MEAN LATTICE POINT DISCREPANCY BOUNDS, II:
CONVEX DOMAINS IN THE PLANE

ALEXANDER IOSEVICH ERIC T. SAWYER ANDREAS SEEGER

ABSTRACT. We consider planar curved strictly convex domains with
no or very weak smoothness assumptions and prove sharp bounds for
square-functions associated to the lattice point discrepancy.

1. INTRODUCTION

This paper is a sequel to [13] in which the authors proved bounds for
the mean square lattice point discrepancy for convex bodies with smooth
boundary in R?. Here we reconsider the case d = 2 but admit now domains
with rough boundary.

Let Q be a convex domain in R? containing the origin in its interior. Let

Na(t) = card(tQ N Z?),

the number of integer lattice point inside the dilate ££2. It is well known
that Nq(t) is asymptotic to t?area(2) as t — co and we denote by

(1.1) Eq(t) = Nq(t) — t*area(Q)

the error, or lattice rest. A trivial estimate for the lattice rest is Eq(t) < Ct
which holds for any convex set . For the case that the boundary is smooth
and has positive curvature everywhere this estimate has been significantly
improved. It is conjectured that in this case Eq(t) = O(t'/?*¢) for any
e > 0 but by the best result published at this time, due to Huxley [12], one
only knows that Eq(t) = O(t*9/™(logt)4) for suitable A (according to [21]
Huxley has improved the exponent 46/73 to 131/208).

On average however better estimates hold. We consider the mean-square
discrepancy of the lattice rest over the interval [R, R + h] where h < R and
R is large; it is given by

1 R+h ) 1/2
(1.2) Ga(R,h) = (/ Eo(t)Pdt) .
h Jr
Provided that the boundary is smooth (say C*) and the Gaussian cur-
vature never vanishes it has been shown by Nowak [20] that Go(R, R) =
O(R'Y?); later Huxley [11] showed that Go(R,1) = O(RY?log'/? R). A
result which unifies both estimates is in the authors’ paper [13], namely
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Ga(R,h) < CRY? if logR < h < R. We note that Nowak [21] has inde-
pendently proved the same bound. Moreover he obtained asymptotics for
Ga(R,H(R)) as R — oo, provided that H(R)/log R — oo; see also earlier
asymptotics by Bleher [2] where essentially H(R) ~ R.

The purpose of this paper is to prove versions of these estimates under
minimal (or no) smoothness assumptions on the boundary of the domain.
The main difficulty is that the oscillation of the Fourier transforms of den-
sities on the boundary cannot be used in a straightforward way as in [19],
[13], or [21], because of the lack of asymptotic expansions.

Our first result deals with domains for which the curvature is bounded
below with very weak regularity assumptions on the curvature. Here we
assume that Q has C' boundary, that the components of the tangent vec-
tors are absolutely continuous functions of the arclength parameter so that
the second derivatives of a regular parametrization are well defined as L'
functions on the boundary. The following theorem yields an analogue of
the above result with a slightly more restrictive assumption on these second
derivatives.

Theorem 1.1. Let Q be a convexr domain in R? containing the origin in
its interior, and assume that Q has C' boundary and that the components
of the tangent vector are absolutely continuous functions. Suppose also that
curvature £ is bounded below, i.e. |k(x)| > a > 0 for almost every x € OS2
and that k € Llog?*® L(0Q), for some ¢ > 0. Then there is a constant Cq
so that for all R > 2

(1.3) Ga(R,h) < CqRY? if logR<h<R.

Of course this result applies to all convex domains with C? boundary and
nonvanishing curvature; but it also applies to rougher domains, the simplest
examples are {x : |x1|™ + |x2|** < 1} when 1 < ay,a2 < 2. Moreover if D is
a convex domain with smooth finite type boundary, containing the origin,
then the polar set 2 = D* = {z : supgep(z,§) < 1} satisfies the assumptions
of Theorem 1.1. For these examples the second derivatives belong to LP(0f2)
for some p > 1 (c¢f. the calculations in the proof of Lemma 5.1 in [13]).

An immediate consequence of (1.3) is Huxley’s bound ([11]) who proved
that Go(R, 1) = O(v/Rlog R) under the assumption that 2 has C* boundary
and the curvature is bounded below. We shall see (¢f. Theorem 1.3 below)
that it is possible to prove this estimate for convex domains in which even
the weak regularity assumption of Theorem 1.1 is removed. Moreover in
this case we shall prove (¢f. Theorem 1.2 below) that the optimal bound
Go(R,h) = O(RY?) holds in the more restricted range of h’s RY/?2 < h < R.

In this rough case the assumption of the curvature bounded below has to
be reformulated (as now we are not actually assuming that the curvature is
a well defined function). Let p* be the Minkowski functional of the polar
set Q% i.e.

(1.4) p*(§) = sup{(z,&) : v € O}
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so that Q* = {¢: p*(¢) < 1}. For § € S! and § > 0 consider the arc (or
“Cap”)

(1.5) C(0,9) =Cq(0,0) ={x € 00 : (x,0) = p*(0) — 0}.
Let
(1.6) w(0,9) = diam(C(6,6)).

We note that if do is the arclength measure on 92 then ), p(£6, §) controls

the size of the Fourier transform c/la(iﬁ/é), see [5] and also [4]. If the
curvature is absolutely continuous and bounded below then it is easy to see
that u(0,) = O(V/$) uniformly in 6 € S, and in the general case we shall
simply assume the validity of this inequality; see §10 for the equivalence with
other natural definitions of bounded below curvature for rough domains.

Theorem 1.2. Let Q be a convex domain in R? containing the origin in its
interior. Suppose that
(1.7) sup sup 62 p(6,6) < oc.
0eSt 6>0
Then for R > 2,

(1.8) Ga(R,h) < Cq.RY? if RY?<h<R

If we admit an additional factor of v/log R the range of h can be vastly
improved to obtain a version of Huxley’s theorem ([11]) for rough domains
with nonzero curvature (which is much more elementary than Theorem 1.2).

Theorem 1.3. Let Q be as in Theorem 1.2 (satisfying (1.7)). Then for
R>2

(1.9) Ga(R,h) < Ca(RlogR)'? if 1<h<R.

Remark. An examination of the proof of Theorem 1.3 shows that the con-
stants depend only on the bound in (1.7) and the radii of inscribed and
circumscribed circles centered at the origin. This uniform version of in-
equality (1.9) as well as the statement of Theorem 1.1 is close to sharp as
one can show that they fail for h < (log R)~!. To see this one uses Jarnik’s
curve ([14]) to produce a sequence R; — oo and domains €}, so that the
maximal inscribed and minimal circumscribed radii of {2; are bounded above
and below, the curvature on the boundary is bounded above and below and

Eqr;) = Rjg/s ([14], [16]). By Huxley’s mean-max inequality ([12], p. 136)
1 R;+0 ) 1/2
(5 /R o9 ds) > Eo,(R))/2
J
which holds under the assumptions that [Eq,(R;)| > 5(area(€2;))dR; and
0 < < R;j/2. We apply this for 6 ~ Rj_l/3 < h to see that under the
assumption of Go, (R;, h) < (R;log R;)'/? we have

2/3 1/6 2/3
RY® < Eo,(R;) S RY/°1'Ga, (Rj,h) S RY*(hlog Rj)V2.
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thus h > (log R;)~!. Cf. also Plagne [23] for the construction of a single

strictly convex curve C' and a sequence RR; so that R;C contains R?/ 3w(Rj)
lattice points, with w(R) converging to zero at a slow rate.

It is certainly conceivable that the result of Theorem 1.2 may hold for
some h < R'/2. However this could not be established by simple extensions
of our method, see the discussion below and in §9.

Finally, if we consider arbitrary convex domains (dropping the curvature
assumptions on the boundary) then the estimate (1.9) may fail as does
the classical estimate Eq(t) = O(t*?) (¢f. [25]). However for almost all
rotations A € SO(2) it is still true that Exq(t) = O(t2/3log!/?*< ¢), see [3].
In fact for domains with smooth finite type boundary one has the better
estimate Eaq(t) = O(t?/37?%), for almost all rotations, for some § > 0,
see Nowak’s article [20]. Likewise for such domains it is proved in [13]
that for almost all rotations A we have Gaq(R,h) < RY? for all R > 2,
log R < h < R. For arbitrary convex domains we can prove an analogous
result but lose an additional power of a logarithm.

Theorem 1.4. Let Q be a convex domain in R? containing the origin in its
interior. For 9 € [—m,w| denote by Ay the rotation by the angle ¥ and by
AyQ) the rotated domain {Ayx : x € Q}. Then for e >0, R > 2,

(1.10) Ga,0(R,h) < Coq(®)RY2(logR)™e  if 1<h<R

where Cc (V) < oo for almost all O € [—m,7]; in fact the function Ccq
belongs to the weak type space L>.

Structure of the paper: The first part of the proofs is identical for Theo-
rems 1.1-1.4. One uses essentially a “T*T-argument” to reduce to a weighted
estimate for lattice points in thin annuli formed by dilations of the polar do-
main. This argument is straightforward in the smooth case ([13], [21]) but
there are considerable technical complications in the rough case. The rel-
evant estimates are given in §2. One is led to the estimation of quantities
such as

L) KR =S Rk i) el )
(k,0)€Z2x22
[kl [€|<R
lp* (k) —p* ()| <h—1
when h > 1, and some variants with tails. §3 contains further discussion
of these quantities in the case of curvature bounded below and the main
technical propositions needed for the proofs of Theorems 1.1, 1.2, 1.3.

The estimation of (1.11) needed for Theorems 1.3 and 1.4 is rather straight-
forward. For Theorem 1.3 one uses the bound p(6, ) = O(6'/?) in conjunc-
tion with the trivial bound FEq-«(t) = O(t). For Theorem 1.4 one argues
similarly but uses an averaged estimate for the size of caps for the rotated
domains. The proofs are contained in §3 and §4. The mild regularity as-
sumption in Theorem 1.1 can be used to improve on the trivial bound for



MEAN LATTICE POINT DISCREPANCY BOUNDS 5

E¢(t). This leads to boundedness of IC(R, h) for h > log R and then in this
range to the optimal bound (1.3); the argument is carried out in §5.

