑↓↑↓↑↓

2+215+2447+248)t - - -
211+1=+4+8-1--7

1ttt¥t↓
9n=¥, 9=1, 92--12193=1-4



G-_ 1- meter
52--11-1-2=3-2 Sn n→x

53=3-2+4--74
54--53+1-8=81
7-# I# Cannot2) I#

§-§=9+9?⃝
2 3

5- Éak 52={7,9×5} -_ ¥9k
1<=1
n

Sn -_ §,9k=9taat-- 1#
n→x a

¥9k In:Y•Sn

{5,5×53,54 , _ _}
5=1.9375 { ◦ =/ • 999998

'
n'-7.8=2

,Éa*=É.CH-1--2



Def : Aninfiniteseries is an infinitumof theform

An = 9, taztazt - - -
-

K

The kthpartialsum-isnqani-qtaat.iq,É%¥%Ñ
Wecan form a sequence -Cat ist) {9,525≥ . .-3 :{SEE

If the sequence ofpartialsi.ms?conversentCtoS--EssSe)
The infinit¥ .

n
?9n

If the sequence ofpartial sums diverges
the seriesdiverges

EI Using Sigma (E) notation
a) It } + 4-+ £7T - -

- { 1
, }, tasty - - -3

"

series f. I + + + - -

G)? +⑦
'
+ -

- -



b) -11-1-2 - ↳ tf, - 1st - - - { -1,1-2, -1,4, - - -3
x an

C-Dn.hn?,l-Dnhc)18l7t4-qtEt+gY-t---)
↑

18Én
an -_Ñ=?⃝n

d) 0.777
. _ _
=QF=*¥ᵗ¥°+¥°

later9n=Ér
E. ¥

E± : a) Sn=¥y9k=q+aat→n=?÷s {5,8
, ..B

5=11%5,
{Sn}?

=L:%¥+s=⑤
Snb) Én¥ 1) Firdthepartialsums

Cwritethemout)
9=9,=¥¥

2) Findaformukforthem1452--9+9=-12+-16--23 Sn

53--9+91-9={+93--2}+-12--14 3)Taken!%Sn



⑤ = Stay = ? + ±◦=¥t↓=¥o=¥
24ᵗʰpartial sun Sn=FH

5--11%8=1%1-+1--1
Én¥ --5=1

c) §
,

C-Dn 9--9=-1
52=-1+1--0
53--52+93=0 -1=-1

54=53+94 = -11-1=0
{5,3*9-1,0, -1,0, _ _ . } diverges
§!-Dn diverges CDNE)

d) §,n¥ 9=1-2 £
52--9+9=1-1+3#¥
{ = # t§=Ft&=Y¥=¥%④> ,
Su : ¥3 +94=4+4--21%2 : >2

This isunbounded
{Sn}? ,

is unbounded soit cannot converse .

So §} diverges É¥i diverges



{ =L 52=1+3%+1--211)
53=121-31-3-4 > £t±t¥=3A)
54=12+3+7+4 > 411)

Sn > n.CI)t.ig.tn?--xhi-:sn=xSnisunboundedM
nI<Sn≤⑨

{ ¥
•

{ = ? 52=7+3-1+1
MA

53=7+3+4 > 1+1+1 Sk >n°1
seq.ofpartialssmsat.ie unbounded ⇒diverse

series also diverges

theorem :# §
,

an ,Ébn convergent series] check

E) Cantbn) confess ÉantÉ,bn
ii) Élan-bn) = Ean - Ebn converses

✗

Iii) Real # c
,
{ can __

cqtc.aatc.az/---n--i=c&=,9n



%E%%mF-xi.at?E,nc?+p- + (f)
"2)

%F¥> + É,
"②

nah, -5=1

3nÉ¥ntD+¥"AÑ" ⁿ=ⁿ
It -11

-

3.1 + ⑤
'

G)
3T 2127=3+4--7

b) É?¥=5É¥..ci#--2--S&=
,

"-1--5.2=10

Harmonic Series (from Music)

tn-11-1-tt.tt/-tt.-Skareunbonoded/Diverges-Seg.ofpartials
.ms

diverse
sotheseriesdoesas

well



Geometric Series x

ata.rta.rhta.ir?t----n?,q.rn-ta-initial term ^

r-sratiog.fi#fE+Isi----)a--2r--'

£ an -_a. rn
"

indifferent

%÷=¥÷¥=¥m=rn-↳⇒=r
f. = a

.lt#r-tlr=1r---1Hfxsn=a.ni:xI---FOrndiversesif1rb1
either diverges orrnconversesiflrkls-a-1.lyaskngaslrl -1

When#I Candforanya)
Thegeometricseries §,a - rn"=¥r

converges
Iflrl≥1 itdiverges
{ 2. (b)

"-1--1-2-1,2=7-2--2.7--4
A-I



Manipulate:§?C?)
""

a tar tart - -

iwritecnttheterms : ?⃝
'

+?⃝ + (f)4- - - -

↑
x a=⑦ʰ=¥ r= }
E. ¥ .CI
"

Irl -1341 s=¥=¥→
}

Converges 4%3=4-9.3--4-3
✗

(3)ntdiishiftinde' £+3,7T
§,(⇒

""" =Éc⇒④=ÉI¥"
¥ :a)É=Éi¥¥¥ =c⇒

"

N±erw
F- ¥ 9=-412--9
Irl -1*41--3-4<1 5- Er

r= -3-4 =¥f%j¥--9¥=¥
b) §,=e2+e" +et

wa r=e2 lé¥
seriesdieges DNE



a--1

c) E.it?Ms--Er1r1=l-2-sk1
11 =1%)=¥%=¥i¥

(7)
"

+ (F) + 1-3-77 . _


