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Preface 

From July 25-August 6, 1966 a Summer School on Local Fields was 
held in Driebergen (the Netherlands), organized by the Netherlands 
Universities Foundation for International Cooperation (NUFFIC) with 
financial support from NATO. The scientific organizing Committl!e 
consisted ofF. VANDER BLIJ, A. H. M. LEVELT, A. F. MaNNA, J.P. MuRRE 
and T. A. SPRINGER. The Summer School was attended by approximately 
80 mathematicians from various countries. 

The contributions collected in the present book are all based on the 
talks given at the Summer School. It is hoped that the book will serve 
the same purpose as the Summer School: to provide an introduction to 
current research in Local Fields and related topics. 

July 1967 T. A. SPRINGER 
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Homotopy of Varieties in the Etale Topology 1 

M. ARTIN and B. MAZUR 

This paper presents an outline of some recent work; proofs of the re
sults we announce will be published elsewhere. 

Our purpose is to study the analogues of homotopy invariants which 
can be obtained from varieties by using the etale topology of GROTHEN
DIECK. (We refer to [1] for the definitions and properties of this topology.) 
In Section 6, we give a complete description of the relation between the 
etale topology and the classical topology for a normal variety X over the 
field of complex numbers, as far as homotopy invariants are concerned. 
We show (6.1) that the homotopy type of X in the etale topology is a 
certain pro finite completion ( cf. Section 2) of the classical homotype type. 
This statement includes the classical Riemann existence theorem (cf. [J], 
XI (4.3) for instance) which asserts that every finite topological covering 
space of X has a unique algebraic structure (i.e., that the algebraic funda
mental group is the profinite completion of the topological one), and the 
comparison theorem for cohomology, ([J], XVI (4.1)), which asserts that 
the classical and etale cohomologies of X with values in twisted finite 
coefficient groups are equal. In fact, our result is derived from these 
two theorems. 

Two methods of obtaining homotopy information from a topology 
have been introduced, namely by LUBKIN [8], and by VERDIER [12] using an 
idea of CARTIER. Both are modifications of the Cech procedure. In this 
paper, we have followed Verdier's approach. However, it is clear that 
Lubkin's could also be used, and that the comparison theorems of Section 
6 hold in his setting, in their ~ form (cf. Section 4. The method would 
probably have to be modified to give the full results. On the other hand, 
Lubkin's method yields a more rigidified object.). LUBKIN [8] realized that 
much of the formalism of homotopy theory (eg. the Hurewicz theorem) 
goes through for pro-objects, but in his work the invariants are defined 

1 This research has been supported by NSF. 



2 M. ARTIN and B. MAZUR 

by passing to a limit. The basic idea of working in the pro-category itself 
(which is essential for our viewpoint) is due to GROTHENDIECK. 

The theory we develop has applications for varieties in arbitrary charac
teristic of the types well known in the classical case, such as to provide 
obstructions to the existence ofmorphisms. In addition, it is related to the 
following question, raised by W ASHNITZER: Given two varieties in charac
teristic 0 with isomorphic reductions modulo p, what additional condi
tions will imply that the varieties are themselves homotopic? Although 
we do not answer this question, we gain some insight into the nature of 
the problem (cf. Sections. 6-8). 

1. Pro-objects 

Recall that a pro-object X={X;} (iel) in a category Sis a filtering 
inverse system of objects X;eS, i.e., a functor 1°-+S where I is some 
filtering index category (cf. [6]). Such a pro-object X determines a functor 
from S to sets, written 

Hom(X, Y) = lim Hom(X;, Y) for YeS, (1.1) 
defn~ 

and the pro-objects are made into a category pro-S by defining morphisms 
so that they correspond to morphisms of the functors (1.1). This [6] 
yields for two pro-objects X= { YJ 

Hom(X, Y)= lim lim Hom(X;, Yi). ---+ j i 

(1.2) 

Thus pro-S is equivalent with a full subcategory of the category of func
tors S-+{Sets). Of course the representable functors are included, as is 
seen by taking for I the one point index category. Functors isomorphic 
to ones of the form (1.1) are called pro-representable. 

It is clear that pro-S varies functorially with the category S. 
We will denote by .?/t' the homotopy category of connected, pointed 

CW-complexes. This category is equivalent with the homotopy category 
of connected pointed Kan complexes (cf. Prop. 9.1 of [7], and [9]), and 
we will on occasion pass informally from one to the other. (The reader 
may wonder why we do not stick either to the category of CW-complexes 
or to the category of Kan complexes. The reason is this. On the one hand, 
we have occasion to make very strong use of fibre resolution and coskele
ton functors, giving rise to Postnikoff decompositons etc., and these tech-
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niques have been systematically and quite elegantly developed only for 
Kan complexes. On the other hand, we also use the 'adjoint' techniques 
of attaching cells, to kill specific obstructions, etc. which have been sys
tematically exposed only for CW-complexes.) 

Let X= {X;} be a pro-object in £. We define its homotopy and homo
logy as the pro-groups and/or pro-abelian groups 

1tn(X) = {nn(X)} 

Hn(X, A)= {Hn(X;, A)} 

Thus, n., Hn are functors on pro-£. 

AE(Ab). 

To define cohomology, we prefer to take the limit 

Hn(X, A)= lim Hn(X;, A) -i 

AE(Ab), 

(1.3) 

(1.4) 

which is an abelian group, again yielding a functor on pro-£. Note that 
(1.3), (1.4) give back the old definitions for actual objects of£. 

Cohomology with values in twisted abelian groups can also be defined 
as follows: A homomorphismf:n1 (X)-+Aut(A) is (cf. 1.1) an element of 

~Hom ( n1 (X;), Aut (A)). Thus we can define cohomology with values 
i 

in the twisted coefficient group (A,J) by 

(1.5) 

where ¢:n1 (X;)-+Aut(A) is a map representing! 

2. Completions 

Definition (2.1): A class C of groups is a full sub-category of (grps) 
satisfying 

(o) OEC 

(i) A subgroup of a C-group is in C. Moreover, ifO-+A'-+A-+A"-+0 
is an exact sequence of groups, then A', A"EC if and only if AEC. 
We will call a class C complete if in addition 

(ii) For A, BEC, the product AB of A with itself indexed by B is in C. 
(The index B is just to give a bound on the cardinality required.) We will 
be primarily interested in the case that C consists of finite groups, in which 
case (ii) follows from (i). However, we do not exclude the case that C 
consists of all groups. 
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A complete class has the following agreeable property, easily verified: 
If G ::::J N ::::J H are groups such that N is normal in G and His normal in N, 
and if G/N and N/H are C-groups, then H contains a subgroup K, normal 
in G, such that G/K is a C-group. 

Let G be a group and C a class. It is immediately seen that the quo
tients of G which are C-groups form a pro-object which we denote by G 
and call the C-completion of G. This definition extends in an obvious way 
to give a functor 

1\: pro-(grps)-+ pro-C. 

The pro-group G is characterized by the property that 

Hom(G,A)~Hom(G,A) for AEC, 

(2.2) 

(2.3) 

which one can express by saying that completion is adjoint to the inclusion 
of pro-C in pro-(grps). 

This notion of completion has the following analogue in the homotopy 
category: If C is a class, let C£ denote the full subcategory of£ con
sisting of objects whose homotopy groups nq (X) are C-groups for each q. 

Theorem (2.4): Let C be a class of groups. There is a functor 

1\ ; pro-£ -+ pro-C£ 

called C-completion, which is adjoint to the inclusion of pro-C£ in pro-£, 
i.e., such that for XEpro-£ 

Hom(X,W)~Hom(X,W) for WEC£. 

For a CW-complex X, its completion X is constructed as an inverse 
system of CW-complexes obtained from X by spanning in enough cells in 
each successive dimension so that the homotopy groups of the resulting 
complex are all C-groups. Of course, the adjointness property gives a 
structure map 

X-+X. 

This map can in fact be rigidified enough to become a pro-object in the 
homotopy category of pairs of (connected pointed) CW-complexes. 

From the construction, it is clear that 

............... 
n 1 (X)~ n 1 (X). (2.5) 

An important fact is that for a complete class C, C-completion is com
patible with "C-covering spaces" in a sense which we will not make 
precise here. 
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3. Cohomological criteria 

A morphism X-+ Yin pro-£ which induces an isomorphism on homo
topy (cf. (1.3)) is not necessarily itself an isomorphism. To see this, let 
Xe£ be a CW-complex, and denote by X1epro-£ the inverse system 

X 1 = { cosknX} 

indexed by integers n, where coskn is the "coskeleton" functor [4] which 
kills homotopy in dimension ~n. We have a canonical map 

X-+X 1 

in pro-£, and it is immediately seen from the definition (1.1) that this 
map is not invertible unless X has homotopy zero in high dimension. But 
it obviously induces an isomorphism on homotopy. 

The notation~ extends in a natural way to pro-£, It is functorial, and 
we will say that a mapf:X-+ Yis a ~-isomorphism if/' is an isomorphism. 

Theorem (3.1): Let C be a complete class of groups, and f: X-+ Y a 
morphism in pro-£. Then the map of C-completions j: g-+ f is a ~-iso
morphism if and only if 

............... ............... 
(i) n1 (X)~n1 ( Y), and 
(ii) for every abelian coefficient group AeC which is C-twisted on Y, 

the map 

is bijective for all n. 
Here a twisted coefficient group A is given by a map n1 (Y)-+Aut(A), 

............... 
and we say that A is C-twisted if this map factors through n1 ( Y). 

As an application of (3.1), we get the criterion that if X-+ Y is a map 
with Yepro-C£, then Y is ~-isomorphic to g if and only if (i) and (ii) 
hold. If we let C be the class of all groups, then completion is the identity 
functor and one can use (3.1) to prove 

Theorem (3.2): (i) A mapf:X-+ Yin pro-£ is a ~-isomorphism if and 
only if n"n(f):nn(X)-+nn(Y) is an isomorphism for each n. 

(ii) (Hurewicz theorem) Suppose that nq(X)=O for q<n, Xepro-£. 
Then the canonical map nn(X)-+Hn(X, Z) is an isomorphism. 

4. Homotopy groups of completions 

Let C be a complete class of groups, and Xepro-£. One naturally 
wants to determine the homotopy of the C-completion g of X. Since 
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(Section 2) X maps to X, there are canonical maps 
~ 

nq(X)--+nq(X). 
To begin with, one has 

Proposition (4.1): Suppose that nq(X)=O for q<n. Then 
~ 

nn(X)::::! nn(X). 

In addition, n2 (X) can be completely described. For simplicity, we will 
treat the case of a CW-complex: 
Proposition (4.2): Let XE.Y'f'. For each normal subgroup H c n1 (X) such 
that n 1 (X)/ HE C, let XH be the covering space of X corresponding to H. 
Then n2 (X) is characterized by the property that 

Hom (n2 (X),A) = lim H 2 (XH, A) for all AEC. -H 

SERRE's notion ([10], p. 16) of good group has an obvious interpretation 
in the context of completions in .:If': 

Definition (4.3): Let G be a pro-group. G is C-good if for every twisted 
abelian G-module A E C, the map 

Hq(G, A)--+Hq(G, A) 
is bijective for all q. 

Now given a pro-group G = { GJ, there is a canonically defined pro
object K(G, 1) ={L( G;, 1)} in .:If' having G =n1 (K) as its only non-vanish
ing hom:)topy. Applying (3.1), we obtain 

Corollary (4.4): A pro-group G is C-good if and only if the C-com-
pletion of K(G, I) is q-isomorphic to K(G, 1). ~ 
Thus for a general progroup, the higher homotopy of K(G, 1) measures 

~ A 

the deviation from goodness. For example, n2 (K(Qj2, 1))=2, and nq=O 
for q>2. 

It would be very interesting to obtain a detailed picture of the homo
topy type of the pro-finite completions of some special groups G, for 
instance of arithmetic groups such as G =SL(n, 2), whose profinite com
pletions are well understood (cf. [2]) but which are not good in general. 

To obtain results on higher homotopy, we have had to restrict C to be 
a class of finite groups. If X--+ Y is pro-object in the category of connected 
pointed CW-pairs, we consider the square obtained by C-completion: 

X--+ y 

! ! 
X--+Y 
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We show that this diagram may be rigidified in a canonical way, so as to 
become a pro-object in the homotopy category of squares. Thus we may 
"fibre-resolve" the above square in the horizontal direction to obtain 
pro-fibre triples, 

Theorem (4.5): With the above notation, suppose that Y = { Y;} is a 
pro-object with each Y; simply connected, and that C is a class of finite 
groups. Then the C-completion f of F is ~-isomorphic to the fibre F of 
x~r. 

By standard inductive procedure using Postnikov decompositions, we 
obtain from (4.5) 

Theorem (4.6): Let C be a class of finite groups. 
(i) Let Aepro-(Ab). Then K(A, n) is ~-isomorphic to the C-comple-

tion of K(A, n) if and only if A is C-good. ~ 

(ii) Let X epro-£ and suppose n1 (X)= 0. Then the map nq (X)~nq (X) 
is an isomorphism for q;£n if nq (X) is C-good for q <n. 

The criterion (ii) above is false for non-simply connected spaces, even 
reasonable ones. For instance, let X= S 1n S 2 be a wedge of a one-sphere 
and a two-sphere, and let C be the class of finite groups. The adjointness 
property of C-completion implies that it commutes with co-products. 
Hence X~S 1nS 2 . But an analysis of the explicit formula (4.2) or direct 
reasoning shows that n2 (X) is not the profinite completion of n2 (X). 

Corollary (4.7): Let o~A1 ~A2~A3~0 be an exact sequence of pro
abelian groups where A3 is C-good for C a class of finite groups. Then 
o~A'1 ~12 ~.43 ~0 is exact, where A denotes C-completion. 

This corollary is obtained by applying (4.5) to the fibre triple, 

K (A 1, 2) ~ K (A2 , 2) ~ K (A3 , 2). 

5. The Verdier functor 

VERDIER's definitions [12] are quite general. We will recall briefly his 
construction in the special context of the etale topology of schemes: Let 
X be a connected, pointed prescheme (pointed means that a geometric 
point x of X is given). Assume also that X is "locally connected for the 
etale topology", i.e., that for every etale [5] map u~x, the prescheme u 
is a coproduct of its connected components. 
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Definition (5.1): A hypercovering U. of X is a simplicial object U. = 
= { Un; d~, s~} in the category of preschemes etale over X, satisfying the 
following axioms: 

(i) U0 -+Xis a covering (i.e. the map is surjective) of pointed preschemes. 
(ii) For every n~O, the canonical map 

is a covering. 
It is harmless to add to these axioms also the assumption that each un 
decomposes as 

(5.2) 

where SUn=(skn-l U.)n (sk=skeleton) is the degenerate part, and NUn is 
the rest, i.e., the non-degenerate part. If each Un is separated over X, this 
is in fact automatic. 

Thus the "general" hypercovering is constructed as follows: Choose 
any U0 -+X, a covering map in the category of pointed preschemes over 
X. We think of U0 as being a reasonably "fine" covering. Next, extend 
this U0 to a simplicial object U.0 in the category of preschemes etale over 
X by the coskeleton functor cosk0 . In this case, we get for Un° the (n + 1 )st 
fibrP. power of U0 over X. Now choose a (reasonably fine) covering map 
NU1 -+ U0 x x U0 = U?. It suffices that NU1 cover the complement of the 
diagonal of U0 x x U0 • Put 

U1 = (sk0 U?) 1 uNU1 • 

This yields in a natural way a simplicial object truncated at Ievell, made 
up of U0 , U1• Extend it to a simplicial object U~ by the coskeleton functor 
cosk1 • Next, choose a map NU2 -+ U21 so that 

U2 = (sk 1Ui.)uNU2 

covers U}, and continue in this way. The desired hyper-covering U. is the 
limit of the u~. 

By morphism of hypercoverings we mean of course just a map of sim
plicial objects over X preserving base points. Verdier's theorem is the 
following: 

Theorem (5.3): Consider the category of hypercoverings of X with 
homotopy classes of morphisms. The opposite category of this category 
is filtering. Moreover, for any abelian sheaf F on X for the etale topology, 

Hq(X, F);:::;; lim Hq(F(U.)) for all q, --.... 
u 
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where the term on the right is the cohomology of the co-simplical abelian 
group F(U.), and where the limit is taken over all hypercovering and maps. 

Actually, VERDIER [12] proves this theorem without reference to a base 
point, but the pointed case presents no novelty. An important technical 
point which is not explicitly stated in VERDIER, but which can be shown 
by the same methods, is that one can refine a hypercovering by changing 
it in large dimensions only: 

Corollary (5.4): Let V. be a fixed hypercovering. In order to obtain the 
cohomology Hq(X, F) for q>n, it suffices to take the limit in (5.3) over 
hypercoverings U. given together with a map to V. and such that uq.::::,. Yq 
for q<n. 

The rule associating with a locally connected prescheme its set of con
nected components is a functor, which we denote by n0 . If we apply this 
functor to a hypercovering U., we obtain a pointed simplicial set n0 (U.). 
Now it is clear that n0 preserves homotopies. Moreover, n0 (U.) is con
nected since X is a connected prescheme. Therefore (5.2) implies that the 
category of hypercoverings { U.} of the prescheme X yields under n0 

a pro-object {n0 (U.)} in the homotopy category of pointed connected 
simplicial sets. Via the geometric realization [9], we obtain a pro-object 
in the homotopy category :!It' of pointed connected CW-complexes, which 
we will denote by 

Xe1 E pro-Jit' (5.5) 

and will call the homotopy type of the prescheme X for the etale topology. 
We want to describe Xet· 

6. Comparison theorems 

Theorem (6.1): (Generalized Riemann existence theorem): Let X be a 
connected prescheme of finite type over the complex numbers, pointed 
by a rational point. Denote by Xc1 (resp. Xe1) the homotopy type of X in 
the classical (resp. etale) topology. There is a canonical map 

and e is an isomorphism, where 1\ denotes pro-finite completion. 
If X is geometrically unibranch (e.g. normal), then Xet is itself pro

finite, hence in this case 

From (4.6), we obtain 

2 Local Fields 
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Corollary (6.2): In the notation of (6.1), suppose that Xc1 is geometri
cally unibranch and simply connected. Then 

~ 

nq ( Xer) ~ nq ( Xc1) 
for all q. 

In the above theorem, the fact that e is a q-isomorphism follows from 
the classical Riemann existence theorem and the comparison theorem for 
cohomology, using (3.1). To obtain the actual isomorphism, we give a 
direct argument using (5.3). A similar approach yields 

Theorem (6.3): Let C be a class of groups, and let 1\ denote C-com
pletion. Let f: X-> Y be a morphism of connected, locally connected, 
pointed preschemes. Assume that 

~~ 

n 1 (X)-=+ n 1 (Y), 

and that for every C-twisted abelian coefficient group A E C on Yw 

Then 

is an isomorphism. 
Applying the results of [J], one obtains various comparison theorems, 

such as 
Corollary (6.4): Let X be a proper pointed scheme over Speck, where 

k is a separably algebraically closed field, and let K-=:;k be another sepa
rably closed field. Then the canonical map 

/'., 

(XK)er-> Xer is an isomorphism, 

where 1\ denotes profinite completion. 
Corollary (6.5): Let R be a discrete valuation ring with separably alge

braically closed residue field k, and let f: X-> Spec R be a smooth proper 
scheme with connected geometric fibres X\ X 0 • Suppose X 1, X 0 are 
pointed compatibly with a chosen section of X/SpecR. Then there is a 
canonical isomorphism 

/'., /'., x:r -=+ X~ in pro-£, 

where 1\ denotes completion with respect to the class of finite groups 
prime to the characteristic p of k. 

Corollary (6.6): LetXbe a connected, pointed scheme over an algebrai-
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cally closed field K of characteristic zero, and let X 1 , X 2 be the schemes 
over the complex numbers obtained from X via two embeddings of Kin 
C. Then 

A A 

X}1 ~X~. 

Remark: It is not necessarily true that x;r and X~ have the same homo
type type, for there is a most elegant example due to SERRE [11] of a pro
jective nonsingular variety V over number field K and imbeddings, 

B1, 82 : K--+ C 

such that the induced complex projective varieties V1, V2 have distinct 
fundamental groups (and hence distinct homotopy types). 

7. Reduction modulo p 

Let WE .Yt' be simply connected and with finite homotopy groups. Then 
itisnotdifficulttoseethat Wean be decomposed canonically into a product 
over all primes p 

w = rrwp 
p 

where WPe.Yt' hasp-primary homotopy groups. (We think of WP as the 
p-primary part of W.) It follows that if X= {X;} is a pro-object in .Yt' with 
each Xi simply connected, then the profinite completion g of X decom
poses similarly: 

pe {primes} (7.1) 
p 

where g P denotes the p-adic completion of X, i.e., the completion with 
respect to the class of finite p-groups. 

Now returning to the context of corollary (6.5), suppose under the 
hypotheses of the corollary that in addition the characteristic of the field 
of fractions of R is zero, and that X 1 is simply connected. The corollary 
implies that the /-adic completions of x;r and X~ are isomorphic for all 
l'*P· Thus the reduction modulo the discrete valuation preserves all ho
motopy information prime to p. 

Corollary (7 .2): Let X, Y be smooth proper connected schemes over a 
field K of characteristic zero. Suppose given two discrete valuation rings 
RP, Rq of K with residue fields of characteristics p'*q respectively, and 
that X, Y have isomorphic non-degenerate reductions modulo each of the 
valuations. Let X1 , Y1 be the schemes over the complex numbers obtained 
from some embedding of Kin C, and assume finally that X1, Y1 are simply 
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connected. Then 
/'.. /'.. 

(Xl)cl ~ (Yl)cl· 

Note that in this case we may conclude from (6.2) that the classical homo
topy groups of X1 and Y1 are isomorphic (abstractly) since they are finitely 
generated abelian groups with isomorphic profinite completions. 

It is clear, however, that much information of the p-adic part is lost in 
a reduction to characteristic p. Suppose for instance, that in the notation 
of(6.4) X=IP1 is the projective line over SpeeR. Then Xlr has the homo
topy type of the profinite completion S2 of the two-sphere. But it can be 
shown that the etale cohomology of X 0 with p-torsion coefficients is actu
ally zero. (This follows easily from ([J], X (5.2)). Therefore the p-adic 
completion of X~ is trivial, by (6.3). Thus allp-adic information has been 
lost. 

It is conceivable that the p-adic part could be controlled by an extension 
of the definition of etale homotopy, at least in the simply connected case. 
An interesting example of the behavior of the reduction for nonsimply 
connected varieties is furnished by the Enriques' surfaces ([3], Cap. VII, 
No. 1): These surfaces X have a unique torsion element in Pic X; it is of 
order 2 and yields by "Kummer theory" a covering X' of X which is 
principal homogeneous under the group f.1. 2 of square roots of unity. In 
characteristic :f: 2, this double covering X' is a generalized Kummer sur
face ([3], VII, No. 2), and is the universal covering space of X. Now in 
characteristic 2, the covering space with group f.1. 2 is inseparable over X. 
This is not so bad- the map X'--. X therefore induces an etale homotopy 
equivalence. But the Euler characteristic c2 (X) is known to be 12, whence 
c2 (X')= 24 if the characteristic is not 2, whereas from the inseparable 
map X' -.X in characteristic 2 we obtain c2 (X')= 12. The difference in c2 

comes from the fact that, in characteristic 2, the surface X' is a Kummer 
surface having 12 conical double points, or an equivalent singularity. Thus 
the surface X seems to acquire "hidden singularities" in the reduction 
from char.O to char.2, which are reflected in the change of homotopy 
type. The 1-adic homotopy groups in characteristic 2 (1 :f: 2), are the same 
as those of an Enriques' surface in characteristic zero having 6 conical 
double points. 

8. Profinite completion and stable homotopy 

Statements such as (4.6), (6.6), and (7.2) lead one to pose the following 
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problem: Given a CW-complex, Xe£, classify all CW-complexes X' 
such that the profinite completions X and X' are isomorphic. This prob
lem can be solved in the context of stable homotopy, as follows: For 
X={XJepro-£, its suspension SXis defined to be the pro-object {SXi}. 
The functor S has an adjoint, the loop space, from which it follows easily 
that C-completion commutes with suspension; 

/'-. 

sx~sx. (8.1) 

Let X, Y E £' be CW -complexes. The stable homotopy classes of maps 
from X to Y will be denoted by 

(X, Y) = lim Hom(SnX, snY). 
~ 

n 

(8.2) 

Recall that (X, Y) is naturally an abelian group. We use the same defi
nition (8.2) also when X={X;} is a pro-object and Yis a CW-complex. 
If both X= {X;}, Y = { Yi} are pro-objects, we put 

(X, Y) = {(X, Yi)} indexed by j, (8.3) 

where (X, YJ is defined by (8.2). Thus in this case (X, Y) is a pro-abelian 
group. Note that if we view X, Y as pro-objects in the stable homotopy 
category, then the morphisms X~ Yin this category are just the elements 
of the group 

lim (X, Yi) =Stable Hom(X, Y). 
+--

(8.4) 
j 

Using (4.6) (ii) and the Puppe sequence for a cofibration, one obtains 
the following 

Corollary (8.5): Let X, Y be finite CW-complexes, and let 1\ denote 
profinite completion. Then (X, Y) is a finitely generated abelian group, 
and (X, Y) is its profinite completion. 

The main result is the following: 
Theorem (8.6): Let X be a finite simply connected CW-complex and 

denote by E(X) the ring (X, X), which is a finite £:-algebra. There is a 
naturall-1 correspondence isomorphism classes oflocally free left E(X)
modules of rank one, and stable homotopy classes of finite CW-complexes 
Y such that X and Y are stably homotopic, the correspondence being 
given by 

Y--+ (X, Y); 

where (X, Y) is made into an E(X)-module by composition of maps. 
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It is known that the isomorphism classes of projective rank one modules 
over a finite £:-algebra form a finite set [13]. Hence 

Corollary (8.7): With the notation of (8.6), the number of classes of 
Y' s is finite. 

It can be shown by examples that the number may be greater than one. 
Questions and Examples: It would be very useful to have a non-stable 

version of (8.6). More precisely, fixing a simply connected, finite CW
complex X, is it true that there are only a finite number of distinct homo
topy types Y whose profinite completions are isomorphic to that of X? 
This is related to the classical fact that there are at most a finite number 
of integral quadratic forms of a given genus. 

An interesting special case is given by studying simply connected ori
ented 4-manifolds M, where it is known that the oriented homotopy type 
of M is determined completely by the integral quadratic form q (M) given 
by cup product on the free abelian group H 2 (M, I). If X 1, X 2 are two 
such manifolds possessing isomorphic profinite completions, it follows 
that q(X 1) and q(X2 ) are equivalent over IP for all primes p. Of course 
if X 1, X 2 are simply connected complex algebraic surfaces arising from 
a scheme X/ k via two imbed dings e1 , e2 : K ~ C, then the signatures of 
q(X1), q(X2 ) would also agree since they may be computed from the 
Chern classes of X. Consequently q(X 1), q(X2 ) are of the same genus in 
this case. Are they equivalent over I? 

References 

[I] ARnN, M., and A. GROTHENDIECK: Seminaire de Geometrie algebrique 1963-64. 
- Cohomologie etale des Schemas. Mimeographed notes. Institute des Hautes 
Etudes Scientifiques 1963-64. 

[2] BAss, H., M. LAZARD, and J.-P. SERRE: Sous-groupes d'indice fini dans SL(n, Z). 
Bull. A.M.S. 70, No. 3, 385-392 (1964). 

[3] ENRlQUES, F.: Le Superficie Algebriche. Bologna 1949. 
[4] GABRIEL, P., et M. ZISMAN: Seminaire Homotopique. Mimeographed notes. 

Universite de Strasbourg 1963-64. 
[5] GROTHENDIECK, A. : Seminaire de Geometrie algebrique, Expose 1. Mimeographed 

notes. Institute des Haute Etudes Scientifiques 196~1. 
[6] GROTHENDIECK, A.: Technique de descente et theoremes d'existence en geometrie 

algebrique. Seminaire Bourbaki, 12, No. 195 (1959-60). 
[71 KAN, D. M.: On Homotopy Theory and C.S.S. Groups. Annals of Math. 68, 

38-53 (1958). 
[8] LUBKIN, S.: On a Conjecture of A. Wei!. American Journal of Mathematics (to 

appear). 
[9] MILNOR, J.: The Geometric Realization of a Semi-Simplicial Complex. Ann. of 

Math. 65, 357-362 (1957). 



Homotopy of Varieties in the Etale Topology 15 

[10] SERRE, J.-P.: Cohomologie Galoisienne, Lecture notes in Mathematics, No. 5, 
Berlin-Heidelberg-New York: Springer 1965. 

[11] SERRE, J.-P.: Exemples de varietes projectives conjugees non homeomorphes. 
Comptes Rendus, Ac. Sc. Paris. 258, 4194-4196 (1964). 

[12] VERDIER, J.-L.: Seminaire de Geometrie algebrique. (1963-64)- Cohomologie 
etale des Schemas. Expose V, appendice, Mimeographed notes, Institute des 
Hautes Etudes Scientifiques. 

[13] ZASSENHAUS, H.: Neuer Beweis der Endlichkeit der K.lassenzahl. Abh. Math. 
Sem. Hamburg. 12, 276-288 (1938). 



The Congruence Subgroup Problem 

H. BASS 

§ 1. Statement of the problem and partial solution 

The results I shall describe represent work initiated by John MILNOR 
and myself [J], and concluded in collaboration with J.-P. SERRE [2]. 
SERRE's discovery that our problem is very closely related to some recent 
work of Calvin MooRE, attempting to generalize the "metaplectic groups" 
of WEIL, is presented in § 3. 

We fix a global field, k, and a finite, non-empty, set S of places of k. 
S is assumed to contain all archimedean places, and we call S totally 
imaginary if all places in S are complex. This means k is a totally imagi
nary number field and that Sis exactly the set of archimedean places. 

Ak denotes the adele ring of k, and A% the ring of S-adeles of k; this is 
the restricted product of the completions kv, v¢S. We also write 

lD=lD5 ={xEklv(x)~O forall v¢S}. 

JlF denotes the group of roots of unity in a field F. 
Let G be a simply connected simple Chevalley group, and write 

r = G 0 c Gk. If g is a non zero ideal of lD write 

F 9 = ker(G0 --+ Go19) 

and call a subgroup of r containing some such r 9 an S-congruence sub
group. These are evidently of finite index in r. 

Congruence Subgroup Problem: Is every subgroup of finite index in r 
an S-congruence subgroup? 

It had been expected for some time that this should have an affirmative 
response for G a simply connected Chevalley group of rank > 1. The need 
to exclude rank 1 ( G = SL2 ) can be seen easily from the well known struc
ture of the modular group, SL2 (Z)/ ± 1. Moreover the necessity of simple 
connectivity was demonstrated by SERRE (unpublished). 

We shall describe here a complete solution of this problem for G=SLn 
(n ~ 3) or SP2n (n ~ 2). The proofs will appear in [2]. While the response 
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is sometimes negative we can describe very precisely what occurs, and it 
seems reasonable to expect analogous phenomena for more general G. 

We begin by transforming the problem. A subgroup of Gk which is 
commensurable with r will be called an S-arithmetic subgroup of Gk. In 
case k is a number field and Sis the set of archimedean places then these 
are just the arithmetic subgroups of Gk in the sense of BoREL-HARISH
CHANDRA [3]. We obtain two Hausdorff topologies on Gk, the S-congru
ence topology and the S-arithmetic topology, by taking as a base for neigh
borhoods of 1 the S-congruence subgroups of r, respectively, the S
arithmetic subgroups. Since the latter refines the former there is a canoni
cal continuous homomorphism n: from the S-arithmetic completion, Gk, 
of Gk> to the S-congruence completion. The congruence subgroup prob
lem asks whether the two topologies coincide, or, equivalently, whether 
n: is an isomorphism. 

The S-congruence topology on Gk is clearly just the topology induced 
by the embedding Gk--+GAks, which comes from the diagonal embedding 
of kin its ring of S-adeles. Since G is simply connected it follows from the 
strong approximation theorem of M. KNESER [4] that Gk is dense in G Aks. 
Consequently we can identify the S-congruence completion of Gk with 
GAks, son above is a homomorphism, n:Gk--+GAks. The closure, f, of r 
in Gk is clearly just the profinite completion of r, so f is a compact and 
open subgroup of Gk. Hence n: (f) is the closure of r in GAks, which is an 
open subgroup. Therefore n ( Gk) is a dense and open subgroup of G Aks, 
so n is surjective. Writing 

C5 ( Gk) = ker(n) = ker(n I f), 
therefore, C 5 ( Gk) is a pro finite group, and we have a topological exten
sion of locally compact groups, 

E5 ( Gk): 1 --+ C5 ( Gk)--+ Gk _: G Aks --+ 1. 

Since both the right hand terms are constructed as completions of Gk the 
inclusion Gk c Gk can be construed as a splitting of the extension E 5 ( Gk) 
when restricted to the subgroup Gk c Ck. Finally, we can reformulate 
the, 

Congruence Subgroup Problem: Is C 5 ( Gk) = { 1}? 
Congruence Subgroup Conjecture: Let G be a simply connected simple 

Chevalley group of rank > 1. Then 

cs ( G ) ~ ~ f.lk if S is totally imaginary 
k - ({1} otherwise. 



18 H. BAss 

Main Theorem. The conjecture above is true for G=SLn (n~2). andfor 
G=Sp2n (n~2). 

The proof shows also that E 8 ( Gk) is a central extension, though this 
follows automatically from the fact that C 8 ( Gk) is finite and that Gk has 
no finite quotients =!= { 1}. 

It appears rather bizarre that the totally imaginary case should behave 
so exceptionally, but this is given a very satisfactory explanation in § 3, 
where we relate this problem to the work of Calvin MooRE. 

§ 2. Method of proof of the main theorem 

We shall describe the method for SLn; Sp2n is handled similarly. 
Let (!) be any Dedekind ring, and let r = SLn ((!))for some n ~ 3. For an 

ideal g of (!) set 

write £ 9 for the normal subgroup of r generated by the "elementary uni
potents", In+ teii• te g, i =!= j, and set 

C9 = r 9/E9 • 

Moreover we shall think of SL2 ( (!)) as embedded in the upper left 2 by 2 
corner of r. The following facts are not too difficult to prove: 

F 9 is generated by £ 9 and F 9 n SL2 ((!)). (2.1) 

£ 9 = [r, r 9]. (2.2) 

If His a non central normal subgroup of r then H contains E9 for some 
g =I= 0. (2.3) 

If 0 =!= g c g' then C9 -+ C9• is surjective. (2.4) 

Suppose now, for a moment, that (!) = (!)8 as in § 1. Then r; [' 9 is finite, 
. so it follows easily from (2.2) that rj£9 is finite. Moreover (2.3) implies 

easily that every subgroup of finite index contains some £ 9• Therefore the 
pro finite completion of r is t = lim r I Eg, while the S-congruence comple

~ 

tion is f'= lim rjF 9• Writing C=ker(f'-+f') we have 
~ 

C = limC9 , 
~ 

and Cis the group denoted C 8 (SLn(k)) in§ 1. Finally, (2.4) implies that 
C maps onto each C9, so the determination of C, which is the Main Theo
rem, is more or less equivalent to determining the C9's. The first theorems 
below give a method for doing this over any Dedekind ring. The subse-
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quent theorems finish the calculation for f!J of arithmetic type, as above. 
Again let f!J be any Dedekind ring. For an ideal g of f!J set 

W9 ={{a, b) I (a, b)= {1, 0) mod g; af!J + bf!J = f!J}. 

There is a canonical surjection 

T9 n SL2 (f!J)~ W9 • 

Let K:r9~C9 be the natural projection 
Theorem I (MENNICKE-NEWMAN). There is a unique map 

making 
r 9 n SL2(f!J)~r9 

1st row! ! rc 
W9 C9 

commutative, and it has the following properties: 

for all teO. 

( ) ( ) [b1ab2] __ [bal] [ba2] . MS2. If a, b1 , a, b2 e W9 then 

MS3. If (a 1 , b), (a 2, b)eW then [ b ] = [b] [b]. 
ala2 al a2 

We call a function satisfying MSl, MS2, and MS3, from W9 to a group, 
a Mennicke symbol on W9• There is evidently a universal one, and the next 
theorem says the one above is universal. 

Theorem 2. Let u: W9 ~ G be a M ennicke symbol. Then there is a unique 
homomorphismf:C9~G such that u(a, b)=![!]. 

The proof of this is rather long and tedious. 
Henceforth f!J= f!J5 , as in§ 1. The next theorem gives an arithmetic reali

zation of the universal Mennicke symbol on W9• 

Theorem 3. (a) If Sis not totally imaginary then all Mennicke symbols 
on wg are trivial. 

{b) Suppose S is totally imaginary, and let m = (p1 : 1]. Then there is an 
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r=r(g) dividing m such that W9~,J.lk (the rth roots of unity ink), defined by 

(a, b) ~ a , symbol is defined, !(b) when this power residue 

1 otherwise, 

is a universal M ennicke symbol. If g is highly divisible by m then r (g)= m. 
In case (b) we see, thanks to Theorems 1 and 2, that C9 ~,f.lK and 

C=lim C9~ lim,,uk ~f.lk, because the g's highly divisible by mare cofinal. 
+- +-

Thus the Main Theorem is a corollary of Theorems 1, 2, and 3. 
We close this section with a precise description of the integer r(g). Let 

p be a rational prime and let n=ordP(m), the power to whichp divides m. 
For XE ~write [x] for the largest integer ~x. and for a elL write a[O,nJ 

for the nearest integer to a in the interval [0, n]. Then, in case (b) of 

Theorem 3, 

ordP(r(g)) =min -----[ ord" (g) 1 J 
:p I P ord" (p) P - 1 [a, ordp <mn 

§ 3. Relationship to the work of C. MoORE 

Let L be a locally compact group (we understand this to mean separable 

also) and let M be a locally compact £-module, i.e. a locally compact 

abelian group with a continuous action L x M ~ M. C. MooRE [5] has 

defined cohomology groups H" (L, M) with the usual formal properties, 

and the usual interpretation in low dimensions. In particular H 2 (L, M) 
classifies group extensions 

i p 
t~M~E~L~l, 

inducing the given action of L on M, where E is locally compact, p and i 

are continuous, and the induced maps M~iM and E/iM~L are topo
logical isomorphisms. 

An example of such an extension is 

E8 (Gk): 1 ~ C8 (Gk) ~ Gk ~GA.s ~ 1 

from§ 1. Let us simplify notation by writing: 

(j = GAks, c = C8 (Gk), 

e = (E8 (Gk))eH2 (C, C). 
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The fact that E5 ( Gk) splits when restricted to Gk c G is expressed by, 

eeker(H2 (G, C)~H2 (Gk, C)). 

(Here we give Gk the discrete topology.) Therefore if M is a locally com
pact G-module and iffe Hom0 ( C, M), the group of continuous G-homo
morphisms, thenf(e)eker(H 2 (G, M)~H2 (Gk, M)). 

Theorem 4. Let M be a profinite G-module. The homomorphism 

Hom0 (C, M) ~ ker(H2 (G, M) ~ H 2 (Gk, M)) 

is surjective. If G acts trivially on M and on C it is bijective. 
In view of the congruence subgroup conjecture, this theorem, which is 

rather easy to prove, gives a complete picture of the profinite extensions 
of G=GAkS which split over Gk. Writing ks= n kv we have Ak=A5 X ks. 

vES 

so G Ak = G Aks x Gks• and we can ask, similarly, for a description of pro
finite extensions of G Ak which split over Gk. The existence of them is sug
gested by Weil's "metaplectic" groups [6], which are two sheeted cover
ings for the case G=Spzn· Moreover C. Moore has proved a number of 
interesting theorems in support of the: 

Metaplectic Conjecture. Let k be a global field, let G be a simply con
nected simple Chevalley group of rank > 1, and let 1\I be a profinite group 
on which G Ak acts trivially. Then there is a natural isomorphism 

Hom(Jlk, M) ~ ker(H 2 (GAk' M)~H2 (Gk, M)). 

This amounts to saying that there is a certain central extension 

1 ~ Jlk ~ G ~ G Ak ~ 1 (*) 

which splits over Gk, and which is "universal" among all such extensions 
with profinite kernel. G is then the alleged generalized metaplectic group 
of G. 