The main technical estimate needed for the proof of Theorem 1.2 is stated
as Proposition 3.3. Here we need to efficiently estimate a weighted version
of the lattice point discrepancy for 2*, and we shall use a more geometrical
approach for which we need the assumption h > RY2. The proof is carried
out in §6-§8.

We do not know whether in the generality of Theorem 1.2 the assumption
h > RY? is really necessary. In §9 we construct some examples of sets with
rough boundary (and curvature bounded below) which show that at least for
the estimation of K(R, h) the condition h > R'/? is necessary (which only
shows the sharpness of the method). In §10 we shall discuss several notions
of “curvature bounded below” for rough convex domains in the plane.

Finally we shall discuss in an appendix §11 a connection between mean
discrepancy results and generalized distance sets for integer point lattices.
Here our previous results in [13] yield a new result in three and higher
dimensions.

Notation: Given two quantities A, B we write A < B if there is an
absolute positive constant, depending only on the specific domain 2, so
that A < CB. We write A~ Bif A< B and B < A.

2. THE FIRST STEP

Our purpose here is to show an estimate involving the quantities (6, 0),
which holds without any regularity or curvature assumptions on the bound-
ary of the convex domain.

However we shall first make the a prior:

Assumption: The boundary of  is a C! curve and the components of the
outer unit normal vectors are absolutely continous.

This means we assume that the curvature is integrable. Below we shall
remove this a priori assumption by a limiting argument.

We now begin with a standard procedure using mollifiers to regularize
the characteristic function of 2. Suppose that r; < 1 < r9 and 71,79 are the
radii of inscribed and circumscribed circles centered at the origin. Let ¢ be
a smooth nonnegative radial cutoff function supported in the ball B, ,5(0)

so that [((z)dz =1 and let (.(z) = e 2((z/e). Let

(2.1) Ne(t) =Y xe* (k)
kez?

and

(2.2) E.(t) =) xua * ((k) — tarca(Q).
keZ?
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It suffices to estimate the modified square-function

1 R+h 1/2
(2.3) G(R, h) = (h/ ENMOIRT
R
since there is the elementary estimate (with £ = Eq)
1 R+h 1/2
(2.4) (; / BO)Pdr) " < GRh) + O/,
R

valid for R~ < h < R; see Lemma (2.2) of [13].

Basic decompositions. Fix a nonnegative g € C*°(R) so that no(t) =1
for t € [0,1] and 7y is supported in (—1/2,3/2) and let

(25) mealt) = —=m( 5.
Then
R+h
(26) P 1EmOPa s [ 1By om0

By the Poisson summation formula

(27)  Eynt) = Y (@rt)*a(2rtk)C(2nk/R)
k0
- Z (27t)2 Y0 (2ntk)C(2nk/R) + O(R™19)
0<|k|<R2

since always |xo(27tk)| < |tk|~! and |Z(27rk/R)] < COn(14|k|/R)~N.

As in [9] and elsewhere we have by the divergence theorem xq(§) =
—i Z?Zl(fi/\§|2)t%(§) where n denotes the unit outer normal vector. We
may assume that the boundary of  is parametrized by a — z(«) where
2'(«) is a unit vector and z(a) = x(a + L) if L is the length of 9.

Then n(a) = —2/, (o) where z (o) = (z2(a), —z1(a)) and
Lg, 2 (a ,
(2.8) ﬁ@%}4é<&ﬁ§»5W@@m.

Assuming that R/2 < ¢t < 2R we shall now introduce a finer microlocal
decomposition of xq(27tk), depending on k and R and based on (2.8). This
is somewhat inspired by [5], [18] and in particular by [27] where a related
construction is used.

Suppose that (p is an even function which is supported in (—3/4,3/4)
and which is equal to one in [—1/2,1/2]. Let 5(s) = Bo(s/2) — Bo(s) and
let, for n > 1, B,(s) = B(27™(s)). Let
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R (B ﬁo(2rf1(<%,l‘(a)> - p*ﬁ)))

and

_ (k2 ()
dF(k,a) = W

X B (R((£k, x(@)) — p* (£k)) Bo (27 (G 2(@)) — 0" (51)))-

The cutoff function @7 (k,-) localizes to those points P on the boundary
for which the distance of P to the supporting line {x : (k, z) = p*(k)} is small
and ~ 2"(R|k])~! (or < (RJk|)~1if n = 0). Also ®,, (k,) gives a localization
in terms of the distance to the supporting line {z : (—k,z) = p*(—k)}. The
factors 60(27“1_1((%, z(a)) —p*(%))) are included in this definition to make
sure that the supports of ®; and ®,, are disjoint.

Note that
(k, 2’ (o))
+ J_
ka+Z<I> ka+Z<I> k, ) P
and also that ®F(k,a) = 0 if 2" > |k|R.
Define (for fixed R and h)
(2.9) IE(kt) = 2ntnan(t) / B (k, o)e~2mita(@)h) g
(2.10) II(k,t) = 2mtngnu(t) / U(k, a)e 2mi@(@)th) g,
and
(2.11) L) = Y. C@rk/R)IE(k.t)
22 <|k|<R2
(2.12) I(t)y = Y {(@2rk/R)II(k,t),
k+£0
and set
(2.13) GE(R,h) / IS0 th

Using the decay of Ewe see that

(214)  GRA <Y i GE(R,h) + (/ |II(t)|2dt>1/2 + ORI,
£+ n=1
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Pointwise bounds via van der Corput’s lemma. We start with a
simple pointwise estimate for the pieces I} and I1 which just relies on van
der Corput’s lemma for oscillatory integrals (see [28], p. 334). We set

(2.15) wr(§) = (1 +[¢|/R)N

Lemma 2.1. For n > 0 we have

Li(t) < C27"Rlnra(®)] Y wrk)k ™ wi @r)

|[k|>2"/R

and

I1(t) < Clnr,n(t)|log R.
Let
(2.16) Th(Rh) =R Y wrk)kl ™ uliy, m):

|k|>2"/R
Then
(2.17) GE(R,h) < CTE(R, h);
moreover
1/2

(2.18) (/\II(t)Pdt) < ClogR.

Proof. We write down the argument for I, as the estimate for I is anal-
ogous. The estimate for n = 0 is immediate if we observe that length of the
support of B (k. ) is < u(k/[K], (K|R) ).

Fix 6 € S! and choose ay so that (0, x(ay)) = p*(#) and thus also n(ay) =
0. We first observe that if (6, z(«)) — p*(f) > & then tan £(n(a),n(ap)) >
8/1(0,9).

We use this with § = 2"(|k|R)~! to get a lower bound for the derivative
of the phase function in the support of @ (k,-). This implies that for ¢ €

sSupp 7R,
n -1 . %
(219) [, th)] = 2 (u(l, Z)) T i a e supp @ (R, ).
and this derivative is monotone in «. Moreover
15} (K, )loo + 10a®; (K, )1 S 671

here we use our a priori assumption on the integrability of the second deriva-
tives of ~.
Consequently, by van der Corput’s lemma, we obtain

155 (kD) S s (O lor(R)F 27y, 2)

which yields the asserted bound for I} (¢).
Similarly, |04 (tk,z(a))| > c|k|R if a € supp ¥(k,-) and |¥U(k,")||c and
102 (K, -)||1 are O(|k|~1). Thus

[1I(k,0)] S Inra(ONIKI (1 + k] /R) ™V wr(k)
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and summing in k yields the asserted bound for I7(¢). The bounds for the
square functions are immediate from the pointwise estimates. O

Square function estimates. We shall need to improve on the pointwise
estimates for Gi* (R, h) in Lemma 2.1 which will only be useful for 2" > R.
We apply Plancherel’s theorem with respect to the t-variable and obtain

GE(R, )2 = 27r/|f7%(A)y2dA

—or S Y enk/R)CER/R) / TE (b, M IE (£, V)

2n 2n
20 < |k|<R? 2% <|¢|<R?

where
(2.20) (k) =21 / / tnrp(t)BE (K, a)e~#OH@(@)27R)) gy gy

The crucial estimate is

Lemma 2.2. Suppose that k € 7Z? and |k| > 2"/R. Then the following
inequalities hold.
If 2™ < R/h then
(2.21)
|t (ks A S RRV2{R|T 27" (s i) (L RIA + p* (2mk) ) 72N

2”
k] |kI R

1T (B M| S BRI 27—, 214 R — p (—2)]) 2
and if 2" > R/h, then
(2.22)

—

|1 (R, )| S RRV2 k|7 27" (s ) (1+ R27™ A+ p* (2mk)|) =2

L (k, N)| S RV [k 27pu(— by, 25) (1 4+ B2 — p(—2nk) )2

Proof. We prove the estimate for I} (k,\); the estimate for I, (k,\) is
analogous.

We first consider the case n = 0. Interchange the order of integration
in (2.20) and perform 2N integrations by parts with respect to ¢. This,
together with the estimates ®F (k,a) = O(|k|™1), nrn(t) = O(h~Y/2) yields

L (k)| < RIB|Y2 (]! // (1+ B\ + (@(a), 20k) )2 deda.

tEsupp MR, h
a€supp (I)E)F(kf)

By definition we have |(z(a), k) — p* (k)| < R™! for a € supp @ (k, -). Since
R > h this implies

(2.23) (1 + A+ (z(a), 27k)|) = (1 + h|A + p*(27K))).
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Also observe that the length of the support of ngj is O(h) and that the
length of the support of ®( (k,-) is < u(k/|k|, (|k|R)~!). Thus

IF (N < RIY2E // (14 BA 4+ p* (k)N dida

tEsupp nR,h
aEsupp <I>+(k <)

S RV iy ) (L A + o7 (2mk))

which is the asserted estimate for n = 0.

We now suppose that n > 1, and begin by performing an integration
by parts with respect to « in (2.20). Observe that (z'(a),k) # 0 if « €
supp ®;(k,-). We obtain

LY (k,A) = Foi(k,A) + Fya(k, )

where

(2.24) Fpa(k, )
0 1 —it(A+(z(a),2rk))

and

2.25 ok, \) =2 : 0P . e—it(H(x(a),ka))d y
(225)  Faa(k.\) = Tr//nR,hm ) e da

As above we interchange the order of integration and integrate by parts
in t. This yields the estimate

|Fp(k, N S RIB|TY2 (KT

« // (1+ hIA+ (2(a), 27rk>|)_2N)% (W) dat

tEsupp MR, h
a€supp @5} (k,-)

If 2" < R/h then (2.23) is still valid if a € supp ®;! (k, -). Moreover we claim
that

0 1
i < k2"
(2.26) / ’8a<<x’(a),2wk>‘da B2 (i i)
supp @7 (k,-)

To see this we choose «ay, so that (z(ag),k) = p*(k) (this choice may
not be unique). The support of @7 (k,-) consists of two connected intervals
(on R/LZ) and on each of these the function o — (2/(«), k) is monotone;
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moreover this function vanishes for o = ay,. Thus

2 IR < [((a), K) — o (K)]

(2.27) = Ja—ax) /0 (2! (s + 7(c — ), k)dr

< o= opl[{a' (), K.

Note that | — ax| < w(k/|k|,2"/(Jk|R)) for a € supp @, (k,-). Since
Oa(({2' (), 27k)) 1) is single-signed on the two components of supp @} (k, -)
we can apply the fundamental theorem of calculus on these intervals and we
see that the left hand side of (2.26) is bounded by 4sup |(2(a),27k)|~1)
where the supremum is taken over all « € supp (®;/ (k,-)). But by (2.27)
this bound is O(R2™"u(k/|k|,2"/(|k|R))).

Combining (2.23) and (2.26) we obtain for 2" < R/h

(2.28) |EFpi(k, )|

0 1
< 1/2 -1 *(9 —2N / R
SRR TN + RIA 4 p*(27K)|) ]aa(@,(a),%m)‘da
supp 7} (k")

< 2 RINY2 1ML+ A+ 07 2k )Nl )
te

which is the estimate we were aiming for. Next we consider the
F2(k,\) and arguing as above we see that
(2.29)

8<I>+
| Fa(ky N S RY2(1+ A+ P*<2W’“>‘>2N/ |5 H

erm

271'1{:
and

oD+

( 27rl<: ‘da

@l g
S /Suppmh,) e ’(m’(a),Qﬂk)‘d
+ 0 (B(R2™ (' (), k) — p* (2k))) |dax
|K| supp @3 (k,-)
b 10a (o2 (. 2(0)) = p* (1)) |da

‘k| supp <I>i(k:;)
= Ay (k) + Ao (k) + As(k).

We now use that by (2.26)
(2’ (a), 27k)| ™" < R27"u(k/|k|, 2"/ (|k|R))

on the support of ®;F (k,-). Since (k, 2’| («)) is single-signed on the compo-
nents we see that

Av(k) S B2 R (e ).
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Next

Ay(k) < |k|7'R2 "meas(supp @ (k,-)) < |k| 7T R2™ “(ﬁ |2W)

K]
Finally, on the support of the derivative of the term [y(...) we have the
better bound |(2/(a), k)|~ = O((|k[)~1) so that

As(k) S [k~ meas(supp 7 (k,-)) S [, 2) < b7 R, 2)

in view of our restriction £ > 2"/R. If we use these estimates in (2.29) then
we obtain the desired estimate for F, o(k, A), at least for the case 2" < R/h.

The estimates for Fj, 1(k,\) and F,2(k,\) in the case 2" > R/h are
derived analogously. The only difference is that (2.23) does not hold in all
of the support of & (k,-). However we still have |p*(27k) — (2/(a), 27k)| <
2" /R in this set so that (2.23) is now replaced by

(2.30) (1 + h|A+ (z(a),27k)|)
S (14 R27MA+ (z(a), 27k)]) = (1 + R27" |\ + p*(27k)|)

and the remainder of the above arguments applies without change to yield
the inequalities in (2.14) O

Lemma 2.3. Let

(2.31) BL(R,h) :=2""R x

wr(Rwr() PG mm) Mg om) - \1/2
(X X "W araran-reoy)

kez? L€z
e <IkI<R2 Zp<io|<R2

and

(2.32) BL(R,h) :=2""Rx

wr(k)wr(t) MGy pm) 1 w2
(X X Wi arerem-rwny)

kez2 272
n n
22 <|k|<R2 ZX <|o|<R2

Then for 1 < h < R, R > 2 we have the estimates
(2.33) GE(R,h) < CBE(R,h)  if2" < R/h
(2.34) GEH(R,h) < CBE(R,h) if 2" > R/h

Proof. We observe that |((k/R)| < wr(k) and use the elementary convolu-
tion inequality

(2.35) /(1 FalA+ V)21 +alB+N)) 2NN S a ' (1+alA— BN
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We use (2.35) for A = p*(£27k), B = p*(£2n¢) and a = h if 2" < R/h and
a = R27"if 2" > R/h. The estimates (2.33), (2.34) are now straightforward
from (2.21), (2.22) and (2.35). O

We shall now combine the previous lemmata to state the definitive result
of this section; here we abandon the a priori assumption that the outer unit
normals are absolutely continous functions.

Proposition 2.4. Let ) be a convex domain containing the origin in its
interior, and suppose that r1 < 1 < ro where r1,79 are the Iadii of inscribed
and circumscribed circles centered at the origin. Let B, BE and 't be as
in (2.31), (2.32) and (2.16).

There exists a constant C, depending only on ri, ro and N, so that for
1< h <R, R>2 we have the estimate

(2.36) gQ(R,h)ch[ S BERM A4S BE(R.)

+ 2n<R/h R/h<2"<R

+ 3 TR, h)} + Cllog R+ (R/h)M?).
2" >R

Proof. Under our previous a priori assumption on the boundary of €2 this
statement follows by simply putting together the estimates (2.4), (2.14),
(2.17), (2.18), (2.33), and (2.34). We note that all bounds just depend on
r1 <1<y and N, and that the L' bound for the second derivatives does
not enter in the result.

In the general case we note that there is a sequence of convex domains §2;
which contain the origin, such that Q; C Q11 C Q and U;§}; = €2 and ;
has smooth boundary. Moreover, let 11;(6,9) for fixed § € S and § > 0 be
the quantity (1.6) but associated to the domain ;. Then 1;(6, ) converges
to the corresponding quantity associated to €2, u(6,9). Moreover the square
functions defined by the smoothed errors FEy,p associated to {); converge
to the corresponding expression associated to {2 and the same statement
applies to the expressions B (R, h), %ni(R, h), T:F (R, h). For one explicit
construction of the approximation see the proof of Lemma 2.2 in [27]. The
constant C' in the statement of Lemmata 2.1 and 2.3 can be chosen uniformly
in j and the assertion follows. O

3. ESTIMATES FOR THE CASE OF NONZERO CURVATURE

In this section we estimate the quantities B etc. in the case of nonva-
nishing curvature and rough boundary; that is, we assume inequality (1.7).
Proposition 2.4 reduces matters to estimates for lattice points in thin annuli

(3.1) AE(r ) = {€ € R [p"(£€) —r| < A1)
here r > 2 and h > 1. Let
(3.2) SE(r, h) := card(AT N Z?),
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the number of lattice points in the annulus A*(r, h).
We also need to consider for § < r~! the weighted sum

(3.3) &E(roh) =612 Y me L

0e72:;
lp* (£0)—r|<h—1

Notice that assuming (1.7) we have
(3.4) SE(r,8,h) < card(S4(r, h));
however &(r, d, h) could be much smaller than card(S(r, h)). Indeed consider
the case that S(r,h) contains a long line segment; then the boundary Q*
becomes nearly flat and by duality the curvature of € at the corresponding
points gets large causing ,u(%) to be smaller than §'/2 for many ¢ on the

line segment. This phenomenon will be exploited in the proof of Theorem
1.2

Proposition 3.1. Suppose that 1.7 is satisfied and that R > 2 and 1 < h <
R/log? R. Then

(3.5) Ga(R,h) < CRY?

n 1/2
+ CRY? Z 2—n/2< Z 27! sup G(T,E—R,h)) '
0<2"<log R I<i<logrR  27'<r<2

Proof. The proof relies on rather straightforward calculations which use

M<Tllz|7%) = O(2"2(R|k|)~'/? (by assumption 1.7) the definition of &,
(2.14) and bounds for G (R, h) established in Lemma 2.1 and Lemma 2.3.

First, for the case 2" > R we use (2.16)

TE(R,h) S27"PRY2 Y (k[ Pwr(k) S R27"
|k|>0
and thus by (2.17) we can bound

> GERR) S Y TERB) SRV

2n>R >R
To bound Y gn_p G (R, h) we use (2.33), (2.34) depending on whether 27 <
R/h or 2" > R/h. It turns out that the trivial bound (3.4) will suffice in the
range 2" > log R, and in the complementary range we shall seek an estimate
involving the terms & explicitly.

Now assume that R/h < 2" < R (and in view of our assumption h <

R(log R)~?2 this certainly implies 2" > log R). In this case we compute and
the assumption R27" > 1 from (2.32)

- . wr (RO (KI) 2 \1/2
S A A (D DED DI (o e oy T

kez2 Lez?
2n
R

<h'210g'?R,  R/h<2"<R

25 <Ik|<R2 Zx<|e]<R2
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and therefore

> BE(R,h) < (hlog(2 +h ') 1log R)/? < R'/?
R/h<2n<R

since we assume h < R/ log2 R.

Next we assume that 2" < R/h and we bound B (R, h).

The argument above for %%(R, h) also applies to B5(R, h) which is
O(27"/2R'?(log R)'/?) when R/h < 2" < R. Thus

> BER L) SRV
log R<2"<R/h

note that if we summed instead over 1 < 2" < R/h we would only get the
weaker bound O(R'?(log R)'/?).