In case k is totally imaginary with S the set of archimedean primes, 
then Gks is a simply connected, complex, semi-simple Lie group, so 
H 2 (Gks• M)=H 1 (Gks• M)=O for all such Mas above. It follows easily 
that GAk-+G=GAks induces an isomorphism H 2 (G, M)~H2 (GAk• M). 
Thus, by virtue of Theorem 4, we see that: for S totally imaginary, the 
congruence subgroup conjecture and the metaplectic conjecture are equiva
lent. From this point of view the other cases of the congruence subgroup 
conjecture say that the 2-cocycle defining (*) depends essentially on every 
non-complex place v. More precisely if we restrict(*) to Gku• v non-com
plex, then (*) still has order [Jlk: 1] in H 2 ( Gku• Jlk)· 
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Groupes algebriques simples sur un corps local 

F. BRUHAT et J. TITS 

La theorie generale des groupes algebriques semi-simples sur un corps 
K quelconque (racines, groupe de Weyl, sous-groupes paraboliques, BN
paire associee a un sous-groupe parabolique minimal, etc) est maintenant 
bien connue (cf. [2] et [12]). Notre but est d'exposer une theorie analogue 
lorsque K est un corps local de corps residuel k. Un groupe algebrique 
simple simplement connexe G defini sur K apparait alors comme une 
sorte de «groupe algebrique de dimension infinie» sur le corps residue!, 
plus precisement comme une limite inductive de limites projectives de 
varietes algebriques sur k. En particulier, on obtient dans GK une BN
paire (B, N) de groupe de Weyl en general infini (isomorphe au groupe 
de Weyl affine d'un systeme de racines), qui est caracterisee (lorsque G 
n'est pas anisotrope sur K) par la propriete suivante: un sous-groupe de 
GK est borne (au sens de la valuation de K) si et seulement si il est contenu 
dans la reunion d'un nombre fini de doubles classes modulo B. Ceci 
permet la classification (a automorphismes interieurs pres) des sous
groupes barnes maximaux (c'est-a-dire des sous-groupes compacts maxi
maux lorsque K est localement compact) de GK: on trouve qu'il y en a 
exactement I+ 1 classes, ou I est le rang relatif de G sur K. 

D'autre part, notre theorie a des applications a !'etude de la cohomo
logie galoisienne et ala classification des formes de G sur K: elle permet 
en quelque sorte de ramener !'etude de la cohomologie galoisienne de G 
a celle de la cohomologie de groupes algebriques definis sur le corps 
residue! k. En particulier, nous retrouvons et generalisons les resultats de 
M. KNESER relatifs aux groupes algebriques simples sur un corps :p
adique [18]. 

La methode consiste a etudier tout d'abord le cas deploye, ou nous 
reprenons Ia theorie deN. lWAHORI et H. MATSUMOTO [17], puis a passer 
par une «methode de descente» d'abord au cas quasi-deploye (deja traite 
par H. HUIKATA [16]) et enfin au cas general. 
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1. Le cas deploye 

Soit G un groupe algebrique lineaire connexe. Rappelons 1 qu'un tore 

de G est un sous-groupe algebrique T de G isomorphe a une puissance 
(Multi du groupe multiplicatif Mult. Un caractere de T est un homo
morphisme de T dans Mult. Les caracteres de T forment un groupe 
commutatiflibrederang!, note X(T). On sait que les tores maximaux de 
G sont tous conjugues. 

Nous supposerons desormais que G est simple (i.e. n'est pas commuta
tif et ne possede pas de sous-groupe distingue connexe non trivial) et 
simp/ement connexe (i.e. toute representation projective de G provient 
d'une representation lineaire). Soit Tun tore maximal de G. Il existe 

un nombre fini de sous-groupes algebriques U1, ... , Uq de G, isomorphes 
au groupe additif Add et normalises par T. Pour chaque indice j, il 
existe un caractere non nul a j de T et un seul tel que, pour tout isomor
phisme uj: Add--+Uj, on ait: 

pour t E T et x E Add . 

Ces caracteres sont deux a deux distincts et leur ensemble 1:0 forme dans 
l'espace vectoriel E' = R ® zX(T) un systeme de racines reduit irreductible 

(cf. [4] ou [20]). En particulier, on a 1:0 = -1:0 , on peut choisir I elements 
lineairement independants a1 ,. •. , a1 de 1:0 tels que tout ae1:0 soit combi
naison lineaire a coefficients entiers tous de meme signe des ai; un tel 
systeme est appele une base de 1:0 (ou encore un systeme de racines 
simples). Entin, il existe une forme quadratique positive non degeneree 
et une seule (a un multiple pres) surE' telle que pour tout ae1:0 , la re

flexion orthogonale ra par rapport a l'hyperplan orthogonal a a conserve 
1:0 . Le groupe W0 engendre par les ra pour ae1:0 est alors fini: c'est le 
groupe de Weyl de 1:0 • 

Un eh~ment ae1:0 est appele une racine de G suivant T et on note Ua 
le sous-groupe unipotent correspondant. Le normalisateur N de T opere 
evidemment sur 1:0 et on montre que l'on obtient ainsi un homomorphis
me de N sur W0 , de noyau T. 

Soit maintenant E le dual de E'. Soit 1: !'ensemble des demi-espaces 
fermes (a, k)= {eeEia(e)::::;k} pour ae1:0 et keZ. Un element de 1: sera 
appele une racine affine. Pour ct= (a, k)el:, nous poserons ct* = (-a, -k), 

ct+ =(a, k+ 1) et nous noterons oct le bord du demi-espace ct. On designe 

1 Pour ces rappels sur Jes groupes algebriques lineaires, on pourra consulter (1] et [12]. 
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par r,. Ia symetrie orthogonale (pour le produit scalaire sur l'espace affine 
E deduit de Ia forme quadratique sur£' introduite plus haut) par rapport 
a l'hyperplan oa. Le groupe w engendre par les r,. pour aEE est le groupe 
de Weyl affine de E0 : il opere de maniere simplement transitive sur les 
«chambres» de £, c'est-a-dire sur les composantes connexes du comple
mentaire de Ia reunion des oa. Ces chambres sont d'ailleurs des simplexes 
ouverts. 

Supposons desormais que G est defini sur un corps K. Un tore de G est 
dit deploye sur K s'il est defini sur K et isomorphe sur K a une puissance 
du groupe multiplicatif. On dit que G est deploye sur K s'il possede un 
tore maximal T deploye sur K. Les sous-groupes Ua correspondants sont 
alors definis sur K et on peut choisir des isomorphismes ua: Add~ Ua 
definis sur K et satisfaisant a des relations de commutation remarquables, 
qu'on trouvera dans [11]. Ces relations ne determinent pas les ua: on peut 
choisir arbitrairement Ies isomorphismes ua pour a decrivant une base de 
E0 et les autres sont alors determines au signe pres. Ce choix, que nous 
supposons fait, correspond au choix d'une «base de Chevalley» dans 
l'algebre de Lie de G, ou encore a un «epinglage» de G au sens de [14]. 

Supposons desormais que K est muni d'une valuation discrete normee 
v. Le groupe additif de K est alors muni d'unejiltration a valeurs entieres. 
Si on la transporte a ua grace a Ua, on obtient une filtration sur Ie groupe 
(Ua)x des points rationnels sur K de Ua. Plus precisement, nous poserons 
pour (a, k)EE: 

U(a,k) = {ua(x)ixEK, v(x) ~ k}. 

Plus generalement, a toute partie non vide Q de E, on associe Ie sous
groupe Un de Gx engendre par les U,. pour aEE et a::::)Q, et Ie sous-groupe 
Pn de Gx engendre par Un et par le sous-groupe H forme des points 
tETx tels que v(x(t))=O pour tout caractere x de T. On voit que 

(I) pour a, {3EE avec a~ {3, on a Up~ U,.; pour aEE, on a p~a Up= {1 }. 
D'autre part, on verifie aussitot que Tx/H est un groupe commutatif 

librede rang/, isomorphe a Hom(X(T), Z) et l'espace vectoriel E s'iden
tifie a R ® z (Txf H). Par suite, Tx opere par translations surE en laissant 
done invariante sa structure d' espace affine euclidien (qui est la seule qui 
sera consideree par Ia suite). On montre alors aisement qu'i/ existe un 
homomorphisme vet un seul de Nx dans le groupe des deplacements deE, 
prolongeant I' action de Tx sur E, et tel que 

(II) nu,.n- 1 = uv(n)(a) pour aEE et nENK. On a v(Nx)= wet Kerv=H. 
Par ailleurs, Ies relations de commutation de Chevalley [11] entrainent 

Local Fields 
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que, pour a, ber0 , a¥= -b, et h, keZ, le groupe des commutateurs 
(U<a, hJ• U(b, kl) est contenu dans le produit n U<na+mb,nh+mkJ• produit 
etendu aux couples (n, m) d'entiers>O tels que na+mbe:E0 , ranges dans 

· un ordre quelconque. Ceci entraine: 
(III) Pour a, per, de bords non paral/eles, /e groupe des commutateurs 

(U .. , U11) est contenu dans le groupe engendre par les U7 pour yeE, y::pa, 
y::P {3, et y=>a n {3. 

Examinons main tenant le cas de deux racines affines a= (a, h) et {3 = 
(b, k) de bords paralleles. Si a=b, on a a=>f3 ou acf3 et le cas a deja ete 
traite (cf. (1)). Si a= -b, on est ramene a etudier la situation dans le 
groupe reductif de rang semi-simple 1 engendre par Ua, U -a et T, ou 
meme dans un groupe SL(2, K). On montre alors que 

(IV) Si {3 ~a*, on a P .. np= U .. HU11 • 

(V) Po .. =(U .. v- 1 (r .. ) Ua) U (U,.HU,. • .). 
Soit C une chambre de E. Posons B=Pc et soient y1 , •.• , Ym les elements 

minimaux de !'ensemble des racines affines contenant C, ranges dans un 
ordre quelconque (si l'on prend pour C la chambre definie par l'epinglage 
choisi, les '/; se composent des (a, 0) pour les racines a negatives et des 
(a, I) pour les racines a positives). On a: 

(VI) L'application produit est une bijection de Uy, X ... X u7m X H sur 
B=Pc. 
En:fin, comme (Ua)K est la reunion des U(a, kJ• on a: 

(VII) !e groupe GK est engendre par NK et /es U,. pour aer. 

2. Donnees radicielles affines 
Sous-groupes d'Iwahori et sous-groupes parahoriques 

Soit r 0 un systeme de racines reduit et soit r le systeme de racines 
affines correspondant. Une donnee radicielle affine de type r dans un 
groupe («abstrait») Q est la donnee d'un sous-groupe N de Q, d'un 
homomorphisme v de N sur le groupe de Weyl affine de r, de noyau 
note H, et d'une famille (u .. ) .. e :r de sous-groupes de Q satisfaisant aux 
conditions (I) a (VII) ci-dessus (oil l'on remplace GK par Q et NK par N 
et avec les memes definitions pour Uu et Pu pour Qc:.E). Nous verrons 
plus loin qu'a tout groupe semisimple simplement connexe G defini sur un 
corps local K, correspond une donnee radicielle affine bien determinee 
dans GK, obtenue par descente a partir de Ia donnee radicielle affine con
struite au no 1 dans le cas deploye. Pour !'instant, nous allons donner 
quelques proprietes des donnees radicielles affines. 
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Tout d'abord, une telle donnee permet d'obtenir une BN-paire dans Q. 
Rappelons 2 qu'une BN-paire dans un groupe Q est la donnee de deux 
sous-groupes B et N de Q tels que: 

(BN 1) Q est engendre par B u N; 
(BN 2) B n N est un sous-groupe distingue de N et le groupe quotient 

Nj(B n N) (appele groupe de Weyl de la BN-paire) est engendre par un 
ensembleS d'elements involutifs tels que: 

BrBwBc(BrwB)U (BwB) 
quels que soient reSet weNj(Bn N) 3 ; 

(BN 3) rBr=!=B pour tout reS. 
On montre alors que les elements reS sont caracterises par le fait que 

Bu BrB est un sous-groupe. 
Tbeoreme 1. - Soit (N, v, (Ua)a E 1:) une donnee radicielle affine dans un 

groupe Q et soit C une chambre de E. Le couple (B=Pc, N) est une BN
paire dans Q. On a H=Bn Net /'image v(S) de /'ensembleS des genera
leurs invo/utifs distingues de Nj H est 1' ensemble des rejlexions orthogonales 
par rapport aux faces de C. 

De Ia et de la theorie des BN-paires ([22], [3]), on deduit: 
Corollaire 1. - L' application w I--+ Bw Best une bijection de W = Nj H sur 

/'ensemble B/Q\B des doubles classes de Q modulo B. 
Corollaire 2. -Pour tout partie X de S, designons par Wx /e sous-groupe 

de W engendre par les elements reX. A/ors BWxB est un sous-groupe de Q 
et /'application X I--+ BWx Best une bijection de/' ensemble !!J (S)des parties 
deS sur /'ensemble des sous-groupes de Q contenant B. De plus, les sous
groupes BWxB sont deux a deux non conjugues et chacun d'eux est son 
propre norma/isateur. 

On appelle sous-groupe d'lwahori de Q (relatif ala donnee radicielle 
affine) un conjugue de B et sous-groupe parahorique un conjugue d'un 
sous-groupe de la forme BWxB avec Wx fini. Lorsque l'0 est irreductible, 
cette derniere condition equivaut a X =!=Set les sous-groupes parahoriques 
sont alors les sous-groupes propres de Q contenant un sous-groupe 
d'Iwahori. 

3. Immeuble de Q 

Gardons les hypotheses et notations du no precedent et supposons de 

2 Voir [22] et [23], ou [3], oil une BN-paire est appelee un «systeme de Tits». 
3 Un element de West une classe modulo B n N, ce qui donne un sens aux notations 
BwB, etc. 



28 F. BRUHAT et J. TITS 

plus pour simplifier que 1:0 est irreductible: les chambres de E sont alors 
des simplexes ouverts. 

On appelle immeuble de Q (relatif a la BN-paire (B, N)) le complexe 
simplicial geometrique .f defini comme suit: les sommets de .f sont les 
sous-groupes parahoriques maximaux de Q et une partie F de I' ensemble 
des sommets de .f est I' ensemble des sommets d'un simplexe de .f si et 
seulement si !'intersection des PeF est un sous-groupe parahorique. Les 
simplexes de .f sont de dimension ~/=dim£ et ceux de dimension I 
(que nous appellerons chambres de .f) sont en correspondance bijective 
avec les sous-groupes d'Iwahori de Q. Le groupe Q opere sur .f: il suffit 
d'etendre par linearite dans chaque simplexe l'action de Q par automor
phismes interieurs sur I' ensemble des sommets de .f. En utilisant le fait 
que chaque sous-groupe parahorique est son propre normalisateur, on 
voit aussit6t que le stabilisateur d'un point a de .f est le sous-groupe 
parahorique intersection des sommets du simplexe (ouvert) contenant a. 

On montre alors aisement q u'il existe une injection j de E dans .f et une 
seule possedant les proprietes suivantes: l'image par j d'un sommet s de 
C est le sous-groupe parahorique P{sJ correspondant; la restriction de j a 
C est une bijection affine de C sur le simplexe ferme correspondant au 
sous-groupe d'Iwahori Pc; pour tout neN et tout aeC, on aj(v(n) (a))= 
n(j(a)). Par definition, une aile de l'immeuble .f est le transforme de 
!'image j(E) par un element de Q. On verifie que si A =g(j(E)) est une 
aile de.f (avec geQ), Ia structure d'espace affine euclidien et !'ensemble 
des demi-espaces fermes obtenus par transport de structure a partir de la 
structure euclidienne deE et de 1: sont independants du choix de g: ceci 
permet done de parler des racines affi.nes, des chambres, etc. d'une aile 
quelconque de .f (on remarquera que cette definition des chambres co
incide avec celle donnee plus haut). 

Theoreme 2. - (i) Deux points quelconques de .f sont con tenus dans une 
meme aile. 

(ii) II existe sur .f une distance et une seule induisant sur toute aile Ia 
distance euclidienne; e/le fait de .f un espace metrique complet. 

(iii) Si Q est une partie bornee non vide de /' espace metrique .f, /e stabili
sateur de Q dans le groupe des isometries de .f admet un point fixe. 

L'assertion (i) resulte facilement du corollaire 1 au theoreme 1. Pour Ia 
demonstration de (ii) et (iii), ainsi que de la proposition 1 et du theoreme 
3 ci-dessous, voir [6]. 

Disons qu'une partie X de Q est bornee si elle est contenue dans une 
reunion finie de doubles classes modulo B. On obtient ainsi une bornologie 
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(c'est-a-dire une famille ~ de parties de Q, contenant les parties finies, 
stable par reunions finies et telle que X E~ et y c X entrainent y E~) 
compatible avec la structure de groupe de Q (c'est-a-dire telle que Xe~ 
entraine X·X- 1 e~). De plus: 

Proposition 1. - Cette bornologie est Ia seule qui soit compatible avec Ia 
structure de groupe de Q et pour laquelle B soit borne et Q ne le soit pas. 
Inversement, si (B', N') est une BN-paire dans Q dont /e groupe de Weyl 
W' est /e groupe de Weyl affine d'un systeme de racines reduit irreductible, 
alors B' et B sont conjugues. 

Les BN-paires (B, N) et (B', N') soot alors «equivalentes»: en parti
culier, Wet W' sont isomorphes et les immeubles associes aussi (mais N 
et N' peuvent ne pas etre conjugues). 

Theoreme 3.- Soit run groupe d'automorphismes de Q, conservant Ia 
classe de conjugaison des sous-groupes d' lwahori ( ou ce qui revient au 
meme, conservant Ia borno/ogie de Q). Les conditions suivantes sont equi
valentes: 

(a) pour toute partie bornee X de Q, Ia reunion r ·X des transformes de 
X par les elements de r est bornee; 

(b) I' ensemble r · B est borne; 
(c) r /aisse invariant un sous-groupe parahorique de Q. 
Corollaire. - Tout sous-groupe borne de Q est contenu dans un sous

groupe borne maximal. Les sous-groupes bornes maximaux de Q sont /es 
sous-groupes parahoriques maximaux et se repartissent en I+ 1 classes de 
conjugaison. 

Jusqu'a present, notamment dans la derniere assertion du no 2 et dans 
l'enonce de la proposition 1, nous avons implicitement suppose 1:0 non 
vide (cela fait d'ailleurs partie de !'hypothese d'irreductibilite). En vue des 
applications du no suivant, il est cependant indique d'etendre les notions 
introduites au cas ou 1=0 et 1:0 =0; on a alors 1:=0, Q=B=N=H, 
W={l}, le groupe Q est borne et possede un seul sous-groupe para
horique, a sa voir Q lui-meme, et l'immeuble J est reduit a un point. 

4. Descente de Ia donm!e radicielle affine 

Desormais, on designe par K un corps complet pour une valuation 
discrete non triviale v, de corps residue! k parfait et par K !'extension 
non ramifiee maximale de K, de corps residue! k. 

Soit G un groupe algebrique simple, simplement connexe, defini sur K. 
D existe alors une plus petite extension K' de K telle que G soit deploye 
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sur K'. Elle est galoisienne sur K; on note r le groupe de Galois Gal ( K' J K). 

Lemme 1. - II existe trois tores S c S' c T de G, definis sur K, te/s que S 

soit un tore dep/oye sur K maximal, S' un tore dep/oye sur K maximal et 

T un tore maximal deploye sur K'. 
On peut alors effectuer dans GK. a partir du tore maximal T, les con

structions du n° 1 (avec quelques modifications evidentes pour tenir 

compte de ce que !'extension de v a K' n'est peut-etre pas normee). 

On obtient un systeme de racines affines ~ dans un espace affine euclidien 

E, d'espace des translations Hom(X(T), R), et une donnee radicielle affine 

((Norm T)K'• v, (U .. >..ex) dans GK'• d'ou une BN-paire et un immeuble ./. 
On montre alors que le groupe de Galois r opere sur./ en laissant fixe 

l'ailej(E). Par transport de structure, on en deduit que r opere surE en 

conservant Ia structure d'espace affine euclidien et le systeme ~. Cette ac

tion de r surE est compatible avec son action naturelle sur Hom(X(T), R) 
et on a a(U .. )= U"<'"> pour aer et a.e~. Le sous-espace E~ des points 

fixes de r dans E est en particulier un espace affine sous Hom (X(S), R). 
Soit a.~ un demi-espace ferme de E et soit fi.~ !'intersection de toutes les 

racines affines a.e~ telles que a.:::Ja.~ et a.::PEq. Posons: 

(rappelons que U;. est le sous-groupe de GK' engendre par les u .. pour 

a.e~ et a.:::Jfi.\ ou encore paries u .. pour a.e~. a. :::Ja.~ et a.::p E~). Definissons 

de plus u:, comme le groupe engendre par les Up• pour les demi-espaces 
fermes /3~ de £~, tels que /3~ ~a.~. Soit ~~ !'ensemble des demi-espaces 

fermes a.~ de E~ tels que u ... ":/= u:,. 
D'autre part, soit H~= {geGKlg·x=x pour tout xej(E')} et N~= 

{geGKlg(j(E~))=j(E~)}. On verifie que l'action deN~ transportee a E~ 
definit un homomorphisme v~ de N~ dans le groupe des automorphismes 

de l'espace affine euclidien E\ de noyau H~. On pose Wq = vq (N=). 

Theoreme 4. - (i) II existe un systeme de racines reduit ~! dans I' espace 

vectoriel reel X(S)®R tel que~~ s'identijie au systeme de racines affines 

associe. Le groupe Wq est alors le groupe de Weyl affine correspondant. 

(ii) Le triplet (N\ v\ (U ... ) ... e x•) est une donnee radicielle affine de type 

~- dans le groupe GK. 
(iii) Une partie X de GK est bornee pour Ia bornologie associee a cette 

donnee radicielle affine si et seulement si e/le est bornee pour Ia valuation v 

(i.e. si vof est bornee sur X pour toute fonction f regu/iere sur G). 

Remarquons que le systeme ~! n'est pas necessairement le systeme des 

K-racines K~o de G suivant S (au sens de [2]), mais lui est cependant 
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relie: tout element de I'~ est proportionnel a un element de xi'o et reci
proquement. En particulier, w~ est extension du groupe de Weyl relatif 
a K de G par un groupe commutatif libre de rang I ega! au K-rang de G, 
c'est-a-dire a la dimension de s. 

On deduit alors du corollaire au theoreme 3: 
Corollaire. - Tout sous-groupe borne de Gx est contenu dans un sous

groupe borne maximal et Gx possede exactement I+ 1 classes de sous
groupes bornes maximaux. En particulier, le groupe G est K-anisotrope 
(i.e. 1=0) si et seulement si le groupe Gx est borne. 

Le theoreme 4 permet de definir les sous-groupes parahoriques de Gx et 
en particulier les sous-groupes parahoriques rninimaux (que nous n'ap
pellerons pas en general sous-groupes d'Iwahori pour des raisons qui 
apparaitront plus loin): ceux-ci sont deux a deux conjugues. Si Lest une 
extension galoisienne finie de K, on peut com parer les sous-groupes para
horiques de Gx et de GL: 

Proposition 2.- Si Lest non ramifiee, les sous-groupes parahoriques de 
Gx sont les groupes de points rationnels sur K des sous-groupes parahoriques 
de GL invariants par le groupe de Galois de L sur K. Deux sous-groupes 
parahoriques de GL invariants par le groupe de Galois sont confondus (resp. 
conjugues dans GL) si et seulement si leurs intersections avec Gx sont con
fondues (resp. conjuguees dans Gx). 

Ces assertions ne sont en general plus exactes lorsque L est une ex
tension ramifiee de K. 

Corollaire. - Si Lest non ramifiee et si G est K-anisotrope, GLpossede un 
unique so us-groupe parahorique invariant par le groupe de Galois deL sur K. 

Un sous-groupe parahorique de Gx sera appele un sous-groupe d'Jwa
hori si pour toute extension galoisienne finie non ramifiee L de K, le so us
groupe parahorique invariant correspondant de GL est un sous-groupe 
parahorique minimal de GL. 

5. Structures proalgebriques 

On garde les hypotheses et notations du no precedent. Supposons tout 
d'abord de plus que G est deploye sur K: on a alors K'=K et S=S'=T 
d'ou E=E~ etc. Soit Q une partie bornee non vide deE: 

Theoreme 5.- II existe un schema en groupes '§ n sur I' anneau des en tiers 
::It de K, affine, de type fini et lisse, et un isomorphisme cp de Ia fibre 
generique '§ n® :f(K sur G tels que Ia bijection correspondante du groupe 
'§ n ( K) des points de '§ n a valeurs dans K sur G K envoie le sous-groupe 
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~ 0 (f) des points de ~ 0 a valeurs dans /' anneau des en tiers :i" de K. sur /e 
sous-groupe P0 de Gg. Le couple (~0, cp) est unique a isomorphisme pres. 

Par application du «foncteur de Greenberg» (cf. [15]) au schema 
~o®.rc(ff/p"+ 1) (oil p designe l'ideal maximal de f), on obtient pour 
tout entier n~O un groupe algebrique note P~ defini sur le corps residuel 
k et des homomorphismes de transition A.": P~ + 1 __. P~, de finis sur k et a 
noyaux unipotents connexes. On demontre que les groupes P~ sont con
nexes. 

Revenons maintenant au cas general. Soit L une extension galoisienne 
finie de K, contenue dans K' et telle que T soit deploye sur L. Le corps 
K' est alors !'extension non ramifiee maximale de L. Si Q est une partie 
bornee non vide de E~, done de E, no us pouvons considerer le systeme 
projectif des groupes algebriques P~ obtenus comme ci-dessus (mais en 
rempla~ant K par L). Le groupe de Galois r de K' sur K opere sur ce 
systeme projectif: plus precisement, le sous-groupe d'inertie ro = 
Gal{K'/K) opere sur chacun des groupes P~ par automorphismes a/ge
briques, !'intersection des images dans P~ du sous-groupe des points in
variants par r 0 dans chacun des P~ pour m~n est un sous-groupe ferme 
que nous noterons (P~)", enfin rjF0 =Gal{K/K)=Gal{k/k) opere de ma
niere galoisienne sur chaque (P~)" et y definit une structure de groupe 
a/gebrique defini sur k. 

Proposition 3. - Les groupes a/gebriques (Pri)" sont connexes; les appli
cations -:anoniques A.!: {P,j)n+t__.(P,j)" sont des morphismes definis sur k, a 
noyaux unipotents connexes. Les applications canoniques de P0 dans les P~ 
definissent une bijection de P0 n GK sur Ia limite projective des sous-groupes 
((P,j)")k. 

En particulier, prenons pour Q un point deE~: le groupe P=Po n GK 
est alors un sous-groupe parahorique de GK. Soit P le groupe algebrique 
quotient de (P~)0 par son radical unipotent: c'est un groupe reductif 
connexe. Soit (! I' application canonique de P sur Pk: 

Proposition 4.-L' application Q 1--- (! -t (Qk) est une bijection de/' ensemble 
des sous-groupes paraboliques (resp. des sous-groupes de Borel) definis sur 
k de P sur /'ensemble des sous-groupes parahoriques (resp. des sous
groupes d'Iwahori) de GK contenus dans P. 

6. Indications sur les demonstrations des resultats precedents 

Les resultats des no• 4 et 5 ne se demontrent pas dans I'ordre oil ils ont 
ete enonces. Comme nous l'avons deja dit, on traite d'abord complete-
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ment le cas deploye (resultats du no 1 et theoreme 5). Puis on traite le cas 
des groupes residuel/ement deployes sur K, i.e. des groupes G possedant 
un tore S deploye sur K maximal qui est aussi deploye sur K maximal: 
ces groupes sont en particulier quasi-deployes sur K (i.e. possedent un 
sous-groupe de Borel defini sur K). Sous cette hypothese, le Lemme 1 est 
immediat (on prend pour T le centralisateur de S) et on demontre le 
theoreme 4: les conditions (IV) et (V) s'obtiennent par une etude explicite 
des groupes quasi-deployes de rang relatif 1, et les autres conditions du 
no 1 resultent aisement de faits connus sur la structure des groupes quasi
deployes (cf. [21]). Ceci fait, on demontre la proposition 3, la encore par 
une etude explicite. 

Pour passer au cas general, on remarque qu'il existe une extension 
galoisienne finie non ramifiee L de K telle que G soit residuellement de
ploye sur L. Par application du theoreme 3, on demontre qu'il existe un 
sous-groupe parahorique P de GL qui est invariant par le groupe de 
Galois de L sur K. On demontre alors la proposition 3 pour le systeme 
projectif correspondant a Pet on montre qu'un tore maximal de P defini 
sur k «se remonte» en un sous-groupe M de P dont !'image dans chaque 
pn est un tore maximal. L'adherence de Zariski de M dans G est alors un 
tore deploye sur K maximal et on en deduit le Lemme l. Ceci fait, on 
demontre simultanement le theoreme 4 et la proposition 2 par «descente 
etale». 

7. Diagramme de Dynkin residuel 

Supposons G residuellement deploye sur K. On peut alors associer a G 
un « diagramme de Dynkin » L1 possedant les proprietes suivantes: 

1) les sommets de L1 sont en correspondance bijective avec les classes 
de conjugaison de sous-groupes parahoriques maximaux de GK; 

2) le «diagramme de Coxeter» du groupe de Weyl W' s'obtient a 
partir de L1 en «oubliant» les fieches; 

3) soit Pun sous-groupe parahorique de GK et soit L1 (P) le sous-dia
gramme de L1 dont les sommets correspondent a des classes de sous
groupes parahoriques maximaux ne possedant pas d'element contenant 
P; alors L1 (P) est le diagramme de Dynkin (ordinaire) du groupe reductif 
P (qui est deploye sur le corps residue! k). 

Lorsque G est deploye sur K, le diagramme L1 n'est autre que le «dia
gramme de Dynkin complete» de G, i.e.le diagramme obtenu en ajoutant 
au diagramme de Dynkin ordinaire de G I' oppose de la plus grande racine 
(cf. [4], [17]). 
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Lorsque 1=1, Ll n'est plus un «diagramme de Dynkin» au sens strict: 
il se compose de deux points unis par un trait de «multiplicite infinie». 
Pour l';z. 2, voici la liste des diagrammes de Dynkin obtenus (l'exposant 
en haut a gauche du type est l'ordre du groupe de Galois de la plus petite 
extension L de K qui deploie G: p. ex. le groupe 2 An est le groupe 
SU(n+ 1)): 

type ~~~ 

type ~n 

type i'11 

type V11 

lype ~s 

type T7 

type i"9 

type T¥ 
lype 7C2 

lype 54211 

lype *2n-1 

type 2011 

type 2£8 

types ~9 et sol' 

• • • 0 o?=o 
o4-=o o ···o o~o 

~~ 

~ 
0 0 0 

~ 
0 0 0 

0 0 

~ 
0 0 0 0 

~ 

c::$o 0 

o::?=o 0 ... 0 0*0 
~ ... 0 

0* 

0* 0 ... 0 o=:>=o 
0 c~ 0 0 

0 > 0 0 

(n•T sommel.s) 

(n • 1 sommels) 

(n •1 sommel.s) 

(n., .sommels) 

0 

(n, +1 sommet.s) 

( n + 1 .sommets) 

(n sommefs) 

Lorsque G n'est pas residuellement deploye, on peut lui attribuer un 
«indice» comme dans la theorie ordinaire des groupes semi-simples 
(cf. [2]): cet indice est compose du diagramme de Dynkin residue! Ll de 
G considere comme groupe defini sur une extension galoisienne L de K 
non ramifiee assez grande pour que G soit residuellement deploye sur L, 
de I' action du groupe de Galois T= Gal(L/K) sur Ll traduisant son action 
sur I' ensemble des sous-groupes parahoriques maximaux de GL et de l'en-
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semble L1° des sommets de L1 (P), ou P est un sous-groupe parahorique 
invariant minimal (dont !'intersection avec Gx est done un sous-groupe 
parahorique minimal de Gx). On montre alors aisement que pour que la 
classe de conjugaison d'un sous-groupe parahorique Q de GL contienne 
un sous-groupe invariant parr (done corresponde a une classe de sous
groupes parahoriques de Gx), il faut et il suffit que L1 (Q) contienne L1° et 
soit invariant par !'action de r sur Li. 

Si en particulier le groupe G est K-anisotrope, alors r opere transitive
men! sur L1-L1°. 

8. Applications 

Proposition 5. - Si le corps residue/ k est de dimension cohomo/ogique 
~ 1, le groupe Gx possede des sous-groupes d'lwahori. 

So it en effet P un sous-groupe parahorique de Gx. Comme tout groupe 
reductif sur un corps de dimension cohomologique ~ 1 est quasi-deploye, 
le groupe P possede des sous-groupes de Borel definis sur k. II suffit alors 
d'appliquer la proposition 4. 

Par suite, lorsque dim k~ 1, le sons-ensemble L1° de l'indice de G sur K 
est vide. Si de plus G est K-anisotrope, le groupe de Galois r opere done 
transitivement sur le diagramme de Dynkin residue! Li. La liste dressee 
plus haut montre que cela n'est possible que si G est de type A. et se de
ploie sur K. D' ou: 

Proposition 6.- Si dimk~ 1 et si G est K-anisotrope, alors G est de type 
A •. Side plus Ga1(K/K) est commutatif, G est uneforme interieure de A. 
et Gx s'identifie au groupe multiplicatif des elements de norme reduite 1 
d'une algebre a division de centre K. 

De la proposition 5, on deduit aussi, comme nous l'a signale T. A. 
SPRINGER: 

Proposition 7.- Si dimk~ 1, on a H 1 (K, G)= {0}. 
Lorsque K est de caracteristique zero et k fini, les propositions 6 et 7 

sont dues aM. KNESER [18]. 

Plus generalement, on peut, sans hypothese supplementaire sur k, ra
mener la determination de H 1 (K, G) a celle de la cohomologie galoisienne 
de groupes algebriques definis sur le corps residue! k et obtenir des resul
tats sur la cohomologie galoisienne de groupes non simplement connexes 
et la classification des formes (cf. [10]) 4• 

4 On trouvera dans [10] d'autres applications (decompositions d'Iwasawa et de 
Cartan), qui sont utiles pour !'etude des representations unitaires de GK lorsque K est 
localement compact ( cf. [5] et [19]). 
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Elliptic Curves Over Local Fields 

J. W. S. CASSELS 

Introduction 

We give only a brief resume of what was said at the Summer School 
and refer to the author's long survey article (1] for further details and for 
all references to the literature. 

1. Geometry 

An elliptic curve rc defined over a field k and with a point o defined over 
k (a "rational point") has a natural structure as an algebraic group defined 
over k, the point o playing the part of zero. This group-law is defined by 
writing a+ b = c when the divisors (a) (b) and (c) ( o) are linearly equiva
lent. With this structure rc is an abelian variety 1 of dimension 1, and all 
abelian varieties of dimension 1 are of this kind. 

When chark=l=2, 3 there is a birational equivalence over k of rc with 
a cubic curve 

(A, Bek), (1) 

the given rational point o going into the point (x,y,z)=(O, 1, 0), that is, 
the unique point of the curve at infinity in the inhomogeneous coordinates 
with z= 1. We have now a+ b + c=o on (I) if and only if the three points 
a, b, c are collinear. 

Any elliptic curve!» defined over knot necessarily with a rational point 
belongs to a unique abelian variety rc also defined over k, namely its 
jacobian. The notion of jacobian in this context is rather more refined 
than the classical one since it takes into account fields of definition. Fur-

1 More precisely '(f is an abelian variety if it is a nonsingular curve. But in this survey 
we shall be concerned with curves only up to birational equivalence, so will retain the 
term "abelian variety" and suppress the "of dimension 1" since we are not interested 
in any other dimension. 
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ther, !i) has at least one and at most six structures as principal homogene
ous space over ttf, that is there is a rational map 

say 

which satisfies 

p.: !i) X ttf-+ ttf, 

(lJ, I)-+ p.(l), I), 

p.(lJ, o) = lJ 

p.(p.(l), I1), I2) = (lJ, I1 + I2) 

and which has an inverse rational map 

such that 

is the same as 

V : !i) X !i) -+ <fl 

Jl.(lJI• I)= lJ2 

V(t)2, l) 1) =I· 

Here p. and v are both defined over k. 
When k is perfect, there is a bijection of the set WC(ttf, k) of principal 

homogeneous spaces with given <fl and k onto the cohomology group 

H 1 (r, ~). 

where the symbols have the following meanings: 
r is the galois group of k/k where k is the algebraic closure of k. 
~ is the group of points of ttf defined over k. 

(2) 

H 1 is !he groups of continuous cocycles modulo co boundaries when r 
is given the usual (Krull) topology and ~ the discrete topology. 

If !i) is an elliptic curve with the structure p. of homogeneous space, the 
corresponding element of (2) is given by the cocycle 

a.,. = v em:. am:) 

where m: is any point of !i) defined over k and a runs through r. 
We endow WC(<fl, k) with the natural group structure of (2). It is thus 

an abelian torsion group. Further, if K is any field containing k there is a 
natural map 

iKtk:WC(ttf, k)-+ WC(<fl, K), (3) 

since anything which is defined over k is also defined over K. It turns out 
that (3) is a group homomorphism but in general is neither an injection 
nor a surjection. 

2. Over local fields 

When k is C, the field of complex numbers, the structure of the group 
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(f) of rational points is classical. The Weierstrass elliptic functions give a 
parametrization and so (f) is isomorphic to Cf 1\, where 1\ is a lattice 
depending on CC. 

The elliptic functions also give a parametrization of (f) when k is the 
field IR of reals. In this case (f) is isomorphic to IR/Z if CC has one real 
branch and to (IR/Z)ffi(Z/271..) if it has two. 

For a non-archimedean local field there is a parametrization formally 
identical with the Weierstrass parametrization which is, however, valid 
only in a neighbourhood of o. It turns out that (f) has a subgroup U of 
finite index which is isomorphic to the additive group of integers of k. 
This implies, in particular, that the torsion subgroup of (f) is finite. 

In every case (f) is a compact group in the topology inherited from k, 
and it is totally disconnected in the non-archimedean case. 

The group we (with discret topology) is canonically isomorphic to the 
group of continuous characters of <fi/'13, where 513 is the connected com
ponent of the identity (so consisting only of the zero element except for 
C and IR). 

3. Relationship to global fields 

When k is a global field the group (f) has long been known to be finitely 
generated but there is no effective procedure known for finding the num
ber of generators. 

It is natural to consider the behaviour of the we group under the maps 
(3) where K runs through all the local completions of k. An important 
part is played by the Tate-Safarevic group III, the intersection of the 
kernels of (3) when K runs through all local completions. The elements 
of III correspond to homogeneous spaces(~, Jl), for which there is a point 
on the curve ~ defined over each local completion. It is known that III 
may consist of more than one element [i.e. the Hasse Principle fails] but 
it is conjectured that it is always finite. The structure of III is closely re
lated to the problem of finding the group (f) effectively. 

For the many interesting conjectures and the few theorems in this circle 
of ideas see [J] and Swinnerton-Dyer's contribution to this volume. 

Reference 

[J] CASSELS, J. W. S.: Diophantine equations with special reference to elliptic curves. 
J. London Math. Soc. 41, 193-291 (1966). 



On the Rationality of Zeta Functions and L-Series 

B. DWORK 

Let V be an algebraic variety, defined over GF[q]. We recall the defi
nition of the zeta function of V, 

00 

Z(V, t) = exp( L N.t•fs) 
s= 1 

where N. is the number of points of V which are rational over GF[q']. 
(For definition of L-series, see chapter II). It has been known for some 
time [J] that the zeta function is rational and a second exposition of the 
same proof has been given by SERRE [2]. It is rather questionable as to 
whether there is any need to repeat such well known material. However 
because of its connection with p-adic analysis it may be in accord with 
the purpose of this conference to outline the old proof. This will be done 
in chapter I but we will use results and points of view which were not 
available in 1959. 

The members of this conference are of course aware of the independent 
treatment [10] of this problem by A. GROTHENDIECK, M. ARTIN and J. 
VERDIER which has been reported seperately at this conference. We hope 
that the present article may eliminate some misconceptions which may 
arise from [10]. 

It was noted by SERRE that the methods of [J] could be immediately 
applied to certain L-series of galois coverings of a variety defined over 
GF[q]. Here however the relation between the galois group, G, of the 
covering and the field of definition is critical. 

Theorem 1 (SERRE). Let M be the set of all prime powers, m, which 
occur as an order of a cyclic factor group of a subgroup of G. Suppose 
that for each meM, the polynomial, tm-1, splits in GF[q]. Then each 
L-series of the covering is the product of a rational function with the 
L-series of coverings of varieties of lower dimension. 