Finally we have to bound » o<, rBE(R,h). To this end we observe
that the sum of the contributions of the terms in (2.31) which involve either
[kl > Ror |0] > R ot |p (k) — p*(20)| > /o ()

Now let E*(k,n) denote the set of all £ € Z? which also satisfy 0 < ||
R and |p * (£k) — p*(£0)| < /p*(£k). We use the bound ,u(% Q—R)
272 |k|~1/2R~1/2 and estimate

NN

BE(R, h) < CLRY? + Co2 /4R34

e 2"L
1y i) 1/2
(2 W7 3 armpah - raay)
kez2 LeEE (k) F
0<|k|<R
By the property u(0, A§) < Cxu(6,0) we obtain
N
o Tl RErEy
Y (1+|m\)*N2“/2(R|ky)*1/2e(p*(ik)+m,%,h)
Im|<C|k|1/2
and thus
2—n3/4R3/4 < Z ’k‘_5/2 Z M(ﬁa%) )1/2
* ok N
= teBE Gem) (1+ hlp*(£k) — p*(£0)])
0<|k|<R
N 1/2
< 9~n/2R1/2 ( DL sup e(r,%,h))/
kez? wgré%*(im
0<|k|<R

1/2
< 9 n/2R1/2 ( S22t sup 6(,TR,h)) 0
1<i<2tlogr  2'7'<r<?
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We now state the crucial propositions needed in the proof of Theorems 1.1
and 1.2. The mild regularity assumption in Theorem 1.1 gives us a favorable
estimate for the cardinality of Sy (r, h) which will be proved in §5.

Proposition 3.2. Let Q be as in the statement of Theorem 1.1, i.e. with
K € Llog2Jr€ L and k bounded below. Assume that 2 <71 and 1 < h. Then

(3.6) card(S4(r,h)) <r [h_l +log™ 1722 + ).

If we only make the assumption that the curvature is bounded below (in
the sense of (1.7)) then there is no nontrivial pointwise bound for card(S+(r, h)),
but we still have a favorable bound for the weighted sums &(r, (Rr)~!, h)
provided that h > RY2. This estimate is more difficult than Proposition 3.2
and will be proved in §6-8.

Proposition 3.3. Let Q be as in the statement of Theorem 1.2, i.e. with K
bounded below. Assume that R > 10, 10 <r < R and RY/? <h<R.
Then if 1 < h < R the estimate
(3.7) VRr&S(r, %, h) < r17/18
holds.

We finish this section by showing the implication of the above propositions
to the results stated in the introduction.

Proof of Theorem 1.3. For this result we just use the trivial estimate
card(Sx(r,h)) = O(r) if r > 1, |h| > 1. Then the bound Gq(R,h) =
O((Rlog R)'/?) follows easily from a combination of Proposition 3.1 and
(3.4). O

Proposition 3.2 implies Theorem 1.1. Now we still use (3.4) and ob-
serve that by Proposition 3.2

-1
2 sup (‘5( ,T,R,h)
I<i<logr  27'<r<2

S Y WA+ S (14 kT g R)
1<i<log R
and thus we obtain the bound Go (R, h) = O(RY?) from Proposition 3.1 if
h > log R. O

Proposition 3.3 implies Theorem 1.2. We argue similarly but now
use the inequality (3.7) in the application of Proposition 3.1. Here (3.7) is
applied with R replaced by R27", and since 2" < log R this application is
certainly valid for R'/2 < h < R/(log R)?. We obtain

(3.8) Z 27" sup  &(r, 25, h)
1<i<log(R2~") 2l-1<p<al

S ) (274 (log(R2T) ) < G

1<i<log(R2™™)



MEAN LATTICE POINT DISCREPANCY BOUNDS 17

moreover for the terms with log(R27") < I < log R we simply use the trivial

bound &(r, 5, h) = O(r) and get

(39) Z 2_l sup 6(1", %7 h) 5 n+1.
log(R2—")<I<log R 2l-1<p<2!

We use (3.8) and (3.9) in the application of Proposition 3.1, and in view
of the exponential decay in n in (3.5) we obtain the bound Go(R,h) =
O(R?). O

4. PROOF OF THEOREM 1.4

We follow the same setup as in the proof of Theorem 1.3 and use a crucial
fact from [3] according to which the maximal function defined by

() = sup{6~?1(6,6) : 6 > 0}
belongs to L% (S1); i.e.
meas({0 € S': u*(0)* > s}) < C?/s

uniformly in s.

We now consider the sets Ay and denote the quantities in (2.13) asso-
ciated to AygQ by G- (R, h,¥) etc. By averaging it suffices to assume h = 1.
We estimate G;f (R, 1,9).

From Lemma 2.3 we obtain for 2" < R

G (R,1,9) <27 "/2RY?

x . k| =3/2|0|=3/2 1/2
X Z W (Ap By (Ag ) . : )7
<0<k<R2 " 71+ [p* (Agk) — p*(AD)]) >
0<|¢|<R2

By symmetry we may restrict the summation to those pairs (k, ¢) for which
,u*(‘%) < ,u*(%) and we thus have the estimate

G (R,1,9) S 27"/2RV/?

S k| =3/2|0|3/2 1/2

X H (Aﬁ%)Q * * N '

<o<lk<R2 FZ L+ 1o (Agk) — p*(Aal)]) )
0<|¢|<R2

Now as above it is easy to see that for fixed &k
DT+ |p*(Agk) — p*(Apt) )™ < ClR[7V?
140

where C' is independent from ¢. Thus

(A1) GHRLY)S2PRY St (Agf) k(1 + ),
0<|k|<R2
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moreover
sup27;7 39 gup GH(R,1,0)
j>n 2/ <R<27+1
e .
<> 277579 sup GH(R,1,9)
ot 2 <R<2i+1
s .
(4.2) S2my BN w(Ag) kT 427 k)N
Jj=n 0<|k|<22

In order to complete the proof we have to show that the expression (4.2)
defines a function in L*°([—m, 7]). To do this we apply a well known lemma
by Stein and N. Weiss [29] on adding functions in L»* and the quasi-norm
is bounded by a constant times the square-root of

277y T N k| (log (1 + [K] + 5))
j=n

0<k<22i

00
5 9—n Zj7(1+e) <C.27™

j=n
Thus the function

(4.3) ¥ sup R~Y2(log(2 + R)) ' °G, (R,1,9)
R>27 ’
belongs to L>> with norm O(2-"/2).
For R < 2" < R? we argue as in the proof of Theorem 1.2 and see that
the estimate (4.1) is replaced by

GERLS S (A Ikl 2
0<|k|<R2
and thus

sup277¢  sup  GF(R,1,9)*
j<n 21 <R<2i+1

S Y rF Y A

n/3<j<n 2n =i < k| <229

and again this expression as a function of ¥ belongs to L with quasi-norm
2-¢7/3_ Thus the function
¥ — sup R_a/QG;t(R, 1,9)
R<2n
belongs to L>> with norm O(275"/3) (which is a better result than for the
function (4.3), as expected). We may sum in n and get the required asser-

tion for ¥ — >°°  G}F(R,1,9) and the corresponding assertion involving
G, (R,1,9) follows in the same way. O
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5. BOUNDS FOR THE LATTICE REST ASSOCIATED TO THE POLAR SET —
THE PROOF OF PROPOSITION 3.2

We improve the the trivial estimate Eq«(t) = O(t) under the given mild
regularity assumption on 0€2. Since
S(r,h) Srhmt 4+ sup  Eq-(t)
t<r+h-1
the Proposition 3.2 immediately follows from the following result.

Proposition 5.1. Let Q be a convexr domain with C' boundary in R? con-
taining the origin in its interior, ands assume that the components of the
tangent vector are absolutely continuous. Suppose also that curvature k is
uniformly bounded below, i.e. |k(x)| > a > 0 for almost every x € 09 and
that k € Llog?L(09), for some v > 0. Let Eq«(t) = No«(t) — tYarea(2¥).
Then fort > 2

(5.1) |Eq-(t)] < Ct(logt)™/?
We need the following variant of van der Corput’s Lemma.

Lemma 5.2. Let f be a C' function on the interval [a,b] and assume that
f! is absolutely continuous and monotone. Let v > 0 and suppose that the
function t — (log(2+ %))7 belongs to LY>°, with operator (quasi-) norm
bounded by A. Then

b
| [ eP10x @] < o AY(Iloe + 1 1) o2+ X))

Proof. We may assume that A > 10. In view of the monotonicity of f’
the set I = {t € [a,b] : |f'(t)] < A~*(log\)"} is an interval, I = [¢,d]. The
set [a,b] \ I is a union of at most two intervals and on each of these we
have |Af/(t )] > (log A)7. By the standard van der Corput Lemma with first
derivatives ([29]) it follows that

(52) \ / VO] £ Ol + W) 100
To complete the proof we have to show that
(5-3) 11]'S (log A)™”
Let By = {t € I:]f"(t)] < (log\)*'A71} and E; = I\ E;. On E; we have
log™(2 + ) = log™ (2 + 5 2”) > clog?(2 + \);

here ¢ depends only on A and 4. Thus by our L1* assumption |E;| <
(log(2+ A))~7. By definition of I we also have

2B = sl = | [ o] 2| [ o] w108

thus |E2| < 1(log(2 + A))™?. Thus we have shown (5.3) and the proof is
complete. O
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As a consequence we obtain

Lemma 5.3. Let Q2 be as in Proposition 5.1. Then
(5.4) [Xa+ ()] < C(1+1¢)) " og(2+ [¢])

Proof. Let a — z(a) be a parameterization of 9Q with |2/(« )| = 1.
parametrization of 9Q* is then given by a — Z(a) = (z(a),n(a)) 'n(a) bu
this parametrization is not sufficiently regular. We compute

ning — ninb

(55) 7 = M )

and we observe that n’lng — mné = k. Moreover, if 71 < ry are the radii of
inscribed and circumscribed circles centered at the origin then for x € 9

(5.6) (z,n) > |x\ >
7"2

o
invertible with inverse 7 +— «(7), 7 € I. We work with the parametrization

We introduce a new parameter 7 = T(a) = fa %dﬁ; then 7 is

™ () = Fa(r))
and then
2, (1) = (z2(a(7))), —z1(ce(T)).

In view of an analogue of (2.8) it suffices to show that
57) | [t oon(ryar| < togz+ ey
I

Let ¢g = r1/2ry and g(7,&) = <|%, %} Fix [¢] > 2. We split our interval [
into no more than 16 subintervals, where on each interval J either |g(7,§)| >
co/4 for all 7 € J or |g(7,&)| < co/4 for all 7 € J; and 7 — g(7,§) is
monotonic on J.

Suppose for all 7 € J we have |g(7,&)| > ¢o/4. Then |(z/(7),&)] > c1|¢]
in J and by van der Corput’s Lemma we get

(5.8) /J e (r)dr < Je !

which of course is much better then the desired estimate.

Now fix J' with the property that |g(7,&)| < 00/4 for all & € J'. Now
x(a(7)) and 2/, (a(7)) are orthogonal and thus |<‘i| |£|>| > (1—c3/16)Y/2 >
1 — ¢p/4; moreover

i

x x «

>‘ = ‘(m,"><mam>‘*‘ EANG]
C(](l — 60/4) — 60/4 > 00/4.
Now for o € J' we have n(a) = (2 (), —2 («v)) and thus

(@), )] = [(n(a(r)), E)a(r)] = Ia( )l

£
1€l

v
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Therefore
1

v — Yt c og” 1 T
JRSCE @) 2 YR )
= ¢ log7(2 + |7 (a)DN7 (a)|dadT
[, @ @)

where c; is chosen independently of £. The latter expression is finite since
|7’ ()] =~ |k(c)| which is assumed to be in Llog?L. Thus we may apply
Lemma 5.2 with A = |£] and obtain

(59) | [ 0 rdr] 5 (tog(2+ 1))
and the assertion follows from combining the estimates (5.8) and (5.9) on
the various subintervals. g

Proof of Proposition 5.1. Given Lemma 5.3 this is just an application of
the standard argument. Let N(t), EX(t) be defined as in (2.1) and (2.2),
but for the set * in place of 2. Then by Lemma 5.3 for ¢t > 2

EX®)] < @nt?) S [N (2nth) | [C(2meh)
k40
S 7D (k)T log(2 + kD) (14 elk)) Y S t(logt) e
k40
Also N} (t — Ce) < N*(t) < NZ(t+ Ce) and applying the previous estimate
with ¢ + Ce in place of ¢ we obtain that
|Eq-(t)| < [t(log )7 4 te].
Thus for the choice € = (logt)~7/2 we obtain the asserted estimate. [

6. A WEIGHTED ESTIMATE FOR LATTICE POINTS
ON LINES IN THIN ANNULI

The purpose of this section is to prove a bound for sums ), ,u(%, ﬁ)

where the sum runs over the lattice points contained on a given line segment
in the p*-annulus

(6.1) A(r,h):{$€R2:r§p*(x)§r+h_1}.

It turns out that if h 2 RY? and the line segment is sufficiently long
then the trivial bound ,u(%, ﬁ) < (Rr)~'/2 may be substantially improved
for most of the lattice points on the line segment; i.e. the fact that the
thin p* annulus contains long line segments reflects a rather fast turning
of the normals for the original domain which may only happen if 9 lacks
smoothness.

Throughout this and the next two chapters we shall adopt the following
notations. Given certain subsets A, B, G, I, J etc. we shall use blackboard
bold fonts to denote by A, B, G, I, J the intersections of these sets with
the integer lattice Z? (the standard notation for the plane R? remains an
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exception to this convention). We shall adopt the convention that a line
segment I = P—Q> is a nontrivial segment whose endpoints P, @ lie in the
lattice Z2. The corresponding collection I = I NZ? of lattice points in I will
be called a lattice line segment.

If n is an odd natural number and [ is a line segment, we let nl denote
the line segment concentric with and parallel to I but with n times the
length. The distance between consecutive lattice points on the line segment
I is constant. Let d = d(I) denote this distance; then d~! = (cardI —1)/|I|
is the density of lattice points on I.

The following result is the key for the proof of Proposition 3.3. We are
seeking to improve the bound from (1.7) (with § = (R[¢|)™!)

(6.2) VR Z,u % < card(I),
lel
if card(I) is sufficiently large.

Lemma 6.1. Let Q be an open convex bounded set in the plane R?, with
positive curvature, and containing the origin. Let 10 < r < R < oo, and let
h > RY2, Let J be a closed line segment whose endpoints are contained in
72 and let J = JNZ?. Assume that the ninefold dilate 9J is contained in
A(r,h) and that card(J) > 10.

Let
(6.3) T = T(R,d, h,r) := R¥*d/2p=1/2p=1/4,
Then
1/4
Rr .
) r if card(J) < 7,
(64) @Z“(W’ﬁ) S (rcard)(ﬂ) 1/3 .
Le] ( hd2 ) Zf Card(J) Z _T.

Proof.

We begin by introducing some additional notation. For P € R?, let np
denote the unit outward normal to Q* at the point % € 0Q2*. Note that
this unit normal is uniquely determined since it is parallel to the uniquely
determined position vector 071; joining the origin O to the point Pp € 02
having P as one of its outward normal vectors.

We set I = 3J and let P, Q be the endpoints of I. Our first observa-
tion is that the angle ¥ = £(np,ny,) between the vectors np and ng, (the
nonnegative angle less than 7) satisfies

-1
(6.5) U = 4 (np,ng) < Cparctan (f‘LI’ )

where |I| = |QP)| is the length of the segment I and C} is a constant de-
pending only on §2. To see this one notes that there is a rectangle of width
ch™ which contains the line segment 3/ and which is contained in the

annulus A(r, h). If we had tan £ (n}‘;, n*Q) > Ch™YI]7? for large C then it is
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easy to see that the triangle O P(@Q would contain points in the complement
of {p* <r+ h}. Thus we have (6.5).

For x € I, define the collection I'(x) of subsegments J = UV of I by
—{J=UVcIl:xel|]>d,

and the corresponding uncentered maximal function M on I by

M (ﬂ?) = Su J (nU,nv)
J=UVeT(z ‘ |
Then M is in weak L' on I by F. Riesz’s lemma ([26], ch. 1); it satisfies
the inequality
2
(6.6) Hrxel: M(z)> A} < le

We shall now consider a decomposition of the set I depending on a pa-
rameter ¢; we shall see that the choice

1/4
(Rggﬂ) if card(J) < T

(67) q= 1/3
(M) / if card(J) > T

will be (essentially) optimal.
Let B C I := I NZ? denote the set
B={¢tel: M) >q T}

to which, following the terminology in Calderén-Zygmund theory, we re-
fer as the set of bad lattice points. Let G = I\ B be the set of good
lattice points. Denote by u a unit vector parallel to I. Then the seg-

ments (¢ — du/2)(¢ + du/2) are pairwise disjoint and for each ¢ € B, either
(¢ —du/2)¢ or ¢(¢+ du/2) is contained in
{zel: M(z)>T/q}.

Thus by (6.6) we have

card(B) = d*l( | (6= du2)(e+ du/2)‘
leB
< 2d_1‘{:1c el:M(z)>V/q}| < q/d

By (1.7) we obtain
(6.8) > VERru(g, 7g) S a/d
leB

We will obtain now obtain an estimate for the sum over £ € GNJ (rather
than over all of G). Note that if £ € GNJ, then

(69) £ (nzlozdua n?Jradu) S 2ad\1//‘]7
(6.10) £l —adu,l), £L(l,L+adu) > cad/r
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for 1/2 < a < |J|/d upon using 4| = r.
Passing to the dual set Q** = Q with defining Minkowski functional p,

we have that for o > 0, the points Azta = p(nﬂiiadu

ttad nZ:i:adu
+ _ adu
Va = [iradu]’ and that

in 02 have unit normals

(6.11) ’4( Vas |g|)} > cad/r
|K ('Aav-AZ) | < QOéd\I//q

for 1/2 < a < |J|/d.

Using this estimate we derive a bound on the diameter of the cap Cq (%, ﬁ).
Let

D =2Cyd(h|I|g) ",

where C] is as in (6.5).

Suppose that 9€) is parametrized in a neighborhood of ( o) by t — ~(t),
|t] <, with

(9(8) = Acos 1) = elt);

here A, = .Az'fo = p(nfg)’ and ¢g(t) is convex and nonnegative with ¢,(0) = 0,

/
Now by (6.5) we have D > 2dV¥ /g, and so (6.11) shows that

[pe(aD)| = |py(a2d¥/q)| = cad/r, 1/2 <a<|J|/d,
and it follows that for D/2 < |t| < |J|d~! D,

' ed 1cd[

(6.12) oo (t) > oo Esds =35 2 _ (D/2)2} :

Now assume |J|/d > 1 and observe that then for ¢ = D|J|/d, the upper
bound for |¢|, we have by (6.12) and the definition of D
J cdD
ee(l3D) = 5= [(171/d) ~ 1/4]
3C|J|2D 3C|J|2 _> clJ|
~ 8&r  8hll|q 8qhr’

Since h < R and in view of h > R1/2, 1 <r < R we see that the choice of ¢
in (6.7) certainly implies

oe(UID) > ¢ (Rr)™! > ¢ (RJe))™!
This estimate and (6.12) imply that
¢
“(W W) <O p (|z|v c//R\ \) 07 (7 R\ )
1

St (gg) <D +2

&\@
=
=

S (D+(D/dR)'?),
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and since D = 2C1d(h|I|q)~! we then have

RY/2 qp1/2 r \1/2
\/ £ 1y <
Bt me) = = 70+ (huyq> !
for £ € GNJ. Since |I| = dcard(I) ~ dcard(J) we obtain

. (Rr)'/? rcard(J)\1/2
(6.13) > VReu( wa) S hq +( hdq ) '
LeGnJ

Altogether (6.13) and (6.8) yield

Rr)!/? rcard(J)\1/2
14 o1y 4 ( )
(6.14) %\/Rm(e,mé')wd—i— i +( ha )

We essentially choose ¢ to minimize this expression. Its square is compa-
rable to d=2F(q) where

(6.15) F(q) = ¢ +big >+ bag ',
where the positive coefficients are given by
by = Rrd®h™2, by = rcard(J)dh L.
In what follows we shall need the relation
bg/?’/bl = (card(J)/T)4/3

where 7 is as in (6.3). To analyze (6.15) it is natural to distinguish two
cases, where in the first case the second term b;g~? dominates the third
term bog~! and in the second case we have the opposite inequality.