Thus, in particular, it was known in 1960 that for any galois covering, 

the L-series are rational provided the field of definition of the varieties is 
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sufficiently enlarged. This proof of Theorem 1 will be sketched in chapter II. 
By generalizing our trace formula, REICH [3], extended the above theo

rem to give rationality under the weaker hypothesis: 
(R) For each meM there exists an integer, /, prime to m such that 

tm -1 splits in G F[ q1]. 

The work of REICH will be discussed in chapter Ill. 
In chapter IV we sketch a proof of the rationality of all L-series based 

upon the indications in our Woods Hole talk (1964) of how our deforma
tion theory (when applied to families of polynomials in one variable) may 
be used to investigate L-series. For purposes of exposition we devote 
particular attention to those cyclic coverings of affine n-space in charac
teristic p which may be lifted to cyclic coverings of affine n-space in 
characteristic zero. For these cases the Reich trace formula is adequate, 
but to complete the proof the method must be extended to cyclic cover
ings of hypersurfaces. For this extension (§ 5) we are fortunate in being 
able to appeal to a special case of a general trace formula recently 
reported by MONSKY. 

Throughout this report we use induction on dimension and reduce the 
question of rationality of L-series to that of L-series of varieties of lower 
dimension. For the same reason no distinction is made between the geo
metric and algebraic function field point of view. 

I. Zeta Function 

All proofs of rationality of zeta functions may be said to be based on 
the idea of showing that the zeros and poles of a zeta function lie among 
the eigenvalues of a finite set of endomorphisms. Rationality would not 
ordinarily follow unless it were further known that the endomorphisms 
have finite rank. The simplicity of the p-adic method (as compared to the 
so called "cohomological method") lies in the fact that it is enough if the 
endomorphisms are completely continuous (i.e. limits in a suitable sense 
of endomorphisms of finite rank). On the other hand this simplification 
is directly useful only for the proof of rationality. For the verification of 
the remaining conjectures of Weil it is necessary to construct appropriate 
endomorphisms of finite rank. This construction has been carried out in 
a number of cases and it is by this time clear that the p-adic method is 
certainly cohomological, that is there exists an underlyingp-adic cohomo
logical theory. This aspect will not be treated in the present report. 

The simplification referred to above is accomplished by means of a 

4 Local Fields 
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generalization of a theorem of E. BoREL (1894) which asserts that a power 
series with coefficients in the ring of integers of an algebraic number field 
certainly represents a rational function if it has non-zero radius of con
vergence at each archimedian valuation and if for at least one finite prime 
p it is meromorphic everywhere (i.e. is the quotient of two power series 
which converge p-adically for all finite values of the variable). This fol
lows from the method of Borel: Rationality is implied by the vanishing 
of certain determinants formed from the coefficients of the given power 
series. Borel noted that in estimating the magnitude of these determinants 
one may use the radius of meromorphy (instead of the radius of conver
gence, which gives weaker estimates). This is also valid for p-adic esti
mates and the idea of the proof is to show that under the stated conditions, 
the determinants are elements of an algebraic number field (obviously) 
which fail to satisfy the product formula and hence must be zero. 

In the following we need therefore only consider the problem of show
ing that L-series and zeta functions are p-adically meromorphic where p 
is the characteristic of the field of definition of the varieties in question. 
The connection between these functions and completely continuous endo
morphisms of p-adic Banach spaces is important because (using SERRE 

[4]) the Fredholm determinants of such endomorphisms are p-adically 
entire. 

The representation of zeta functions by means of endomorphisms re
quires a trace formula. In his proof that finite fields are C 1, WARNING [5] 
used the fact that iff is an element of (GF[q]) [X1, .•• , Xn] then N{, the 
number of rational points (in affine n-space) not on the hypersurface 

j(X) = 0, 
satisfies the relation 

modp, 

the sum being over all rational points in the ambient space. 
This can be improved: 

N{ = I:f(x)<q-l)p' mod p'+t (1) 

where f is a lifting of j to a polynomial in an absolutely unramified field 
whose residue class field is GF[q] and the sum is over all x=(x1, ... , xn) 
such that x?=x;. This observation led [6] to an elementary trace formula 
which we now describe. 

Let ~ be a space of functions, let t/1 be a mapping of ~ (perhaps into 
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some other space of functions) defined by 

the sum being over all Y such that P =X. (We refrain from being more 
explicit as the mapping will be used in a number of situations). If (J is the 
space of polynomials in n variables over a field of characteristic zero and 
if G is a fixed element of (J then both ljJ and ljJ o G ( ( ljJ o GH = ljJ ( Ge)) are 
endomorphisms of (J with a well defined trace and 

(q- It Tr(l/1 o G)= I'G(x), (2) 

the sum being over all (x1, •.. , xn) such that xiq- 1 =I of each i. Thus 

(q - It Tr(l/1 of(q-llP') = N~' (3) 

where N~ is the number of rational points in the ambient space with no 
zero coordinate and which do not lie on the hypersurface. 

Thus N~ is a limit of traces but because of a failure to estimate the 
rapidity of convergence of (3) as r-+ oo, the investigation, (6], did not lead 
to a proof of meromorphy. We shall return to this in discussing the work 
of REICH. 

The trace formula (2) can be generalized. Let Q be the completion of 
the algebraic closure of the p-adic rationals, let b > 1 be a real number, let 

D(b) = {xEQnllx;l ~ b, i = 1, 2, ... n} 

and let (J (b) be the space of functions holomorphic on D (b). Then ljJ gives 
a mapping of (J (b 1fq) into (J (b) and if GE(J (b1fq) then l/JoG is a completely 
continuous endomorphism of (J (b), its trace may be defined in terms of 
the corresponding infinite matrix giving the action of ljJ o G on monomials, 
equation (2) remains valid and det(/-t(l/loG)) (which we may define to 
be exp {L:'= 1 t•Tr ( ljJ o G)'/s }) is entire. The factor (q-1 )n appearing in (2) 
causes no difficulty and hence to prove rationality of zeta functions it is 
enough to be able to write N1, the number of rational points of a hyper
surface, in terms of a sum such as appears on the right side of (2) where 
GE(J(b) for some b> 1. 

To obtain such an expression for N1, we may appeal to the conventional 
method involving sums of additive characters, 

(4) 

where (}1 is a non-trivial additive character of GF[q] and the sum on the 
right hand side is over all .X0 , .X1 , ••• , xn in GF[q]. The right side of (4) is 
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converted into a sum of the required type by showing that if n is chosen 
with np-l =-p then 

e(t) = expn(t- tq) (5) 

is a power series in one variable converging in a disk of radius greater 

than unity and that if for each fin GF[q], T(i) denotes the unique root 

(in a field of characteristic zero) of tq- t = 0 which lies in the residue class, 

f, then 
f-+O(T(l)) (6) 

is a non-trivial additive character of GF[q]. 

II. Theorem of SERRE 

Let K =GF[q], V be a variety defined over K, F the field of algebraic 

functions of V and E a galois extension of F. The relation of being con

jugate over K gives a partition of the algebraic points of V into primes. 

The degree of a prime is defined to be the number of elements in the class 

and each algebraic point, x, of Vis said to have a degree, degx, equal to 

the degree, degpx, of the class, Px• in which it lies. Ifp is a prime of Vwhich 

d ·r · - · · h 1 (E/ P) oes not ram1 y mE then we may assoctate wtt p, the c ass, p , of 

conjugate elements of the galois group G(E/ F) and if xis a character of the 

galois group then for each integer r, we may define x( p') uniquely as being 

(-/F) the value assumed by x at the r 1h power of any element of Ep . The L-

series may be defined 
00 

L(s, x. E/F) = exp{ L t•jsl:x(p~degx)} (7) 
s= 1 

the inner sum being over all xe V such that :Px does not ramify in E and 

such that degx divides s. 
We recall that there is a better definition of L-series which also con

tains the contribution of ramified prime, but for proofs of rationality this 

may be disregarded by means of a suitable induction hypothesis. The 

question of rationality can be reduced to the case in which E is a cyclic 

extension ofF by use of the linearity, factor group, induced character 

properties of Land by use of Brauers' decomposition of characters into 

Z-linear combinations of characters induced by linear characters of sub

groups. To obtain by the methods of Chapter I the result of SERRE (theo-
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rem 1 above) we need a further reduction to the case in which EjF is 
cyclic of prime power degree, This reduction does not follow from general 
principles but rather from the technique itself. We ignore this technical 
point and instead briefly explain the case in which E is a Kummer exten
sion ofF of degree m, prime top. 

In this Kummer case, E=F(a), am=jaF and we may suppose that V 
is imbedded in affine space and that J is the restriction to V of a poly
nomial, so that jis defined everywhere on V. If xis a point of Vat which 
j does not vanish and if x is rational over K, then by an elementary com
putation. 

(8) 

Thus using T once again to denote Teichmi.iller representative, the 
computation is reduced to that of sums of the form 

(9) 

where x runs over rational points of V. Now with 81 as in (4) 

qT (i(x )(q-l)fm) = l: (Ty )(q-l)/m 81 ( z (y - j (x))), (10) 

the sum on the right being over ally and z in K. This may be put in analy
tical form by means of (5) and the condition xe V may be expressed 
analytically by means of the method of Chapter I, the final result being 
again a sum such as in the right side of (2) with Gin F(b) for some b > 1, 
but here G is a function of Y and Z as well as the other variables. 

ill. Trace formula of REICH 

As before, let K = GF[q], let Kbe the unramified extension of the p-adic 
rationals whose residue class field is K. Letf(X1 , .•. ,X") be a polynomial 
of degree d with coefficients in the ring of integers of K. Let e, L1 be non
negative rational numbers such that 

1 > e + dL1 
Put 

D,, J, I= {x = (x 1, x 2 , ••. , xn)l ordf(x) ~ t:, 

ordx; ~- Ll, i = 1,2, ... , n} (11) 

and let F,,J,f be the space of all functions holomorphic on D,,J,f (i.e. 
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uniform limits of rational f~nctions on D •• <~, 1 ). Then rjJ defines a continu

ous map of F.1q,<~/q,f into F •. <~.! and if 

G e F.1q, 41q, 1 then rjJ o G: e -+ rjJ ( Ge) 

is a continuous endomorphism of F•.<~.J· For the applications we may 

suppose that/is homogeneous and that the reduced polynomial/splits 

into distinct irreducible factors in the algebraic closure of K. With this 

hypothesis, the results of REICH state 
Theorem 2. (a) If e>O, .1>0, then r/JoG is a completely continuous 

endomorphism of F •• <~.J 

(b) (q-l}n Tr(r/JoG)=l"f(x)$O,x•-•=1 G(x). 
The main point in the proof of part (a) is that F •• <~,J has an orthonormal 

basis consisting of elements of the form kw,JXw/Ji, where j runs over all 

of Z, xw runs through a suitable set of monomials and the kw,J are con

stants of normalization. We make no attempt to reproduce this proof but 

will give some indication of how the trace formula (b) is deduced from 

(2). The idea is to prove (b) for the case in which G is a polynomial in X 

and 1// and then take limits. With G so restricted choose r so large that 
Gj<q- 1>P• is a polynomial and for j~O put 

(r/JoGo/(q- 1)P")(Xw/J1) = l"A(w,j)• (u,k)Xu//k. 

The xw ffl with j ~ 0 form a basis of the space of polynomials and hence 

by (2}, 
.EJ~o.wA<w,J>, <w,J> = l"x•-•=1 G(x)f(x)<q- 1>P"f(q- I)" (12) 

which is close to (q-1)-n l"nx>*o,x•-~: 1 G(x). Since r/JoG is completely 

continuous, a good estimate for its trace can be obtained by considering 

the action of rjJ o G on elements of the form xw !Ji such that p' > j. But 

and since f (Xq)p• is in some sense close to fqy' it follows that our last 

expression is close to 

f - P".J, (c•<q- 1>P"xwL'f1- P") =f-P"l"A ·- XuL'f" 
'I' 'J (w, J pr), (u, s) 

and from this we conclude that Tr(l{!oG) is close to 

l'i~P"A(w,J-P">. (w,J-P"> = l'J~oA(w,J>, (w,J> 

and the trace formula then follows from (12). This argument may be made 

precise. 
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By setting G= 1, Theorem 2 gives an immediate proof of the mero
morphic property of zeta functions. For L-series, REICH extended there
sult of SERRE by considering the case in which E/ F is cyclic of degree m 
prime top and determining relations between the Artin symbol for E!F 
and the Artin symbol for E'/F', where E' =E(w), F' =F(w), w is a primi
tive m1h root of unity. As in Chapter II, the Artin symbol for E'/F' can be 
computed explicitly the improvement over the treatment of Theorem 1 
being that we now have a trace formula which permits us to use a formula 
much simpler than equation (10). Put G(X) =(f(Xq)/f(X))1fm, this lies 
in F,,A.f (for suitable e, Ll) and for f(x)-#0, xq =:X, the right side of equa
tion (10) may be replaced by qG(T(x)). By means of the relations between 
the two Artin symbols, REICH obtained the generalization of Theorem 1 
stated in the introduction. 

IV. L-series 

We now sketch a somewhat different treatment of L-series based on the 
theory of dagger spaces of WASHNITZER-MUNSKY [7] and upon the con
nection found by KATZ [8] between this theory and our deformation 
theory [9, § 5]. 

For simplicity we shall for the most part restrict our attention to cyclic 
coverings of affine space but the arguments generalize to cyclic extensions 
of arbitrary function fields provided (as noted previously) one uses a 
special case of a general trace formula reported by MUNSKY. Except for 
this point we use only elementary parts of the theory of dagger spaces. 

§ 1. If E is an abelian extension of a field F and E is the splitting field 
over F of feF[t] having no multiple roots, then by the Euler Identities 
there exists a faithful representation, Q, of the galois group in G L ( d- 1, F) 
given explicitly by the formula 

1 (& ) 1 (& ) u- . =e(o-)- . 
f'(a) :d-2 f'(a) :d-2 a a 

for each ueG(E/F), and each root a off 
§ 2. As before let K= GF[q] and let Kbe a finite extension of the p-adic 

rationals whose residue class field is K. If/is a polynomial in one variable, 
x, of degree d with coefficients in the ring of integers of K and if], the 
image off in K[ x ], is of degree d with no multiple roots then we have 
associated [9] a space liDs with fin the following way. Let J (Xt> X2) = 
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X1/(X1/X2). Let L be the space of power series in 3 variables X0 , X1 , X2 

L = {rdwo=w, +w2BwXwl lnf(ordBw- bw0 ) >- 00}, 

where b is a suitably chosen positive real number and set 

where 
a a] . 

D.= X~+ nX0X.~ (z = 1 2) 
' 'axi 'axi' ' 

and let jffi5 be the image in liD of all elements of L which as power series 
are divisible by X1X2 • 

It is known that {X0 X{x;-i}o<i<d are elements of L whose image in 
lffi5-span that space. Furthermore it is known that the operator 

rx = 1/1 o exp {nX0 ](X)- n X6](Xq)} 

induces on lffi5 an endomorphism which determines the zeta function of 
the zero dimensional variety, j(x) = 0. 

Following WASHNITZER and MoNSKY, we associate with f the space 
(f)t consisting of all power series in x, 1/f', 

l'A · ·X'!. 1 - j 
lJ modf(x) 

such that Inf(ordAii-b(i+ j))>- oo for some b>O. 
The Katz mapping e oflffi 5 into (f)t is given explicitly by 

i=l,2 ... d-l (13) 

More generally iffr(x) is a polynomial in one variable x parametrized 

rationally (over K) by r = ( r 1 , ••• , r n), let J; = ofr, and let R ( T) be the ox 
resultant of frJ; (so the vanishing of R is the condition for multiplicity 
of roots) and let 

WI= {FeQ" IIFd ~ 1, IR(r)l = 1} 

We suppose that 9J1 is not empty. For each re9J1 we may as above 
form the space, liD}, and the important point is that the mapping 

induces a mapping, rx}, of Wi into Wiq whose matrix, An relative 
to the chosen bases, has coefficients which lie in a space of the type 
discussed in Chapter III, explicitly in F,,.d,R for suitable e>O, Ll >0. On 
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the other hand, for each FE9J1 we may define the corresponding dagger 
ring, JJ, and there exists a isomorphism r 1 of JJ. into JJ defined by 

rlr=r 
r 1 (x modfr.) = (xq mod fr) mod p (14) 

Letting r be the inverse of r 1 we know from KATz [8] that the diagram 

I t qt ft r ~ r• 
8r j j 8r• 

w;~w;. 

commutes and hence putting 

1 (1 ) Xr = f'( ) : modfr(x), 
r x ):d-1 

a d-1 column vector with coefficients in/J, we have. 

qrXr = ArXro (15) 

If F6=F0 , F 0 E9J1, then the splitting field, Er0 , offro over Kis unrami
fied over K and the mapping r 1 specializes to the Frobenius of Ero over K. 
More generally, if F'f/ =F0 , F0E9J1 then put Fr0 =K(F0 ), let Er0 be the 
splitting field of fro over Fro then for each root a of fro we may conclude 
that if sis a multiple of degFr0 /K then 

(16) 

Finally the matrix Ar may be connected with classical things. For sim
plicity of exposition we assume that IR(O)I = 1 and then if for r close to 
0 we think of Xr as referring to a locally holomorphic function of r (i.e. 
X modfr(x) is a root of the polynomial viewed as a function ofF for F 
close to 0), then we may define a matrix, Cr, holomorphic near 0 such 
that 

(17) 

Cr has coefficients which are formal power series in r and which do not 
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depend on whether Xr is viewed from the classical or p-adic point of 
view. However for r close to 0 in the p-adic sense, we have 

(18) 

and this specification of Ar for r near 0 determines Ar for all reWC. 
Finally we note that Xr satisfies a set of linear first order partial differ
ential equations with rational coefficients and hence Cr satisfies the same 
equations. 

These differential equations together with the initial condition C0 =I 
in fact determine Cr for r close to 0. 

Note: It is no doupt possible to obtain the main results (16), (17), (18) 
and the holomorphic nature of Ar directly from the theory of WASHNIT
ZER-MONSKY and without the application of our deformation theory. 

§ 3. Now let D be an abelian covering of degree d of a variety, V, de
fined over K. For simplicity let V be affine n space with generic point 
f=(f(ll, ... , f<nl). Let Fr=K(f), the field of functions of V and let Er 
be the function field of D. We may lift Fr (resp: Er) to Fr (resp: Er), an 
algebraic extension of K(r), the field of rational functions inn indetermi
nates r =(F(ll, ... , r<nl), so that Er is a galois extension of Fr with an 
isomorphism, <p, of (f)(Er!Fr) onto (f)(Er/Fr) defined in the usual way. 
Thus if vis the place of Er defined by reduction mod:p then 

Vo (J = <p- 1 (u)o V (19) 

for each ue(f)(Er/Fr)· Let /3 be a generator of Er over Fr. let {3 be an 
element of Er such that v(fJ)=/3 and letfr (resp:fr) be the irreducible 
polynomial over Fr (resp: Fr) satisfied by /3 (resp: {3). In the present sec
tion and again in § 4 we impose the restrictive hypothesis that in the above 
construction we may take Fr =K(r). This restriction is removed in § 5. 

If r 0 is an element of Qn which is algebraic over K, then the speciali
zation r-+ r 0 gives a place of Fr which can be extended (non-uniquely) 
to a place, :p, of Er taking values in Q. Let Er0 be the residue class field of 
Er (i.e. the image of Er under :p). The field, Er0 , is independent of the 
choice of :p and is the splitting field of fro over Fro ( =K(r 0 )). If R(r 0 )=!=0 
then the valuation :pis unramified over Fr and hence (fj (Er0 /Fr0 ) is natu
rally isomorphic to (fj" the :p decomposition subgroup of (fj (Er/Fr)· Since 
(fj (Er/Fr) is abelian, both (fj" and the injection of (fj (Er0 /Fr0 ) into 
(fj (Er/Fr) is independent of the choice of :p (and hence may be denoted 
by the symbol l1r0). 



On the Rationality of Zeta Functions and L-Series 51 

Similarly if t 0 is algebraic over K, then corresponding to a place, :p, 
extending the specialization t-+ t 0 we have an injection I'Jro of ffi (Erof Fro) 
into ffi(Er/Fr) provided R(f0 )+0. 

Finally if r 0E9R (cf. § 2) then Er0 /Fr0 is unramified and hence its galois 

group is naturally isomorphic to that of Er0 /Fro· We denote this isomor

phism by cpro· 
By standard arguments we obtain a relation between these four types 

of maps. 
Theorem 3. If r 0 E 9J1 is algebraic over K then the diagram 

commutes. 
If R(F0 )+0 and if cr0 (resp: a) is an element of ffi (Er0 /Fr0 ) (resp: 

ffi(Er/Fr)) then by the methods of§ 1, usingfro (resp:fr), define Bao 
(resp: B<"l(r)) in GL(d-1, Fr0 ) (resp: GL(d-1, Fr)) such that for each 

root a of fro (resp:fr) 

1(~) 1(~) CTo -,- : = Bao -,- : 
fro(a) ·d-2 fro(a) ·d-2 a a 

(20) 

Theorem 4. If R(F0 )+0 and cr0 Effi(Er0 /Fr0 ) then CT=1Jr0 (cr0 ) if and 

only if 

We apply this result to obtain information concerning a image of the 

Artin symbol of ErfFr under a representation of the galois group. We 
define a faithful representation, (], of(}) ( Erf Fr) in G L ( d- 1, Fr) by setting 

(] ( ii) = B"'(a) 
for each iiEffi (Er/Fr)· 

If now r 0 =F6,F 0E9R, 1etii0 be the Frobenius of Ero!Fro then I'Jro (ii0 )= 
(f0 , Er/Fr) and letting cr denote cp((f0 , Er/Fr)), we have 

e((ro, Er/Fr)) = s<"l(r) 
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On the other hand since u=(CfJ 0 rJr0 ){i'i0), we see by Theorem 3 that 
U=rJr0 (CfJr0 (ii0)), while clearly (/)r0 (ii0 ) is the Frobenius of Er0 /Fr0 (which 
for the moment we denote by u0). Hence by§ 2, (Bao)- 1 =q- 1Aro· Finally, 
since U=rJr0 (u0), Theorem 4 shows that B<al(r0)=(q- 1Ar0)- 1. Thus 
under the stated hypothesis, 

where 

More generally: 
Theorem 5. If 

then 

where 
B<al(r )- -tA - 1 A -lA •-• o - q roq ro• · · · q ro• 

§ 4. We now suppose Er/Fr cyclic of degree d. Let w be a primitive d1h 

root of unity in Q. We simultaneously diagonalize B<al (r) for all ue G3 
(Er/Fr). To do this let E;=Er(w), F;=Fr(w) and with the notation of 
§ 3, Er=Fr(/3), E;=F;(/3). Let y be any other generator of E; over F; 
and let geF; [X] be the irreducible polynomial over F; satisfied by y. 

Let 

{ I f3 f3d-2} 1 { I y l-2} 
S= J;({3)'J;({3)'"''J;(f3), S = g'(y)'g'(y)'"''g'(i'). 

The Euler identities show that Sand S' span the same space, V, over Fr. 
If each ueffi (Er/Fr) is extended toE; by requiring u to be the identity 

map ofF; then the matrix B(a) (r) represents (relative to the basis S) the 
action of u as F; linear endomorphism of V. If we let n<al (r) be the ma
trix of u as F;-linear endomorphism of V relative to the basis S' then 
there exists HeGL(d-I, F;), independent of u such that 

(2I) 

Since E; is a Kummer extension ofF;, we may choose g to be 

(22) 

for suitable aeF;. Since yifg'(y)=yifdl-1, it is clear that n<al(r) is not 
only diagonal, but also has coefficients independent of r. Thus we obtain 
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a representation, e', of ffi(E1 jF1 ) in GL(d-1, Q(w)) defined by 

e'(a=) = n<<p(aJJ = He(a=)H- 1 (23) 

and this representation is clearly a direct sum of the d-1 non-trivial 
linear characters of the galois group. 

Under the hypothesis of Theorem 5 we now have, 

where B<a>(r0 ) is given by Theorem 5. If now H(F0 ), H(r0t 1 are well 
defined, then since n<a) (r) is independent of r, we have 

I I 
n<a> (r) = n<aJ (r 0 ) = H (r 0)- A10 ••• - Aro··-• H (rot 1 

q q 

and hence if H(r 0 ), H(F6), ... , H(r'&·-•) and their inverses are all well 
defined then 

where 

We now reformulate Theorem 5. We note that the polar locus of Hand 
H- 1 need not be defined over Kbut by taking a finite number of the con
jugates over K of these loci we obtain a locus defined over K which we 
shall refer to as the K polar locus of H and H - 1 • 

Theorem 6. If rf = r 0 , r 0 EM, r 0 not on the K polar locus of either 
H or H- 1 then 

n' ((f E JF )-sfdeg<Fro!Kl) = B B B ·-• 
"' 0• r r ro ro• 0 0 0 ro• (24) 

where Br is a matrix with coefficients in a space of functions of the type 
studied by REICH. 

If now B1 is diagonal then (24) would remain valid withe' replaced by 
an arbitrary linear character of ffi(E1 /F,) and Br replaced by a function 
of the type to which the Reich trace formula may be applied. Comparing 
equation (24) with equation (7) we see that we would then have the correct 
formula to prove meromorphy of L-series. Thus to complete the proof (at 
least for Fr a purely transcendental field) it is enough to show that Br is 
diagonal. To simplify the argument we assume that 0 is not on the polar 
locus of H(r) or H(r)- 1• 

Theorem 7. The matrix Br is diagonal 
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Proof. Since n<a> (r) is diagonal it is clear that B0 is diagonal and using 
§ 2, we see that for r close to 0, 

Br = TrB0 Tr:, 1 

where 
(25) 

aTr 
Since T0 =I, it is enough to show that Tr - 1 ar<i) is diagonal for 

i=l, 2, ... , n. 
Now equation (17) and (25) show that the differential equations satis

fied by Tr are precisely the same as those satisfied by 
1 

~~ = -i--( )(~ ) modg(x) = H(r)~r (26) 
g X • d-2 

X 

and a routine computation, using (22) shows that 

[

1- d 
a I 1 aa -1 0 - ---·d ar<i>~r- a ar<i> ~- · ~-~-~:::::: ~]~~-

0 ......... -1 

(27) 

This completes the proof of the theorem. 
§ 5. We now briefly indicate how the preceeding paragraphs should be 

modified if Fr is not a purely transcendental extension of K. We may sup
pose Fr is the field of functions of a hypersurface, 

h(r-(1) r-<n>)- 0 ' ... , - ' (28) 

defined over K and we may further suppose that ahjaf'<n> is not everywhere 
zero on this hypersurface. We lift lz to h, a polynomial with coefficients in 
K and lift Fr to Fr. the field of functions of the lifted hypersurface. We 
define ht to be the space of power series in r<1>, r<2 >, ... , r<n>, (ahjar<n>)- 1 

modh with growth conditions customary for dagger spaces, and as in§ 2, 
construct a lifting, p., of the Frobenius to ht, i.e. a ring endomorphism of 
ht such that 

i = 1, 2, ... , n. (29) 

(To be explicit, we may set p.r<i)=(r<0)q fori= 1, 2, ... , n-1, and we may 
extend p.r<n> to a function of type F.,JJ,alltar(n) (cf. chapter III) such that 
h(p.r)=h(r)q). It is easily checked that if for r close to 0 we set (cf. § 2 
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above) 
(30) 

(supposing for simplicity that ohjor<n> does not vanish at F=O) then A~ 
is a matrix whose coefficients are functions of the type F,,A,R,, where 
R1 =Rohjor<n>. If we replace Ar in§ 2 by A~ then the remainder of the 
argument causes no difficulty and the procedure of§ 4 now reduces the 
rationality of £-series to the evaluation of sums of the form 

M. = l:G(r) G(p.r) ... G(p."- 1F) (31) 

the sum being over {Fip."r=r, h(F)=O, R1 (r)$0 modp} and where 
GeF,,J,R, for suitable e, ..d >0. 

Associated with the pair (h, R1) there is a dagger space of power series 
in r, R~ 1 mod h with suitable growth conditions. Denoting this space by 
the symbol (h, Rt), and following Munsky, the mapping t/1, may be gener
alized by defining the relative trace of (h, R1) over p. (h, R1) and com
posing this on the left with p. -l, where the symbol p. is now used to denote 
the lifting of the Frobenius to (h, R1). Denoting this operation by t/J, we 
know from Monsky that tfJoG is a completely continuous endomorphism 
of (h, R1), with trace formula adequate for the task of showing exp 
{IM.t"/s} is p-adically meromorphic. 
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Linear Topological Spaces over Non-Archimedean 
Valued Fields 

A. F. MaNNA 

Introduction 

I propose to give a survey of the results of the study oflinear topological 
spaces over non-archimedean valued fields. Proofs of theorems will not 
be given. 

The first results on this subject go back to 1943 [la], [lb]. At first a theory 
of non-archimedean normed spaces was attempted [2]. In more recent 
years a theory of locally convex spaces over non-archimedean valued 
fields followed. 

Both parts of the theory are now in development. Several problems, 
which have found a solution in spaces over the reals, still await a solution 
in our case. Nevertheless, as a general conclusion it may be said, that 
many parts of the classical theory remain valid. It is remarkable that this 
is also true of parts for which one would expect the ordering of the reals 
to be essential. I mention, for instance, the separation theorems for con
vex sets; without using an ordering of the fields - even if ordering should 
be possible - one can define convexity of sets and prove separation theo
rems for convex sets. In many cases the proofs which are valid for the 
real spaces, cannot be given in the same way for spaces over a non-archi
medean valued field K. Thus, a way of unifying both theories is desirable. 

By KI shall always denote a non-archimedean valued field. For reasons 
of simplicity I suppose that K is complete and that the valuation is not 
trivial. Neither of the two conditions is necessary for all results, but for 
a general review of the field it suffices to consider this case. 

In the first part I consider normed spaces; in the second I shall consider 
the problems of convexity. In the third part I give a brief review of appli
cations of the general theory. The literature at the end has not the pre
tention of being complete. I also mention some literature concerning these 
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problems in spaces over the reals which seem to be relevant for compari
son with the theory of spaces over a field K. 

§ 1. Non-archimedean normed spaces 

1.1. A normed linear space E over K is a non-archimedean normed 
space if the norm 11.11 satisfies 

llx + Yll ~ max(llxll, IIYII), x,yeE. 

It follows that 

llx + Yll = max(llxll, IIYII) if llxll =!= IIYII. 

E is a non-archimedean Banach space if E is complete. 

Examples 

(i) The space of all bounded sequences x=(xi)ie.V• xieK, normed by 
llxll =sup lxJ 

i 

(ii) Let X be a locally compact topological space and Cc(X) the linear 
space of the continuous functions with compact supportf:X ... K. It is 
reasonable to require that the functions of Cc(X) separate the points of 
X; it can be proved that this is the case if and only if X is zero-dimensional. 
If we put 11/11 =sup lf(x)l, Cc(X) is a non-archimedean Banach space. 

zeX 

(iii) In a more general way one can consider normed linear spaces over 
a valuated field and ask for necessary and sufficient conditions for the norm 
11.11 being non-archimedean. It is evidently necessary that the valuation 
of K is non-archimedean, but this condition is not sufficient. The linear 
space / 1 of all sequences x=(x1 , x 2 , ••• ), xieK, such that L;ixd < oo, topo
logized by means of the norm 

is a counterexample. This norm does not satisfy the strong inequality 
(see [lb]). 

Linear functions are defined, as usual, as continuous linear mappings 
from E ... K. The relation between continuity and boundedness remains 
valid. However, the Hahn-Banach theorem is valid only under certain 
restrictions on K. Therefore I have to introduce the notion of spherical 
completeness; this notion is important throughout the whole theory. 

I enlarge the conditions somewhat because this is useful for our later 

S Local Fields 
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considerations on locally convex spaces. I shall suppose that the topology 
on E is determined by a semi-norm p, that is to say, I require p(x)~O, 
p(O)=O, p(ax)=lalp(x) for all aEK and p(x+y)~max(p(x),p(y)). I 
denote a linear space over K, topologized by means of a seminorm p, if 
this is useful by (E, p). The set {xlp(x-x0)~A.} will be called a sphere of 
centre x0 and radius A.. Spheres have remarkable properties, for instance 
every point of the sphere may be taken as centre and if the intersection of 
two spheres is not empty, one of the spheres contains the other. A collec
tion~ of sets will be said to have the binary intersection property if every 
subcollection of~. any two members of which intersect, has a non-void 
intersection. The space (E, p) will be called spherically complete [3], if the 
collection of its spheres has the binary intersection property. It is the same 
thing to say that any set of spheres which is totally ordered by inclusion, 
has a non-empty intersection. Spherical completeness implies complete

ness, but the converse is not true. I believe that the real meaning of this 
notion with regard to the problems in the spaces (E, p) is not yet quite 
clear. What happens, for instance, if in this definition the spheres are re
placed by convex sets (see the definition of convexity in§ 2)? I also men
tion the problem of the embedding of a space in a spherically complete 
Space (see CARPENTIER (4]). 

The definition of spherical completeness applies to the case of a valued 
field K, considered as a space over itself. In that case the following prop
erties are equivalent: 

(i) K is spherically complete. 
(ii) Every pseudo-convergent sequence [5] in K has a pseudo-limit. 
(iii) K is maximally complete in the sense that K cannot be extended 

without extending the value group or the residue class field. See for these 
equivalences KAPLANSKY [6], LAZARD [7] and VAN TIEL (14]. Complete 
fields with discrete valuation are spherically complete. 

1.2. I now come to the theorem of Hahn-Banach. In the real or com
plex case the theorem concerns the extension of linear continuous func
tions; it is well known that the general problem of the extension of linear 
maps is in this case much more complicated. 

The space (E, p) is said to have the extension property if it possesses the 
following property: for every space (F, q) over K and any linear subspace 
VcF, any linear map cp: V-+Efor whichp(cp(x))~q(x), xE V, has a linear 

extension ljJ:F-+E satisfyingp(ljJ(x))~q(x), xEF. 
The problem is to find necessary and sufficient conditions for a space 

having the extension property. For normed spaces over the reals the va-
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lidity of the extension property for maps is a severe condition. NACHBIN 
[8] has given a solution of this problem for spaces over the reals and he 
gives a characterization of the spaces having the extension property in 
terms of function spaces. 

For spaces over fields Kwith non-archimedean valuation some authors 
have given sufficient conditions (MONNA, CoHEN [9]). INGLETON [3] has 
given the following necessary and sufficient condition: (E, p) has the ex
tension property only and only if (E, p) is spherically complete. 

Taking for E the field K as a space over itself, one gets the classical 
Hahn-Banach theorem for the non-archimedean case. But in our case the 
condition applies to more general situations. It is likely that this fact may 
be useful in functional analysis over non-archimedean valued fields, in 
particular for local fields, which indeed are spherically complete. 

I need not enter into the immediate consequences from the Hahn
Banach theorem, for instance the existence oflinear continuous functions. 
I give some examples. 

(i) Let E be complete. Put NP= {p(x)lxeE}. Then (E, p) is spherically 
complete if in NP every decreasing non-stationary sequence converges to 0. 

Evidently, this condition can only be satisfied if the valuation of K is 
discrete. However, the condition does not imply that NP is discrete in R!. 

In particular, the extension property is true for (E, p) if 0 is the only 
point of accumulation of NP. 

In a field K this condition is equivalent to the condition that the valu
ation of K is discrete. It should be noted however, that there exist fields 
with dense valuation which are maximally complete; for these fields the 
extension property is valid. 

(ii) The Hahn-Banach theorem is valid for any field K with discrete 
valuation. 

It is here the place to mention an important difference with the theory 
over the reals. Putting NK = {lallaeK}, the relation II axil= lal.llxll implies 
NKNpc:NP. However, the relation NKNp=NK, which is true if K=R, is not 
true in general. Let Sc:R+ and NKScS; it can then be proved that there 
exist spaces (E,p) for which NP=S. A consequence of this situation is, 
for instance, that it is not always possible to transform a given vector into 
a vector of norm 1 by means of a homothetic transformation. 

1.3. An important subject in the study of the structure of normed 
spaces is the problem of the existence of a basis. The conditions under 
which such a basis exist give in our case better results than for real spaces. 

Let E be a non-archimedean normed space over K. The problem is to 
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give necessary and sufficient conditions under which there is in E a set 
(e;);er such that each xeE can be written in a unique way as a series 

<X) 

x= L x;e;, 
i= 1 

where the convergence of the series is meant in the sense of convergence 
in the norm, and such that 

If such a set exists, it is called an orthogonal basis. A certain geometrical 
interpretation can be given of the relation which is required for llxll- A 
set Xc£-{0} is said to have the property {n) if for each set {A.,J.-ex• 
A.,.eK, such that A.,.=O but for a finite number 

II L A.,.xll =sup IIA.,.xll. 
xeX xeX 

It can then be proved that X has the property {n) if and only if for each 
collection el> ... ,en eX, A.1 , •.• , A.neK and eeX- {e1, ••. ,en} 

This means that llell is the shortest distance of e to the linear subspace 
determined by the set (e;) and thus {n) means a kind of orthogonality. An 
orthogonal basis is a total system which has the property ( n ). 

The existence of such a basis has been proved in the following cases [10]. 
1. Let the valuation of K be discrete. Suppose that each strictly decreasing 

subset of the set {llxlll xeE} converges to 0. Then E has an orthogonal 
basis. 

2. Let K be spherically complete. Suppose there is in E a dense subspace 
with finite or denumerable dimension. Then E has an orthogonal basis. 

CARPENTIER [4] proved a general theorem from which these theorems 
can be derived. In a certain sense these results are the best possible. I men
tion the following theorem: Let E be an infinite dimensional Banach space 
and suppose that the norm does not satisfy the condition expressed in 1. 
Then, if E has an orthogonal basis, E is not spherically complete. 

Now, let 1"' be the non-archimedean Banach space over K of the 
bounded sequences {A.;)ier. A.;eK, where the norm is given by 

II(A.;);erll = supJA.;J. 
iei 

Suppose that K is spherically complete. It is then easily proved that this 



Linear Topological Spaces over Non-Archimedean Valued Fields 61 

space is spherically complete. Applying the theorem to these spaces, one 
gets: 

Suppose that the valuation of K is not discrete; let K be spherically com
plete. Then no infinite dimensional space l"' over K has an orthogonal basis. 

The existence theorems of orthogonal bases are useful in the study of 
spaces over K. I mention, for instance, the problem of reflexivity; I refer 
to this later on in connection with convexity. 

§ 2. Convexity 

2.1. Let E be a linear space over K. A set C c E is called K-convex if 
xEC, yEC imply h+ f1YEC for all A, f1EK, IA.I ~ 1, 1111 ~ 1 (that is if Cis a 
module over the ring of the integers of K) or if C can be transformed by a 
translation into a set having this property [lla]. An equivalent definition 
is (SPRINGER [12]): Cis K-convex if x, y, zEC imply Ax+fJ.y+vzEC for 
all integers A, f1, v in K such that A.+ f1 + v = 1. 

It is easily seen that K-convex sets have many of the usual properties 
of convex sets over the reals. Absorbing sets are defined in the customary 
way [13]. As in real spaces a semi-norm p corresponds to a convex ab
sorbing set. This semi-norm is non-archimedean, but is it not uniquely 
determined: there is a minimal and a maximal semi-norm. The reason for 
this lies in the following fact. If E is topologized by means of p, the sets 
{xEEip(x)~ 1} and {xEEip(x)< 1} are both open and closed; therefore 
the boundary of these sets is empty. E is zero-dimensional. This fact gives 
rise to some difficulties in the theory. 

Locally K-convex spaces over K can now be defined in the usual way 
[ 11 b] and a theory of these spaces can be developed. In particular, if K is 
spherically complete, the existence of linear continuous functions =1= 0 can 
be proved. The space /1, introduced in§ 1, example(iii), is a linear topolog
ical space over K which is not locally K-convex when convexity is defined 
as is done here. It is an open question whether there exist linear topolog
ical spaces over a field K with non-archimedean valuation in which all 
linear continuous functions are 0. 

A duality theory for locally K-convex spaces was given by VAN TIEL 
[ 14]. As a remarkable fact I mention that there exist reflexive spaces, but 
these spaces cannot be normed unless they are finite dimensional. Indeed, 
the following theorem can be proved (see the article by MONNA and 
SPRINGER, quoted in [ 10]): suppose that K is spherically complete; let E be 
a reflexive Banach space over K; then the dimension of E is finite. Earlier 
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on it was already proved that infinite dimensional normed spaces which 
have an orthogonal basis are not reflexive. Comparing this situation with 
the theory of reflexivity in real spaces, it must be remarked that several 
problems still await solution in our case. I mention, for instance, the fol
lowing criterion for reflexivity, due to KLEE for spaces over the reals: a 
normed linear space over R is reflexive if and only if every decreasing 
sequence of closed bounded convex sets has a non-empty intersection (15]. 