In the first case, ¢ < by /ba, we have that F(q) ~ ¢> + b1g~2 and the latter

expression has a local minimum where ¢ = bi/ % This value by 4 belongs to
the currently relevant interval (0, b;/b2] when by < bi’/ % which is equivalent

to card(J) < 7. In this case we thus make the choice ¢ = bi/4 (which is
the value (Rrh=2d=2)Y/* in (6.7)). Then the right hand side of (6.14) is
bounded by a constant times

(6.16) A1 F®bY) < d oy = (Rrd 2 %)V,

In the second case, ¢ > by /bs we have F(q) ~ ¢® + 2baq™! and the latter
expression has a local minimum at b;/ ® which lies in the interval [b1 /b2, 00)
when b;L/ P> by; this condition is equivalent with card(J) > 7. Thus we now

make the choice ¢ = b;/3 = (rcard(J)dh~1)'/3. Now the right hand side of
(6.14) is bounded by a constant times

(6.17) 4" F0y) < a1y = (reard(@)n~1d )13

and the estimate (6.4) is established. O
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7. TWO ELEMENTARY LEMMATA

We prove two elementary lemmata from plane geometry.

Lemma 7.1. Let S be any set of N noncollinear lattice points in the plane
and let H be the convex hull of S. Then

(7.1) N < 2+ 2area (H).
In particular, N < 6 area (H).

Proof. We necessarily have N > 3 and the second conclusion follows from
(7.1) since every lattice triangle has area at least 1/2 thus area(H) > 1/2.
To see (7.1) we argue by induction and the estimate is obviously true
for N = 3. We now proceed by induction. Let N > 4 and assume that
the estimate (7.1) holds for any collection of noncollinear lattice points with
cardinality < N. Let T be a set of N noncollinear lattice points in the
plane and let H be the convex hull of T. There exists a pair of lattice
points £ and m in T such that the line L joining ¢ and m has points of
T lying to each side of it. Let P; and Py be the two closed half-planes
determined by L. Set S; = TNP; for ¢ = 1,2. Then each collection S; is
noncollinear. Let N; = card(S;). Since the two points ¢ and m lie in both
S1 and Sg, we have Ny + Ny > N + 2. Let H; be the convex hull of S; so
that H1 U Hy C H and Hi N Hs is contained in a line. By the induction
assumption on both §; and S we have N; < 2 + 2area(H;), i = 1,2, and
thus N < Ny 4+ Ny — 2 < 2 + 2area’H. O

Our next lemma is a standard result on lattice points on convex polygons.

Lemma 7.2. Suppose we are given integer points Fi,...,Fy in Z?, which
are vertices of a convexr polygonal curve; i.e. the interiors of the line seg-
ments F;Fi11 are mutually disjoint and if FiF;41 = Lj(cos fB;,sinf;), i =
1,...,J — 1, then we have L; > 0 and Bj;+1 > (B;. Suppose also that
By—1— P1 <27, and set L = Z;}:—ll. Then

J <24 (81— B)PLY3,

Proof. Let A(A, B,C) denote the triangle with vertices A, B,C. Then we
use again that the areaof A(A, B, C) is at least 1/2 if A, B, C' are noncollinear
lattice points. Thus

T
[N}

J—2< (2 area(A(Fy, Fji, Fj+2)))1/3

oo,
[
[\>) -

. 1/3
(FF1l Fyo1 Fypal [ sin(Bi41 — 5,))) Y
=1

<
Il
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and thus by Holder’s inequality

it N U W e SN U W 1/3
J—-2< (Z \Fij+1|) (Z ’Fj+1Fj+2\) (Z |sin(Bi1 — ﬁi)’)
= = =

< L3, - ) O

In particular if ¢ is a convex polygon of length L whose vertices are
integer lattice points then the number of vertices of 8 is O(L?/3). This is a
special case of Andrews’ result [1].

8. PROOF OF PROPOSITION 3.3
In what follows we fix r, R, h with 10 < r < R, R1/2 < h<R. Let
t={reR?:p*(x)<r+th'}

and A = Q% \ Q. Denote by A = AN Z? the set of lattice points in the
annulus A. Let H be the convex hull of A and let E = {Ej}jzl be the
extreme points of H arranged in counterclockwise order around the origin.
First observe that from Lemma 7.2 we have J = card() < r2/3.

Recall our convention from the previous section that a line segment is
a nontrivial segment I whose endpoints lie in the lattice Z2. Our second
observation is that every lattice point in A \ E belongs to some line segment
I that contains an extreme point from E and lies entirely within the annulus
A. More precisely, let £ € A and suppose that for some 1 < j < J, £ belongs
to the closed triangular sector S; = A (Ej, Ej11,0) with vertices Ej;, Ejiq

and the origin. Then the convex set 2* cannot intersect both of the line
— —
segments I/ and Ej; 1/, and hence at least one of them must lie in A.
Thus for 1 < j < J, A; = ANS; is contained in the union Z; of all maximal
line segments I contained in \A N S; having one endpoint that is either E;
N
J

or F; 1. We further distinguish the segments I in Z; by letting {Ij_n} )
b n—=

be an enumeration of the line segments in Z; having F; as an endpoint,
and arranged clockwise about E; as n increases from 1 to N - Similarly,

Nt
{I;’_n}nil is an enumeration of the line segments in Z; having F;,; as an
endpoint, and arranged counterclockwise about F;,1 as n increases from 1
—_—
to NJ.*. Note that IjN+ = I; _ = EjFEj41 is the line segment joining the
;i i
consecutive extreme points E; and Ej .
The next lemma implies that the total number of line segments in

Ny

still does not exceed Cr% if we assume r < R and h > RY2. For this we
—_— ——
define L; = |EjE 11| to be the length of the segment E;FE; 1, and ©; to
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be the (positive) change of angle for the normal direction to 9Q* across the
sector S;. Specifically

Lemma 8.1. For each 1 < j < J, we have
_ 2/341/3
N; +Nj+§C’(1+area(AﬂSj)+Lj/ @/ ).

Proof. We will establish the indicated estimate for IV ]-Jr, the case for N

being similar. Fix j and let the segment I;’Fn have endpoints F;1 and F),

_ — > Nf-1
so that Ijn = Ej11F,. Consider the collection of segments {F, F41},2,

and set

Sj = {n:1§n<Nj+ananFn+1Q.AQSJ-},
P = {n:1<n< N and F,Fpp € ANS; )

We first note that the triangles A(Ejy1, Fy, Fr41) are pairwise disjoint
and contained in AN S; for n € ¥, and from Lemma 7.1 applied to each
triangle we get

(8.1)  card(%;) <6 Y area(A(Ejy1, Fp, Fuy1)) < 6 arca(ANS;).
nETj

Now the integers in 3; can be written as a union of maximal chains C; of
consecutive integers as follows:

M b;
PB;=U,21G,  Ci= {n}nzai )
where a; < b; and b; +2 < a;41. Note that the number of chains M; satisfies
M; <1+card(%T;) <14 6area(ANSj).

P —

For each n € P; we may write F,, Fy, 11 = pp(cos ap, sin oy,) where p, > 0
and o, > «y, if m > n. In particular the lines associated to a fixed chain
form a convex polygon.

. . %

; here we use that the convex set (2* intersects the line segments F,, F, 11

——
and FmFm—f—l‘

To see this, note that the convex set 2* intersects both of the line seg-
ments F, Fj, 11 and F, F, 1, and that the intersection with F,, F),,+1 occurs
to the clockwise side of the intersection with F,, F,, 11 (we adopt an obvious
convention regarding the use of the phrase "to the clockwise side of”). Thus
the angle au;, of F, Fiy41 is less than the angle a, of Fj, F,,4+1. Moreover the
sectors generated by {O, F,,, F,,+1} and {O, F,,, Fy,,+1} have disjoint interior

so that
_
> | FuFori| S L.
neP;
Now consider a chain C; = {n}%_, of length b; —a; +1 > 3 and the

b;

associated set of lattice points {F,},_, .
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By Lemma 7.2, we have

bi—1
bi_ai+1§2+<z n+1) Zan+1

n=a; n=a;

w»—'

for all chains of length b; — a; + 1 > 3, and also trivially for chains of length
1 or 2 as well. Summing in ¢ from 1 to M; we thus obtain

M;
card(;) = > (b —a; + 1)
=1
bi— ;
s 2 1
<2M +Z{ Z‘FnFn—i-l‘ § Zan—i-l_an 5}

n=a; n=a;
and thus by Holder’s inequality

Mj bi—l M bi—1

card(*B;) < 2M; + <Z Z ‘mog(z Z Qpi1 — ozn>

1=1 n=a; i=1 n=a;
2/3,1/3 2/341/3
< O(M; + LP0Y%) < ¢'(1 + area(ANn S)) + L0/,
The Lemma follows by combining the inequalities for the cardinalities of T;

and ‘B;. O

We now proceed with the proof of Proposition 3.3. First, by Lemma 8.1
we can estimate the cardinality of Z by

(8.2) card(Z) < anrd ) < Z{l +area(ANS;) + L3®3}

7j=1
J
(8.3) S <J+area ZLJ % ZGJ )

7j=1 7j=1
(8.4) < (rs +r/h) S P2/

M)—'

since h > RY/2 > p1/2,
Now consider the lattice line segments I[i =1 * o N 7?2 consisting of the

lattice points in I]jE and let A; be the collectlon of lattice points which lie
in ANS;. We then have that for 1< <J,

N Ny
(8.5) Aj=ANS; = ( U an) Y ( U Hj_ﬂ)
n=1 n=1

where Z}]:l (Nj+ +N;7) S r2/3,
We now wish to apply Lemma 6.1, to the intervals in Z; however the
assumption that the ninefold dilates are still contained in the annulus A may
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not be satisfied. Therefore for every I € 7 we decompose [ in subintervals
I=u(Hu(u J )

where 91,,(I) C I. Moreover if 1,,, (1) := 2, (I) N Z2, and 24 (1) := 14 (I) N Z2,
and then card (1, (1)) < 27I™lcard(I), card(e+(I)) = O(1) and N(I) < C +

log, (card(I)).
We first have the trivial inequality

(8.6) ZZ Z @,u %) < card(Z) < r?/3.