SPRINGER [12] introduced the notion of c-compact set, which proved 
to be useful for duality theory. Let E be a vector space over K; let X c E. 
A filter .'F on X is called a convex filter if .'F has a basis which consists of 
convex sets of X. A set X c E is called c-compact if every convex filter on 
X has at least one point of accumulation in X. Among the properties of 
this notion I only mention that for a non-archimedean valued field the 
following properties are equivalent: 

(i) K is c-compact, 
(ii) the ring { ae Kllal ~ 1} is c-compact, 
(iii) K is spherically complete. 
2.2. The chapter concerning the separation of convex sets by hyper

planes can be generalized for locally K-convex spaces. In the absence of 
an ordering of K, it is not possible to define half-spaces, determined by a 
hyperplane, in the usual way. The following method proved to be useful 
[16]. 

For x, yeE, the convex hull C({x, y}) of the set {x, y} is the set of the 
points h+(l-).) y where A.eK, 11..1 ~I. Let H be the hyperplane F(x)=rx., 
rx.eK. Separation of points is defined in the following way: 

I. The points x, yeE, x¢H, y¢H, are said to be separated by H if 
C({x, y}) n H*O· 

2. The points x, yeE, x¢H, y¢H, are said to lie on the same side of 
H if C({x, y}) n H =0. We note x-y is x, y lie on the same side of H. 

It is easily proved that - is an equivalence relation. The classes which 
are determined by this relation are called the "sides of H". In general a 
hyperplane H has many sides. With the aid of these definitions and with 
certain restrictions on Kit is possible to prove theorems about separation 
of K-convex sets by hyperplanes which are analogous to the well-known 
theorems in spaces over R. Lying in a halfspace has then the meaning 
"being contained in an equivalence class". In particular, the theorem of 
Hahn-Banach in its geometrical form (see [13]) is valid if K is spherically 
complete. 

A generalization of the theory of supporting hyperplanes presents dif-
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ficulties, owing to the fact that, as I already mentioned, the boundary of 
convex sets is in general empty. Therefore, it seems to be necessary to 
define a boundary with the aid of other, non-topological methods. Such 
a definition has been given in [16], but it is not quite satisfactory. A defi
nition of extremal points, for instance, met with difficulties and thus it is 
unknown whether it is possible to prove an analogue of the theorem of 
Krein-Milman. On the other hand, this notion of boundary turned out 
to be useful in proving a maximal principle for a certain class of functions 
which in a certain sense is analogous to the maximal principle in complex 
function theory [1 7]. In view of these difficulties a definition of refinements 
of the notion of convexity in analogy to the theory of linear spaces over 
the reals (uniform convexity, strict convexity) seems for the moment not 
possible. 

§ 3. Applications 

I give a brief survey of further researches and of applications of the 
theory. 

1. Linear operators were studied, in particular completely continuous 
operators. The theory of Riesz-Schauder in normed spaces over local 
fields was developed in analogy to the theory for spaces over R (MONNA, 
SERRE, GRUSON). VAN TIEL has put forward a theory of these operators 
in locally K-convex spaces. A theory of projections was given earlier on 
in connection with the notion of orthogonality which I mentioned before 
[18]. 

2. Integration. A theory of integration for functions defined on a lo
cally compact topological space X with values in K is developed in close 
analogy to the method of BouRBAKI [19]. The starting point is the space 
Cc(X). A measure is defined as a linear map Cc(X)-+K. The space L1 is 
then defined as the closure of Cc(X) with respect to a new norm. Among 
the results I mention that there is a maximal null set; in a certain sense 
the functions of L1 are continuous almost everywhere. In the same paper 
the existence of a Haar-measure with values in K on a locally compact 
zero dimensional topological group G is treated. The situation is more 
complicated than for real measures. A non-trivial Haar measure only 
exists under a condition on G, depending on the characteristic of the 
residue class field of K [20]. 

3. Various other problems were studied. I mention fix-point theorems 
[21], summation methods [22], an extensive study of RoBERT [23] con-
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cerning normed spaces over fields with a trivial valuation where he gives 
applications on asymptotics and a study of VANDER PUT on algebras of 
continuous functions with applications to a spectral analysis of the ele
ments of the algebra. 
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Modeles minimaux des espaces principaux homogenes 
sur les courbes elliptiques 

A. NERON 

Le theoreme d'existence d'un modele :p-simple :p-minimal pour une 
courbe elliptique n'est demontre dans [6], chap. III que dans le cas ou 
cette courbe possede un point rationnel sur le corps de base (local ou 
global) k, c'est-a-dire dans le cas ou l'on peut munir cette courbe d'une 
structure de variete abelienne A, definie sur k. Je me propose d'exposer 
ici, tout au moins dans ses grandes lignes, une demonstration d'un 
theoreme d'existence analogue, valable pour une courbe elliptique quel
conque definie sur k, mais ne possedant pas necessairement un point 
ratbnnel sur k - ou, si l'on prefere, valable pour un espace principal 
homogene sur A, defini sur k. 

1. Rappel sur Ies espaces principaux homogenes 

Soit G une variete de groupe definie sur un corps k quelconque. On 
appelle espace principal homogene sur G, defini sur k, une variete 
V, definie sur k, sur laquelle G opere au moyen d'un k-morphisme 
,l.: G x V ~ V; on suppose en outre que G opere simplement et transitive
ment, i.e. que, pour x et yeV, il existe un et un seul geG tel qu'on ait 
y=A.(g, x), et tel que !'application p.: Vx V--+G obtenue en posant 
p.(x, y)=g soit un morphisme. Pour ae V, !'application ,l.a: G~ V obtenue 
en posant A0 (g)=J.(g, a) est done un isomorphisme (pour la structure de 
variete algebrique) sur le corps k(a). 

Deux espaces principaux homogenes Vet V' sur G, definis sur k, sont 
dits k-isomorphes s'il existe un k-isomorphisme V ~ V' (pour la structure 
de variete algebrique) compatible avec !'operation de G. Supposons G 
commutatif, et soit K une extension de k. L'ensemble des classes, pour 
la relation de k-isomorphisme, d'espaces principaux homogenes sur G 
possedant un point rationnel sur K est naturellement muni d'une structure 



Espaces principaux homogenes sur les courbes elliptiques 67 

de groupe [10]. Ce groupe est appele le groupe de Weil-Chatelet de G 
relativement a !'extension Kjk. Si !'extension Kjk est galoisienne, de 
groupe de Galois r, on sait que ce groupe est isomorphe au premier 
groupe de cohomologie galoisienne H 1 (K/k, G) [1], [2], [5]. Plus preci
sement, cet isomorphisme peut etre construit comme suit: v etant un 
espace principal homogene sur G, defini sur k, possedant un point v0 

rationnel sur k, on lui fait correspondre la classe de cohomologie repre
sentee par le cocycle a I--+ c" obtenu en posant 

c" = .u ( v~, v0 ). 

2. Rappel sur les modeles minimaux 

Soit k un corps muni d'une valuation discrete v, de corps residue! k 0 

parfait. Comme dans [6], on designe parR l'anneau des entiers de k, par 
:p son ideal maximal, et par t une uniformisante, i.e. un generateur de :p, 
par p la caracteristique de k 0 • 

Soit W une :p-variete definie sur k (par exemple une variete projective 
definie sur k). On sait definir le cycle W 0 =Q( W) reduit de W (mod :p) et, 
a tout point w0 du support Pe(W)=supp W 0 , faire correspondre son 
anneau local o(w0 , W). Il correspond canoniquement ala variete W un 
schema SR(W) sur R au sens de GROTHENDIECK [3], admettant pour 
anneaux locaux, d'une part ceux des points de la «fibre generique>> W, 
et d'autre part ceux des points de la «fibre speciale» supp W 0 • On dit 
que West :p-simple si le schema SR(W) est regulier, i.e. si tous ses anneaux 
locaux sont reguliers. 

On dit qu'une application rationnelle qJ: W ~ W' est p-morphique en un 
point w0 E supp W 0 si les coordonnees de qJ relativement a un ouvert 
affine convenable de W' appartiennent a l'anneau local o(w0 , W). On 
dit que qJ est un R-morphisme si qJ est un k-morphisme et si, de plus, qJ est 
p-morphique en tout point de supp W 0 • 11 revient au me me de dire que qJ 

provient d'un morphisme SR(w)~sR(W') pour la structure de schema 
sur R. 

On dit qu'une :p-variete :p-simple W* est :p-minimale si tout k-isomor
phisme de la forme W~ W*, ou West une p-variete p-simple, est un 
R-morphisme. On appelle k-modele :p-simp/e p-minimal d'une p-variete 
W uncouple (W*, a:) compose d'une p-variete :p-simple :p-minimale W*, 
et d'un k-isomorphisme w~ W*. La variete W etant donnee, un tel 
modele, s'il existe, est necessairement unique (i.e. SR(W*) est necessaire-
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ment unique) a un R-isomorphisme pres. Le schema sur le corps residue! 
k 0 deduit du precedent par reduction (modp) est egalement unique a un 
k0-isomorphisme pres. Ceci entraine en particulier l'unicite du nombre 
des composantes du cycle reduit W 0 ' de leurs coefficients respectifs dans 
ce cycle, de leurs multiplicites d'intersection deux a deux, etc. 

Le resultat essentiel de [6], III affirme que toute courbe elliptique A 
definie sur k, et possedant un point rationnel sur k, admet un k-modele 
p-simple p-minimal A*. Il en resulte aussitot que I' ensemble 9'(A~) (note 
egalement ~P(A)) des points simples sur A~ est canoniquement muni 
d'une structure de groupe algebrique, deduite de celle de A par reduction 
(modp). La methode de demonstration utilisee fournit en outre une 
classification complete des differents types de reduction possibles pour A* 
( [6], III, 17). 

Mais il est possible de simplifier ce type de reduction en agrandissant 
k; de ce point de vue, deux cas sont a distinguer: 

(*) -L'invariant j=j(A) est un entier- Alors il existe une extensional
gebrique k1 de k, de degre fini v divisant 24, tel que tout modele p1-simple 
p1-minimal A1* de A sur k1 (oil !'on note p1 !'ideal de la valuation 
discrete v1 de k1 prolongeant v) ait une bonne reduction, i.e. tel que 
A~*=a(A~*) soit une courbe elliptique. 

(**)- L'invariant j = j(A) n' est pas un en tier-Alors i1 existe une extension 
algebrique k1 de k, de degre v = 1 ou 2, telle que, en designant, comme 
ci-dessus, par A1 * un modele p1-simple p1-minimal de A sur k1, la compo
sante de l'origine du groupe reduit 9'(A~*) soit isomorphe au groupe 
multiplicatif. Si l'on pose v v(j)= -m (m entier nature!), le cycle A~* 
admet m composantes simples; pour m= 1, !'unique composante est une 
courbe de genre 0 admettant un point double a tangentes distinctes; pour 
m> 1, les m composantes sont des courbes de genre 0 sans point double, 
et sont connectees a la facon des cotes d'un polygone. 

Un cycle de cette espece sera dit polygonal de m cotes. 

Fig. 1 Fig. 2 
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Pour k et A fixes, on peut, dans tous les cas, determiner la valeur mini
mum possible v0 de l'entier v. On peut supposer que A est une courbe 
elliptique -p-standard au sens de [6], III. 

Les conditions (a) ou ( c;) (i # 5) de [6], III, prop. 4 entrainent (*), et 
on a respectivement v0 =1 dans le cas (a), v0 =2 dans le cas (c4), v0 =3 
dans les cas ( c3) et ( c6), v0 = 4 dans les cas ( c2) et ( c7), v0 = 6 dans les cas 
(cl) et (c8). 

La condition (b) entraine (**), avec v0 = 1. 
Si Ia caracteristique p du corps residue] k0 est # 2, la condition ( c5) 

entraine (**),avec v0 =2. 11 n'en est plus de meme si on a p =2, mais le 
cas (c5) se ramene alors a l'un de ceux precedemment enumeres, apres 
remplacement de k par une extension quadratique convenable. En defini
tive, Ie cas (c5) se subdivise en deux sous-cas non vides, respectivement 
indus dans (*) et (**), qu'on designera par (c5*) et (c5**), ce dernier 
impliquant p =2. 

3. Enonce du theoreme d'existence 

Tbeoreme 1 - Soit V un espace principal homogene sur A, defini sur k. 
Alors if existe un k-modele -p-simple -p-minimal ( W, y) de V. 

Observons que le probleme n'est pas essentiellement modifie lorsqu'on 
remplace k par une extension algebrique, eventuellement infinie, non 
ramifiee, k' de k. Si ( W', y') est une solution du probleme pour k', on 
peut en effet en deduire une solution du probU:me pour k par descente 
non ramifiee du corps de base, et les types de reduction respectivement 
obtenus pour W' et pour W sont les memes. On peut done, en particulier, 
se ramener au cas oil le corps residue/ k 0 est algebriquement c/os. 

Designons par r=r (V) l'indice separable de V au sens de [5], i.e. le 
p.g.c.d. des degres des extensions separables K' de k telles que V possede 
un point rationnel sur K'. On peut, en se limitant au cas non trivial r> 1, 
completer l'enonce du th. 1 en precisant comme suit Ie type de reduction 
obtenu pour W. 

Theoreme 1' - Les notations etant celles du th. I, supposons k 0 algebri
quement clos, et r> 1. 

Dans le cas (*), le cycle reduit W 0 de West de la forme W 0 = r E 0 , ou 
E 0 est une courbe el/iptique. 

Dans le cas (**), et en posant v(j) = -m, on a W 0 = r P 0 , ou P 0 est un 
cycle polygonal de m cotes. 

Enon<;ons encore le resultat relatif au cas d'un corps global L (un tel 
corps L est muni d'une famille de valuations discretes, comme il est 
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precise dans [6), I, 26, et on note 6=6(L) !'ensemble des :p correspon
dants). 

Theoreme 2 (cas global)- A etant supposee definie sur un corps global L, 
soit V un espace principal homogene sur A, defini sur L. Alors if existe un 
L-modele ( W, y) de V qui est :p-simple :p-minimal pour tout :p E 6 ( L ). 

4. Ensemble des valeurs prises par I'entier r 

On peut chercher a determiner, pour k donne, et pour A donnee :p
standard, !'ensemble des valeurs possibles de l'entier r=r( V) intervenant 
dans le th.l'. Il y a lieu de distinguer a nouveau les differents cas de la 
classification de [6], III, 7. 

Dans le cas (a), et si on a p = 0, ou si on a p =I= 0, et si !'invariant de 
Hasse h de la courbe reduite A0 est non nul, on trouve, quel que soit A, 
que r peut prendre toutes les valeurs entieres. J'ignore s'il en est encore 
ainsi lorsqu'on a p=I=O et h=O; on peut toutefois affirmer que r prend 
alors toutes les valeurs entieres premieres a p. 

Dans le cas (b), on trouve, quel que so it A, que r peut prendre toutes 
les valeurs entieres. 

Dans les autres cas, une reponse partielle est fournie par le theoreme 
suivant (dans lequel ons uppose toujours que k 0 est algebriquement clos). 

Theoreme 3 

(i) - Si A verifie (c5**), on a H 1 (k, A)=O. 
(ii) - Supposons que A verifie ( c;) (i =I= 5) ou ( c5*); si on a p = 0, ou si 

on a p=/=0, et si /'invariant de Hasse h1 de A~* n'est pas nul, on a encore 
H 1 (k, A)=O. 

(Dans cet enonce, A~* designe la courbe elliptique reduite du modele 
minimal A a de A sur k1 introduit au n° 2; le symbole H 1 (k, A) est mis, 
selon l'usage, pour H 1 (k./k, A) oil k. est la cloture separable de k.) 

Il revient au meme de dire que, dans l'une ou l'autre des hypotheses 
de ce theoreme, l'entier r ne peut prendre que la valeur 1. J'ignore si le 
resultat est encore valable dans (ii) lorsqu' on a p =1= 01 et h1 = 0 (s'il en etait 
ainsi, le groupe H 1 (k, A) serait toujours nul dans l'un quelconque des cas 
(c;), i.e. toutes les fois que la composante de l'origine du groupe reduit 
A0 est isomorphe au groupe additif); on peut toutefois montrer que, dans 
ce cas, r est necessairement une puissance de p. 

1 II en, est bien ainsi, comme il resulte d'une demonstration tres simple que vient de 
me communiquer M. RAYNAUD. 
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Les demonstrations des resultats de ce no peuvent s'obtenir directement 
en utilisant les calculs explicites de [6], III; nous ne les reproduirons pas 
ici (bien que !'assertion (i) du th. 3 soit utilisee au no suivant, et inter
vienne dans la demonstration du th. 1). Une bonne partie de ces resultats, 
comprenant la determination de !'ensemble des valeurs premieres a p 
prises, pour k etA donnes, par l'entier r, pourrait se deduire des resultats 
de OGG [7] et SAFAREVIC [9] (voir aussi [8]). Notons que lorsque r=r(V) 
est premier a p, il est encore egal a la periode de V au sens de [5], i.e. a 
l'ordre de !'element du groupe de Weil-Chatelet represente par V (cf. [7], 
th. 1, coroll. 3). 

5. Demonstration du theoreme 1 : 
remarques et conventions preliminaires 

On peut, comme on a vu, supposer que le corps residue! ko est algebri
quement clos. On designe par K une extension algebrique galosienne de 
degre fini de k, contenant le corps k1 introduit au no 2, et telle que V 
possede un point rationnel sur K. L'unique valuation de K prolongeant 
v est notee w. On designe respectivement par S et q l'anneau et l'ideal de 
valuation correspondants, et par u une uniformisante de S. On note r 
legroupe de Galois Gal(K/k) de l'extensionK/k. Ondesigne par c:ul-c.,. 
(u parcourant r) un cocycle appartenant a la classe KEH1 (Kjk, A) 
associee a V (cf. no 1). On peut, comme on sait, supposer c a valeurs 
dans le groupe des points d'ordre fini de A. 

Introduisons un K-isomorphisme qJ: A-+ B de A sur un modele q-simple 
q-minimal B de A. Comme on a suppose K=>k1, la variete B admet une 
bonne reduction, ou une reduction de type polygonal, suivant qu'on est 
dans le cas (*) ou (**).Pour uer, notons qJ.,.:A-+B.,. le K-isomorphisme 
conjugue de qJ par u, ayant pour image la courbe B" conjuguee de B. 

Comme k0 est algebriquement clos, le cycle reduit (B")0 de B" coincide 
avec B0 • Considerons les morphismes A.:A x V-+ V, p.: Vx V-+A definis
sant la structure d'espace principal homogene de V. 11 existe un point 
v0 e V, rationnel sur K, tel que c"=p.(v~, v0). Soit x un point generique de 
de A sur K. Introduisons le K-isomorphisme '7=A00 :A-+ V obtenu en 
posant 'l(x)=A.(x, v0 ) et considerons les points generiques y= qJ(x) et 
Z=17(x) deBet de V respectivement sur K. Le corps k(z) est isomorphe 
au corps des invariants de K(x)=K(y)=K(z) par les k-automorphismes 
de la forme 

avec uer; !'application u 1-u* est un isomorphisme du groupe de Galois 
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r = Gal(K/k) sur le groupe de Galois F* = Gal(K(x)jk(z) ). Le point xa• 
de A (resp. le point ya* de Ba) transforme de x (resp. de y=cp(x)) par u* 
est defini par xa• =x+ca (resp. par ya* =cpa(x+ca), c'est-a-dire par 
ya• = 1{! a (y ), en designant par l/1 a le K-isomorphisme B ~ Ba defini par 
l/Ja=fPaoTcaocp- 1, ou Tea est la translation xf-~x+ca sur A); on a aussi 
l/Ja=~aoTaa' ou ~a est le K-isomorphisme cpaocp- 1 deB sur Ba, et ou Taa 
est Ia translation y~y+da sur B, definie par le point da=cp(ca)· 

D'apres les proprietes des modeles minimaux, chacun des K-isomor
phismes ~a• Taa' l/la est q-isomorphique en tout point b0 EsuppB0 . Le point 
l{!~(b0) de suppB0 (qu'on pourrait encore designer par (b0() est dit 
conjugue de b0 par u*; il coincide avec b0 lorsque u (i.e. lorsque u*) est 
l'identite. La famille des points {l{!~(b0)}aer est appelee /'orbite de b0 • 

Les points Ca etant rationnels sur K, leurs points reduits c~ appartiennent 
au groupe .7(B0 ). II en resulte que si b0 EY(B0), il en est de meme de ses 
conjugues par les elements de u* 0 

Mentionnons encore une reduction du probleme particuliere au cas (**) 
ou j est non en tier. La courbe A, supposee :p-standard, verifie l'une des 
conditions (b) ou (c5**). Le cas (c5**) etant trivial, en vertu de !'assertion 
(i) du th. 3, il suffit d'examiner le cas (b). Or, dans ce dernier cas, pour 
b0 EY(B0 ) et pour uEF, on trouve que les points b0 et l{!~(b 0) appartien
nent a une meme composante de .7(B0 ). Les elements tels que le point 
reduitd~ de da=cp(ca) appartienne a Ia composante de l'origine de .7(B0 ) 

forment un so us-groupe distingue r 0 de r. On peut montrer qu'il existe 
un cocycle equivalent a c s'annulant sur r O· La classe K de c s'identifie 
done a un element du groupe H 1 (K0 jk,A), ou K0 est le sous-corps de K 
forme des elements invariants par r O· On peut done rem placer K par Ko, 
et on se ramene ainsi au cas ou r 0 est reduit a l'identite. Dans ces condi
tions, pour b0 E.7(B0 ) donne, les points l{!~(b0) (uEF) formant l'orbite de 
b0 sont distincts, et appartiennent a des composantes distinctes de .7(B0 ). 

De plus, si s0 est un sommet de B0 , les points l{!~(b0) formant l'orbite de 
s0 sont des sommets dis tincts de B0 • 

6. Construction du modele ( W, y) 

Introduisons le diviseur 

sur A, et ses images respectives Y=cp(X) sur Bet Z=IJ(X) sur V. On a 
Z=I"a(v~), done Zest rationnel sur k. 
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Notons E Ie k-espace vectoriel compose des fonctions f sur A, definies 
sur K, invariantes par a*, et telles que div (/)~ -3X. Notons M Ie 
R-module compose des elements f de E tels que /ocp soit generiquement 
p-morphique sur chacune des composantes de B 0 , ou, ce qui revient au 
meme, tels qu'on ait divq(/ocp)~O, en designant par divq le q-diviseur au 
sens de [6], I, 12. 

Le module M est libre de type fini. So it 80 = {!0 , ... ,/.} une base de M. 
Designant toujours par x un point generique de A sur K, notons w0 le 
point de l'espace projectif P. ayant pour systeme de coordonnees homo
genes les w01 = ~(x); soit W0 le lieu de w0 sur k, et soit a0 :A~ W0 !'appli
cation rationnelle definie sur k, telle que a0 (x) = w0 • 

Montrons que I' application rationnelle y0 = a0 ori - 1 : V ~ W0 est un 
k-isomorphisme. En effet, queUe que soitjEE, il existe un entier /tel que 
ft 1EM; donc80 est une base de Esur k. Or Es'identifie al'espace vectoriel 
2'(3Z) compose des fonctions h sur V, definies sur k, telles que 
div(h)~ -3 Z. Done y0 est un plongement projectif associe au systeme 
lineaire complet determine par le diviseur 3 Z. Comme ce dernier est 
ample, Yo est bien un k-isomorphisme. 

Designons par (W, e) un modele p-normalise canonique de W0 : un tel 
couple est compose d'une variete p-normale Wet d'un k-isomorphisme 
e: W0~ W tel que e- 1 : w~ W0 soit un R-morphisme, et que !'ensemble 
des valeurs de e en tout point du support de wg =ge(Wo) soit fini. Posons 
IX= eoao, Po= qJoiXo - 1' f3 = IXo(/) - 1 = eofJo, y = IXori - 1 = eo Yo· On a ainsi le 
diagramme commutatif suivant de K-isomorphismes 

tp 8 

}A~ y; 
Wa 'jJ 

v~l• 
w 

Fig. 3 

7. Justification de Ia construction precedente; 
suite et fin de Ia demonstration du theoreme 1 

ll est necessaire ici de rappeler Ies conventions faites dans [6] quant au 
choix de domaines universels pour les corps k0 et k: on a d'abord choisi 

6 Local Fields 
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un domaine universe} f0 pour k 0 ; on a introduit !'extension f de k obtenue 
«en relevant f0 », et construite au moyen des series formelles ou des vec
teurs de Witt a coefficients dans f 0 ; rappelons que f est complet pour une 
valuation canonique v prolongeant v; on a choisi ensuite un domaine 
universe} arbitraire Q pour k. 

Nous pouvons supposer que K est un sous-corps de Q. Le corps .R, 
analogue a f, construit a partir de K et w, s'identifie au compose Kf; sa 
valuation canonique w prolonge w, et c'est aussi l'unique valuation de .R 
prolongeant v; par a bus de langage, on confondra dans Ia suite v avec v, 
et w avec w. On designera par 9l (resp. 6) l'anneau des entiers de f 
(resp . .R). L'extension .R/f est galoisienne, et on a un isomorphisme canoni
que r = Gal(K/k)-+Gal(.R/f)(resp. r* = Gal(K(x)fk(z) )-+Gal(.R(x)/f(z) ). 
L'image par cet isomorphisme d'un element uer (resp. u*eF*) est un 
automorphisme prolongeant u (resp. u*) que, par abus de langage, on 
notera encore a (resp. a*). 

On designera par .R le f-espace vectoriel compose des fonctionsfsur A, 
definies sur .R, invariantes par F*, et telles que div (!)~ -3X. Compte 
tenu de [JJ], IX, 4, th. 8, on a <f~E®kf. De meme, on designera par 9J1 
le 9l-module compose des feE telles qu'on ait divq (focp)~O. Compte 
tenu de [6], II, prop. 8, on a 9Jl~M®R9l. 

Nous allons maintenant montrer que P:B-+ West un S-morphisme et 
que, de plus, deux points de suppB0 ant meme image par p si et si seule
ment ils appartiennent a une meme orbite. 

Considerons trois points b~, b~, b~ de la composante de l'origine de 
.9(B0 ), tels que b~+b~+b~=O. D'apn!s le Iemme de Hensel (sous la 
forme donnee dans [6], I, 10, prop. 5) on peut les relever respectivement 
a des points b1 , b2 , b3 de B, rationnels sur .R, tels que b1 +b2 +b3 =0. 
Posons a;=cp- 1 (b;) (i= 1, 2, 3). 11 existe une fonction g sur B, definie sur 
K, telle que div(g)=(b1)+(b2)+(b3)-3 {0), et telle que div(g)=O 
(d'apres [6], II, 6, prop. 5). La fonctionf= ITa•eT*(gocp)"'* sur A est in
variante par F* eta pour diviseur X'- 3 X, en posant X' ='Ea,i (af -c.,). 
On a done feM. D'autre part, le cycle reduit de Y=cp(X)='Ea,i 
(e; 1(bf)-d.,)='Ea, ;1/1; 1 (bf) admet pour composants les points des orbites 
des b? (i = 1, 2, 3). 

Soient maintenant b0 et b'0 deux points de .9(B0 ) n'appartenant pas 
a une meme orbite. On peut choisir deux triplets (b1, b2 , b3) et (b1, b2 , 

h3) com me ci-dessus, de fa(ton que b~ = b0 , et qu'aucun des points b~, b~, 
h~, hg, h~ n'appartienne a l'orbite de b0 ni a celle de b'0 • A partir de ces 
deux triplets, construisons deux elements f et J de 9J1 comme ci-dessus, 
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de diviseurs respectifs X'-3 X et ..f'-3 X; posons Y'=tp(X') et X''= 
tp(X''). On a b0 eee(supp Y'), b0 ¢ee(supp f'), b' 0 ¢ee(supp Y'), et 
b'0 ¢ee(supp:f'). Done ([6], I, 12, prop.IO, coroll.) la fonction (fjj) 
est morphique en chacun des points b0 et b'0 , et s'annule en b0 , mais non 
en b'0 • Done Po est morphique en chacum des points b0 et b'0 et, de plus, 
separe ces deux points. 11 en resulte que p = Po 0 ():B-. w ne prend qu'un 
nombre fini de valeurs en b0 et en b'0 • Or B est q-simple, done q-normale. 
Done P est un R-morphisme; de plus, () applique bijectivement supp wg 
sur supp W 0 ; done p separe les deux points b0 et b'0 • Enfin, deux points 
d'une meme orbite ont meme image par Po. done aussi par p. On a done 
prouve les assertions enoncees plus haut concernant p. 

Nous allons maintenant prouver la v-simplicite de W. Soit w0 esupp 
W0 ; supposons d'abord que w0 est de la forme P0 (b0 ), avec b0 efi'(B0 ). 

Soit w0 un point generique sur k 0 d'une des composantes de W 0 • Comme 
West v-normale, w0 est v-simple sur W. De plus, il est de la forme p 0 (h0 ), 

oil h0 est un point generique sur k 0 de l'une des composantes de B0 • 

Notonsv le K-morphisme BxBxW-+W defini parv(y,y',w)= 
A.(tp 1(y'-y), w). 11 est clair que w0 appartient a !'ensemble E 0 des valeurs 
de v en (h0 , b0 , w0 ). Notons que ce dernier point est normal sur B x B x V. 
Nous allons montrer que v est morphique (done necessairement de va
leur w0) en ce point. S'il n'en etait pas ainsi, E 0 contiendrait en effet une 
variete de dimension 1, i.e. une composante de W 0 • Soit w~ un point 
generique d'une telle composante sur le corps k0 (b0 , h0 ). Ce point est de 
la forme w~=P 0(h~), oil b~ est generique sur k0 (b0 , h0 ) de l'une des 
composantes de B0 • Introduisons encore un point b~, generique de l'une 
quelconque des composantes de B 0 sur le corps k 0(b0 , h0 , h~), et consi
derons les points b~=h~+b0 -h0 et b~=h~-b0 -h0 • Puisque w~ appar
tient a !'ensemble des valeurs de v en (h0 , b0 , w0 ), il appartient aussi a 
!'ensemble des valeurs de v en (h~, b~, w0 ). Done w0 appartient a !'en
semble des valeurs de v en (b~, b~, w~). Or b~, b~, w~ sont generiques in
dependants sur k 0 • Done le point ( b~, b~, w~) est v-normal sur B x B x W, 
et par suite v est morphique en ce point, de valeur w0 • Done v est mor
phique en (b~, h~, w~), et egalement de valeur w0 • Puisqu'on a w~= 
P 0 (h~), on a aussi necessairement w0 = P 0 (b~). Or ceci estabsurde, puisque 
b~ est generique sur k 0 (w0 ) de l'une des composantes de B0 • 

On a done montre que vest v-morphique en (h0 , b0 , w0 ), de valeur w0 • 

Si b et h sont deux points de B, rationnels sur .R, obtenus en relevant 
respectivement, de fa<;on arbitraire, les points b0 et h0 , la translation 
-r:wj---. v(h, b, w) sur West morphique en w0 , de valeur w0 • Un raison-



76 A. NERON 

nement analogue permet de voir que Ia translation opposee - r est mor

phique en lii0 , de valeur w0 • Puisque lii0 est v-simple sur W, il en est de 

meme de w0 • De plus, dans le cas considere, w0 appartient a une et une 

seule composante de W 0 et est simple sur celle-ci. 

II reste a examinerle cas ou w0 est de Ia forme f3°(s0 ), le point s0 etant un 

sommet de B 0 • On se trouve alors dans le cas(**); compte tenu des hypo

theses faites au no 5, l'orbite de s 0 est composee de sommets deux a deux 

distincts. On peut prendre comme generateurs de !'ideal maximal m = 

m(s 0 ,B)del'anneau localo =o(s0 , B) deux fonctionsf1 etf2 sur B, definies 

sur K, et inversibles en tout sommet de B 0 distinct de s0 • Pour aEr, 

distinct de l'identite, les fonctions !7* (i = 1, 2) soot inversibles en s0 • 

Done si on pose g;= Tiaerf7*, les fonctionsf1/g1 etf2 /g 2 soot inversibles 

en s0 • Les fonctions g1 et g 2 soot done encore deux generateurs de m. Ces 

fonctions soot invariantes parr*, done soot respectivement de Ia forme 

h1 o/3 et h2 o/3, au h1 et h2 soot des fonctions sur W, definies sur k, et appar

tenant a !'ideal m(w0 , W). On a done m(s0 , B)=m(w0 , W) o(s0 , B). 
Compte tenu de Ia v-normalite de W, ceci entraine que s0 est p-simple sur 

W. On a done bien montre que West p-simple. 

Remarque. Le raisonnement ci-dessus montre en outre, dans le cas 

(**), que /3, regarde comme morphisme de scbemas sur R, est un revere

men! eta/e au sens de [4]. On voit sans peine que Ia meme propriete a lieu 

dans le cas (*) lorsque l'entier r est premier a Ia caracteristique p de k. 
J'ignon. s'il en est encore ainsi dans le cas general. 

Pour prouver Ia V-minimalite de W, il suffit d'appliquer (sous une 

forme legerement modifiee) le critere utilisant Ia differentielle invariante 

donne dans [6], III, 2, prop. 1. 
Les assertions du th. 1' concernant le nombre des composantes de W 0 

et leur connection se deduisent du caractere bijectif de Ia correspondance 

entre les orbites sur le support de B0 et les points du support de W 0 . 

Le fait que le coefficient de chacune de ces composantes est ega! a l'indice 

separable r = r ( V) se demontre par une etude elementaire des proprietes 

des points de W algebriques sur k obtenus en relevant un point donne 

de supp W 0 • 

Enfin, compte tenu de la construction precedente, le th. 2, relatif au 

cas global, peut se deduire du th. 1, et de [6], II, 26, prop. 25, par un 

raisonnement analogue a celui utilise dans [6], III, 16. 
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Passage au quotient par une relation d' equivalence plate 

M. RAYNAUD 

Cet expose a pour but de justifier certains passages au quotient par des 
schemas en groupes finis et plats, non necessairement etales, rencontres 
par TATE dans sa theorie des groupes p-divisibles [3]. Nous montrons 
egalement, comment !'utilisation des faisceaux permet de preciser Ie pro
bleme des quotients en geometrie algebrique. L'auteur s'est directement 
inspire de [6] Exp. IV et V. 

1. Le point de vue classique 

Soient k un corps, X une k-variete, sur laquelle opere un groupe alge
brique G et cherchons a definir un quotient de X par G. Classiquement, 
on convient de prendre /'espace anne/e (XJG)an quotient, dans Ia categorie 
des espaces anneles, de X par Ia relation d'equivalence definie par !'action 
de G. Si (X/G)an est un preschema, on obtient une pre-variete algebrique 
quotient. Ce point de vue presente les inconvenients suivants: 

a) Si (X/G)an n'est pas un preschema, l'espace annele (X/G)an est pra
tiquement inutilisable en geometrie algebrique. 

b) Meme lorsque (X/G)an est un preschema, on ne sait pas decrire pour 
autant le foncteur qu'il represente en terme de X et de G (c.a.d., on ne 
connait pas Homk(Y,(X/G)an) pour tout k-preschema Y). 

Nous allons adopter ici un autre point de vue: au lieu de plonger les 
varietes, ou plus generalement les preschemas, dans Ia categorie des es
paces anneles, nous allons les plonger dans une categorie plus etroitement 
liee a celle des preschemas et dans laquelle on dispose d'une theorie satis
faisante du passage au quotient. De telles categories sont fournies par des 
categories de faisceaux pour une topologie de Grothendieck convenable. 

2. Choix de Ia topologie 

SoientSunpreschemaet Sch/S la categorie des S-preschemas. En iden-
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tifiant un preschema X au foncteur qu'il represente: 

T ~ Hom5 (T, X)= X(T) T E Sch/S 

on realise Sch/S comme sous-categorie pleine de la categorie des prefais
ceaux sur Sch/S. Soit f7 une topologie sur Sch/S. Un S-preschema X est 
alors un faisceaux pour fl, si et seulement si, pour toute famille de mor
phismes de S-preschemas 1';-+T(iel), qui est couvrante pour fl, le dia
gramme suivant est exact: 

X(T)- f1X(T;)---+ f1X(T;xTTi). 
i i, j 

La theorie de la descente [5] no us dit que le diagramme (*)est exact si 
le morphisme II T;-+T est fidelement plat quasi-compact (en abrege: 

iei 

f.p.q.c.). Rappelons qu'un morphisme de preschemasf:T'-+Test fidele
ment plat si il est surjectif et si pour tout point t' de T', l'anneau local 
Or,r· est plat sur l'anneau OT,J(t'); d'autre part, fest quasi-compact si 
l'image reciproque de tout ouvert affine de T est reunion d'un nombre 
fini d'ouverts affines de T' (condition toujours satisfaite siT' est noethe
rien). On definit la topologie f.p.q.c. sur Sch/S, comme etant la topo
logie engendree par les familles surjectives d'immersions ouvertes et les 
morphismes f.p.q.c. (cf. [6] Exp. IV 6.3.). Desormais, nous supposons 
Sch/S munie de cette topologie; vu ce qui precede Sch/S est alors une 
sous-categorie pleine de la categorie des faisceaux pour la topologie 
f.p.q.c., de sorte que l'on a un diagramme commutatif: 

Sch/S c; Prefaisceaux 
~ faisceaux & 

3. Proprietes des quotients en theorie des faisceaux 

Soient X un faisceau sur Sch/ S, R un sous-faisceau de X x5 X qui est un 
graphe d'equivalence (c.a.d. pour tout S-preschema T, R(T) est le graphe 
d'une relation d'equivalence sur X(T)) et soient p1 et p2 les projections 
de R sur X. Alors on ales proprietes suivantes, valables en fait dans toute 
categoric de faisceaux (cf. [6] Exp. IV): 

Pl 

i) II existe unfaisceau conoyau: X-4X/R= Y, de la double fleche R~X. 
PI 

Ce conoyau s'obtient de la maniere habituelle en prenant le faisceau as-
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socie au prefaisceau conoyau (dont Ia definition est purement ensem
bliste ). 

ii) Le quotient X--+ Y est effect if, c.a.d.: Ie monomorphisme canonique 

R~XxyX 

est un isomorphisme. 
iii) Le quotient X--+ Y est universe/; cela signifie que pour tout faisceau 

Z et tout morphisme Z--+ Y, Ie diagramme obtenu par changement de base: 

RxyZ=!X xyZ ~z 
est encore exact. 

4. Application aux preschemas quotients 

Gardons Ies notations du numero precedent mais supposons de plus 
que X soit un preschema. Le quotient de X par R design era toujours, dans 
Ia suite, lefaisceau quotient Y=X/R, pour Ia topologie f.p.q.c. Si Y est 
representable, no us dirons qu'il y a un preschema quotient X/ R (pour Ia 
topologie f.p.q.c.). Dans ce dernier cas, la traduction des proprietes i), 
ii) et iii) du No 3 est immediate et fournit des proprietes tres fortes (et tres 
utiles) du quotient X/R, proprietes qui ne sont pas verifiees, en general, 
dans le cas classique rappele au No 1. 

Proposition 1. Soient k un corps, X un k-preschema, R une relation 
d'equivalence sur X. Alors, s'il existe un preschema quotient X/R, pour 
Ia topologie f.p.q.c., X/R est aussi un quotient dans Ia categorie des espa
ces anneles. 

Cela tient au fait qu'un morphisme f.p.q.c. est submersif [4] chap. IV 
2.3.12. 

Remarque 1. Si Y est un preschema quotient de X par R, il resulte du 
N° 3 ii) que R est isomorphe a X XyX, de sorte que R est necessairement 
representable et que Ie monomorphisme R--+Xx8 X est necessairement une 
immersion. C'est Ia une restriction non negligeable sur Ia relation d'equi
valence R. Ainsi, supposons qu'un S-schema en groupes G opere libre
ment sur un S-schema X, de sorte que Ie morphisme u: GxsX--+ X x 8X 

(g, x) ~ (gx, x) 

soit un monomorphisme et fasse de G x8Xle graphe d'une relation d'equi
valence sur X. Mais u n'est pas necessairement une immersion, et il peut 
arriver que le faisceau quotient X/G ne soit pas representable, bien que 
l'espace annele quotient (X/G).n soit un schema (cf. [8] § 3 Example 04). 
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Toutefois, nous donnerons une n!ciproque partielle a Ia proposition 1 au 
No suivant. 

Proposition 2. Soit «P » une propriete de morphismes de preschemas 
qui soit stable par changement de base et de nature locale pour Ia topo
logie f.p.q.c. Alors, si X-4 Y est un preschema quotient de X par une re-

PI 

lation d'equivalence K!;.X, p verifie «P » si et seulement si p1 (done aussi 
P2 

P2) verifie (( p ». 
En effet, d'apres le No 3 ii), le diagramme suivant est cartesien: 

x!=-R 
P t t PI 

y.t.x 

Done, sip verifie «P », p1 verifie «P ». Par ailleurs, comme Y est un fais
ceau quotient de X pour Ia topologie f.p.q.c., il existe un diagramme 
commutatif: 

oil g est un morphisme f.p.q.c. Done, si p1 verifie «P », le morphisme 
deduit de p par le changement de base f.p.q.c. g: Y'--+ Y, verifie «P »,done 
p verifie «P ». 

L'interet de Ia proposition 2 provient du fait que les proprietes usuelles 
des morphismes, considerees en geometrie algebrique, satisfont aux condi
tions enoncees dans Ia proposition 2 (cf. [4] Chap. IV). 

Exemples. a) Le morphisme p est plat si et seulement si p1 est plat. 
Pratiquement, ce cas est le plus important. 

b) Si p1 est lisse, pest lisse et dans ce cas, Y represente aussi le faisceau 
quotient de X parR, lorsqu'on munit Sch/S de Ia topologie eta/e. 

5. Theoremes de representabilite 

Dans ce numero, S est un preschema localement noetherien, X un S
preschema localement de type fini, R un sous-preschema de X x5X qui est 
un graphe d'equivalence sur X, tel que Ia (premiere) projectionp1 :R--+X 
so it un morphisme plat. Alors: 

Tbeoreme 1. i) II existe un plus grand ouvert U de X, tel que le quotient 
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de U par Ia relation d'equivalence induite sur U par R so it representable; 
U est dense dans X et si R est ferme dans X xsX, U contient les points de 
X de codimension ~ 1. 

ii) Soient S0 un sous-preschema ferme de S defini par un ideal nilpo
tent, X0 =XxsS0 , R0 =RxsS0 • Si X 0 /R0 est representable, alors X/Restre
presentable. 

iii) Si p 1 est fini, X/ R est representable si et seulement si toute classe 
d'equivalence suivant R, est contenue dans un ouvert affine. 

Le quotient X/ R est representable dans chacun des cas suivants: 
iv) X est quasi-projectif sur Set p 1 est propre. 
v) X est quasi-fini sur Set Rest ferme dans XxsX 

vi) 11 existe un S-preschema Z et un S-morphisme u: X--. Z, compatible 
avec R, tel que le morphisme canonique :R-.Xx2 Xsoit surjectif. 

Le resultat le plus important est I' assertion iii) du theoreme 1; il est 
du a GROTHENDIECK et sera demontre au numero suivant. iv) resulte de 
iii) par une technique de quasi-sections ([6] Exp. V); ii) m'a ete signale 
par GROTHENDIECK; i), v) et vi) figureront dans [9]. 

Corollaire 1. Soient k un corps, X un k-preschema de type fini, R un 
sous-preschema de X xkX qui est le graphe d'une relation d'equivalence sur 
X, telle que la premiere projectionp1 : R-+ X so it un morphisme plat. Alors, 
les conditions suivantes sont equivalentes: 

a) Le faisceau quotient X/R, pour Ia topologie f.p.q.c. est represen
table. 

b) L'espace anne1e quotient (X/R).n est un preschema. 
De plus les preschemas obtenus dans a) et b) sont isomorphes. 

Exemples d'applications du theoreme 1. 

a) Soient G un S-schema en groupes de type fini, Hun sous-schema en 
groupes ferme de G, plat sur S. Alors l'espace homogene quotient GfH 
est representable dans chacun des cas suivants: 

i) S est artinien [6] Exp. VIA. 

ii) G est lisse sur S et S regulier de dimension ~ 1 [9]. 
iii) G est quasi-projectif sur Set H est propre sur S (th. 1. iv)). 
b) GROTHENDIECK a represente un ouvert convenable du foncteur de 

Picard relatif PicXfS d'un S-schema projectif X, plat, a fibres geometri
quement integres, comme quotient d'un ouvert du schema des diviseurs 
de X par une relation d'equivalence propre et plate [7]. 

c) Soient A un anneau de valuation discrete, K son corps de fractions, 
G une K-variete abelienne qui possede une bonne reduction sur A, de sorte 
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que G se prolonge en un schema abelien '§ sur S =Spec A et soit X un 
K-espace principal homogene sous G. Montrons que X se prolonge en un 
S-sch6ma projectif et regulier f!l' (qui sera d'ailleurs un modele minimal de 
X dans la terminologie de [2]). Soient K' une extension finie separable de 
K qui trivialise X et S' le normalise deS dans K. On a done un K-mor
phisme: 

Considerons le graphe d'equivalence de u :R, qui est un sous-schema 
ferme de G xKG xKK' xKK' et soit&t' !'adherence de&t' dans'§ xs'§ xsS'xsS'. 
En utilisant !'action diagonale de '§sur '§ Xs '§, on verifie immediatement 
que fJl est le graphe d'une relation d'equivalence sur '§ xsS', finie et plate. 
Soit f!l' le schema quotient. Comme le morphisme canonique '§ xsS' -+f!l' 
est f.p.q.c. et que '§ XsS' est regulier, f![ est regulier. 

6. Demonstration du theoreme 1. iii) 

Commen~ons par traduire en terme de diagramme, le fait que R soit 
le graphe d'une relation d'equivalence sur X. Pour cela, considerons le 
sous-presch6ma R de X xsX comme X-preschema grace ala premiere pro
jection p1 et soit R' =RxxR qui est canoniquement un sous-presch6ma 
de XxsXxsX. On a done un diagramme exact: 

•• 
-+ Pl 

R' -+R-+X 

D'autre part, comme R(T) est le graphe d'une relation d'equivalence sur 
X(T), si (x1, x 2 ) et (x1, x;)ER(T), on a aussi (x2 , x;)ER(T), d'ou une 
troisieme flee he s 3 : R '--+ R 

(x1, x 2 , x;) ~ (x 2 , x;) 

On verifie alors, de maniere purement ensembliste, que dans le diagramme 
suivant, le «carre superieur» et le «carre inferieur» sont cartesiens: 

(1) 

P2 
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La demonstration du theoreme 1. iii) se fait alors en quatre eta pes: 
a) Comme toute classe d'equivalence suivant R, est par hypothese, 

contenue dans un ouvert affine de X et que p1 est fini et plat, une reduction 
standard permet de nous ramener au cas oil X est affine d'anneau A et oil 
Rest le spectre d'une A-algebre B, libre de rang n sur A. Soit B' =B®AB. 
On deduit de 

(1) le diagramme suivant, oil les carres sont cocartesiens: 

(2) 

Soit A0 =(aeA tels que n1 (a)= n2 (a)). On va bien sur montrer que le 
faisceau quotient X/R est representable par Spec(A0). 

Dans toute la suite, nous considerons B comme A-algebre grace au 
morphisme n2 • 

b) A est entier sur A0 • Soit aeA et P(n1 (a)) le polynome caracteristique 
de !'element n1 (a) de la A-algebre B. Si l'on fait l'un ou I' autre des change-

"' 
ments lie base A:!B, on trouve le polynome caracteristique du meme 

"2 

element u1 n1 (a)=a2 n1 (a) de la B-algebre B' (consideree comme B-al-
gebre grace a u3). On en deduit que les coefficients de P(n1 (a)) sont dans 
A0 et Hamilton-Cayley fournit une relation de dependance integrale de a 
sur A 0 • 

c) Les elements de A0 «separent» les classes d'equivalence de R dans X. 
Cela resulte de b) et du theoreme de Cohen-Seidenberg, par la conside
ration de la norme d'un element convenable. 

d) Montrons que le morphisme X -+Spec(A0) est fidelement plat et que 
le morphisme canonique R-+Xxspec(Ao>X est un isomorphisme, ce qui 
achevera la demonstration. Pour etablir ce point, on peut supposer A 0 

local, done A semi-local (d'apres c)). Comme Rest un sous-schema ferme 
de Xx8X, le morphisme canonique: A®<Ao>A-+B(a®a',....n1 (a) n2 (a')) 
est surjectif. C'est dire que n1 (A) (qui est un sous-A0 module du A
module B), engendre le A-module B. 11 resulte alors du lemme de Naka
yama que n1 (A) contient une base n1 (c1), ... , n1 (en) du A-module B. Con-
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siderons alors le diagramme suivant: 

at 1t't 

B'~B~ A 

~2 r a;, r eo r 
B"~A"~(A0Y 

(3) 

oil les fieches sont definies de Ia maniere suivante: i) Ia ligne inferieure 

est deduite de la fa~on evidente du diagramme exact: B~A~A0 . 
"2 

ii) si e;, i= I, ... , n, designe la base canonique de (A 0 )", on a pose: 

II est immediat que (3) est commutatif et que ses deux !ignes horizon
tales sont exactes. Par ailleurs, vu le choix des elements c;, lh est un iso
morphisme. Comme les carres de (2) sont cocartesiens, on en deduit que 
(}z est aussi un isomorphisme, mais alors Qo est un isomorphisme c.q.f.d. 

Remarque 2. Nous nous sommes volontairement limites, dans cet ex
pose, au cas d'une relation d'equivalence sur un preschema, qui est don
nee par son graphe. Pour etudier des situations plus generales, il est com
mode d'introduire le formalisme des groupoi:des; no us renvoyons le 
lecteur a [6] Exp. V. 
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Algebraische Aspekte in der nichtarchimedischen 
Analysis 

R. REMMERT 

Seit HENSELS bahnbrechenden zahlentheoretischen Untersuchungen 
tiber p-adische Zahlen zu Beginn dieses Jahrhunderts [13], [14] gibt es 
eine nichtarchimedische Analysis. KORSCHAK und OsTROWSKI klarten die 
bewertungstheoretischen Grundlagen; systematische Beitrage zur allge
meinen Funktionentheorie tiber einem nicht archimedisch bewerteten 
Korper gab es aber zunachst kaum. Die erste gr6Bere Arbeit scheint die 
Dissertation von W. ScH6BE [30] aus dem Jahre 1930 zu sein, deren Re
sult1.te indessen lange unbekannt blieben und spater von anderen - zum 
Teil auf komplizierterem Wege - neu bewiesen wurden. Weiterfiihrende 
Ergebnisse verdankt man u.a. M. KRASNER [17] und M. LAZARD [19]. 
Eine einfache Herleitung der klassischen Resultate der Funktionen
theorie einer Verande1lichen gab ktirzlich U. GONTZER [10]. 

Im Winter 1961/62 hielt J. TATE [33] an der Harvard-University ein 
Seminar tiber ,Rigid analytic spaces", durch das eine neue Entwicklung 
in der nichtarchimedischen Funktionentheorie eingeleitet wurde. Analog 
wie in der algebraischen und komplex-analytischen Geometrie werden 
Modellraume (affinoide Raume in der Terminologie von [6]) eingefiihrt 
und zu global-analytischen Raumen ,zusammengeklebt"; da die Grund
k6rper total unzusammenhangend sind, muB das Prinzip der analytischen 
Fortsetzung per definitionem erzwungen werden. Die lokale Theorie, d.h. 
das Studium der Modellraume- oder aquivalent dazu: das Studium der 
Modellringe - ist gegenwartig in sttirmischer Entwicklung und erst par
tiell abgeschlossen. Im folgenden wird tiber einige algebraische Aspekte 
dieser Theorie berichtet, u.a. tiber zwei Arbeiten von L. GERRITZEN [4], 
[5], in denen neue Methoden zur Beherrschung der Funktionentheorie 

tiber Grundkorpern k, deren Wurzelkorper ik. p: =Charakteristik von 
k, unendlich-dimensionale k-Vektorraume sind, entwickelt werden. 
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§ 1. Normen. a:-Orthogonalbasen in Vektorraumen 

I bezeichnet stets einen kommutativen nicht-trivial, nichtarchimedisch 

bewerteten Integritatsring (mit Eins) mit multiplikativ geschriebener Be

wertung II, die nicht notwendig vollstandig ist. K bezeichnet den Quo

tientenki:irper von I mit der fortgesetzten Bewertung. M bezeichnet stets 

einen J-Modul, V stets einen K-Vektorraum. 

I. Normen. - Eine Abbildung II II: M--> !R heil3t eine I-Modulnorm auf 

M, kurz: Norm auf M, wenn die folgenden Bedingungen erflillt sind: 

llxiJ ~ 0, Gleichheit gilt nur flir x = 0. 

lla·xll =lal·llxll fi.iralle ael, xEM. 
llx + Yll ~ max(llxll, llyll) fi.ir aile x, yEM. 

Dann folgt (wie in der Bewertungstheorie): 

llx + Yll = max(Jixll, Jlyli), wenn llxll 9= IIYII. 

Die Werte llxll 9=0 liegen nicht notwendig in der Wertehalbgruppe ll*l 

von /*: =1-{0}. Daher kann man, selbst wenn II*I eine Gruppe ist, 

Vektoren x9=0 i.a. nicht durch Skalarenmultiplikation auf die Lange 1 

eichen. 
Jede Norm auf M macht M zu einem topologischen hausdorffschen J

Modul. Ein J-Modul M mit Norm heil3t normiert; jeder normierter J

Modul ist torsions/rei. Ein topologischer J-Modul M heil3t normierbar, 

wenn die Topologie auf M von einer Norm herri.ihrt. 
Jede J-lineare beschriinkte Abbildung cp :M 1 --> M 2 zwischen normierten 

J-Moduln M1 , M 2 ist stetig. Die Umkehrung ist nicht immer richtig, sie 

gilt aber stets dann, wenn es zwei Elemente a, bEl gibt mit 0< lal < 1 < Jbj. 
1st diese Bedingung erflillt, so sind speziell zwei Normen II 11 1 und II 11 2 

auf M iiquivalent (d.h. induzieren auf M dieselbe Topologie) genau dann, 

wenn es reelle Zahlen (!, e' > 0 gibt, so da13 fiir aile xE M gilt: 

e llxlll ~ llxllz ~ e' llxlll. 

Jede J-Modulnorm auf Mist in eindeutiger Weise zu einer K-Vektor

raumnorm auf 

fortsetzbar. Jede beschrankte Linearform cp: M--> I ist eindeutig zu einer 
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beschrankten Linearform <p: M ® 1 K~K (mit gleicher Schranke) fortsetz
bar; stetige, nicht beschrankte Linearformen haben unstetige Fort
setzungen. 

Jeder endlich-dimensionale topologische hausdorffsche K- Vektorraum V 
ist normierbar, (tragt i.a. aber nicht Produkttopologie!). Dies ergibt sich 
unmittelbar durch Dbergang zur Komplettierung aus folgendem bekann
ten Satz: 

Jeder endlich-dimensionale topologische hausdorffsche Vektorraum V 
iiber einem vollstiindig bewerteten Korper ist normiert,je zwei Normen auf 
V sind iiquivalent. V triigt Produkttopo/ogie und ist vo/lstiindig. 

2. a-Orthogonalitiit.- Ist II II eine Norm auf V, so gilt II vii~ sup(lcd ·lleill) 

fiir jede konvergente Reihe v= 'Lciei, cieK, eie V. Wichtig fiir Anwen-
1 

dungen sind Normabschatzungen nach unten. 
Es sei a reell, 0 <a~ 1. Eine Folge { e1, e2 , ••• } von Elementen ei =1=0 a us 

"' V heii3t a-orthogonal, wenn fiir jede konvergente Reihe v =I ciei, cieK, 
gilt: 1 

llvll ;.;?; a·sup(lcil·lleill); 

alsdann sind die Vektoren e1, e2 , ••• notwendig linear unabhangig. 
Eine c:-orthogonale Folge { e1 , e2 , ... } c V heii3t a-Orthogonalbasis von 

"' V, wenn jeder Vektor ve V sich als konvergente Reihe I ciei darstellen 
1 

lai3t; die Koordinaten cieK sind dann eindeutig durch v bestimmt (zur 
Motivierung dieses Begriffes, speziell fiir a= I, vgl. [20]). 

Ein normierter, hochstens abzahlbar-dimensionaler Vektorraum V be
sitzt i.a. zu keinem a, 0 <a~ I, eine a-Orthogonalbasis. Eine notwendige 
Bedingung ist, dai3 jeder endlichdimensionale Untervektorraum von V 
abgeschlossen ist. 

Diese Bedingung ist auch hinreichend, genauer gilt: 
Satz 1 ([4], [26]): Es sei V ein hochstens abziihlbar-dimensionaler 

K- Vektorraum und II II eine Norm auf V, so dajJ jeder endlich-dimensionale 
Untervektorraum von V abgeschlossen ist. Dann gibtes zujedem a, O<a< 1, 
eine a-Orthogonalbasis { e1 , e2 , ••• } von V. 

Der Beweis verlauft in Analogie zum E. Schmidtschen Orthogonalisie
rungsverfahren; man geht von irgendeiner Basis { v1, v2, ... } von V a us 
und konstruiert eine a-Orthogonalbasis {e1 , e2 , ... } sukzessive durch 
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Gleichungen 
el: =VI 

ez: = hz!Vl + Vz 

Anmerkung: Eine 1-0rthogonalbasis existiert unter den im Satz 1 ge
machten Voraussetzungen i.a. nicht, vgl. [21]. 

Die Bedingung, daB jeder endlich-dimensionale Unterraum von V ab
geschlossen ist, ist aquivalent damit, daB aufjedem endlich-dimensionalen 
Untervektorraum von V die Produkttopologie induziert wird. Dies ist 
wieder aquivalent damit, daB jeder endlich-dimensionale Untervektor
raum U von V stetig linear separiert ist, d.h. daB zu jedem v =!=0 a us U 
eine stetige Linearform A.: V-+K mit A.(v)=!=O existiert. 

Wir notieren einige wichtige Folgerungen aus Satz 1. 

Korollar 1 ([ 4], p. 185): Sei V wie im Satz 1. Dann ist V stetig linear 
separiert. 

1st K vollstandig bewertet, so istjeder endlich-dimensionale K-Vektor
raum vollstandig, was zur Konsequenz hat, daB jeder endlich-dimensio
nale Unterraum cines normierten K-Vektorraumes abgeschlossen ist. Man 
erhalt alsdann, wenn man einen topologischen Vektorraum, der einen 
dichten hochstens abzahlbar-dimensionalen Unterraum enthalt von ab
ziihlbarem Typ nennt: 

Korollar 2 ([4], [26]): Jeder normierte Vektorraum von abziihlbarem Typ 
uber einem vollstiindig bewerteten Korper besitzt fur jedes rt., 0 < rt. < 1, eine 
rt.-Orthogonalbasis, und ist speziell stetig linear separiert. 

Anmerkung: 1st K maximal vollstandig, so gibt es sogar 1-0rthogonal
basen. Gleiches gilt, wenn die Bewertung von K diskret ist und jede 
monoton fallende Folge llx.ll, x.e V, eine Nullfolge ist ([20], vgl. auch 
[21]). Die Aussage des Korollars 2 reicht aus, urn wichtige Ergebnisse aus 
[31] auf beliebige vollstandig bewertete Grundkorper zu verallgemeinern. 

Ein normierter, vollstandiger Vektorraum V heiBt ein Banachraum. 1st 
K vollstiindig bewertet, so ist der Raum c0 (K) der Nullfolgen 

c0 (K) = {x = (x 1 , x2 , •.• ), x.eK, limx. = 0} 

ein Banachraum, wenn man durch 

l!xll: =max {lx.l} 
v 

eine Norm auf c0 (K) erklart. 

7 Local Fields 
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Korollar 3: Jeder nicht endlich-dimensionale K-Banachraum von abziihl
barem Typ iiber einem vollstiindig bewerteten Korper ist a/s topo/ogischer 
Vektorraum homoomorph zum Raum c0 (K). 

Speziell ist also ein abzahlbar-dimensionaler normierter Vektorraum 
iiber einem vollstandig bewerteten Korper niemals vollstandig (Beispiel: 
der algebraische Abschlul3 iQP des p-adischen Zahlkorpers QP ist nicht 
vollsHindig, da er eine abzahlbare Basis, bestehend aus iiber Q algebra
ischen Zahlen, besitzt). 

§ 2. Normierte Algebren. Potenz-multiplikative Normen 

I und K haben diesel be Bedeutung wie im § 1. K bezeichnet die Kom
plettierung von K. ]-::::!I bezeichnet stets eine kommutative !-Algebra, J 
ist ein J-Modul. 

I. Algebranormen.- Eine Norm 1111 auf J- genauer: eine 1-Algebranorm 
auf J-ist eine 1-Modu/norm auf J, fiir we/che zusiitzlich gilt: 

IIlii = 1, 
llx· Yll ~ llxii·IIYII fiir al/e x, yEJ. 

Dann ist II II eine Fortsetzung der Bewertung von I, die Multiplikation in 
Jist stetig.1 Die Fortsetzung einer Norm von J auf die K-Algebra J <8> 1K 
ist eine K-Algebranorm auf J <8> 1 K. 

J zusammen mit einer Norm hei13t eine normierte !-Algebra. Eine nor
mierte !-Algebra ist insbesondere eine torsionsfreie, topologische, haus
dorffsche !-Algebra. Eine topologische !-Algebra Jheil3t normierbar, wenn 
die Topologie auf J von einer Norm herriihrt. 

Jede endlich-dimensionale hausdorffsche K-Algebra ist normierbar. 
Eine normierte vollstandige K-Algebra hei13t eine K-Banach-algebra. 

Die Komp1ettierung L jeder n01mierten K-Algebra ist eine £-Banach
algebra; L kann ni1potente Elemente =t=O haben, selbst dann, wenn L ein 
endlich-algebraischer Oberkorper von Kist. 

Beispiele: Ist J eine normierte !-Algebra und X= (X1 , •• • , Xn) ein n-

1 Die Multiplikation in J ist bzgl. einer J-Modulnorm II II stets dann stetig, wenn es 
eine relle Zahl12 ~ 1 gibt, so daB fiir aile x, yeJ gilt: llxYII ~ 12 llxll · IIY!J. Jede solche 
Norm JiiBt sich aber (durch Ubergang zur Homothetienorm) durch eine iiquivalente 
Norm ersetzen, die eine J-Algebranorm auf Jist. 
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tupel von Unbestimmten, so bildet die Gesamtheit 

00 

J <X):= {h = L>vX". avEJ, av ~ 0} 
0 

aller strikt konvergenten Potenzreihen iiber J eine normierte /-Algebra; 
durch 

llhll: =max llavll (I) 

wird die Norm von J auf J <X> fortgesetzt ( dabei steht v fiir das Tupel 
v1, ... , v. und xv fiir X~' ... X~"). 

Speziell ist I<X> eine normierte /-Algebra, die durch (I) definierte 
Norm ist eine Bewertung auf I <X) (GauB'sches Lemma). 

Die Gesamtheit 
+oo 

J <X, x- 1): = {h = L avxv, avE], a.~ 0} 
-oo 

aller strikt konvergenten Laurentreihen iiber J ist ebenfalls vermoge (1) 
eine normierte /-Algebra. 

1st K vollstandig und L eine K-Banachalgebra, so sind auch L <X> und 
L<X, x- 1) Banachalgebren. 

Der Verzweigungsindex einer /-Norm II II auf J wird analog wie in der 
Bewertungstheorie definiert: Die Menge lll®1 K-{O}II=IIl*II·IK*I be
steht aus positiven reellen Zahlen und zerfallt, da sie die Wertegruppe 
IK*I von K umfaBt, in Aquivalenzklassen modulo IK*I; die Anzahl dieser 
Klassen ist der Verzweigungsindex e der Norm II 11. Es gilt: 

e ~ dimKJ &hK. 

Bemerkung: l&JJK ist i.a. echt im vollen Quotientenring Q(J) von J 
enthalten. Es gilt aber l&JJK=Q(J) stets dann, wenn J ganz tiber Jist. 

2. Die Funktoren J--+} und J--+1.- Fiir jede normierte /-Algebra Jist 
die Menge 

J: = {x eJ: die Folge {x•}v;n ist beschdinkt in J} 

der potenz-beschriinkten Elemente von J ein Unterring von J. Es gilt 

l={aEl:lal~l}cJ, 

i.a. ist die Menge der xEJ mit llxll ~ 1 echt in J enthalten. 
Da jeder beschrankte J-Algebrahomomorphismus potenz-beschrankte 

Elemente auf ebensolche abbildet, so ist die Zuordnung J --+1 ein (kovarian-
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ter) Funktor der Kategorie der normierten I-Algebren mit den beschriink
ten I-Algebrahomomorphismen als Morphismen in die Kategorie der 1-
Algebren. 

Die Menge 

t(J): = {xeJ: die Folge {x•},.~ 1 konvergiert gegen 0} 

der topologisch-nilpotenten Elemente von J ist ein Ideal in J, das sein 
eigenes Radikal ist, t(J) besteht aus allen xeJ, zu denen ein Exponent 
m existiert mit II X" II< I (die Menge aller x mit llxll <I ist i.a. echt in t(J) 
enthalten). 

t(l)nl=t(l)={ael, Ia!< I} ist ein Primideal in I. Der Restklassen-
ring J: = }jt(J) 

ist reduziert, die Injektion 1 <:+ J induziert einen kanonischen Monomor
phism us des Integritiitsringes j in J. Da stetige I-Algebrahomomorphis
men auch topologisch-nilpotente Elemente auf ebensolche abbilden, ist 
die Zuordnung J,.....] ein (kovarianter) Funktor der Kategorie der nor
mierten I-Algebren mit den beschriinkten I-Algebrahomomorphismen als 
Morphismen in die Kategorie der reduzierten j-Algebren. 

Beispiele: Es gilt (N otationen wie in Abschnitt I): .__, 
I(X)=j[X]=Polynomalgebra inn Unbestimmten iiber j, 

I(x,x-·1)=j[X, x- 1]=j[X]s, WO S={X~' ... x~n, vl•···· vn~O}. 
Die j-AJgebra Jist torsionsfrei, denn aus axet(J), ael, lal =I, xeJ, 

folgt stets xet(J), da ll(axrl! = 11x•11 fiir aile v~ I gilt. Der volle Quotien
tenring Q(J) von 1 ist somit in natiirlicher Weise eine Algebra iiber dem 
Quotientenkorper Q U) von j 2 • Die Zahl 

f: = dimQ<IJQ(J) 

heil3t der Restklassengrad der normierten /-Algebra J. Aquivalente Nor
men ergeben dense! ben Restklassengrad, es gilt stets: 

f::::; dimKJ (,?)JK. 

In wichtigen Fallen ist J noethersch. Z.B. gilt (vgl. hierzu [7], [24]): 
Es sei J ein ganzer Oberring von I, so dafi Q(J) ein endlichdimensionaler 

Vektorraum uber Q(I) ist. j sei noethersch und erweiterungsendlich. 3 Dann 
ist J ein noetherscher j_Modul. 

2 Der volle Quotientenring eines kommutativen Ringes R wird stets mit Q(R) be
zeichnet. 
a Zu diesern Begriff siehe § 4. 
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3. Potenz-multiplikative Normen.- Eine Norm auf Jist i.a. nicht iiqui
valent zu einer Bewertung. In wichtigen Fallen ist eine Norm II II aber 
potenzmultiplikativ, d.h. es gilt 

llxnll = llxlln flir alle xeJ und alle n ~ 1. 

Solche Normen nennen wir abkiirzend pm-Normen. 
Die Fortsetzung einer pm-Norm vonJauf J®1 Kbleibt eine pm-Norm. 
Fur jede pm-Norm II II auf J gilt 

J = {xeJ: llxll ~ 1}, t(J) = {xeJ: llxll < 1}. 

Ist der Verzweigungsindex e einer pm-Norm II II endlich, so gilt 

llllle1 c IKI, 

denn von den e+ 1 Elementen llx1ll = llxll 1e IIJ*II·IKI, i=O, 1, ... , e, sind 
zwei modulo IK*I iiquivalent. 

Gibt es in II* I Elemente < 1 und >I, so sind iiquivalente pm-Normen 
auf J stets gleich, denn a us 

xeJ, e,g'eiR 

folgt durch Wurzelziehen, wenn es sich urn pm-Normen handelt: 

V'ellxllt ~ llxllz~V'illxllt fliralle xeJ, d.h. llll1 =II liz· 

Sind II lit, ... , II II. pm-Normen auf J, so wird durch 

llxll: = max {llxt}, xeJ, 
1 ~jt?;.s 

wieder eine pm-Norm gegeben. Wir nennen diese Norm eine Maximum
norm auf J, wenn II lit, ... , II II. siimtlich Bewertungen auf J sind. Es gilt 
([5]): 

Satz 1: 1st J nullteilerfrei und ganz iiber I und Q(J) ein endlich-algebra
ischer Oberkorper von K, so ist jede pm-Norm II II auf J eine Maximum
norm. Genauer: sind 11 1, i= I, ... , s, die endlich vie/en iniiquivalenten Be
wertungsfortsetzungen der Bewertung von K auf Q(J), so gibt es eine Teil
menge i=F0 von s: ={I, ... , s}, so daft gilt: 

llxll = llxll;: =max {lxl;} fiir aile xeJ. 
iet 

Je zwei Normen II II 1, II 11 1·, mit i =F i' sind iniiquivalent. Unter all diesen 
Normen induziert II lis die grobste Topologie auf J; diese Norm liiBt sich 
auch wie folgt beschreiben: 
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Ist II II eine pm-Norm auf J, deren Fortsetzung nach Q(J) die Produkt
topologie ( als K- Vektorraum) induziert, so gilt: II II= II II,. 

Die Norm II lis liil3t sich einfach berechnen: 
Ist yb + a1 • yb- 1 + · · · +abE K [ Y] das M inimalpolynom von x E J iiber K, 

so gilt: 

llxlls = max ~lapl· 
l""P""b 

4. Quasi-vollkommene Korper. - Jede pm-normierte K-Algebra L ist 
reduziert. Die Komplettierung L einer pm-normierten K-Algebra L ist 
pm-normiert, die Fortsetzung der Norm bleibt eine pm-Norm; speziell ist 
also L reduziert. Es gilt folgende Umkehrung ([5]): 

Satz 2: Ist L eine endlich-dimensionale topologische hausdorffsche K
Algebra und ist L reduziert, so ist L pm-normierbar. 

Bemerkung: Die Beweise der Siitze 1 und 2 werden simultan gefiihrt. 
Es ist Ieicht zu sehen, dal3 L stets reduziert ist, wenn L zusiitzlich sepa

rabel tiber K ist; daher ist in solchen Fallen L immer pm-normierbar. 
Gefahrlich sind aber inseparable Erweiterungen von K. 

Wir betrachten zuniichst den Fall, dal3 L quasi-ga/oisch (=normal) tiber 
Kist. Der Fixkerper La der Galoisgruppe G von L tiber Kist rein in
separabel tiber K und List separabel tiber La. Die Bewertung von K setzt 
sich eindeutig zu einer Bewertung von L G fort, jedoch ist L nicht not
wendig eine topologische L a-Algebra, d.h. die Injektion L G c; L des be
werteten Kerpers L G in List nicht notwendig stetig. Die Stetigkeit dieser 
Injektion ist also, da L separabel tiber L G liegt, eine hinreichende (und 
auch notwendige) Bedingung dafiir, da13 L eine pm-normierbare K-Alge
bra ist, sie ist sicher dann erfiillt, wenn der K-Vektorraum L G Produkt
topologie triigt. 

Wir nennen einen bewerteten Kerper K der Charakteristik p '1= 0 quasi
vollkommen (bzgl. der Bewertung von K), wennjeder endlich-dimensionale 

Untervektorraum des Wurzelkerpers VK. von K, der vermege der ka
nonischen Bewertungsfortsetzung ein normierter K-Vektorraum ist, Pro
dukttopologie triigt. Dies trifft genau dann zu, wenn die Komplettierung 

K von K separabel tiber Kist, d.h. wenn K®xVK reduziert ist. Jeder 
vollkommene Korper und jeder vollsHindig bewertete Kerper ist quasi
vollkommen; Beispiele nicht quasi-vollkommener Korper erhiilt man, 
wenn man bemerkt, da13 ein diskreter Bewertungsring B genau dann er
weiterungsendlich ist, wenn sein Quotientenkorper Q(B) quasi-vollkom-
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men ist. Aus obigen Dberlegungen folgt nun, da jeder Korper L=:JK in 
einen Normalkorper einbettbar ist: 

Satz 3: Jeder endlich-dimensionale topologische hausdorffsche Oberkor
per L eines quasi-vollkommenen Korpers Kist pm-normierbar. 

Hieraus folgt zusammen mit Satz I: 
Es sei I ein bewerteter Integritiitsring mit quasi-vollkommenem Quotien

tenkorper K. Dann ist jede nullteilerfreie, normierte /-Algebra J=:J I, deren 
Quotientenkorper Q(J) endlich-algebraisch iiber Kist, pm-normierbar. 

§ 3. Strikt konvergente Potenzreihen. Riickertsche Theorie 

k bezeichnet einen nicht trivial vollstandig nicht archimedisch bewerte
ten Korper. X=(X1, ... , Xn) ist ein n-tupel von Unbestimmten, n;;;.: 1; im 
Abschnitt 2 schreiben wir durchweg Yfiir Xn. E: ={aek, lal~1} ist der 
Bewertungsring, m: = {aek, lal < 1} das maximale Ideal von E, K: =Elm 
der Restklassenkiirper zu k. 

1. Der Ring Tn. - Wir bezeichnen mit 
00 

Tn:=k(X)=k(Xt, ... ,Xn)={h=:La,XV, a,ek, a.--.0} 
0 

den Ring Tn der strikt konvergenten Potenzreihen in X1, ... , Xn iiber k, 
vgl. § 2.1. Die Norm 

llhll =max {Ia.!} 

ist eine Bewertung auf Tn und macht Tn zu einer k-Banachalgebra; die 
Polynomalgebra k [X1, ... , Xnl liegt dicht in Tn. Als k-Banachriiume sind 
alle Tn isometrisch isomorph zum Raum c0 (k) der Nullfolgen, als k
Algebren sind Tn und Tm nur dann isomorph, wenn n = m. Der Ring 
Tn= t/t(t) identifiziert sich in natiirlicher Weise mit dem Polynomring 
K [X1 , ... , Xnl iiber dem Restklassenkorper K. 

Jedes he Tn definiert in natiirlicher Weise eine k-wertige Funktion auf 
dem n-dimensionalen Einheitspolyzylinder ,mit Rand" E"ck", die in E" 
analytisch, d.h. urn jeden Punkt von E" in eine konvergente Potenzreihe 
entwickelbar ist. Man hat somit einen (wegen des Identitatssatzes fiir 
Potenzreihen) injektiven k-Algebrahomomorphismus T,.c;r(E", D) von 
T" in die k-Algebra aller im E" analytischen Funktionen. Konvergenz in 
der Banachtopologie bedeutet gleichmiiBige Konvergenz auf E". 



96 R. REMMERT 

Die Ringe Tn und ihre Restklassenringe sind nach TATE [33] die Modell
ringe der nichtarchimedischen Funktionentheorie. 4 Das Ziel dieses Para
graphen ist, die Struktur von Tno der spater (§§ 5, 6) die Rolle des Ringes 
I der §§ 1, 2 iibernimmt, zu beschreiben. 

Wir definieren noch T0 : =k. Wir schreiben abklirzend T statt Tn und 
setzen 

T': = k(X1, •.• ,Xn_ 1) c T, falls n ~ 1. 

Jedes heT schreibt sich eindeutig in der Form 

Es gilt llhll =max llh.JI. 
v~O 

2. Division mit Restfiir Tn.-Die durch WEIERSTRASS und E. LASKER [18] 
eingeleitete Algebraisierung der lokalen komplexen Funktionentheorie 
wurde 1933 durch W. RucKERT in einer grundlegenden Arbeit [27] 
systematisch forgeflihrt. Als entscheidendes Hilfsmittel erwies sich die 
erstmals von H. SPATH [32] flir den Ring der konvergenten Potenzreihen 
in n Unbestimmten tiber dem Korper der komplexen Zahlen bewiesene 
sog. Weierstrass'sche Forme!, die flir diesen Ring eine ,Division mit 
Rest" liefert und einfache Induktionsbeweise flir grundlegende Satze der 
lokalen Funktionentheorie ermoglicht. Diese Riickertsche Theorie ist 
mutatis mutandis auch flir die Ringe Tn durchflihrbar. 

Zunachst sei an die Division mit Rest flir Polynomringe erinnert. Ist R 
ein kommutativer Ring mit Einselement, z.B. R=T'=k(X1 , ... , Xn_ 1), 

und 

g =go+ g1 · Y + ··· + gs-1 · ys- 1 +g.· y• E R[YJ 

ein Polynom in einer Unbestimmten Y tiber R, dessen hochster Koeffi

zient g.eR eine Einheit in R ist, so gibt es zu jedem heR [Y] eindeutig 
bestimmte Polynome q, reR [Y], so daB gilt: 

h=q·g+r, gradr < s. 

4 Neben den Ringen Tn kann man auch noch andere Modellringe studieren. Z.B. kann 

"' man den Ring Wn derjenigen konvergenten Potenzreihen f= 1: a., ... vnX~' ... X~n 
0 

betrachten, zu denenesjeweilsein r> 1 gibt,sodaBgilt: lim Ja••· .. •nJ ,v,+ ... +vn =0 
(Ring der im ,abgeschlossenen Einheitspolyzylinder strikt konvergenten Potenz
reihenkeime"). Diese Ringe Wn wurden von G. WASHNITZER [35] betrachtet. 
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Eine entsprechende Aussage gilt auch fiir den Ring T = T' < Y) :::::> T' [ Y], 
wenn man fiir g ,geeignete" Potenzreihen wahlt. Ein Element g= 
ct:J 

Lg.Y'ET=k(X1, ... , Xn_ 1, Y) heil3e allgemein in Y von der Ordnung 
0 

s ~ 0, wenn g. eine Einheit in T ist, derart, daf3 gilt: 

llgll = ligJ, llgvll < ligll fiir aile v > s. 

Dies bedeutet, wenn wir llgll = 1 annehmen und mit r den Restklassen
epimorphismus von tauf die Polynomalgebra T=K [X1, ... , Xn_ 1, Y] be
zeichnen, gerade, daf3 r(g)EK [X1, ... , Xn-d [Y] ein Polynom s.ten Grades 
in Y ist, dessen hochster Koeffizient ein Element =t=O aus K ist, und das 
somit als Divisorpolynom fiir die Division mit Rest im Polynomring 
K[X1, ... , Xn-d [Y] geeignet ist. Im Beweise des folgenden Satzes wird 
diese Tatsache in etwas verfeinerter Form verwendet. 

Satz 1 (Division mit Rest fiir T): Es sei gET allgemein in Y von der 
Ordnung s ~ 1. Dann gibt es zu jedem hE T eindeutig bestimmte Elemente 
qET, rET' [Y] mit grad r<s, so dajJ gilt: 

h = q · g + r (Weierstrass' sche Forme!). 

Es gelten die Abschiitzungen 

Der folgende Beweis ist eine leichte Variante des Beweises aus [6]. 
Wegen II Til= lkl ist nur der Fall llgll = llhll = 1 zu diskutieren. Wir zeigen 

ct:J 

zunachst die Existenz von q und r. Sei g=l:g.Y.ET'[Y]. Dann gilt 
0 

lk[3Q: =max llg.ll < 1. Wir wahlen c=t=O in k, so daf3 Q ~lei=: e < 1 (der 
v>s 

Fall Q=O ist moglich). Man hat einen nati.irlichen Ringepimorphismus 
r,:t-+K,[X1, ... , xn-d [Y], wo K,=E/m, mit m,: ={xEE:Ixl~e}. Be
ziiglich Yist r ,(g) ein Polynom vom Grades, dessen hochster Koeffizient 

eine Einheit in "• [X1, ... , Xn-d ist, und das mithin als Divisorpolynom 
fi.ir die Division mit Rest in "• [X1, ... , Xn-tl [Y] geeignet ist. 