IeT £ tews (D)

Now let £ denote the set of all lattice line segments {1,,(I) : |m| <
N(I),I € Z}. We split £ into three subfamilies (here 7 is as defined in
(6.3)).

(i) £ consists of all J € £ which satisfy card(J) <7

(ii) Lo consists of all J € £ of the form 1, (I) for suitable m, I, where
card(J) > 7 and card(T) < /3.

(iii) £3 consists of all J € £ of the form ,,(I) for suitable m, I, where
card(J) > 7T and card(I) > /3,

Notice that for all I we have N(I) < logr so that card(£) < r%/3logr.
Thus from part (i) of Lemma 6.1 we get

(8.7) Z \/R?"Zu % % ) <2 Blogr(Rrh~ )Y < p 11/ 2 10g r
Jel el
since h®> > R > r.
Next we consider the lattice line segments in £o and use the second part
of Lemma 6.1. We obtain

> VR uli w7l

JeLe el

< ZI Z (rh™! card (1, (1)) /3

I1€T: m:
Card(H)Srl/?’ um (I)€L2

< Z (ro™t caurd(]l))l/3

I€Z:
card(H)§r1/3

(8.8) < r1/3+1/gcard(I)h*1/3 < P17/18

since card(Z) < r2/3 and h > RY? > ¢1/2,
Finally for the lattice line segments in £3 we use again the second part of
Lemma 6.1 but estimate differently
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> VRl w)

JeLs el

< Z (rh_1 card(T)) 1/3

IeT:
cdrd(]l)>r1/3

< Z r/h) 1/3card I)

2/9
el r

(8.9) < 7"1/3_2/9h_1/3card(A) < pl7/18

since h > /2 and card(A) < r.
We combine estimates (8.6), (8.7), (8.8), and (8.9) and deduce the asserted
bound. 0

9. DISCUSSION OF SHARPNESS

In this section we shall discuss the sharpness of Proposition 3.3 which
implies the estimate

(9.1) K(R,h) <R™', h>RY?

for the quantity defined in (1.11). We show that the condition h > R'/2 is
needed in (9.1).

More specifically we show that there are positive constants ¢ and C such
that for every ¢ > 0 and R > C, there exists an open convex bounded
set 2 with curvature bounded uniformly below (in the sense of any of
the equivalent definitions in the subsequent section) such that with h =
h(R) = RY2?(log R)™° and suitable Cy the quantity K(R,h) is at least
ceR™'loglog R.

In what follows we let 7 be a large integer so that

r < (log R)/3.

We will construct an open convex bounded set 2, with curvature 2> 1/2
everywhere so that

9-2) (R|(m, m) )2 (i, ) = 1

for all (m,n) € Z? with 0 < |n| <m < r, and also so that

(9-3) o ((m,m1)) = p* ((m,n2))| < 2R™"/?(log R)®

for 0 < |ny|,|n2| < m < r. With this achieved, we restrict & and ¢ in
the sum on the left side of (1.11) to lie in the triangle of lattice points
T, = {(m,n) : 0 < |n|] <m <r}. Writing k = (m,n1) and £ = (m,ng), we
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: : 1l _
obtain that with h(R) = C;'R2 (log R)°,

> k(i whe) (G w=i7p)

k,0€Z2:|k|<R,|¢|<R,
= D Y e D D

lp* (&)—p* (k)| <h(R)~1
kLETy: (m7n)e'ﬂ‘7,

lo* (0)—p* (k)| <h(R)~1

> cR 'logr = cR_lg loglog R,

the desired conclusion.

Now we give the details of the construction. Given ¢ > 0, r € N large
and h > 1, denote by R, , the ray from the origin (0,0) through the point
(m,n), and by K the circle of radius hr? centered at (1 — hr?, 0), so that K
passes through the point (1,0). We order the set of rays {R,,, : [n| <m <
r,m > 0} by increasing slope (so that the positive slopes form the Farey
sequence of order r), and denote the resulting ordered sequence of rays by
{ﬁj};.]:_J. Let P; be the intersection of £; and K.

We now define a preliminary domain Dy with partially polygonal bound-
ary, then smooth out the corners to get a domain D with bounded curvature,
and we shall then take 2 = D* so that Q* = D** = D. The boundary of the
set Dy is the polygon in the sector S = {(z,y) : 0 < |y| < x} whose edges
are the segments P;P; 1, —J < j < J, and we let the boundary of Dy be a
smooth curve of bounded curvature in the closure of the complement of S.
We note that with P; = (z;,y;), we have

1
by a straightforward application of Pythagoras’ theorem and the fact that
P — (L0) < 1.

It follows that for this convex set Dy, the defining functional pj satisfies
(9.3) if h > RY?(log R)™°. Indeed, if Ry, = L;, for ¢ = 1,2, then
(m,ny) = x]% (%j,,vj,) and so by (9.4), we have

[P (myn) = p* ((moma))| = |- = ==
L1 Lo
< 2m(hr®)~t < 2(hr)7h

. m|xj1 — xj2|

Lj1 Lo

We now smooth out the corners to define the domain Dy. We modify 0D
in a small neighbourhood of each P; by inscribing a circle of radius 1 to be
tangent to each edge incident with P;, so that in this neighbourhood, 9D is
an arc I'; of a circle of radius 1, where the arc I'; is centered about the ray
L; and has diameter Aj;, where

(9.5) c(hr®)™t <n;< C(hr?) 7,
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depending on where in the Farey sequence the slope of £; occurs. This
modification is possible for A > Cy, where Cy is a sufficiently large constant,
since then by the second inequality in (9.5),

—9 Pe—
A< 7 < PP
It is easy to see that inequality (9.3) persists for this modification.
Now define 2 = D* and let p be the Minkowski functional of ). Let
nZ‘m’n) be the unit normal at the boundary point of D which lies on the
ray determined by (m,n). If Ry, = L; then the dual arc I'; of 0% is

Mm,n)

centered at , has curvature 1 and diameter A;. Note that the

(0
point nf, /p(nz"m n)) in 002 has P;/|Pj| as unit normal. Thus by the
first inequality in (9.5), the cap C(P;/|P;|,0) has diameter ~ 52 for all
0 <6 <c((hr?)™ < ¢ A%, and so

(R|(m, n)|)!/?diam (C(;p22, ikm)) >

if (R|(m,n)])~! < ¢(hr3)~2, and in particular if R > Ch?rS. Thus if log R >
Cr? and R2 (log R)™° < h < R2r—3, we have both (9.2) and (9.3). O

10. ON THE NOTION OF CURVATURE BOUNDED BELOW FOR ROUGH
CONVEX DOMAINS IN THE PLANE

Let © be an open bounded convex set in the plane R?. In the case 02
is C?, the classical curvature of 9 is well-defined at every boundary point
P € 09. If however () is an arbitrary bounded convex set, then 02 may
be only Lipschitz continuous, and the classical definition of curvature is
no longer available. In this paper we needed to define the notion that a
strictly convex set has curvature bounded below by a positive constant, and
took for convenience the inequality (1.7) as a definition. Here we will con-
sider three natural related definitions of this concept and demonstrate their
equivalence, as well as their equivalence with the classical definition when
0 is C?. It turns out to be more convenient to work with the reciprocal of
curvature, namely the radius of curvature, and we define instead the notion
that a strictly convex set has radius of curvature bounded above by a positive
constant.

Note that if € is bounded and strictly convex, then for every unit normal
vector n, there is a unique point P = P(n) € 99 such that n is an outer
normal to 92 at P. Given the unit vector n and § > 0, we define the solid
boundary cap €(n,d) associated to n

(10.1) Co(n,d)={ze:0<(P—x,n) <d}.

It is easy to see that for any convex domain there is a constant ¢ = cq > 0
so that

(10.2) carea(Cq) < 0~ 'diam(Cq(n,d)) < ¢ tarea(Cq);
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here Cq(n,d) is the boundary cap as defined in (1.5). Given an interior
point Py of Q the constant ¢ in (10.2) depends just on the ratio of radii of
an inscribed and a circumscribed circle both centered at Pp.

Next, given three noncollinear points P,Q, R in the plane, denote by
R (P,Q, R) the radius of curvature of the unique circle through P, @ and
R, namely

1 |R-P| P —Q||Q—R|[R—P|
10.3 R(P,Q,R) == = .
(103) (P.Q. R) 2sin (LPQR) 4area (APQR)
Definition 10.1. Let €2 be a bounded open strictly convex set in the plane
R2.

(1) We say that 09 has radius of curvature bounded above by C} in the
disk sense if for every point P € 0N and supporting L through P,
there is an open disk D of radius C] such that

(10.4) P € 0D, L is tangent to 0D and 2 C D.

(2) We say that 0 has radius of curvature bounded above by C5 in the
cap sense if

(10.5) area(€qo(n,d)) < /02832

for all unit vectors n and ¢ > 0.
(3) We say that 02 has radius of curvature bounded above by C5 in the
three-point sense if

(10.6) R(P,Q,R) < Cs
for every triple of distinct points P, Q, R in 0f).

We remark that in view of (10.2) statement (2) in the definition is equiv-
alent with the condition in (1.7) which we used earlier in the paper.

Lemma 10.2. Let Q be a bounded open strictly convex set in the plane R2.
Then statements (1), (2), (3) of Definition 10.1 are equivalent; moreover
for the infima of the constants in (10.4), (10.5) and (10.6) we have

infCQ S 4infC’1, infC’3 S 8infC'2, infC’l S inng.