Es geni.igt, in T Folgen {h.}, {q.}, {r.}, v~O, zu konstruieren, so daf3 

i) h0 : =h, r.ET' [Y], grad r.<s, 
ii) llh.ll ~e·, llq.ll ~E·, llrvll ~E·, 
iii) hv+ 1 =h.-q.g-r.; 
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alsdann gilt namlich 

00 00 

q: = L,q.et, r: = ~:>.eT'[Y] mit gradr < s, 
0 0 

und 
00 00 

h = h0 = I;(h.- hv+ 1) = I;(q.g + r.) = qg + r. 
0 0 

Seien q._ 1, r._ 1 , h. bereits konstruiert, v~O. Dann gilt c-•h.etwegen 
ii). 1st nun 

( -v ) -* ( ) -• d * -r. c • = q. -r. g + r. , gra r. < s, 

die Division mit Rest von r:.(c-•h.) in K.[Xt> ... ,Xn-tl [Y] bzgl. r:.(g) 
und sind q:et, r:eT' [Y] mit gradr: <s Urbilder von q: und r: in t, 
so folgt wegen Ker-r.={feT: 11/11 ~e}: 

Setzt man 

v * v h . - h - v ( -·h * *) q.:=cq., r.:=cr., v+1·- .-q.g-r.-c c .-q.g-r. 

so gilt grad r.<s, llq.ll ~e·, II r.ll ~e· und 

d.h. i)-iii) sind fiir q., '• und h.+ 1 erfiillt. Damit ist der Existenzbeweis 
gefiihrt; zugleich haben sich die behaupteten Abschatzungen ergeben, da 
llqll ~ 1 und analog II r II~ 1. 

Es bleibt zu zeigen, daB q und r eindeutig durchfbestimmt sind. Dazu 
ist nur zu beweisen, daB aus 

q·g+r=O, qeT, reT'[Y], gradr<s 

folgt: q=r=O. Ware r=!=O, so diirfen wir llrll=1 und also auch llqll=1 
annehmen. Es folgt 

was aus Gradgriinden unmoglich ist. - Satz 1 ist bewiesen. 

3. Weierstrass'scher Vorbereitungssatz. Weierstrasspolynome. - Eine 
unmittelbare Anwendung der Division mit Rest liefert 

Satz 2 (Weierstrass'scher Vorbereitungssatz): Es sei geT allgemein in 
Y von der Ordnung s~ 1. Dann gibt es genau ein normiertes Polynom s.ten 



Algebraische Aspekte in der nichtarchimedischen Analysis 99 

Grades wET' [Y], so dajJ gilt: 

g = e·w mit einer Einheit eET. 

Es bestehen die Gleichungen 

llell = llgll, llwll = 1. 

Falls gET' [Y], so gilt auch eET' [Y]. 
Beweis: Nach Satz 1 gilt 

y•=q·g+r mit rET'[Y], gradr<s, llrii~IIY.II=l. 

Folglich ist w: = y• -rET' [Y] ein Polynom s.ten Grades in Y mit llwll = 1, 
das allgemein in Y vom Grade s ist. Mithin gilt nach Satz 1 auch eine 
Gleichung 

g = e · w + f mit grad f < s. 

Zusammen mit q· g=w folgt g=e(qg)+f, d.h. 

0 = (eq- 1) g +f. 

Da dies die Division mit Rest vonf: =0 bzgl. gist, folgt eq= 1 aus der 
Eindeutigkeitsaussage von Satz 1. Also giltg=ew mit einer Einheit eET. 

Ist g=e'·w' mit w' = y•-r', grad r' <s eine 2. Darstellung, so folgt 
y•=e'- 1 ·g+r' und also r' =r, d.h. w' =w und e' =e wieder nach Satz 1. 
Ist schlief3lich gET' [Y], so gilt nach der Division mit Rest fiir Polynom
ringe eine Gleichung g=p-w+a, wo pET' [Y]. Da auch g=e·w die Dar
stellung von g bzgl. w gemal3 Satz 1 ist, folgt a=O und e=p, w.z.b.w. 

Bemerkung: Eine Weierstrass'sche Forme! sowie ein Vorbereitungssatz 
gelten auch fiir den Ring k (X, X -l) der strikt konvergenten Laurent
reihen iiber k, wie GDNTZER [11] zeigte; fiir k darf man dabei sogar 
beliebige vollstandig filtrierte Ringe zulassen. Die Forme! und der Vor
bereitungssatz gelten ferner auch fiir die in Ful3note 4 beschriebenen 
Ringe Wno vgl. [12]. 

Jedes normierte Polynom wET' [Y] mit llwll = 1 heil3t ein Weierstrass
polynom in Y. Diese Polynome ersetzen die ,ausgezeichneten Pseudo
polynome" der klassischen punktalen komplex-analytischen Geometric. 
Dies beruht u.a. auf folgendem Lemma, welches Induktionsbeweise nach 
n ermoglicht. 

Lemma: Ist wET' [Y] ein Weierstrasspo/ynom, so induziert die Injektion 
T' [ Y] c:;: T einen k-Algebraisomorphismus: 

T' [Y]JT' [Y]- w ..:+ TjTw. 
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Beweis: Die Injektion T' [Y] q T induziert jedenfalls einen k-Algebra
homomorphismus 

Q: T' [Y]/T' [Y] ·w--+ T/Tw. 

Nach Satz 2 gilt Tw n T' [ Y] = T' [ Y] · w, daher ist Q injektiv. Da jedes 

JeT nach Satz 1 modulo Tw zu einem Polynom reT' [Y] kongruent ist, 
ist Q auch surjektiv, w.z.b.w. 

Folgerung 1: Der T'-Modul T/Tw ist kanonisch isomorph zum freien 
Modul 

bT', wo b: = gradw. 

1, Y, .. . , yb- 1 E T geben zu einer T'-Modulbasis von T/Tw An/aft. 
Folgerung 2: Ein Weierstrasspolynom weT' [Y] ist ein Primelement in 

T' [Y] genau dann, wenn es ein Primelement in T ist. 

4. Scherungssatz. - Wir schreiben wieder X. anstelle von Y. Nicht jedes 
Element =t=O aus T., n> 1, ist bzgl. einer der ,Erzeugenden" X1, •.. ,X. von 
Tn allgemein (z.B. das Produkt X1 • X2 ·····X. nicht).S Urn die Satze 1 und 
2 sowie das Lemma mit seinen Folgerungen anwenden zu konnen, muB 

man daher (analog zum komplexen Fall) sicherstellen, daB sichjedes h=t=O 
a us T durch einen k-Algebraisomorphismus T--+ T allgemein mach en HiBt. 
Im komplexen FalllaBt sich dies bekanntlich stets durch lineare Automor
phismen bewerkstelligen. Im nichtarchimedischen Fall kommt es hin
gegen entscheidend auf die Struktur des Restklassenkorpers K von k an; 

nur wenn K unendlich viele Elemente hat, kommt man mit linearen Auto
morphismen aus. Allgemein gilt (hinsichtlich einer praziseren Formulie
rung sowie des Beweises vgl. [6] p. 405-408). 

Satz 3 (Scherungssatz): Zu jedem h=t=O aus T=k(X1, ••• ,X.), n~2, 
gibt es k-Algebraautomorphismen u:T-+T, so daft u(h) bzgl. X. allgemein 
ist; dabei liijJt sich u stets als ,Scherung" wiihlen, d.h. es gilt 

u(X.) = x. + x;·, v=1, ... ,n-1, u(X.)=X. 

mit natilrlichen Zahlen c1, ••• , c._ 1 a/s Exponenten. 

5. Folgerungen.- Wir beweisen nun nach Riickertschem Vorbild 
Satz 4: T. ist noethersch und faktoriell. 
Beweis: Beide Aussagen werden durch Induktion nach n verifiziert, der 

lnduktionsbeginn n=O istjeweils trivial. Sei n>O, wir benutzen entschei

dend, daB es nach dem Scherungssatz und Satz 2 zu jedem h=l=O aus T. 

5 Fiir n = 1 ist jedes Element * 0 allgemein bzgl. X1. 
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eine Scherung cr: Tn-+Tn und ein Weierstrasspolynom WETn_ 1 [Xnl gibt, 
SO daB gilt: Tn·cr(h)=Tn·w. 

a) Ein kommutativer Ring R ist noethersch, wenn es zujedem h#-0 aus 
R einen Ringautomorphismus {!: R-+ R gibt, so daB der Restklassenring 
R/R·Q(h) noethersch ist.- Sei R= Tn- Auf Grund obiger Bemerkung ist 
nur zu zeigen, daB jeder Ring Tn/Tnw, wo wETn- 1 [Xnl ein Weierstrass
polynom ist, noethersch ist. Dies ist aber klar, da Tn_ 1 nach Induktions
annahme noethersch und Tn/Tnw nach Folgerung 1 des Lemmas ein end
lich erzeugter Tn-cModul ist. 

b) Ein kommutativer IntegriUitsring I ist faktoriell, wenn es zu jeder 
Nichteinheit h =!= 0 a us I einen Ringautomorphismus 1: I-+ I gibt, so daB 
das Hauptideal I· z(h) das Produkt endlich vieler Primhauptideale ist. -
Sei I= Tn. Es geniigt wieder, Hauptideale Tnw, wo WE Tn_ 1 [Xnl ein Weier
strasspolynom ist, zu betrachten. Nach Induktionsannahme ist Tn_ 1 fak
toriell, nach dem GauB'schen Lemma bleiben Polynomringe tiber fakto
rieilen Ringen faktoriell. Mithin ist Tn_ 1 [Xnl faktorieil und es gilt eine 
Gleichung 

W=W 1 • .. ··Ws 

mit Primpolynomen w1, ... , w.ETn-t [Xnl· Da w ein Weierstrasspolynom 
ist, kann man auch aile wi als Weierstrasspolynome wahlen. Nach Folge
rung 2 des Lemmas sind dann aile I deale Tnw i Primideale in Tn. W egen 
Tnw=(Tnw1)· ... ·(Tnws) folgt die Behauptung, w.z.b.w. 

Der Ring T1 ist stets ein Hatiptidealring, jedes Ideal wird von einem 
Polynom erzeugt. In Tm n ~ 2, gibt es hingegen stets I deale, die keine 
Polynome =!=0 enthalten. 

Bemerkung: 1) Die lnduktionsschliisse im Beweis von Satz 4 funktio
nieren auch fiir die Ringe t=E(X1, ... , Xn), da die Folgerungen 1 und 2 
des Lemma sowie ein Scherungssatz auch fiir t gelten. Daher gilt Satz 4 
fiir aile Ringe t, n ~ 0, wenn er fiir den Bewertungsring T0 = E gilt. E ist 
aber genau dann noethersch (und faktorieil), wenn k diskret bewertet ist, 
d.h. wenn die Gruppe lk*l zyklisch ist. Somit gilt: 

t, n ~ 0, ist noethersch und faktoriell genau dann, wenn k diskret be
wertet ist. 

2) Der Scherungssatz gilt auch fiir die Ringe Wn (vgl. FuBnote 4). 
Daraus laBt sich wegen W0 = k wieder folgern, daB auch aile Ringe Wn 
noethersch und faktoriell sind, vgl. [12]. 

H. CARTAN hat in [3], p. 190ff. durch eine Verfeinerung des unter a) 
gefiihrten Beweises gezeigt, daB in der komplexen Funktionentheorie aile 
!deale im Steilenring der konvergenten Potenzreihen abgeschlossen bzgl. 
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einer natiirlichen Topologie sind. Die entsprechenden Schliisse sind auch 
fiir den Ring T" durchfiihrbar, sie liefern, wenn man fiir jede natiirliche 
Zahlj> 1 den freien Tn-ModuljTn der geordnetenj-tupel (h1, ... hi) durch 

ll(h 1• ••. , h i)ll : = max {II h;ll} 
l~i~j 

zu einem k-Banachraum macht: 
Satz 5: Jeder T"-Untermodul M cjT" ist endlich erzeugbar. Zu jedem 

Erzeugendensystem m1, ••• , m, von M gibt es eine reelle Schranke R>O, 
so daft zu jedem me M Elemente a1, ••• , a,e Tn existieren, so daft gilt: 

m = :La11m11 und lla11 !1 ~ R !I mil, 
1 

e = 1, ... ,r. 

Zum Beweis vgl. [6], p. 411. Als Korollar erhiilt man ([6], p. 413): 
Jeder Tn-Untermodul M vonjTn, 1 ~j. n< oo, ist abgeschlossen. 
Satz 5 und sein Korollar sind fiir ein tieferes Eindringen in die lokale 

nichtarchimedische Funktionentheorie nicht fein genug. Fiir viele Fragen 
sind die Ringe t wichtiger als die Ringe T", und man benotigt, wenn t 
nicht noethersch ist, Kriterien dafiir, daB Untermoduln von jt endlich 
erzeugbar und abgeschlossen sind. Ein erster Satz in dieser Richtung 
wurde in [7], § 2, hergeleitet: 

Ein t-Untermodul M von jt, 1 ~j, n < oo, ist stets dann endlich erzeug
bar (und abgeschlossen), wenn er saturiert ist, d.h. wenn gilt: 
M · T" njt =M. 

Zum Beweis wird im wesentlichen gezeigt, daB man im Satz 5 die 
Erzeugendensysteme so wahlen kann, daB die Schranke R zu 1 wird; 
das entscheidende Hilfsmittel dazu bilden die in [7], § 1, eingefiihrten 
quasi-noetherschen B-Ringe. (Ein einfacher Beweis fiir diese Endlichkeits
aussage, der nur die Weierstrass'sche Formel benutzt, wurde inzwischen 
von L. GERRITZEN and U. GDNTZER angegeben in: Uber Restklassen
normen auf affinoiden Algebren. Inv. Math. 3, 71-74 (1967).) 

Ein weiterer wichtiger Satz besagt, daB der Ring Tn erweiterungsendlich 

ist. Der Beweis, der im Falle chark=p=!=O vor aHem dann, wenn V"k un
endlich-dimensional iiber k ist, Schwierigkeiten macht, wird im nachsten 
Paragraphen besprochen. 

§ 4. Erweiterungsendlichkeit und Quasivollkommenbeit von T n 

I bezeichnet einen Integritatsring ( ohne Bewertung), K seinen Quotien
tenkorper. 
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1. Noethersche erweiterungsendliche Ringe. - I heil3t erweiterungsend
lich, wenn in jedem endlich-algebraischen Oberkorper K' von K der ganze 
Abschlu13 I' von I ein endlicher J-Modul ist. Die Wichtigkeit dieses 
Begriffes wurde schon von E. NOETHER [25] erkannt; spater haben F. K. 
ScHMIDT [29] und M. NAGATA [23] solche Ringe betrachtet 6 (vgl. auch 
[8]). 

Ist Ka ein algebraischer Abschlu13 von K, so ist der gauze Abschlu13 la 
von I in Ka eine /-Algebra und bis auf Isomorphie eindeutig bestimmt; 
I a heiBt ein universell-ganzer Abschlufi von I. Nun gilt: 

Erstes Kriterium fiir Erweiterungsendlichkeit ([4]), p. 182): Ein 
noetherscher Integritiitsring I ist genau dann erweiterungsendlich, wenn 
jeder endlich-rangige I-Untermodul von Ia noethersch ist. 7 

2. Normale Noethersche erweiterungsendliche Ringe. - Das 1. Kriterium 
fiir Erweiterungsendlichkeit kann wesentlich verbessert werden, wenn I 
zusatzlich normal ( = ganz-abgeschlossen in K) ist. Dann sind niimlich, da 
nach R. DEDEKIND und E. NoETHER ([25], p. 36) in diesem Falle der ganze 
Abschlu13 von I in jeder endlich-algebraischen separablen Erweiterung K' 
von K ein noetherscher J-Modul ist, nur rein inseparable Oberkorper von 
K gefiihrlich, d.h. hochstens im Falle char I= : p =!= 0 kann ein normaler 
noetherscher Ring I nicht erweiterungsendlich sein. Hier gibt es nun, wie 
F. K. SCHMIDT 1936 zeigte ([29], p. 444), sogar diskrete Bewertungsringe, 
die nicht erweiterungsendlich sind. Dies liegt daran, da13 der I umfassende 
, W urzelring" 

r;}/: = {xEla:xPEJ} 

nicht noethersche I-Untermoduln von endlichem Rang enthalten kann. 

6 Erweiterungsendliche Ringe werden in [9], p. 213 ,anneaux japonais" genannt. Dart 
wird auch folgendes von TATE, [33], p. 16, stammendes Kriterium flir Erweiterungs
endlichkeit bewiesen: 
Ein normaler noetherscher Integritiitsring I ist erweiterungsendlich, wenn es ein x * 0 
in I gibt mit fo/genden Eigenschaften: 
1. Ix ist ein Primideal, I ist hausdorffsch und vollstiindig fiir die x-adische Topologie. 
2. Der Integrittitsring If Ix ist erweiterungsendlich. 

7 Unter dem Rang eines I-Moduls M, in Zeichen rgM, verstehen wir die Maximalzahl 
linear unabhiingiger Elemente in M. 1st M endlich erzeugt, so gilt stets rgM < oo, die 
Umkehrung ist i.a. falsch. 
Fiir jedes epimorphe Bild M' von M gilt: rgM' ~ rgM, woraus speziell folgt: Zu 
jedem Untermodul N einer direkten Summe M1 E£) M2 gibt es einen Untermodul N, 
von Mv, v = 1,2, sodaB gilt: 

N c N1 Ef> N2 , rgN, ~ rgN, v = 1,2. 
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Es gilt namlich 
Zweites Kriterium fiir Erweiterungsendlichkeit ([4], p. 183): Ein nor

maier noetherscher Integritiitsring I mit char I= p =l= 0 ist genau dann er
weiterungsendlich, wenn jeder endlichrangige I-Untermodul des Wurzel-

ringes f..}! noethersch ist. 
Die Bedingung ist z.B. stets erfiillt, wenn VJ selbst ein endlicher I

Modul ist (vgl. [1] sowie [34], p. 123). 
Fiir Anwendungen niitzlich ist folgendes 
Lemma: Es sei M ein Modul iiber einem noetherschen Integritiitsring I, 

derart, daj3 jeder endlich-rangige Untermodul von M linear separiert ist.s 
Dann ist jeder endlichrangige Untermodul von M noethersch. 

Beweis (vgl. [4]): Sei N=J=O ein Untermodul von M vom Range t. 
Es gilt t ~ I, da M torsionsfrei ist. Nach Voraussetzung gibt es ein 
.l.eHom(N, I) mit Ked=J=N. Es folgt rg(Ked)<t (vgl. z.B. [4], § 1, 
Satz 2, ii)); nach Induktionsannahme ist also Ker A noethersch (im Induk
tionsbeginn t=O gilt Ker .1.=0). Da auch Bild .I.e I noethersch ist, muB 
N selbst noethersch sein, w.z.b.w. 

3. Die Siitze von F. K. SCHMIDT und NAGATA. - Als Anwendung 
zeig~n wir den bekannten 

Satz 1: Fiir jeden Korper kist der Ring k [X1, ... ,X.] der Polynome und 
der Ring k[X1, ... ,X.] der formalen Potenzreihen in endlich vie/en Unbe
stimmte;z erweiterungsendlich. 

Bemerkung: Fiir Polynomringe stammt dieser Satz von F. K. ScHMIDT 
([29], p. 444); fiir formale Potenzreihen wurde er von M. NAGATA [23] 
und Y. MoRI [22] bewiesen. 

Beweis des Satzes: Wir fiihren die Schliisse fiir I: =k[X1 , •.. ,X.] durch. 
Nach bekannten Satzen ist I noethersch und faktoriell, also auch normal. 
Daher geniigt es nach dem 2. Kriterium und dem Lemma zu zeigen, daB 

der I-Modul f../i=\Jk[\./X1 , ... , ~.] linear separiert ist. \(I ist iso
morph zu einer endlichen direkten Summe des I-Moduls 

(die Monome \.!Xf'· ····~X~", O~vi~p-1, bilden eine I*-Modulbasis), 

8 Ein J-Modul Af heil3t linear separiert, wenn es zu jedem x 'f 0 aus M ein 
A. EHom(M, I) mit ).(x) 'f 0 gibt. Solche Moduln sind stets torsionsfrei. Jeder Unter
modul eines linear separierten Moduls ist linear separiert. 
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daher ist zu zeigen, daB I* linear separiert ist. Sei also 

"' O=!=h=~::a.x•e;J*, a.e':/k, etwa ai=J=O. 
0 

Da jedenfalls r:jk als k-Vektorraum linear separiert ist, gibt es eine k

lineare Abbildung A.':r:jk-~-k mit A'(ai)=l=O. Durch 

"' "' A(/):=IA.'(b.)X•eJ, falls f=Ib.x•eJ*, 
0 0 

wird A.' zu einer I-linearen Abbildung A: I*_,. I fortgesetzt. Da A(h) =!= 0 
nach Konstruktion von A.', so ist I* linear separiert, w.z.b.w. 

V orstehender Beweis funktioniert wortlich fiir Polynomringe, man 
schreibe einfach iiberall eckige Klammern. 

4. Erweiterungsendlichkeit von Tn. - In diesem Abschnitt ist k ein voll
stiindig bewerteter Korper, chark=p=!=O. Der soeben gegebene Beweis 
kann unter Heranziehung der Satze aus § 1 zu einem Beweis fiir die 
Erweiterungsendlichkeit von T=Tn=k(X1, ••. ,Xn), n~l, ausgebaut 
werden. Entscheidend ist folgender 

Hilfssatz: 1st V c.r:jkein k- Vektorraum von abziihlbarem Typ, so ist der 
normierte T-Modul 

"' Mv: = {h =I v.x•, v.e V, v. __,. 0} 
0 

stetig linear separiert. 
Beweis: Jede stetige Linearform A.': V -'>k ist beschrankt und induziert 

vermoge 

"' "' I v.x• __,. I A.' ( v.) X" 
0 0 

eine T-lineare Abbildung A:My-'>T, da mit v._,.o wegen IA'(v.)I~Civ.l 
auch A'(v.)ek gegen 0 konvergiert. Es gilt IIA(h)ll ~ Cllhll, d. h. A ist stetig. 

Da V nach Korollar 2 zu Satz 1.2 ein stetig linear separierter k-Vektor
raum ist, folgt (wie im Beweis von Satz 1), daB Mv ein stetig linear 
separierter T-Modul ist, w.z.b.w. 

Korollar: Jeder endlich-rangige T-Untermodul von r:../T=r:../k<r:../X1, ••• , 

Vxn> ist stetig linear separiert. 

Beweis: r:jT ist isomorph zu einer endlichen direkten Summe des T
Moduls 

8 Local Fields 



106 Ro REMMERT 

daher gentigt es zu zeigen, daB jeder endlich-rangige T-Untermodul 
N =I= (0) von T* linear separiert is to Seien 

"' /; = }:a;.X", i = I, 000, t 
0 

maximal viele T-linear unabhangige Elemente aus N. Die abziihlbare Ko

effizientenmente {a;.}, i= I, 000, t, v~O, erzeugteinenk-Vektorraum V cr:jk 
von abziihlbarem Typ (r:jk selbst ist nicht notwendig von abziihlbarem 

00 

Typ tiber k), nach dem Hilfssatz ist der T-Modul Mv={h=}:v.XV, 
0 

v.e V, v.-+0} linear separiert. Es gibt aber N cMvo Ist niimlichfeN be-
liebig, so gibt es nach Wahl der / 1,ooo.!r Elemente g, g1,ooo,greT mit 
g =I= 0, so daB gilt 

t 

gf= }:gJ;eMv, und also auch feMvo 
1 

MitMv ist also auch NcMv ein linear separierter T-Modul, wozobowo 
Da T noethersch und faktoriell ist (Satz 3.4), folgt jetzt unrnittelbar a us 

dem Lemma und dem 20 Kriterium flir Erweiterungsendlichkeit: 
Satz 2 ([4], po I87): Fiir jeden vollstiindig bewerteten Korper k ist der 

Ring T=k<X1,ooo' Xn) der strikt konvergenten Potenzreihen inn Unbe
stimmten iiber k erweiterungsendlicho 

Der obige Beweis funktioniert auch fiir den Ring T=E<X1,ooo, Xn), 
wenn k diskret bewertet ist ( dann ist niimlich t noethersch und faktoriell, 
und die Schranken aller verwendeten Linearformen darf man offensicht
lich als ~ 1 annehmen)o Somit folgt noch: 

Ist k disk ret bewertet, so ist T= E <Xl, 0 0 0' x.> erweiterungsendlicho 9 
Der dargestellte Beweis liefert mutatis mutandis auch, daJ3 der Ring 

aller konvergenten Potenzreihen inn Unbestimmten tiber k enveiterungs
endlich isto Dabei kann man die Voraussetzung, daB k vollstiindig ist, 
abschwiichen und zeigen: 

Satz 3 ([4], po I89): Der Ring Kn der konvergenten Potenzreihen inn Un
bestimmten, n ~I, iiber einem bewerteten Korper k ist genau dann erweite
rungsendlich, wenn k quasi-vollkommen isto 

50 Quasivollkommenheit von Q (T)o- Der Quotientenkorper Q (T), n ~I, 
ist bzgl. der fortgesetzten Bewertung nicht vollstiindigo Urn im niichsten 

9 Die Methoden von GERRITZEN wurden inzwischen von Ro KIEHL [16] so ausgebaut, 
daB sich bei vollstandig bewerteten Grundkorpem k sogar die Exzellenz (im Sinne 
von GROTiiENDIECK) der Ringe Tn und Kn ergibto 
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Paragraphen die Resultate des § 2, insbesondere Satz 2.3 und seine 
Folgerung, anwenden zu konnen, bemerken wir bier noch: 

Satz 4 ([5]): Q(T) ist quasi-vollkommen. 
Beweis: Es geniigt zu zeigen, daJ3 jeder endlich-dimensionale Q(T)-

Untervektorraum von ~ Q(T)= Q(~./i) stetig linear separiert ist. Das 
ist sicher dann der Fall, wenn jeder endlich-erzeugte T-Untermodul von 

~stetig linear separiert ist. Das folgt aber unmittelbar a us dem Korollar 
des Hilfssatzes, w.z.b.w. 

§ 5. k-affinoide Algebren. Spektralnorm 

k bezeichnet stets einen nichttrivial, nichtarchimedisch und vollstiindig 
bewerteten Grundkorper. 

1. k-affinoide Algebren. - Eine k-Banachalgebra A heiJ3t eine k-affinoide 
Algebra, wenn es endlich viele potenzbeschrankte Elemente j 1 , ... .fneA 
gibt, so daJ3 sichjedesfeA als eine strikt konvergente Potenzreihe in den 
j 1, ... Jn schreibt 10 ; die Elemente f 1 , ... JneA heiJ3en alsdann ein topo
logisches Erzeugendensystem von A, und wir schreiben A= k < f 1 , ... .Jn). 
Die einfachste k-affinoide Algebraist die ,freie" Algebra Tn=k(X1 , ... , 

Xn) inn Unbestimmten iiber k. 
Ist {f1 , ... .fn} ein topologisches Erzeugendensystem von A, so gibt es 

einen kanonischen stetigen Epimorphismus T"--+A, der Xv auffv abbildet, 
v = 1, ... , n. Jede k-affinoide Algebra A ist mithin topologisch isomorph 
zu einer Restklassenalgebra Tn/a und umgekehrt; versieht man Tn/a mit 
der Restklassennorm, so ist T"--+ Tn/a eine Kontraktion. Jede k-affinoide 
Algebra ist noethersch; jeder k-Algebrahomomorphismus <p: A---+ B zwi
schen k-affinoiden Algebren A, B ist stetig ([33], theorem 4.6; vgl. auch 
[6], p. 448 sowie Abschnitt 5 dieses §). 

Ist A eine k-affinoide Algebra, so tragt jeder endlich erzeugte A-Modul 
M genau eine Banachtopologie, sodaJ3 M ein topologischer A-Modul ist. 
Jeder A-Untermodul von Mist abgeschlossen in lvf; dies folgt leicht aus 
der entsprechenden Aussage fiir Untermoduln von}T., p. 102. Jeder A-

10 Diese Definition ist ,konstruktiv". Erwiinscht ware eine einfache ,axiomatische" 
Charakterisierung der k-affinoiden Algebren. Der naheliegende Versuch, sie etwa als 
noethersche k-Banachalgebren zu definieren, in denen ein endlich erzeugter Polynom
ring dicht liegt und deren zugehi:irigen K-Algebren K-affin sind, ftihrt nicht zum Ziele 
(vgl. [12]), wie der Ring der im Kreis vom Radius(!> 0, C!¢lkl, strikt konvergenten 
Potenzreihen zeigt. 
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Modulhomomorphismus A: M ~ N zwischen endlich erzeugten A-Modulo 

M, N ist stetig; A ist offen, falls A ( M) = N. 

Beispie/e k-affinoider Algebren: 1) Der Ring L. der strikt kon\ergenten 

Laurentreihen inn Unbestimmten ist k-affinoid. Es gilt 

L. = k(X1 , Y1 , ..• ,X., Y.)/a, wo a:= (X1 Y1 - 1, ... , X"Y"- 1). 

Die natiirliche Norm auf L. ist gleich der Restklassennorm. 

2) Ist A eine k-affinoide Algebra und sind Y1 , ..• , Ym Unbestimmte, so 

ist auch A(Y1 , .•. , Ym) k-affinoid (vgl. § 2.1). 

3) Jede Restklassenalgebra A/a einer k-affinoiden Algebra A nach einem 

Ideal a =1= A ist k-affinoid. 
4) Jede k-Oberalgebra B einer k-affinoiden Algebra A, die ein endlicher 

A-Modul ist, ist eine k-affinoide Algebra. 

2. Normalisierungslemma. - Grundlegend fiir die Theorie der k-affino

iden Algebren ist die Umkehrung der Aussage des Beispiels 4). Nennt 

man allgemein einen Homomorphism us cp: A~ B zwischen kommutativen 

Ringen A, B endlich, wenn B bzg!. cp ein endlich-erzeugter A-~Iodul ist, 

so gilt: 
Satz 1 (Normalisierungslemma): Zu jeder k-affinoiden Algebra B gibt 

es eine natiirliche Zahl d-;::.0 und einen endlichen k-Algebramonomorphis

mus Tdc:;B; d ist die Krullsche Dimension von B. 
Bewm: Sei etwa B=k (/1, ••• ,f.). Wir fiihren lnduktion nach n, der 

Induktionsbeginn n=O ist trivial. Sei n-;::.1. Es gibt einen Epimorphi>mus 

cp:T.~B. 1st cp injektiv, so sind wir fertig, sei also Kercp=I=O. Nach dem 

Scherungssatz und dem Weierstrass'schen Vorbereitungssatz diirfen wir 

ohne Einschdinkung der Allgemeinheit annehmen, daB Kercp ein Weier

strasspolynom wek(X1, •.• , Xn_ 1) [Xnl in Xn enthalt. Setzen wir B': = 

=k(/1 , ... ,f,_ 1), so gilt fiir In eine ganze Gleichung 

f~+ad~- 1 +···+ab=O, a 1 , ••• ,abeB', wo lla 1 1\~l, ... ,[labll~l. 

Mithin ist {1,/, ... ,fb-I} ein Erzeugendensystem des B'-Moduls B, d.h. 

die lnjektion B' c:; B ist endlich. Zu B' gibt es nach Induktionsvoraus

setzung ein d~ 0 und einenendlichenk-Algebramonomorphismus Tdc:;B'. 
Dann ist auch Td c:; B endlich. Nach allgemeinen Sii.tzen der Dimensions

theorie ist d die Krullsche Dimension von B, w.z.b.w. 

Bemerkung: Urn eine bequeme Redeweise zu haben, nennen wir jeden 

endlichen Monomorphismus Td c:; A eine Realisierung von A iiber Td. Das 

Bild von T4 liegt abgeschlossen in B. 
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Wie in der affinen algebraischen Geometrie hat das Normalisierungs
lemma auch in der k-affinoiden Geometrie wichtige Konsequenzen. Un
mittelbar folgt, da Td erweiterungsendlich ist: 

Folgerung 1: Jede nullteilerfreie k-affinoide Algebra ist erweiterungs
endlich. 

Dies impliziert z.B., daB die Normalisierung ( = ganz-algebraischer 
AbschluB im vollen Quotientenring) einer reduzierten k-affinoiden Al
gebra wieder k-affinoid ist. 

Folgerung 2: Jede Restk/assena/gebra Ajm einer k-affinoiden Algebra A 
nach einem maxima/en Ideal m ist ein endlich-algebraischer Erweiterungs
korper des Grundkorpers k. 

Denn: Die Krullsche Dimension d eines Kerper Aj mist 0, also gibt es 
eine Realisierung von Ajm tiber T0 =k, w.z.b.w. 

3. k-affinoide Riiume. - Die Elemente einer k-affinoiden Algebra sind 
analytische Funktionen. Wir bezeichnen mit k einen topologisch
algebraischen AbschluB von k und setzen: 

E": = {(c1, •.. , cn)ek", led~ I, ... , lcnl ~I} . 

.0 sei die koharente Garbe der k-wertigen analytischen Funktionen auf 

E". 
Sei nun A eine k-affinoide Algebra, etwa A= Tnfa. Wir betrachten im 

E" die Nullstellenmenge 

X:= N(a): = {ceE",J(c) = 0 fiir aile jea} 

des Ideals a. Die Idealgarbe J: = a .0 ist koharent tiber E". Der Hil
bertsche Nullstellensatz ([6], Kap. III, § 3) impliziert: 

X enthiilt Punkte mit iiber k algebraischen Koordinaten, es gilt 
a=T(E", J)n T". 

Das Paar (X, H), wo H: =(.0/J)IX, ist ein analytischer Unterraum von 
(E", .0), man hat einen kanonischen Monomorphismus Ae+T(X, H). 
Das Tripe! (X, H, A) heiBt ein zu A gehorender k-affinoider Raum; es ist 
(bis auf lsomorphie) eindeutig durch A bestimmt. Die analytischen 
Funktionen aus A heiBen k-affinoide Funktionen. Die Zuordnung A~ 
(X, H, A) ist ein Funktor, dabei sind die Morphismen der Kategorie der 
k-affinoiden Raume diejenigen analytischen Abbildungen, die k-affinoide 
Funktionen in k-affinoide Funktionen liften. 

Das Normalisierungslemma besagt, daB es zujedem k-affinoiden Raum 
(X, H, A) ein d~O und eine endliche k-affinoide Abbildung 1/J:(X, H, A)-+ 
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(Ed, D, Td) mit t/I(X)=Ed gibt (analytische Uberlagerungsabbildung), so 
daB A bzgl. t/1 *: Td-. A ein endlicher Td-Modul ist. 

Fiir jeden k-affinoiden Raum (X, H, A) ist die Teilmenge X.18 der k
algebraischen Punkte von X wohldefiniert, bzgl. einer Einbettung (X, H, A) 
c;(E", .0, Tn) sind dies alle Punkte (c1, •.• , en) eX mit iiber k algebraiscben 
Koordinaten. X311 liegt dicht in X und bestimmt X eindeutig, die Funk
tionenfeA nehmen in den Punkten von X311 stets k-algebraiscbe Werte 
an. 

Fiir jeden Punkt p E X318 ist 

mp:= {leA, f(p) = 0} 

ein maximales Ideal in A. Man hat somit eine natiirliche Abbildung 

~: X.11 -... Max A 

von X318 in die Menge MaxA aller maximalen Ideale von A. Diese Ab
bildung ist surjektiv; k-konjugierte Punkte haben dasselbe Bildideal. 

TATE [33] benutzt als geometrischen Modellraum zu einer k-affinoiden 
Algebra A das Spektrum MaxA, das in natiirlicher Weise zu einem be
ringten Raum gemacht wird; in [6] wird der der naiven geometrischen 
Anschauung zuganglichere Raum X verwendet. Max A ist kanonisch de
finiert; die Definition von (X, H, A) benutzt den nicht kanoniscb gegebe
nen Korper f. Beide Modelle liefern auf Grund der Abbildung e: X311-... 

MaxA dasselbe. 

4. Spektralnorm. - Eine k-affinoide Algebra tragt a priori keine ausge
zeichnete Norm, da verschiedene Restklassendarstellungen Tnfa i.a. ver
schiedene Restklassennormen induzieren. Es gilt aber 

Satz 2: Jede reduzierte k-affinoide Algebra A ist pm-normierbar. Der 
Verzweigungsindex e der pro-Norm II II von A (bzgl. k) ist endlich, speziell 
gilt: IlAne' c lkl. 

Es geniigt, den Satz fiir nullteilerfreie Algebren zu verifizieren. Sind 
narnlich A1, •.• , A. die Primkomponenten von A und 1111 1, ••• , 1111. ibre 

pm-Normen, so wird der Summenring €9 Ai vermoge 
1 

1 ~i~s 

pm-normiert. Da A abgeschlossen in Ef> Ai liegt, erbiilt man durch Be
l 
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schdinkung eine die Topologie beschreibende pm-Norm auf A. Es gilt 

e ~ e1 +· .. +e., wenn e; der Verzweigungsindex von A; ist. 
Im Faile nullteilerfreier Algebren gilt nun der prazisere: 

Satz 2': Es sei A eine nullteilerfreie k-affinoide Algebra und Tc;A eine 
Realisierung von A, es seien II III> ... , II II. die endlich vie/en verschiedenen 
Fortsetzungen der kanonischen Bewertung von Q(T) auf Q(A). Dann ist 
die M aximumnorm 

II II = max {1111;} 
1 ~i~s 

eine potenz-multip/ikative T-Norm auf A, welche die Topologie von A be
schreibt. Fur jedes f e A gilt 

II! II = max VIla. II, 
l~v~n 

wenn yn+a1 Yn-l+ .. ·+aneT[Y] das Minimalpo/ynom vonfist. Es gibt 
eine naturliche Zahl e ~[A: T], so daft gilt: 

IIAIIe1 c lkl. 

Beweis: Man zeigt zunachst, daB A eine normierte T-Algebra ist. Da 
Q(T) nach Satz 4.4 quasi-vollkommen ist, ist A pm-normierbar nach § 2. 
Da A eine k-Banachalgebra ist, so ist diese pro-Norm nach § 2 die Maxi

mumnorm max {II II;}. Die letzte Behauptung folgt ebenfalls aus § 2, 
w.z.b.w. l~i~s 

Die pm-Norm einer reduzierten k-affinoiden Algebra A laBt sich geo
metrisch deuten. Jeder Korper A/m, meMaxA, ist eine endliche Erweite
rung von k; die Bewertung von k setzt sich eindeutig zu einer Bewertung 

II vonA/m fort. Fiir jedesfeA undjedes meMaxA bezeichnef( m)eA/m 
die Restklasse von f modulo m. 1st X der k-affinoide Raum A, so gilt 

lf(m)l=lf(p)l, wenn peXa1g ein e-Urbild von mist. Durch 

llfii.P: = sup {lf(m)l} =sup {lf(p)l} 
meMaxA peX 

wird jedem f eA eine nicht-negative reelle Zahl zugeordnet. Fiir jedes 
cek,j eA und jede natiirliche Zahl v~ l gilt offensichtlich: 

llcf"II.P = lcl·llfll~p· 

TATE ([33], theorem 5.1, p. 10) hat iiberdies gezeigt: 
f eA ist topologisch-nilpotent genau dann, wenn If( m)l < 1 fur aile 

meMaxA gilt. 
Diese Informationen liefern nun schnell 
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Satz 3 ([5]): II lisP ist fur jede reduzierte k-affinoide Algebra die pm-Norm 
von A. 

Beweis: Sei II II die pm-Norm von A. Da jede Restklassenabbildung 
A-+A/m stetig ist und stetige (=beschdinkte) Abbildungen zwischen 
pm-normierten Algebren Kontraktionen sind, folgt If( m)l ~ li f II fiir aile 
feA und aile meMaxA. Mithin giltjedenfalls: II lisp~ II \\. 

Gabe es ein geA mit llgllsp<llgll, so kann man wegen 1\Ai(clkl ein 
cek finden, so daJ3 fiir f: = cg• 1 EA gilt: II f II= I. Dann folgt: 

und f ware nach TATE topologisch-nil potent im Widerspruch zu II f II =I. 
- Satz 3 ist bewiesen. 

Auf Grund von Satz 3 und der Definition von II lisp nennen wir die 
pm-Norm einer reduzierten k-affinoiden Algebra A auch die Spektral
norm von A. Sie induziert auf dem zu A gehorenden analytischen Raum 
X die Topologie der gleichmassigen Konvergenz. 

5. Folgerungen aus Satz 3.- Die Definitionsgleichung (1) der Spektral
nor:n liefert fiir nicht reduzierte k-affinoide Algebren A eine Pseudonorm 
auf A. Dajedes maximale Ideal von A das Nilradikal n(A) enthalt, so gilt 

II/ lisp= 1\redfllsp• 

wenn red:A-+A/n(A) den natiirlichen Epimorphismus bezeichnet. Daher 
folgt: 

feA ist genau dann nilpotent, wennf(m)=Ofi1r aile meMaxA gilt. 
Hierin ist speziell enthalten, daJ3 jede k-affinoide Algebra ein Jacobson

ring ist (d.h. jedes Primideal ist Durchschnitt maximaler !deale). 
Eine weitere wichtige Folgerung aus Satz 3 ist das 
Maximumprinzip ([6], p. 456): 1st A irgendeine k-affinoide Algebra, so 

gibt es zujedemfeA ein m 0 eMaxA mit llfllsp=lf(mo)l. 
Beweis: Wir diirfen A als reduziert voraussetzen. Angenommen, es 

gabe einf eA, so daJ3 If( m)l <II !lisp fiir aile meMaxA gilt. Wir diirfen 
llf lisp= I annehmen. Dann ware faber, da If( m)l <I fiir aile meMaxA 
gilt, nach TATE topologisch-nilpotent, was, da II lisp eine pm-Norm ist, 
wegen II f lisp= 1 unmoglich ist, w.z.b.w. 

Ferner ergibt sich fiir reduzierte Algebren: 
Jeder k-Algebrahomomorphismus cp: A-+ B zwischen reduzierten k-affi-
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noiden Algebren ist eine Kontraktion: 

II<P(/)IIsv ~ llfllsv fiir aile jEA. 

Angenommen, es gabe ein gEA mit llcp(g)llsv> llgllw Dann gibt es ein 
m 0 EMaxB, so daBfi.ir c: =cp(g) (m0)EB/m0 gilt: llgllsv<lcJ. Wir dtirfen 
Jcl=1 annehmen. Ist Yb+a1 Yb- 1 +···+ab_ 1 Y+abEk[Y] das Minimal
polynom von c tiber k, so folgt: lapl~1, /3=1, ... , b-1, labl=l. Ftir 

h : = gb + a 1 ·l- 1 + ... + a b- 1 . g E A 
gilt alsdann 

llhll<l und cp(h)(m0 )=-abEk. 

Nun ist ab+h Einheit in A mit ab L ( -1f (~)' als Inversen (beachte: 

iabi = 1). Jedoch ist cp(ab+h)=ab+cp(h) keine Einheit in B, da cp(ab+h) 
( m 0 ) = 0. Widerspruch! 

- 0 

§ 6. Endlichkeit der Funktoren A ~ A und A ~ A 

I. Der Funktor A~A. - Ist A eine k-affinoide Algebra, so ist der Rest-
k1assenring 

des Ringes der potenzbeschrankten Elemente von A nach dem Ideal t(A) 
der topo1ogisch nilpotenten Elemente von A eine reduzierte Algebra tiber 
dem Restklassenkorper K von k (vergl. § 2.2). Da jede k-affinoide Algebra 
A eine Realisierung tiber einer freien Algebra Td besitzt, und da der 
Polynomring Td=K [X1 , •.. , Xd] noethersch und erweiterungsendlich ist, 
so folgt a us § 2.2: 

Jede Algebra A ist eine K-affine Algebra, d.h. isomorph zu einer Rest
klassenalgebra eines freien Polynomringes K [X1, •.. ,X.] nach einem Ideal. 

Die Algebra A erbt wichtige algebraische Eigenschaften von A. So 
haben A und A die gleiche (Krullsche) Dimension, weiter ist mit A auch 
A rein-dimensional. Mit A ist auch A zusammenhiingend (d.h. keine direkte 
Summe zweier Ideale ai=!=O, i= I, 2). Indessen kann A Nullteiler haben, 
wenn A nullteilerfrei ist, bier gilt: 

Ist A reduziert, so ist A genau dann nullteilerfrei, wenn die Spektralnorm 
von A eine Bewertung ist. 

Die Algebren A iibernehmen in der nichtarchimedischen Funktionen
theorie die Rolle des Tangentialraumes der lokalen komplexen Funk
tionentheorie. Dies beruht auf folgendem Endlichkeitssatz, dessen Ana
logon in der lokalen Theorie in [15], [2] bewiesen wurde. 



114 R. REMMERT 

Satz 1 (Endlichkeitssatz): Ein k-A/gebrahomomorphismus qJ: A-+ B 
zwischen k-ajjinoiden Algebren A, B ist genau dann endlich, wenn der in
duzierte K-A/gebrahomomorphismus ffJ: A-+ B endlich ist. 

DaB die Endlichkeit von qJ die Endlichkeit von ffJ impliziert, wird in 
[7], p. 109 bewiesen. Die Umkehrung folgt aus [33], Prop. 4.2, wenn man 
beachtet, daB es stets die Topologien von A bzw. B definierende E-Alge
bren A0 bezw. B0 gibt, so daB gilt B0 =A0 (t1 , ••• , t,). 

Die Abbildung ffJ kann, wenn iiber A und B nichts weiter vorausgesetzt 
wird, surjektiv bezw. bijektiv sein, ohne daB dies fiir qJ zutrifft. Fiir 
Homomorphismen zwischen freien Algebren gilt aber folgendes Analogon 
zum JAcoBischen Umkehrsatz {[6], p. 409): 

Ein k-A/gebrahomomorphismus qJ: Tm-+ Tn ist bijektiv genau dann, wenn 
der zugehiirige K-Homomorphismus {/J:Tm-+Tn bijektiv ist. 

Fiir m = n = 1 impliziert dies: 
Ein k-A/gebrahomomorphismus qJ:k(X)-+k(Y) ist genau dann ein 

CXl 

Isomorphismus, wennfur die Potenzreihe qJ(X)= L a.Y"ek( Y) fo/gendes 
gilt: 0 

lao!~ 1, la 11 = 1, Ia.! < 1 fiir aile v > 1. 

Die Gruppe der k-affinoiden Automorphismen des Einheitskreises ist 
also nicht endlich-dimensional. 

2. Der Funktor A ..... A. - Fiir viele Fragen der nichtarchimedischen 
Funktionentheorie ist der Funktor A,.... A wichtiger als der Funktor A,.... A. 
Jedes maximale Ideal Jl. in A umfaBt t(A), da jedes Element 1-f·t, 

CXl 

feA, tet(A), in A das Inverse :Lrt• besitzt. Mithin ist jede ~~:-Algebra 
0 

A/JJ. epimorphes Bild von A, also K-affin und, da ein Korper, endlich-
algebraisch iiber K. Es gibt eine natiirliche Abbildung a:MaxA-+MaxA 
des Spektrums der maximalen !deale von A in das Spektrum der maxi
malen !deale von A, die wie folgt beschrieben werden kann (Notationen 
wieim § 5, vgl. [33], p.17). Fiir jedes meMaxA wird A vermoge des Rest-

o -klassenepimorphismus s: A-+ A/ m in den Bewertungsring A/m des endlich-
algebraischen Oberkorpers A/m von k abgebildet. Das s-Urbild des 

0 -maximalen Ideals von A/mist ein maximales Ideal J1. in A, das wir mit 
cx(m) bezeichnen. Es gilt 

cx(m) = {fe.A:If(m)l < 1}. 
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TATE ([33], Theorem 6.4) hat bewiesen: 
Satz 2: Die Abbildung a.:MaxA-+MaxA ist surjektiv. 

Dies hat wichtige Konsequenzen. So folgt z.B., dal3 die natiirliche Ab

bildung des zu A gehorenden k-affinoiden Raumes X auf den zu A ge

horenden K-affinen Raum X surjektiv ist; weiter ergibt sich die fiir die 

Cohomologietheorie wichtige Aussage: 
Sind / 1, ... ,J,EA so beschaffen, daft zu jedem mEMaxA ein Index i, 

1 ~ i ~s, existiert mit !};( m)l = 1, so gilt: 

A= A '11 + ... + AJ •. 

SchlieBlich impliziert Satz 2 noch, dal3 t(A) das Jacobson-Radikal von 

A ist: 

t(A) = pe IJax 1 fJ. = {/ E A: 1-gfist Einheit in A flir alle gEA}. 

1st k diskret bewertet, so sind aile Ringe A noethersch ( da in diesem 

Faile aile Ringe t noethersch und erweiterungsendlich sind), und jeder 

endliche k-Algebrahomomorphismus cp: A-+ B induziert einen endlichen 

E-Algebrahomomorphismus (p :A-+ B, wenn B reduziert ist. Komplizierter 

liegen die Verhiiltnisse, wenn die Wertegruppe von k dicht in IR + liegt. 

Dann sind die Ringe A, B nicht mehr noethersch und die Endlichkeit von 

cp :A-+ B impliziert nicht mehr einschriinkungslos die Endlichkeit von (p. 
Es gilt vielmehr: 

Satz 3 ( [7], § 4): Es sei k nicht disk ret bewertet, es sei cp: Td ~ B endlich, 

B sei reduziert. Dann ist (p: td ~ B genau dann endlich, wenn der Restklassen

gradf=dimQ(Td)Q(B) mit dem Grad n=dimQ(Td)Q(B) iibereinstimmt: 

!= n. 

Diese Gleichung ist nicht immer erflillt, wenn lk*l dicht in IR+ liegt. 

1st z.B. lk*l nicht divisibel, so gibt es stets endlich-algebraische Erweite

rungskorper k' von k, deren Verzweigungsindex e grol3er als 1 ist (man 

adjungiere z.B. zu k eine Nullstelle e des Polynoms X' -a, wo aEE, 

a=!=O, r> 1, und Vlal¢1k*l). k' ist, versehen mit der fortgesetzten Hewer
tung, eine 0-dimensionale k-affinoide Algebra. Da ef~n ftir Korper stets 

richtig ist, folgt f < n; mithin ist die von der lnjektion k ~ k' induzierte 

Abbildung E ~ k' nicht endlich, speziell ist E fiir solche Korper k nie 

erweiterungsendlich. 
Unter zusii.tzlichen Annahmen iiber den Grundkorper k gilt stets die 

Gleichungf=n. So wird in [7] bewiesen: 
Satz 4 (Endlichkeitssatz): Ist k algebraisch abgeschlossen, so gilt immer 
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f=n. Fur solche Grundkorper k induziert jeder endliche k-Algebrahomo
morphismus q>: A~ B zwischen reduzierten k-affinoiden Algebren A, B einen 
endlichen E-Algebrahomomorphismus (p: A~ B, insbesondere ist also jeder 
Ring t, n ~ 0, erweiterungsendlich. 
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Sur Ies groupes de Galois attaches aux groupes 

p-divisibles 1 

J.-P. SERRE 

Introduction 

Soit Kun corps local de caracteristique 0 et de caracteristique residuelle 
p, et soit CIa completion d'une cloture algebrique de K. Soit T le module 
de Tate ([9], no 2.4) associe a un groupe p-divisible F, defini sur l'anneau 
des en tiers de K. TATE a montre ([9], § 4, cor. 2 au th. 3) que T® C possede 
une decomposition analogue a celle de Hodge pour Ia cohomologie com
plexe. De nombreuses proprietes du module galoisien T sont implicite
ment contenues dans cette decomposition. Dans son seminaire au College 
de France, resume dans [8], TATE en a indique uncertain nombre (notam
ment lorsque !'action du groupe de Galois est abelienne). Dans ce qui 
suit, j'explicite une autre consequence de cette decomposition de T®C: 
si G est !e groupe de Galois qui opere sur T, l'enveloppe algebrique de G 
contient (sous une hypothese de semi-simplicite convenable) un groupe 
«de Mumford-Tate» p-adique (§ 3, ths. 1 et 2). Lorsqu'on fait certaines 
hypotheses supplementaires sur F, on en deduit que G est om·ert dans 
Aut(T) (cf. § 5, th. 4). Ces hypotheses sont notamment verifiees lorsque 
Fest un groupe forme! a 1 parametre, n'admettant pas de multiplication 
complexe formelle (§ 5, th. 5). 

§ 1. Enveloppes algebriques des groupes 
lineaires p-adiques 

Soit V un espace vectoriel de dimension finie sur le corps p-adique QP, 
et soit Aut(V) le groupe de ses automorphismes, muni de sa structure 

1 Le texte ci-dessous a ete redige en decembre 1966. II differe de !'expose oral par un 
plus grand usage de Ia theorie des groupes algebriques. 

L'idee de remplacer les algebres de Lie p-adiques par les groupes algebriques cor
respondants m'avait d'ailleurs ete suggeree par Grothendieck il y a plusieurs annees, 
en liaison avec sa theorie des «motifs». 
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naturelle de groupe de Lie p-adique. Soit G un sous-groupe compact de 
Aut(V). On sait (voir par exemple [7], p. 5.42) que G est un sous-groupe 
de Lie de Aut(V). Soit g son algebre de Lie; l'exponentielle definit un 
isomorphisme d'un voisinage ouvert de 0 dans g (muni de la loi de groupe 
fournie par la formule de Hausdorff) sur un sous-groupe ouvert de G. 

Proposition 1. - Les conditions suivantes sont equiralentes: 
(a) Vest un G-module semi-simple. 
(b) Vest un g-module semi-simple. 
(c) g est une algebre de Lie reductive (i.e. produit d'une algebre abe

lienne c par une algebre semi-simple s) et Vest un c-module semi-simple. 
Soit G1 un sous-groupe ouvert distingue de G assez petit pour etre con

tenu dans l'image de l'exponentielle. Tout sous-espace de V stable par g 
l'est aussi par G1, et inversement. Cela montre !'equivalence de (b) et de 
la condition suivante: 

(a1) Vest un G1-module semi-simple. 
Mais G/G1 est fini. On en deduit facilement (cf. CHEVALLEY [J], tome 

III, p. 82, prop. 1) !'equivalence de (a) et (a1). D'ou (a)<=>(b). L'equiva
lence (b)<=>(c) est bien connue (BouRBAKI, Gr. et Alg. de Lie, chap. I,§ 6, 
no 5, th. 4). 

Nous supposerons a partir de maintenant que les conditions de la 
prop. 1 sont verifiees. N ous allons associer a Gun certain groupe algebrique 
reductif Gatg• de la maniere suivante: 

Soit d'abord GLv le QP-groupe algebrique des automorphismes de V. 
Cela signifie, par definition, que, si k est une QP-algebre commutative, le 
groupe GLv(k) des points de GLv a valeurs dans k est egal a Aut(V®k). 
En particulier, le groupe GLv(QP) s'identifie au groupe Aut(V) considere 
plus haut. 

Definition. - On appe/le enveloppe algebrique de G, et on note Gatg• le 
plus petit sous-groupe algebrique de GLv dont le groupe des points con
rienne G. 

L'existence et l'unicite de Gatg sont immediates (et ne necessitent aucune 
hypothese sur G). Si A est l'algebre affine de GLv, l'ideal definissant Gatg 
est !'ensemble desjEA tels quef(g)=O pour tout gEG. 

Utilisons maintenant !'hypothese faite sur G. Decomposons l'algebre 
de Lie g en 

g = C X S, 

ou c est le centre de g, et s = [g, g] est semi-simple. On sait (CHEVALLEY 
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[1], tome II, p. 177, th. 15) que s est algebrique (i.e. correspond a un 
groupe algebrique); si c.1g (resp. g.1g) designe Ia plus petite sous-algebre 
de Lie algebrique de End ( V) con tenant c (resp. con tenant g), on a evi
demment 

9aJg = Calg X S • 

L'algebre c.1g est abelienne, et opere de fa-;on semi-simple sur V. II s'en
suit que 9atg est reductive. Le lien entre 9atg et G.1g est fourni par Ia propo
sition suivante: 

Proposition 2.- (i) L'algebre de Lie de G.1g est 9atg· 
(ii) G.1g est reductif (MUMFORD [4], p. 26, def. 1.4). 
(iii) Toute composante connexe de Gaig rencontre G. 
Puisque 9atg est algebrique, il existe un sous-groupe algebrique connexe 

no de GLv d'algebre de Lie 9atg· Comme 9atg contient g, le groupe no (QP) 
contient un sous-groupe ouvert G1 de G; on peut supposer G1 distingue 
dans G. Soit (g;) un ensemble fini de representants des classes de G 
mod. G1 ; Ia reunion n des n°g; est un sous-groupe algebrique de GLv 
contenant G, et il est clair que c'est le plus petit possible. On a done 
n = G,1g, ce qui demontre (i) et (iii). L'assertion (ii) resulte de (i) (ou bien, 
si l'on prefere, du fait que Vest un G.1g-module semi-simple et fidele). 

Corollaire.- Sic est algebrique, l'algebre de Lie de Gatg est egale a g, 
et G est un sous-groupe ouvert de G.1g(QP). 

La premiere assertion est evidente; Ia seconde en resulte puisque G et 
G.1g(QP) sont des groupes de Lie p-adiques de meme algebre de Lie. 

On peut donner une caracterisation des points de G.1g au moyen des 
invariants du groupe G. Plus precisement, soient r, s deux entiers ;:;.:0, et 
soit T,.,.(V) le produit tensoriel de r copies de Vet des copies du dual V* 
de V. Le groupe G opere (par transport de structure) sur T,,.(V); soit 
r,.? s ( V) le sous-es pace de T,., s ( V) forme des elements invariants par G. 
II est clair que G atg laisse invariants les elements de T,? s ( V). De plus, cette 
propriete caracterise les points de G,1g: 

Proposition 3.- Soit k une QP-algebre commutative, et soit geGLv(k). 
Pour que g appartienne a G.1g(k), ilfaut et il suffit que, pour tout couple 
(r, s), /'extension T,.,.(g) de g a T,.,.(V®k)= T,.,.(V)®k laisse invariants 
/es elements de T,?.(V). 

Notons d'abord qu'un element de T,.,.(V) est invariant par G318 si et 
seulement si il appartient a T,?.(V). La prop. 3 est done consequence du 
Iemme suivant: 

Lemme 1. - Soit E un corps de caracteristique 0, soit V un E-espace 
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vectoriel de dimensionfinie, et soit Hun sous-groupe algebrique reductif de 
GLv. Pour qu'un point de GLv. a valeurs dans une extension de E, soit un 
point de H, ilfaut et il suffit que, pour tout couple (r, s), il/aisse invariants 
les elements de T,.,.(V) invariants par H. 

(En d'autres termes, un groupe reductif est determine parses invariants 
tensoriels.) 

Comme c'est la un resultat bien connu, je me bornerai a en esquisser 
la demonstration. On se ramene tout de suite au cas oule corps de base 
est algebriquement clos, ce qui permet d'identifier le groupe a }'ensemble 
de ses points rationnels; on peut aussi sup poser que H est contenu dans 
le groupe unimodulaire SLv (en effet, si n=dim. V, on remplace V par 
VEB An V*). Soit alors g un element de GLv, verifiant la condition du 
Iemme, et n'appartenant pas a H. Du fait que H est contenu dans SLy, 
H et Hg sont fermes dans End(V); puisque H est reductif, il existe done 
une fonction polynome f sur End(V), invariante par multiplication a 
gauche par H, et prenant les valeurs 0 sur H et 1 sur Hg (cf. [4], p. 29, 
cor. 1.2). Mais la representation de H dans End(V) par multiplication a 
gauche est isomorphe a la somme directe de n copies de V. Comme f ap
partient a l'algebre symetrique du dual de End ( V), I' hypothese faite sur 
g montre que fest invariante par g. Mais c'est absurde, puisquef(l)=O 
etf(g)= 1. 

§ 2. Modules galoisiens du type de Hodge-Tate 

A partir de maintenant, K designe un corps muni d'une valuation dis
crete, et complet pour la topologie definie par cette valuation. On note A 
l'anneau des entiers de K, et k=A/m le corps residuel correspondant. On 
suppose K de caracteristique zero, et k parfait de caracteristique p. On 
note K une cloture algebrique de K, et C sa completion. Le groupe de 
Galois GalK de K/ K opere sur C (cf. [9], § 3). 

Soit UP=z; le groupe des unites de QP, et soit 

x:GaiK~up 

le caractere de GalK donnant I' action de ce groupe sur les racines pn·emes 
de l'unite. Par definition, on a 

SZ = zX(S) 

pour tout seGalK et pour toute racine de l'unite z d'ordre une puissance 
dep. 

Soit maintenant X un C-espace vectoriel de dimension finie muni d'une 

9 Local Fields 
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loi d'operation de GalK continue et semi-lineaire; on a 

s(cx) = s(c) s(x) si seGalK, ceC, xeX. 

Si ieZ, notons xi le sous-ensemble de X forme des elements X tels que 

sx = x(sY X pour tout seGalK; 

c'est un K-espace vectoriel. Posons X(i)=Xi(~hC. L'injection Xi--+X se 
prolonge en une application C-lineaire 

ei:X(i)~X. 

TATE (seminaire au College de France) a demontre le resultat suivant: 

Proposition 4. - Soit 2: X(i) Ia somme directe des X(i). L'homomor
phisme 

e:l:X(i)~x, 
somme des ei, est injectif. 

Rappelons brievement la demonstration. Soit (xii) une base de Xi sur 
K. Si e n'etait pas injectif, il existerait des ci1e C, non to us nuls, tels que 

l:ciixii=O. 
Parmi toutes les relations de ce genre, choisissons-en une de longueur 
minimum, et telle que C;010 = 1 pour un couple (i0,j0 ) particulier. Si 
seGalK, on a 

d'ou 
2: s(c;J x(s)ixi1 = o. 

Utilisant la minimalite de la relation (cii), on en deduit que: 

s(cii) x(s)i = x(sYo cii, pour tout seGalK. 

Mais, d'apres TATE [9], § 3, cette derniere relation entraine ci1=0 pour 
i :F i0 , et C;ie K pour i = i0 , contrairement au fait que les (xii) sont lineaire
ment independants sur K. D'oil la proposition. 

La proposition precedente permet d'identifier 2: X(i) a un sous-espace 
vectorie/ de X. Si ce sous-es pace est egal a X tout entier, no us dirons que 
X est du type Hodge-Tate, ou admet une decomposition de type (HT). 

Remarque. SiX est de type (HT), il en est de meme de son dual X*, et 
l'on a: X*(i) =X(- i)*; 

la verification est immediate. De meme, tout produit tens oriel de modules 
galoisiens de type (HT) est de type (HT). 
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§ 3. Le groupe de Mumford-Tate p-adique 

Les notations etant celles du § 2, soit V un QP-espace vectoriel de di
mension finie muni d'une loi d'operation de GalK continue et lineaire. 
Soit G !'image de GalK dans Aut(V); c'est un sous-groupe compact de 
Aut(V). 

Faisons les deux hypotheses suivantes: 
(H.l) - Vest un G-module semi-simple. 
(H.2)- Le module galoisien Vc= V®Qp C est du type Hodge-Tate. 
(Precisons que GalK opere sur Vc par transport de structure, i.e. par la 

formule s(v®c)=s(v)®s(c).) 
L'hypothese (H.l) permet d'appliquer a G les definitions et resultats du 

§ 1; en particulier, le groupe Galg est defini. On notera que Ga1g(C) est un 
sous-groupe du groupe Aut(Vc) des automorphismes C-lineaires de Vc. 

Soit d'autre part AEC*; notons <p(A) l'automorphisme de Vc qui est 
l'homothetie de rapport)..; sur la i-eme composante Vc(i) de Vc (au sens 
du § 2). On definit ainsi un homomorphisme <p:C*-+Aut(Vc). Soit 
<P=lm(<p); c'est un sous-groupe de Aut(Vc). 

Theoreme 1.- Le groupe <Pest contenu dans Ga1g(C). 
Soit (r, s) uncouple d'entiers ~0, et soit W=T,.,s(V). Vu la prop. 3, 

il suffit de prouver que tout element de w invariant par GalK est invariant 
par <P (lorsqu' on l'identifie a un element de T,, s (Vc) = We). Or: 

(a) We est du type Hodge-Tate. 
(b) Si AEC*, /'action de <p(A) sur We est donnee par: 

<p(A)x=A;x si xEWc(i). 

En effet, (a) et (b) sont vrais pour W= V (i.e. r= 1, s=O), et, si elles sont 
vraies pour W1 et W2 , elles le sont aussi pour Wi et W1 ® W2 , en vertu de 
la remarque de la fin du § 2. 

Cecietant, si WE West invariant par GalK, w appartient a fortiori a wg, 
done aussi a Wc(O)=Wg®K C, et (b) montre que <p(l.) w=w pour tout 
A.EC*. L'element west done bien invariant par <P, cqfd. 

Soit M le plus petit sous-groupe algebrique de GLv (au sens strict du 
terme, i.e. « defini sur Qp ») dont le groupe des points a valeurs dans c 
contienne <P. Je dirai que M est le groupe de Mumford-Tate du module 
galoisien V (c'est en effet !'analogue p-adique de celui defini dans [5]). Le 
theoreme I est visiblement equivalent au suivant: 

Theoreme 2.- Le groupe Galg contient le groupe M. 
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Remarques. 1) Le groupe C/J est un C-sous-groupe algebrique connexe 
de GLv(C). 11 en resulte queM est connexe, done contenu dans Ia campo
sante neutre de G.18• 

2) Soit dcp l'endomorphisme de Vc qui est l'homothetie de rapport i 
sur Vc (i). Les theorem~s 1 et 2, traduits en termes d'algebres de Lie, sig
nifient que: 

dcp E 9alg ® C • 

3) Soit Knr !'extension non ramifiee maximale de K contenue dans K. 
L'image I de Gal (K/Kn,) dans G est le sous-groupe d'inertie de G. Comme 
I est distingue dans G, Vest un /-module semi-simple et le groupe 1.18 est 
defini. On aM cl.18 ; cela se voit en appliquant le th. 2 sur le corps de base 
Knr complete de Knr· (On n'aurait done rien perdu si l'on avait suppose le 
corps residuel k algebriquement clos.) 

§ 4. Un cas particulier 

Conservons les notations des §§ 2, 3, et faisons sur V les hypotheses 
suivantes: 

(H*.1) Vest un g-module absolument simple. 
(H*.2) Vc est somme directe de Vc(O) et Vc(1). 
(H*.3) Les dimensions n0 et n1 de Vc(O) et Vc(1) sont ~ 1 et premieres 

entre elles. 
Remarques. - 1) Les hypotheses (H*.1) et (H*.2) entrainent evidem

ment les hypotheses (H.1) et (H.2) du § 3. 
2) (H*.l) equivaut a dire que leg-module Vest semi-simple et que son 

commutant est reduit aux homotheties (BoURBAKI, A/g. VIII, § 13, no 4, 
cor. ala prop. 5). En particulier, si c designe le centre de g, on voit que c 
est, ou bien reduit a 0, ou bien egal a }'ensemble des homotheties de v. 
Dans les deux cas, c'est une algebre de Lie algebrique, et l'on a done 

9alg=g. 

Theoreme 3. - Sous /es hypotheses ci-dessus, on a G.18 =GLv. 
Vu la remarque 2) ci-dessus, cet enonce equivaut a: 

Corollaire 1. - L' algebre de Lie g de G est egale a End ( V). 
11 equivaut aussi a: 

Corollaire 2. - Le groupe G est un so us-groupe ouvert de Aut ( V). 
(En d'autres termes, l'action de GalK sur V est aussi peu triviale que 
possible.) 

Demonstration. - Posons, pour simplifier E = Vc, E0 = Vc (0) et 



Sur les groupes de Galois attaches aux groupes p-divisibles 125 

E1 = Vc(1). Soit H Ia composante neutre du C-groupe algebrique G318 (C) 
(du fait que C est algebriquement clos, no us no us permettons d'identifier 
un C-groupe algebrique a I' ensemble de ses points rationnels). Tout revi
ent a montrer que H = GLE. Or, H jouit des trois proprietes suivantes: 

(a) H est un sous-groupe reductif connexe de GLE, de commutant reduit 
aux homotheties. 

(b) H contient /e groupe cp forme des automorphismes de E qui sont 
/'identite sur £ 0 et une homothetie sur E1. 

Cela resulte du theon!me I. 
(c) Les dimensions n0 et n1 de E0 et E1 sont premieres entre e/les. 

Le theon!me 3 est done une consequence du resu!tat suivant, qui est 
un pur enonce de theorie des groupes algebriques: 

Proposition 5. - Tout sous-groupe algebrique H de GLE verifiant les con
ditions (a), (b), (c) ci-dessus est ega/ a GLE. 

La demonstration com porte plusieurs eta pes: 
1) Soit T (resp. S) Ia composante neutre du centre de H (resp. son 

groupe des commutateurs). On a H=T·S, Tr~S est fini, et S est semi
simple. Vu (a), Test, soit reduit a { 1 }, soit egal au groupe Gm des homo
theties. Dans le premier cas, H = S serait contenu dans 1e groupe uni
modulaire SLE, ce qui est absurde car les elements de cp ne sont pas tous 
de determinant 1. On a done T= Gm et il va no us suffire de prouver que 

S=SLE. 
2) Soit e le tore de dimension 2 forme des automorphismes de E qui 

sont egaux a une homothetie sur E0 et a une autre homotbetie sur E1 • On 
a e=Gm·lP, d'ou ecH d'apn!s ce qui precede. Soit 1/J:C*-+e l'homo
morphisme defini par: 

1p (A.) x = A."'x si xEE0 

On a detl/1 (A.)=.-1."0"'-"'"0 = 1 pour tout A.EC*. L'image lJI de l/1 est done 
un sous-groupe connexe de H r1 SL£, done aussi un sous-groupe de S. 

3) Montrons maintenant que S est simple (i.e. tout sous-groupe alge
brique distingue deS est, soit fini, soit egal aS). Sinon, en effet, on aurait 
S=(S' x S")/N, avec S', S" semi-simples non reduits a {1}, et N sous
groupe fini du centre de S' x S". Le (S' x S")-module E peut s'ecrire 
comme produit tensoriel: 

E=E'®E", 
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ou E' (resp. E") est un S'-module (resp. S"-module) absolument simple. 
Soit P la composante neutre de l'image reciproque de P dans S' x S". 
C'est un tore de dimension 1, done isomorphe au groupe Gm. Choisissons 
un isomorphisme u: P-+Gm. Notons respectivement J, f 0 , IJ, f', f" les 
caracteres des representations E, E0 , E1 , E', E" de P. Ce sont des poly
nomes a coefficients entiers positifs en u et u- 1• On a 

f'·f" =f=fo + /1 
et 

On a a::f::b; sinon, en effet, P opererait surE par homotheties. De plus: 

f = nou" + n 1 ub. 

Mais on verifie tout de suite qu'un tel binome ne peut se decomposer en 
produit de deux polynomes a coefficients entiers ~ 0 que de fa~on triviale, 
l'un des facteurs etant un monome c~. L'entier c doit diviser n0 et n1 , 

done doit etre egal a 1 vu !'hypothese pgcd{n0 , n1)= 1. On a done, par 
exemple,f'=~. d'ou dim.E'=l. Mais c'est absurde, car l'image deS' 
dans S opererait trivialement sur E, contrairement au fait que E est un 
S-module fidele. Le groupe S est done bien un groupe simple. 

4) Soit h = n0 + n1 la dimension de E, et so it Jl.h le groupe des racines 
h-emes de !'unite. On a A.n' =rno si AEJl.h· L'homomorphisme tjJ de 2) 
transfordle done A.ep.h en une homothetie. Comme n0 et n1 sont premiers 
entre eux, tjJ est injectif. On en conclut finalement que P, done a fortiori 
S, contient le groupe Jl.h• identifie a un sous-groupe du groupe des homo
theties. En particulier, Jl.h est contenu dans le centre de S. 

5) Vu 3) et 4), il ne nous reste plus qu'a demontrer le lemme suivant: 
Lemme 2.- Soit Sun groupe algebrique simple, et soit e:S-->GLE une 

representation lineaire non trivia/e de S, de dimension h. Si /e centre de S 
est d'ordre multiple de h, e est un isomorphisme deS sur SLE. 

Distinguons deux cas: 
a) Le groupe S est de type An (au sens de la classification des groupes 

algebriques simples), done quotient de SL{n+ 1) par un sous-groupe de 
son centre. Par hypothese, h divise n+ 1. D'ou dim.S~dim.SLE, et, 
comme le noyau de e est fini, on en conclut d'abord que e applique S sur 
SLE, puis que c'est un isomorphisme (SLE etant simplement connexe). 

b) Le groupe S n'est pas de type An. La classification des groupes sim
ples montre alors que le centre deS a au plus 4 elements. D'ou h~4. Le 
cash= 1 est impossible. Le cas h=2 donnerait S=SL{2), qui est exclu. 
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Le cash= 3 n'est possible que siS est de type E6 ; mais la dimension de E6 

est bien trop grande pour que ce groupe puisse etre plonge dans SL{3). 
De meme, Ie cas h=4 n'est possible que pour un groupe de type Dm avec 

n~4 (pour n~3, Dn est, soit isomorphe a Am soit non simple); comme Ia 

dimension de D4 est strictement superieure a celle de SL(4), on conclut 

comme precedemment. 
Ceci acheve la demonstration du Iemme 2, et, avec elle, celles de la 

prop. 5 et du th. 3. 
Remarque. Meme lorsqu'on ne fait plus !'hypothese (H*.3), !'existence 

dans S d'un tore IJI de dimension I, ayant pour caractere un binome 

n0 u" + n1 ub, peut etre utilisee pour determiner (au moins en partie) la 

structure de S. 

§ 5. Application aux groupes p-divisibles 

Conservons les notations des paragraphes precedents. So it Fun groupe 

p-divisible de hauteur h sur l'anneau A des entiers de K (pour tout ce qui 

concerne les groupes p-divisibles, voir [9]). Soit Tie module de Tate de F, 

et soit V=T@QP. On sait ([9], no 2.4) que dim. V=h, et que GalK opere 

continument sur T et sur V. 

Nous aurons besoin de deux des principaux n:!sultats de Ia theorie de 

Tate. Tout d'abord la decomposition de Vc ([9], § 4, cor. 2 au th. 3): 

Proposition 6. - Vc= VQ?JC possede une decomposition de Hodge-Tate 

de laforme: 
Vc = Vc (0) EB Vc (1). 

De plus, Ia dimension n1 (resp. n0) de Vc(l) (resp. de Vc(O)) est egale a Ia 

dimension de Ia composante neutre de F (resp. de son dual F'). 
(Rappelons, cf. [9], no 2.2, que Ia composante neutre F 0 de F peut etre 

identifiee a un groupe forme! sur A, au sens de DIEUDONNE, LAZARD, 

LUBIN; par Ia «dimension» de F 0 , on en tend le « nombre de parametres» 
du groupe forme! en question.) 

Si K' est une extension finie de K, d'anneau de valuation A', notons 
End A' (F) l'anneau des endomorphismes du groupe p-divisible Fx AA' 

deduit de F par extension des scalaires de A a A'. Soit End (F) Ia limite 

inductive (qui est en fait une reunion) des End A' (F) lorsque K' parcourt 
toutes les sous-extensions finies de K (cf. LUBIN [2] pour le cas de dimen
sion I). 
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Proposition 7.- (a) Le commutant de G dans Test ega/ a End A (F). 
(b) Le commutant de G dans Vest ega/ a End A (F)®QP. 
(c) Le commutant de g dans Vest ega/ a End(F)®QP. 
L'assertion (a) est demontree dans [9], § 4, cor. 1 au th. 4; (b) resulte' de . 

(a) par produit tensoriel avec QP. Enfin, (c) resulte de (b) et du fait que le 
commutant de g dans Vest egal a Ia reunion des commutants des sous
groupes ouverts de G. 

Nous pouvons maintenant appliquer le theoreme 3. On en tire: 

Theoreme 4. - Faisons sur F les hypotheses suivantes: 
(a) Vest un G-module semi-simple. 
(b) End (F)= ZP. 
(c) Les dimensions n1 et n0 de F et de son groupe dual F' sont ~ 1 et 

premieres entre el/es. 
On a alors Galg = GLv, g =End ( V) et G est un sous-groupe ouvert 

de Aut(V). 
En effet, (H*.l) resulte de (a) et (b), compte tenu de la prop. 7, et (H*.2) 

et (H*.3) resultent de Ia prop. 6 et de (c). 
Remarque. Les hypotheses (a), (b), (c) entrainent que Fest connexe 

( c'est done un groupe forme/). En effet, si F 0 designe la composante neutre 
de F, V(F0 ) est un sous-espace de V(F)= V stable par G. Vu (a) et (b), 
on a done V(F0 )=0 ou V(F0 )= V. Le premier cas entraine F0 =0, d'ou 
n1 =0, ce qui est exclu d'apres (c). Le second cas entraine F=F0 • De 
meme, le dual de Fest un groupe forme!. 

Nous allons maintenant appliquer le theoreme 4 aux groupes forme/s 
de dimension I (au sens de LuBIN [2], [3]), i.e. au cas n1 = 1. On a tout 
d'abord: 

Proposition 8. - Supposons F connexe et de dimension 1. Pour tout ZE V, 
z "# 0, on a g · z = V. En particulier, Vest un g-module simple. 

Par hypothese, l'algebre affine de Fest isomorphe a l'algebre des series 
formelles A [[X]]. Choisissons un tel isomorphisme (ce qui revient a con
siderer F comme un groupe forme!). La multiplication par p dans Fest 
donnee par une serie formelle 

00 

f(X) = L anxn' 
n=l 

Puisque Fest de hauteur h, on a 

an Em pour 11 < l, et an¢ m pour 11 = l, 
cf. LUBIN [2]. 
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Soit A (resp. m) l'anneau (resp. l'ideal) de valuation de K. Pour tout 
en tier n ~ 0, notons J<nl le n-eme itere de f (i.e. Ia multiplication par p" dans 
F), et soit Tn !'ensemble des xEm tels que J<"l(x)=O. On sait (cf. par 
exemple [3]) que T" est un groupe (pour la loi de groupe forme! definissant 
F), et que ce groupe est isomorphe a (Zfp"Zt; on a T = lim Tn- Notons r: 
!'ensemble des elements de T" d'ordre p"; on a k-

Lemme 3. - II existe un nombre c>O tel que, pour tout n~ 1, et tout 
xET:, l'indice de ramification de /'extension K(x)/K soil ~c·p"h. 

Admettons provisoirement ce lemme, et demontrons la prop. 8. Quitte 
a transformer z par une homothetie, on peut supposer que zET et zrf;pT. 
Pour tout n ~ 1, !'image Zn de z dans Tjp"T= T,, appartient a T~. Soit 
d'autre part U = G · z I' orbite de z par G. C'est une sous-variete analytique 
p-adique de T et son espace tangent au point zest egal a g · z (cf. par exem
ple [7], LG, p. 4.12). D'autre part, !'image U" de U dans Tjp"T est egale a 
G · z", ensemble des conjugues de z". Mais, d'apres le lemme 3, on a 
Card(G· zn)= [K(zn):K] ~c·p"h. D'ou 

Card (Un) ~ c· p"h. 

Soit alors J.tla mesure de Haar de T, normalisee de telle sorte que J.t(T)= 1. 
La formule ci-dessus entraine que f..l ( U) ~c. Mais il est immediat qu'une 
sous-variete analytique p-adique de T n'a une mesure > 0 que si son inte
rieur est non vide. Comme U est une orbite, on en conclut que U est 
ouvert dans T. Son espace tangent en z est done V tout entier. D'ou 
g·z=V. 

Reste a demontrer /e Iemme 3. Soit v la valuation de R, normalisee de 
telle sorte que v(p)= 1. Soit c1 la borne inferieure des v(an), pour n<ph. 
D'apres ce qui a ete dit plus haut, on a c1 >0. Soit cp:R+->R+ !'appli
cation donnee par la formule 

C'est une bijection strictement croissante de R+ sur R+; soit l/J la bijec
tion reciproque. Si xEm, la formule 

montre que 
v(f(x)) ~ cp(v(x)), 
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ou encore 
v(x) ~ l/J(v(f(x))). 

De plus, pour v(x)>c2 =c1/(ph-I), la valuation du terme correspondant 
a n=ph est strictement inferieure a celle des autres termes, et l'on a done 

v(f(x)) = lv(x). 

So it dn la borne superieure des v (x), pour xe r:. Les dn sont > 0. Si xe T~, 
on af(x)er:_ 1 ; d'ou: 

dn ~ l/1 (dn-1) et dn ~ l/l(n- 1) (d1). 

Mais, pour tout ct>O, les iteres ljl<n>(a) tendent vers 0. II existe done un 
entier n0 tel que, si n?;:;n0 , on ait dn<c2 , d'ou dn+ 1 =dnfl. On obtient 
ainsi !'existence d'une constante c3 > 0 telle que: 

v(x)~c3fpnh si xeT:. 

Soit c4 la valuation d'une uniformisante de K, et soit e l'indice de ramifi
cation de K(x)fK. On a evidemment: 

v(x)?;:;c4 fe. 

En comparant, on trouve e?;:;c·pnh, avec c=c4 /c3 , ce qui demontre le 
Iemme. 

On voit ainsi que Ia condition (a) du theoreme 4 est automatiquement 
verifiee en dimension 1. La condition (c) l'est aussi pourvu que h?;:;2, 
puisque n1 = 1 et n0 = h- 1. Comme le cas h = 1 est trivial, on en deduit 
finalement: 

Theoreme 5. - So it Fun groupe forme/ defini sur A, de dimension 1 et de 
hauteur finie h. Supposons que End (F)= Zr L' image G de Galx dans 
Aut(V) est ow·erte. 