Proof. (1 = 2): Suppose that 09 has radius of curvature bounded above by
C1 in the disk sense, and fix n € T and 6 > 0. Let P be the unique point in
0N} with n as an outer normal, let L be a line through P perpendicular
to n, and let D be the open disk of radius C; satisfying (10.4). Then
o (n,0) C €p(n,d), and since a cap of width § in the unit disk has area

not more than 203 %, we have the estimate
area(€q (n,0) ) < area(€p (n,0)) = Cfarea(@C;1D(n, Cflé))
3
< CP2(C16)2 = /4067,

(2 = 3): Suppose now that 92 has radius of curvature bounded above by
Cs in the cap sense, and let P, @, R be a triple of distinct points in 02 with
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largest side @ Consider the portion 9 of 90 lying on the same side of
the segment PR as the point @, and let Q' € 99’ maximize the distance
5 = dist (Q'. PR)

from @’ to PR. Then with n equal to the unit vector perpendicular to PR
in the direction toward @', we have from (10.1) that

7(5 ‘PR‘ = area (APQ R) < area((’lg (n,0 ) \/C2(52
Thus 1
[PQ/|[sin (4Q'PR)| = dist (Q',PR) =8 = —— [PR[",
2
and so by (10.3), we obtain
1 |PR]|
2sin ({PQ'R) ~
In the case when @ = @', we then obtain
R (P,Q,R) < 2Cy
since PR is the largest side of A (P, Q, R) Thus we have proved in this para-
graph that R (P, Q, R) < 2C whenever PR is the largest side of A (P, Q, R)
and @ has maximal distance on its side from the line through P and R.
Now let {P,Q, R} be an arbitrary triple of points in 9 with ‘PR’ >
}@‘ > ‘TQ{ Let L be the line through Q and R, and let S € 91 lie on
the side of L opposite P maximize the distance from S to L. There are now
two cases to consider: ’QS} < |SR‘ and ’QS} > {SR‘. In the first case,
‘@‘ < |ﬁ‘ implies sin ({SRQ) < sin (LSQR), and since we also have
sin ({SQR) < sin ({PQR), we conclude that
sin (LQSR) = sin (LSRQ + £SQR) < 2sin (LSQR) < 2sin ({PQR).
Since also ‘ﬁ‘ > % ‘TR‘, it then follows from the previous paragraph that
PR _ 2(QR
2sin (LPQR) ~ sin (LQSR)
In the second case, we have ‘QS‘ > %|@| > %‘PiR‘ Let M be the line
through Q and S, and let T' € 912 lie on the side of M opposite R maximize
the distance from 71" to M. Since T is closer to the line L than S, it follows
that we have the key property
sin (£LQT'S) < sin ({PQR).
From these inequalities we obtain
PR _ 4@
2sin (LPQR) ~ 2sin (£QT'S)
(3 = 1): Now we suppose that 02 has radius of curvature bounded
above by Cj3 in the three-point sense, and fix P € 90 and a supporting line

PO

R(P,Q,R) = <209 PR

R(P,Q,R) = = 4R (Q, S, R) < 8Cs.

R(P,Q,R) = = 4R (Q, T, S) < 8Cs.
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L at P. Consider the family of closed disks {E}r>0 where D, is the open
disk of radius r tangent to L at P and lying on the same side of L as ).
Let D,, be the smallest such closed disk containing €, which exists since
the intersection of any subfamily of {E}r>0 is either {P} or a member
of {E}r>0' If 0D,, N Of) contains at least three points, say P, Q, R, then
ro =R (P,Q,R) < s and so (10.4) holds with D = D,, and C; =ro < Cjs
as required. The remaining cases where 0D,, N 0} contains exactly two
points, or just the single point P, will now be handled separately.

In the case D,, N 9Q = {P, R}, consider the portion 9 of I lying in
the smaller of the two components of D, \ M where M is the line through
P and R (if PR is a diameter of D,,,, we can use either of the equally sized
components of D,,\M). Let @ € 9 maximize the distance § = dist (Q, M)
from @ to the line M. Then again we have ryp < R(P,Q,R) < Cs as
required.

Finally we consider the case 0D,, N9 = {P}. Let n = {-diam (). The
compact sets dD,, \ {z € R*: [z — P| <n} and Q are disjoint, and so we
can find € > 0 arbitrarily small such that both # (0Dy,—- N 0S2) > 1 and

ODry— NOQ C {x cR?: |z — P| <n}.
If 0D,,—. N O contains at least three points, say P, @, R, then
TO_ng(PvaR) S C3~

If ODy,—. N 0Q = {P, R}, consider the component 92 of 90 \ {P, R} lying
in the ball {z € R?: [z — P| <n}. Then we have that Q' C Dy, \ Dy,—c.
We claim that a calculation using this, (10.3) and the fact that P and R lie
on 0D,,_, yields

. IP-QIQ-RIIR-P| _
Q—P area (APQR)

li P, —
Qli)nPR( aQ)R) To — &,

where the limit is taken as @ tends to P along 9, or more generally
along any path tangent to 0D,,—. at P. To simplify the calculation we let
r =rg— ¢ and take P to be the origin, L to be the x — axis, 0D, to be the
circle 22 + (y — r)> =2, R = (u,v) € D, and Q = (z,y). Then by (10.3),

[P —QlQ—R[|R—P|

R(P,Q,R) darea (APQR)
- YRR - AT,
2 zv — yul

which tends to %“2@”2 = r as (z,y) approaches the origin along any path

where ’%’ — 0. Thus we have

o —¢€ éli)npR(P’Q’R) = 03
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in this case as well. Since € > 0 can be made arbitrarily small, we have
ro < Cs. Altogether then we see that (10.4) holds with D = D,, and
C1 = rg < (3, and this completes the proof of the lemma. O

Remark. If 952 is C?, then the curvature & (Q) of 9 at the point Q € 5

satisfies
1

K (Q)
where the limit is taken as distinct points P and R tend to @ along 0f).
This shows that the curvature of a C?, bounded and strictly convex set €2
is bounded below by ¢ > 0 if and only if the radius of curvature is bounded
above by ¢! in the three-point sense.

= Jim R(P.Q.R).

11. APPENDIX ON GENERALIZED DISTANCES FOR LATTICE POINTS IN
DIMENSIONS d > 3

Let p be the norm associated to a convex symmetric domain containing
the origin, with smooth boundary and with the property that the Gaussian
curvature of the boundary vanishes nowhere. Here we are interested in lower
bounds for the distance sets

Ag(E)={p(z —y)x,y € £},

where E will be taken as E(R) = {k € Z%, |k| < R}.

This can be considered as an instance of a problem by Erdés [7] who
conjectured for K being the unit ball for the Euclidean metric that for any
finite set £ C R? (d > 2) one should have the estimate

(11.1) card(Ag (E)) > C-(card(E))d—;

this conjecture makes also sense for the more general metrics as described
above and suggests the lower bound card(Ax (E(R))) = R?>~¢ in our special
case, for all metrics as described above. The general conjecture is open in
every dimension d > 2. For some of the best currently known partial results
and a description of the relevant combinatorial techniques we refer to the
survey [22] and other articles in the same volume.

For the case of the Euclidean metric (i.e. K = {|z| < 1}) the lower
bound R%?~¢ for Ak (FE(R)) is well known and follows from properties of the
number 7(n) of representations of an integer n as a sum of two squares (see
Theorems 338 and 339 in [8]). For more general metrics we shall deduce the
lower bound for card(Ag (F(R))) from mean discrepancy results in [13] (see
also the previous work by W. Miiller [17]). Unfortunately, in two dimen-
sions these results do not seem to yield anything nontrivial for the distance
problem.

Since the distance set A (E(R)) contains the image of E(R) under p it
is sufficient to prove the lower bound card(p(E(R))) > C.R?>™¢, ¢ > 0. We
have the following more precise estimate.
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Proposition 11.1. Let d > 3 and let Q be an open convex bounded set in R?
containing the origin in its interior. Suppose that the boundary 0 is C*°,
with nonvanishing Gaussian curvature. Let p be the Minkowski-functional
associated to 2, let

Egp={keZ:R/2<|k| <R}

and let p(Eg) = {p(a) : a € Er}. Then there exists a constant Cy so that
for all R > Cy we have

R? if d >4
card(p(Er) = { 1, Jaz
R?/logR ifd=3.
Proof. Let o« > 0. We define for a finite set A the quantity
Mp,a(A) = max{card(F) : F C p(A),|s —t| > o} for all s,t € F}.

In particular note that m,o(A) = p(A); in fact in view of the finiteness of
A we have p(A) = m,.,(A) for some g9 = g9(A) > 0. Moreover we let for
e<1l,R>1

S(e,r; A) = card{k € A; |p(k) —r| < e};

=) S(2e,p(k); A

keA
We first observe that for any finite set A (later A =Eg), and € > 0

(11.2) card(A) < /m,(A)\/30(4A,¢).

Indeed if F is a subset of p(A) for which the maximum in the definition of
m, . is attained then the Cauchy-Schwarz inequality gives

card(4) < (cardF)"* (7 (S(=,1:4))°) .

tel

1/2

Now for fixed k there are at most three intervals of the form [s — &,s + €],
s € F to which p(k) can belong. Thus the right hand side of the last equation
is dominated by m,(A)Y2(33, .4 S(2e, p(k); A))Y/? which yields (11.2).

By estimates from [13] (namely the argument on p. 218/219 and the
statement of Lemma 2.1 of that paper) we get for ¢ < R~}

(RS S(2e.ph) ) < (X s/R.plk )))1/2

kE€ER kEE
4R

1/2
§01<R_1/ |E(t)|2dt) + CyRI72
R/4

where here of course F(t) = card(tQ N Z%) — t%vol(Q). The results on the
mean square discrepancy in [13] imply that the first term is O(R?~2) if d > 4
and O(Rlog R) if d = 3.
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Now o(Eg,¢) < CRYR™ > keEg S(2e, p(k))?)Y/? and thus

R2d-2 if d >4
o(Er,e) <C{ " ne="
R*logR ifd=3

Since card(Egr) ~ R? we may use (11.2) to obtain for all £ € (0,1/R) the
lower bound m,-(A4) = R? if d > 4 and m,c(A4) = R*/log R if d = 3 and
this implies the asserted lower bounds for the cardinality of p(Eg). O

Remark: For the Euclidean ball K = Bjs in three dimensions one can use
the mean discrepancy result by Jarnik [15] to improve (in this very special
case) the lower bound R?/log R in Proposition 11.1 to R?/\/log R.
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