(L'hypothese End(F)=ZP signifie que F n'a pas de «multiplication 
complexe formelle», au sens de LUBIN [2].) 

Remarques. - 1) Lorsqu'on ne fait plus !'hypothese que End (F)= ZP, 
on peut quand meme determiner l'algebre de Lie g de G. On trouve que 
c'est le commutant de End (F) dans V. La demonstration est analogue a 
celle du cas particulier traite ici, mais sensiblement plus compliquee. 

2) Les resultats ci-dessus s'appliquent au groupe d'inertie I de G; cela 
se voit en passant au corps Kn, et en remarquant que End (F) ne change 
pas par cette operation, en vertu de Lubin [2], § 2 (c'est la une propriete 
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speciale aux groupes de dimension 1). On en deduit que I est un sous
groupe ouvert de G; je ne connais pas de demonstration directe de ce fait. 

3) Le groupe I possede deux filtrations naturelles v et w, definies de la 
maniere suivante: 

v(g) ~ n<o>(g- 1) (T) c p"T, 
w(g)~n<o>gEI" 

(I" designe le n-eme groupe de ramification de I, dans la notation 
superieure, cf. [6], chap. IV, § 3). 

Quelle relation y a-t-il entre v et w? Si eK designe l'indice de ramification 
absolu de K, est-il vrai que l'on a 

w = eK·v + 0(1)? 

Une question analogue se pose pour tousles groupes de Lie p-adiques qui 
sont des groupes de Galois. 
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The Conjectures of Birch and Swinnerton-Dyer, 
and of Tate 

P. SWINNERTON-DYER 

1. Introduction 

In the last few years, it has become increasingly evident that the study 
of the zeta-function of an algebraic variety can yield valuable information 
about that variety, some of which cannot easily be obtained in any other 
way. Most of this information is number-theoretic - that is to say, it 
refers to objects which depend on the ground field and which are only of 
interest when the ground field is finitely generated. But some of it refers 
to objects, such as the Neron-Severi group, which are also of interest to 
classical algebraic geometers - and about which classical algebraic ge
ometry has little to say. 

The first indication of this should have been the pre-war work of SIEGEL 
on quadratic forms. Indeed Siegel himself wrote of that work that he 
hoped it would rescue the zeta-function from the neglect into which it 
was falling. But the influence of fashion, and the deeper and apparently 
more elegant reformulation of Siegel's work by TAMAGAWA in terms of 
measure theory, led to a general belief that zeta-functions were not essen
tially involved in Siegel's results. 

Siegel's theorems were rigorously proved. Most of the subsequent work 
is conjecture, based on the examination of special cases and on ex post 
facto heuristic arguments which have been adequately described else
where. The next step was the conjecture of BIRCH and SWINNERTON-DYER, 
which connected the behaviour of the zeta-function of an elliptic curve 
at s = 1 with its number-theoretic properties. Here the zeta-function is 
inescapably involved, both because its behaviour at s = 1 can only be ob
tained by analytic continuation and because the conjecture involves not 
only its leading coefficient but the order of its pole at s = 1. 

Most of the subsequent work is due to, or inspired by, TATE. He has 
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put forward, and produced evidence for, conjectures which extract a good 
deal of information from the zeta-function of any algebraic variety; and 
for surfaces over finite fields he and ARTIN have gone far towards proving 
these conjectures. 

2. Elliptic curves over Q 

We define an 'elliptic curve' to be an Abelian variety of dimension 1. 
Thus an elliptic curve over a field k is a complete non-singular curve of 
genus I which is defined over k and which contains a distinguished point 
b also defined over k; the curve then has the structure of an additive 
group whose zero is b, and the group law is defined over k. We shall de
note by r an elliptic curve over Q, the field of rational numbers. The 
restriction to Q is needed for the computations described in§§ 3 and 4; 
the theoretical results quoted in the present section hold, with trivial 
changes of notation, over an arbitrary algebraic number field. 

To state Conjectures A and B, we must first define a satisfactory global 
L-series, or, which comes to the same thing, a satisfactory global zeta
function associated with r. The crude way to produce a global zeta
function is to multiply together the local zeta-functions for all 'good' 
primes; this gives an Euler product with finitely many factors apparently 
missing. For an elliptic curve, though not for a general Abelian variety, 
the correct form for these missing factors is known. However, the con
jectures are only concerned with the behaviour of the zeta-function near 
s =I, and instead of supplying the missing factors as functions of s it is 
therefore only necessary to supply their values at s = 1. We now show 
how to do this. 

Let w be a differential of the first kind on r. If r is written in the 
traditional form 

y2 = x3 - Ax- B 

then we can choose w = dxj2y; in any case w is unique up to multiplication 
by a non-zero rational number, and the choice of this number does not 
affect what follows. For almost all primes p, r and w both have non
degenerate reductions modulo p; hence they give rise to an elliptic curve 
r P defined over G F (p ), the finite field of p elements, and a differential of 
the first kind wP on r p· The zeta-function of r P over GF(p) is 

(I - et:Pp -s)(I - aPp -s) 
'iFP, s) = (I-p-s) (I- pl s) ; (2.I) 



134 P.S~RTON-DYER 

here a.P, a.P are defined by the statement that for q=p" there are just 

(2.2) 

points on rP defined over GF(q). From the local zeta-functions (2.1) we 
can form a crude global L-series 

the product being taken over those primes p for which r has a good re
duction modulo p. The product is only known to converge in%>-!; but 
Weil has conjectured that L(r, s) can be analytically continued over the 
whole complex plane, and that there is a functional equation connecting 
L(s) and L(2-s). In what follows, it will be assumed that L(s) is at any 
rate well defined in some neighbourhood of s=l. 

Let S be a finite set of primes which contains the infinite prime and any 
finite prime modulo which r or ro does not have a good reduction. For 
any finite prime p, whether in S or not, we can form 

Mp(r) = J lrolpJlp (2.3) 
T(Qp) 

where QP is the field of p-adic numbers, r (QP) is the set of points on r 
defined over QP, liP is the usual p-adic valuation, and Jlp is the usual 
Haar measure on QP which assigns measure I to the set of p-adic integers. 
For the infinite prime we replace (2.3) by 

Moo (r) = J ro 

taken over all real points on r. Now write 

L~(r,s)= IT {Mp(r)r 1 IT {(1-a.pp-•)(t-a.pp-•)}- 1 • (2.4) 
peS p¢S 

It is easily verified that for fixed S this does not depend on the particular 
choice of ro. Moreover, it does not depend significantly on the choice of 
S; for if S1, S2 are two such sets then 

L~, (r, s)/L~2 (r, s)-+ 1 as s-+ I. 

To prove this it is enough to note that if r and ro both have a good re
duction modulo p then 

MP(r) = NPfp =(I- a.Pp- 1) (I- a.Pp- 1). (2.5) 

Henceforth we shall denote by L*(r, s) any Euler product which differs 
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from L(r, s) only in finitely many factors and which satisfies 

L*(r, s)/L~(r, s)--+ I as s--+ I. (2.6) 

Note that we do not adopt the usual normalization condition that 
L * (r, s )--+I as s--+ + oo, preferring instead to normalize at s =I. 

We next define the Tate-Safarevic group III and the Weil-Chatelet 
group WC; only the former of these occurs in the conjectures, but it is 
natural to describe both together. Let Y be the set of all principal homo
geneous spaces over r; in other words, an element of Y is a complete 
non-singular curve C of genus 1 defined over Q, together with a specific 
identification of r with its Jacobian. (Note that because r has non-trivial 
automorphisms, the curve C does not in itself determine the canonical 
map c X C--+T.) For any two elements Cl, Cz of Y, write cl,.,.,. c2 if there 
exists a birational map C 1 --+ C 2 defined over Q for which the diagram 

is commutative. This defines an equivalence relation in Y; and the set of 
equivalence classes in Y is called the Weil-Chatelet set associated with r. 
It can be given the structure of a commutative group in a natural way; 
for the details see WEIL [31]. This group is a torsion group, and its identity 
element is the equivalence class consisting of all curves C which contain 
a rational point. Like most sets which unexpectedly have a natural group 
structure, it can also be defined as a cohomology group; it is H 1 ( G, r (Q)), 
where Q is the algebraic closure of Q and G is the Galois group of Q/Q. 

Now consider those curves C in Y which contain points defined over 
each p-adic field including the reals; these are just the curves which can 
play a significant part in an 'infinite descent' argument applied tor. Such 
curves precisely fill a certain number of equivalence classes in Y, and 
these classes form a subgroup of WC called the Tate-Safarevic group III. 
Unfortunately, very little is known about Ill, and there is no curve r for 
which it has completely determined. It is conjectured that it is always a 
finite group; and CASSELS [5] has shown that when it is finite its order 
must be a perfect square. It can be shown that Ill only contains finitely 
many elements of any given order; and the bound for the number of these 
elements, for a given r, is moderate and in principle constructive. There 
is no certain way of finding these elements, because there is no certain 
way of finding whether two curves in Y are equivalent; in effect, this 
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comes down to determining whether a given curve C has a rational point. 
However, in practice one can usually find the elements of order 2 in III 
for any particular elliptic curve r, and the elements of order 3 or 4 for 
suitably chosen curves r, without intolerable labour. 

In the description which follows, it will be implicitly assumed that III 
is finite. Conjectures A, Band C below, as they are stated here, do indeed 
each imply that III is finite; for each of them contains a formula in which 
the order of Ill appears. However, the evidence for these conjectures can
not really be regarded as evidence for the finiteness of Ill. In fact, each of 
these formulae contains a term which is certainly associated with Ill and 
whose value appears to be always a positive integer- and indeed a perfect 
square. It is natural to identify this term with the order of ill; but one 
can give a more complicated interpretation of it which is equally com
patible with the evidence and which would still make sense even if Ill were 
sometimes infinite. 

MoRDELL [16] has shown that r (Q), the group of rational points on 
r, is finitely generated; and in any particular case his proof gives an ex
plicit bound for the number of generators. It is easy to find the elements 
of finite order in r (Q); see for example CASSELS [6], Theorem 22.1. There 
is r:o certain method of calculating g, the rank of r ( Q); but in practice 
one can usually find g without intolerable labour by the method of infinite 
descent. BIRCH and SWINNERTON-DYER [2] have given an alternative meth
od of conducting the first descent, which avoids any use of algebraic num
ber fields and is therefore suitable for machine computation. Moreover, 
on the assumption that III is finite CASSELS [5] has shown that the differ
ence between the number of first descents and the value of g is even; thus 
the parity of g can be found even when g itself cannot. 

We can now state the initial conjecture of BIRCH and SWINNERTON-DYER 
[3]. This can be regarded primarily as giving a necessary and sufficient 
condition for g=O- that is, for r(Q) to be finite. 

Conjecture A. With the notation and definitions above, 

if g = 0, 
otherwise, 

where square brackets denote the order of a group. 
To produce a more detailed conjecture when g>O we need a measure 

of the density of the rational points on r. We first define the height of a 
rational point on r, following the original approach of TATE as described 
in [I 5]. Assume that r is embedded in projective space, and fix a system 
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of co-ordinates in that space. For any rational point P on r, write 

h(P)=log(max{lxol, lx 1 1, ... , lxnl}) 

where (x0 ,x1, .•• , xn) is that representation of P for which the X; are inte
gers with no common factor. If nP denotes the sum of n copies of P under 
the standard addition law on r, then 

h(P) =lim n- 2h(nP) 
n--+ oo 

exists and is called the height of P. Moreover h(P) behaves like a quad
ratic form, does not depend on the choice of a co-ordinate system in the 
ambient projective space, and vanishes at just those points of r (Q) which 
are of finite order. We can derive from h(P) the bilinear form 

h(P, P') = Hfi(P + P')- ii(P)- ii(P')}. 

The effect of a birational transformation of r is to multiply ii by a con
stant; henceforth we normalize ii by taking r to be a non-singular plane 
cubic curve. BIRCH has given an explicit formula (quoted in [25]) for 
h(P) for curves of the form 

(2.7) 

and presumably this can be modified to be valid for all elliptic curves. 
Now let P1 , ••. , P8 be a base for r (Q) modulo torsion, and write 

R = det{fi(P;, Pi)}; 

it is easy to show that R is positive and does not depend on the choice of 
base. The natural generalization of Conjecture A is as follows; it was 
first explicitly stated in STEPHENS [24], though its general shape had been 
suggested earlier. 

Conjecture B. With the notation and definitions above, 

* [ill] R 8 
L (r, s)"' [ ( ) ] 2 (s- 1) as s -d. r Q tors 

This of course includes Conjecture A; but so much of the evidence ap
plies to the special case of Conjecture A that it is convenient to give both 
statements explicitly. There is no curve r for which Conjecture B has 
been proved to hold, because there is no curve for which ill is completely 
determined; however, the supporting evidence is very strong. The direct 
evidence is of three kinds: 

I 0 Local Fields 
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(i) in variance under isogeny; 
(ii) calculations of L * ( r, s) near s = I ; 
(iii) deductions from the functional equation of L*(r, s). Moreover, 

there is some analogy with the work of SIEGEL and TAMAGAWA on quad
ratic forms, and a close analogy with the work of ARTIN and TATE on 
surfaces over finite fields described in § 6 below. 

Let r' be an elliptic curve which is isogenous tor over Q. Cassels has 
shown that if Conjecture B holds for r it also holds for r'. All the terms 
in Conjecture B except for g are liable to change under isogeny. However, 
in each case the ratio between the values of a term for r and for r' is 
easier to determine than the two values themselves; in particular, the 
change in L *(r, s) comes entirely from the factors MP(r) corresponding 
to the bad primes. CASSELS' result is therefore a purely algebraic one, 
which does not involve s and which in particular throws no light on the 
problem of analytic continuation. 

Experiment shows that L*(r, I) cannot be satisfactorily calculated 
either by numerical analytic continuation or by setting s = I in (2.4) and 
truncating the infinite product at a suitable point. It is known however 
that L*(r, s) can be analytically continued across %=-!when one of 
two conditions holds; and in these cases L * ( r, 1) can be calculated. These 
conditions are that r admits complex multiplication, discussed in § 3, or 
that r can be parametrized by elliptic modular functions, discussed in 
§ 4. Here we consider just what the resulting figures show. Write 

L*(r, s) = a0 + a1 (s- 1) + a2 (s- I)2 +···. 

It can be shown, under either condition, that a0 =L*(r, 1) is a rational 
number, for whose denominator an explicit bound can be given; since it 
can be computed to any desired accuracy, it can be found exactly even 
though the computations themselves are not exact. By contrast, it is only 
practicable to compute the an with n > 0 to two or three significant figures; 
and no theoretical statement about them is known. For curves with com
plex multiplication the numerical results are given in [3] and [24]. Of the 
2024 curves for which L*(r, 1) has been calculated, there are I744 for 
which the value of g is also known. Of these, 984 have L * (T, I) =0 and 
g>O, in accordance with Conjecture A; the other 760 have g=O and 
L*(T, 1)>0, and for these it is natural to use the formula of Conjecture A 
to give a hypothetical value of [ill]. In each case the value is a perfect 
square, in accordance with the result of CASSELS [5]. Moreover, for each 
such curve either the 2-component or the 3-component of ill was found 
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in the course of finding g; and these agree with the hypothetical values of 
[III]. There are 355 curves for which g>O and both Rand the an with 
n > 0 have been calculated. These support the stronger Conjecture B, with 
the same interpretation of [III] as above, and with two minor reservations. 
Since the values of ag and R are only approximate, so is that which is ob
tained for [III] from the formula. However this value is always close to a 
small integer, and so the hypothetical value of [III] is unambiguous. 
Again, for g> 1 Conjecture B requires that a1 =0 and direct calculation 
can only show that this holds approximately. When g=2 we can use the 
functional equation for L *(r, s) and the exactly verifiable statement a0 =0 
to prove that a1 =0; but in the two relevant cases when g=3 there is no 
known way to prove a1 =0, though the calculations make this plausible. 
As yet, there is only one curve without complex multiplication for which 
the value of L*(r, 1) is known. This case is fully described in§ 4; it sup
ports Conjecture A provided that III is trivial, which there is no reason 
to doubt. 

In describing the functional equation, it is convenient to write 

A*(s) = (2nr• r(s) L*(r, s). (2.8) 

WEIL has conjectured that for a suitable choice of the factors correspond
ing to the bad primes, 

A*(s) = 8j1-• A*(2- s). (2.9) 

Here 8 = ± 1 andjis the conductor of r, so thatfis a product of suitable 
powers of the finite bad primes; for the precise definition off see [17] 
or [19]. In general, no formula for 8 is known; but DEURING has shown 
that if r admits complex multiplication then L *(r, s) is essentially a 
Heeke L-series with Grol3encharaktere, and hence (2.9) holds with an 
explicitly defined 8. Evidently L * ( r, s) has a zero of odd order at s = 1 if 
8 = - 1, and of even order if 8 = + 1. According to Conjecture B, L * ( r, s) 
has a zero of order gats= 1. For r of the form 

(2.10) 

or of the form (2.7), which correspond to the two simplest cases of com
plex multiplication, BIRCH and STEPHENS [1] have shown that the number 
of first descents is even when 8 = + 1 and odd when 8 =- 1; this supports 
the conjecture in view of the theorem of CASSELS quoted above, that pro
vided III is finite the number of first descents has the same parity as g. 

NERON [17] has given a birationally invariant theory of the reduction 
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of elliptic curves modulo p. This appears, inter alia, to give the right form 
for the factors of L*(r, s) corresponding to the bad primes; and I am 
indebted to TATE for pointing out to me that it also gives a simpler defi
nition of the corresponding factors MP(r) than that of (2.3). In fact 
NERON shows that there is an essentially unique model for r of the form 

Y 2 +.A.XY+JJ.Y=X3 +a.X2 +{3X+y (2.11) 

where A., J.l, a., {3, y are integers and the discriminant of the equation (2.11) 
is as small as possible. For this model, every rP is an irreducible curve. 
Write 

with the a.P, ?iP of (2.1) if r P is non-singular; 

LP(s) = (1- p-•)- 1 

if rP has an ordinary double-point with distinct rational tangents; 

Lp(s) = (1 + p-·r 1 

if r P has an ordinary double point with irrational tangents; and 

LP(s) = 1 

if rP has a cusp. Moreover, let cP be the number of irreducible compo
nents of multiplicity 1 in the Neron fibre associated with the reduction of 
(2.11) modulop; thus cp= 1 whenever rP is non-singular. TATE has shown 
that 

MP(r) = cp/LP(l) 

for all primes p, which generalizes (2.5). In view of this, the correct defi
nition of L*(r, s) is presumably 

L* (r, s) = {M.., (r) ll cP} -l ll LP(s). 

Here the term in curly brackets has been introduced to preserve (2.6). 
According to SERRE, this is the L-series for which the functional equation 
(2.9) should hold. 

3. Elliptic curves with complex multiplication 

In this section we give an account of the calculation of L*(r, s) for 

curves of the form 
(3.1) 
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where D is a rational integer which we can take to be fourth-power-free. 
Similar arguments apply to the other types of curve defined over Q which 
admit complex multiplication, but the formulae differ. Detailed calcu
lations have also been carried out by STEPHENS [24] for the curves (2.7), 
and pupils of CASSELS are currently working on curves of the form 

y 2 = x 3 + 4Ax2 + 2A2 x 

which admit complex multiplication by .J (- 2). 
For the curve (3.1) the bad primes are just those which divide 2D. For 

any other prime p it is known that 

NP = !P +I- n(~)4 - n(%)
4 

for p = 1 mod4, 

lp+l for p=:3mod4, 

where in the upper line ( )4 denotes the biquadratic residue symbol in 
Q(i) and n, n are primes in Q(i) such that p =nn and 

n = n = 1 mod(2 + 2i). 

It follows after a little manipulation that 

{ (D) n }- 1 \(D) ii 
L(r,s)= rr l- ; 4(Nn)' = L ~ 4(Na)'' (3.2) 

where N denotes the norm from Q(i) to Q, the product is taken over all 
real or complex Gaussian primes and the sum over all Gaussian integers 
subject to 

n = a = 1 mod (2 + 2i) 

in each case. Now let L1 = 1 mod(2 + 2i) be the odd part of the square-free 
kernel of D, and write in (3.2) 

(J = 16L1,u + (l 

where Jl runs through all Gaussian integers and Q runs through a certain 
finite set. This gives, writing a=Q/16L1 for convenience, 

L(r, s) = (l6L1) 1 - 2 s \\(~) ji + fi. • LL Q 4 IJl + al 2 s 
(3.3) 

The sum over Jl does not involve the biquadratic residue symbol, and it 
can be analytically continued into 9ts>t as follows. Write 

(3.4) 
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Since the expression in curly brackets is 0 (f.J.- 2'- 1) this defines an analytic 
function in 9\s>-!; and moreover 

l/1 (a, I) = - + -- - - + -1 I{ I I Ct.} 
a f1. +a f1. J1. 2 

w#<O 

is just the Weierstrass zeta-function with periods I, i. On the other hand, 
if 9\s>j- we can rearrange (3.4) to give 

= l/f(a, s) + 4a(I- s) (Q(il(s), 

the other terms in the sum cancelling in pairs. Substituting into (3.3) we 
obtain 

L(r, s) = {16A)1-2' I {(f)4 l/Jc~A' s) +(I- s~~Q(i)(s) e(f)J. 
Q 

(3.5) 

Trere are now two ways to proceed. For Conjecture A, we are only 
interested in the value of L(r, 1) and can simply writes= I in (3.5). This 
gives a closed expression for L(r, I) in terms of values of the Weierstrass 
elliptic fnnctions with periods I, i. The resulting expression for L * (r, I) 
is well suited to computation; moreover since the number-theoretic prop
erties of division values of the Weierstrass sa-functions are well known, 
one can show that L*(r, I) is rational and can give an explicit bound for 
its denominator. For the full details, see [3]. 

For Conjecture B, on the other hand, we need to find the first few coef
ficients in the power series expansion of L(r, s) about s= I. It turns out 
that except when A= I, for which special devices are needed, we can 
arrange that 

Assuming this, we can argue back from (3.5) and (3.4) in a way which 
shows that (3.3) converges in 9\s>-! provided that the inner sum is taken 
over e and the outer sum over f.J.. From this we can deduce convergent 
series for the coefficients of the power series expansion of L(F, s) about 
s =I. Unfortunately the convergence is not very strong; even if one uses 
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devices from numerical analysis to accelerate the convergence, a large 
amount of computer time is needed and the results are only accurate to 
two or three significant figures. These calculations have not in fact been 
carried out for curves of type (3.1 ), because the computer available when 
the work reported in [3] was done was not fast enough. However, 
STEPHENS has carried out the corresponding calculations for curves of the 
form (2.7), on the Atlas I at Manchester University. 

Curves of the form (3.1) can be parametrized by modular functions, 
and the methods described in the next section can therefore be applied 
to them. These methods have only recently become available, and one has 
too little experience of them yet to know how much labour they involve. 
At the moment it seems that the methods of the present section are prefer
able for calculating L(r, 1 ), but those of the next section are preferable 
if further coefficients in the power series expansion of L(r, s) are needed. 

There is a third method of computing L(r, s) which deserves mention, 
though as yet no one has tried to exploit it. We have already pointed out 
that for curves with complex multiplication L(r, s) is a Heeke L-series 
with Gro13encharaktere. HEeKE [12] has shown that every such function 
can be analytically continued over the whole plane, by expressing it in 
terms of integrals involving theta-functions. These integrals are quite 
convenient for numerical calculation. This approach has the disadvantage 
that it does not yield a closed formula for L(r, 1), and hence all there
sults it produces are approximate. But it has the advantage that in princi
ple it can be carried through for curves r defined over an arbitrary alge
braic number field, provided they admit complex multiplication. In con
trast, the methods of the present section applied to (3.1) work only if the 
ground field is Q or Q(i), and the methods of the next section apply only 
to curves defined over Q. 

4. Elliptic curves parametrized 
by modular functions 

The work reported in this section has only been started very recently; 
consequently the calculations are incomplete and most of the proofs are 
missing. It is based on a conjecture of WEIL [32] and on theorems of 
EICHLER [7] and SHIMURA [23]. There is as yet only one curve r for which 
the value of L*(r, 1) has been calculated by these methods, and the first 
part of this section outlines this calculation. The second part describes 
the general method, and those results which have so far been obtained. 
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We shall use in this section the usual conventions of modular function 

theory; in particular r is a complex variable, H is the upper half-plane 

Im r > 0, and if q > 0 is an integer then r 0 ( q) is the group of transforma

tions 
ar + b 

r~-

cr + d 

where a, b, c, dare rational integers with ad-be= 1 and qlc. 
Let j(r) be the fundamental elliptic modular function. The quotient 

space H/F0 (11) has genus 1, and the curve 

(4.1) 

is a model for the associated function field C(j(r),j(l h)). This is the 

reduced model in the sense ofNERON, and may be deduced from equation 

(13) of FRICKE [8], p. 406. The only bad prime for r is p = 11, for which in 

the notation of§ 2 we have 

With the canonical differential 

dx 
W= --

2y + 1 

we can therefore write L*(r, s)=L(r, s)/5M cxo(r) where 

L(r,s)=(1 + n-·r 1 D{(l-cxvp-•)(1-iXvp-•)}- 1 =I:ann-• 
say. Now SHIMURA has shown that iff(r)=Iane2"int thenf(r)dr is a 

differential of the first kind on H/ r 0 ( 11) and is therefore a multiple of w; 
comparing the coefficients of e2";' we obtain with the help of FRICKE 

w =- 2rrif(r) dr. 

By the Mellin transform formula we therefore have 

ioo ioo 

L(F,l)=-2rriff(r)dr= f w. (4.2) 

0 t=O 

But the points r = 0 and r = i oo correspond respectively to the points 

( -6,5) and {5,5) on r, both of which are 5-division points; and it now 

follows easily that 

L(r, 1) == t J w = tMcxo(r), L*(r, 1) = 2\, 
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in agreement with the known results g =0, [r(Q)] =5 and the conjectured 
results that Ill is trivial and that Conjecture A holds for the curve ( 4.1 ). 
It is no coincidence that the integral ( 4.2) can be explicitly evaluated in 
this way. On the one hand, using standard notation 

Ll (11 w1 , w2)/Ll (w1 , w 2 ) 

is a modular function invariant under r 0 ( 11) which has a ten-fold zero 
at -r=ioo and a ten-fold pole at -r=O; hence (ioo)-(0) is a 10-division 
point on r. On the other hand, x andy are rational functions ofj(-r) and 
j( 11 -r:) over Q; hence their values must be rational (or infinite) at -r: = 0 and 
-r =ioo, since these are both points about whichj(-r) andj(ll-r) have power 
series expansions with rational coefficients. These arguments, and the 
known fact that [T(Q)] =5, are enough to show that L(r, l)=!nM 00 (r) 
for some integer n; and by finding the actual points on r which corre
spond to -r =0 and -r: =ioo we see moreover that n= 1 mod5. The correct 
value of n can now be found by crude numerical estimation, or more 
elegantly by topological arguments based on a knowledge of where the 
real points of r correspond to on the Riemann surface H/T0 (11). 

There are just 12 values of q for which Hjr 0 (q) has genus 1. The values 
of q and the corresponding curves r, in unreduced form, may be found 
in [8]. Presumably similar arguments will work for each of them. 

The importance of this method, however, arises from a conjecture of 
WEIL. The justification of this conjecture is given in [32] and need not be 
repeated here; but it should be emphasized that the theoretical reasons 
for it are much more powerful than the numerical evidence reported 
below. Let r be an elliptic curve defined over Q, and Ietfbe its conductor; 
then Weil's conjecture states that r can be parametrized by elliptic 
modular functions invariant under r 0 (!). 

Because the difficulty of describing H/ r 0 (!) explicitly increases rapidly 
with/, it is convenient to start from the other end; that is, to choose q>O 
and ask what curves r of genus 1 are parametrized by modular functions 
invariant under r 0 (q). If C0 (q) is the curve, defined over Q, whose Rie
mann surface is HjT0 (q), this is equivalent to looking for maps C0 (q)-+T. 
Let g be the genus of C0 ( q)- the previous meaning of g will not be needed 
in this section- and for any differential o0he first kind Q on C0 (q) and 
any homology class a write 

(Q, a)= J Q. (4.3) 
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By a slight abuse of language this can be viewed as a bilinear form, Q 

being in a vector space over the complex numbers and oc in a vector space 
over Q; and these spaces have dimension g and 2g respectively. Now sup
pose that there is a map C0 (q)-J>r, and let co be the unique differential of 
the first kind on r and Q the induced differential of the first kind on 
C0 (q); then for any homology class oc on C0 (q) whose image on r is 
trivial we have 

(Q, oc) = J Q = J co = 0. 

" 0 

Such homology classes form a subspace of dimension 2g-2. Conversely, 
suppose that on C0 (q) there is a differential of the first kind Q such that 
the oc for which (Q, oc) =0 form a subspace of dimension 2g-2. Choose 
a base oc1 , ... , oc2g for the integral homology of C0 {q) such that (Q, ocn) =0 
for n>2; then the function cf> on C0 (q) defined by 

p 

cf>(P)= J Q 

is many-valued, and if one of its values is cf>0 (P) the others are the 

c/> 0 (P) + n1 (Q, oc 1) + n2 (Q, oc2 ) 

where n1 and n2 are arbitrary integers. If r is the elliptic curve corre
sponding to the doubly periodic functions with periods (Q, ~1 ) and 
(Q, oc2 ) it follows that cf> induces a map C0 (q)-J>r. 

Hence to find the curves r it is enough to find differentials Q satisfying 
the conditions above. Unfortunately, direct methods are no use, for it is 
inconvenient to form the space of differentials of the first kind and im
possible to evaluate the integrals (Q, oc) exactly. To progress, we intro
duce the Heeke operator. For a full account of this, see HEeKE [13] and 
PETERSSON [21]; here I quo~e only the results which are needed. Let W 

denote the space of differentials of the first kind on C0 ( q ), and let Q = 

f (-r:) dr: be an element of W, so that f ('r:) is a cusp form of dimension -2. 
For each prime p not dividing q, we define an endomorphism TP on W by 
the formula 

p-1 

TPQ={pf(p~)+p- 1 LfC:n)}d~. 
n=O 

(There are similar operators r; for the p which divide q; they play a part 
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in the complete theory, but are omitted here for simplicity.) The TP com
mute, and we can choose a base for W each of whose members is an eigen
vector for each TP. In view of the importance of the bilinear form (4.3), 
we ought to define a dual operator T~ on V, the space of homology classes 
a on C0 (q). Define r; as the map induced on V by the map of 0-cycles 

then it is easily verified that the r; are well defined, commute, and satisfy 

(4.4) 

Again, the map r~-r induces a homeomorphism of Hjr0 (q) viewed 
merely as a topological space, and hence induces an automorphism of V 
which evidently commutes with each TP. Let v+ be the subspace con
sisting of those a which are fixed under this automorphism, and v- the 
subspace of those a which are reversed in sign; then V = V + E9 V-, the T~ 
induce endomorphisms of v+ and v-' and 08) v+ and 08) v- are 
canonically dual to W, where C denotes the field of complex numbers. In 
particular, the eigenvalues of TP for W, and ofT~ for v+ and v- are the 
same. Now let a+ be an isolated eigenvector for the r; acting on v+ -
that is, an eigenvector which is determined up to multiplication by a con
stant by its eigenvalues. It is easy to see that there are corresponding 
eigenvectors Q in Wand a- in v-, and by (4.4) that the a in V for which 
(Q, a) =0 form a subspace of dimension 2g-2; hence a+ induces a map 
C0 (q)~r. Conversely, if we are given a map C0 (q)~r it can be shown 
that the corresponding Q is an eigenvector for every TP and that the corre
sponding eigenvalues are rational integers. Non-isolated eigenvectors do 
occur, but apparently they correspond to the proper factors q' of q, for 
each of which thete exist several distinct canonical maps C0 (q)~C0 (q'); 
hence they are not important. 

It is a straightforward matter to find a base for v+, say, and to com
pute the matrix which represents the effect of any T~ on it; and in this 
way we can easily find, for any given q, the a+ which induce maps 
C0 (q)-+r. Let 

for each p, and let the corresponding differential be 
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Heeke [/3] has shown that 

z:a.n-• = Ffl(l- cpp-• + pl-2s)-l (4.5) 

where F is a factor corresponding to the primes which divide q. In princi
ple we can now find the two non-zero periods of Q by numerical inte
gration, and hence also the curve r; however, this method is unattractive 
and there is no guarantee that the resulting curve r will have integral 
coefficients. We have preferred to look for elliptic curves of conductor q 
and pair them off empirically with the isolated eigenvectors C~:+. Despite 
some special results of OGG [20] and others, there is no certain way of 
finding all curves of conductor q. Instead, I have written a search program 
which examines all curves 

y 2 + b1xy + b3y = x 3 + b2x 2 + b4 x + b6 

with b1 =0 or 1, b2 =0 or ±I, b3 =0 or 1, ib4 1 <300 and lh6 1 < 1000. For 
each q-::;;,_75 the search program produces exactly as many non-isogenous 
curves of conductor q as there are isolated rational eigenvectors C~: +. More
over, it is easy to pair them off; for although no proof is yet available 
there are strong theoretical and numerical reasons for supposing that 
(4.5) is the L-series associated with r. 

Assuming all this, the Mellin transform theorem gives 

ioo 

L(r,l)= J -2niQ, 

0 

which is equal to the integral of a multiple of w, the unique differential of 
the first kind on r, along a certain contour on r. As in the special case 
worked out at the beginning of this section, the ends of this contour will 
be rational points on r, and they will differ by a (q-1)-division point. 
Hence L * (r, I) will be a rational number for whose denominator an ex
plicit bound can be given. Similarly, the coefficients in the power series 
expansion of L *(r, s) about s = 1 can be obtained as definite integrals 
suitable for numerical calculation. However, the detailed programming 
of these calculations is a slow job. 

5. Abelian varieties over an algebraic number field 

It is natural to try to generalize Conjectures A and B, both by replacing 
the elliptic curve r by an Abelian variety A and by replacing the ground 
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field Q by an arbitrary algebraic number field K. This has been done by 
TATE [29], and the result is Conjecture C below. It is known that the under
lying theory remains much the same, though the proofs of the main theo
rems become harder. 

Let A be an Abelian variety of dimension d, defined over an algebraic 
number field K. For almost all primes p of K, A has a non-degenerate 
reduction A" modulo p which is an Abelian variety defined over the finite 
field GF(q) of q =Np elements. Moreover there exist numbers a1", •.• , a2d"' 

each of absolute value q1' 2 , such that the number of points on A" defined 
over GF(q") is f1(l-a?") for each n. From these we define the local L-
series 

Now let OJ be a non-zero invariant exterior differential form of degree d 
on A, let K" be the field of :p-adic numbers, A ( K") the set of points on A 
defined over K", II" the usual p-adic valuation and Jl" the usual Haar 
measure on K" which assigns measure 1 to the p-adic integers. For any 
finite prime p we write 

M"(A) = J IOJI"Jl~; 
A(Kp) 

and we make a similar definition for the infinite primes. If OJ and A both 
have good reductions modulo :p then 

To define a global L-series for A, choose any finite set of primes S which 
includes all the infinite primes and all primes for which OJ or A has a bad 
reduction; and write 

L~(A, s) = f1 {M"(A)} -l f1 L"(s). 
peS p¢S 

This depends on S, but not in any vital way. Presumably there is a best 
possible form for t),le L-series, as there is with elliptic curves, but the 
details are not known. L*(A, s) is only defined in 3\s>t, but it is conjec
tured that it can be analytically continued over the whole complex plane. 

The Tate-Safarevic group ill is defined as in § 2. It is conjectured to be 
finite, and TATE [26] has shown that if it is finite its order is a perfect 
square. WEIL [30] proved that A(K), the group of points on A defined 
over K, is finitely generated; denote by g the rank of this group. Now 
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denote by A the Abelian variety dual to A; A is isogenous to A and so the 
groups A(K) and A(K) must have the same rank, but they need not have 
the same torsion part. The canonical height is now defined as a bilinear 
function 

fi : A ( K) x A ( K) --+ reals . 

It can be defined by methods similar to those of§ 2, but it is preferable to 
use the ideas ofNERON [18]. Now let P1 , .•. , Pg be a base for A(K) modulo 
torsion, and f\, ... , Pg be a base for A(K) modulo torsion, and write 

R = det(fi (P;, P)). 

Moreover let D be the discriminant of K, and r the number of its complex 
infinite primes. TATE's generalization of Conjecture B is as follows: 

Conjecture C. With the notation and definitions above, 

* (2rJDJ-~/[III]JRI 
L(A,s)--[ () ][~() J(s-l)g as s--+1. 

A K tors A K tors 

The main surprise in this, in comparison with Conjecture B, is the ap
pearance of the dual Abelian variety A in the denominator; for r, as a 
Jacobian, is canonically self-dual. The justification for it has been pro
vided by TATE [29], who showed that Conjecture Cis compatible with 
isogeny in its present form and would not be if A was replaced by A. 

There is no direct evidence for Conjecture C beyond that which applies 
to the special case of Conjecture B, for no way of calculating L*(A, s) 
nears= 1 is known. However, the method suggested at the end of§ 3 
could in principle be applied to varieties with sufficiently many complex 
multiplications, in view of the results of SHIMURA and TAMIYAMA [22]. 

For later reference, it is convenient to rephrase the special case in which 
A is the Jacobian of a curve C which is also defined over K. The L-series 
can be defined in terms of the local zeta-functions 

of C, and A ( K) =A ( K) is just the group of divisors on C of degree 0 and 
defined over K, modulo linear equivalence. The definition of III in § 2 be
comes meaningless, but the definition by means of cohomology groups 
is easily extended; and similar remarks apply to fi and hence to R. All the 
expressions in the Conjecture can therefore be expressed in terms of the 
curve C. 
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6. Varieties over finite fields 

Let V be a complete non-singular variety of dimension d, defined over 
the finite field k=GF(q) of characteristic p. The zeta-function of V can 
be written in the form 

()- P1 (q-•) ... P2d-l(q-•) 
Cv s - Po(q ')P2(q ') ... P2d(q-•) 

(6.1) 

where the P; are polynomials (possibly of degree zero) 

B; 

P;(x) = IT (1- aiix). (6.2) 
j= 1 

The original definition of the aii was that for each n > 0 the number of 
points on V defined over GF(qn) is LL( -1Ya7i; and they are assigned 
to the polynomials P;(x) by the conjectural relation 

(6.3) 

Alternatively, one can define P;(.x) as the characteristic polynomial of the 
Frobenius endomorphism acting on the i-dimensional cohomology of V 
with 1-adic integer coefficients, where I is any prime other than p. It is 
believed that the P;(x) defined in this way do not depend on I; but this 
has only been proved fori =0, 1, 2d-l and 2d, and of course for Cv(s) as 
defined by (6.1). In what follows we shall assume that the P;(x) are well
defined, but we shall not need (6.3). 

Let(!, be the rank of the group of classes of r-dimensional cycles defined 
over k on V, modulo algebraic equivalence. We can choose a base for the 
2r-dimensional cohomology of V such that (!, of its elements come from 
these cycles. Since the Frobenius endomorphism acts trivially on these 
cycles, the characteristic polynomial P2,(x) must contain the factor 
(1-q'x) at least to the (!,th power. TATE ([27], substantially repeated in 
[28]) has conjectured that this is the exact power - in other words, that 
every factor (1-q'x) arises from a rational r-dimensional cycle. This can 
be rephrased in terms of the zeta-function (6.1) as follows: 

Conjecture D. With the notation above, the order of the pole of Zv(s) at 
s = r is equal to the rank of the group of classes of r-cycles defined over k on 
V, modulo algebraic equivalence. 

Tate has verified this for a number of special varieties. For the case 
when d=2, so that Vis a surface, see below. 

Clearly there can be no analogous statement when i is odd. It is known 
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that P1 (x) depends only on the Albanese variety of V; and assuming the 

existence of Weil's 'higher Jacobians', some of the factors of P2;+ 1 (x) 
must come from the higher Jacobian of V in dimension r. (One possible 

definition of the higher Jacobian is as follows. Let W be a variety which 

parametrizes some maximal family of r-dimensional subvarieties of V; 

then the higher Jacobian in dimension r is that Abelian variety which is 

universal for maps from any such W to any Abelian variety. Perhaps for 

good enough V it is even the Albanese variety of each such W.) For the 

special case of the cubic three-fold, see [4]. Such scanty evidence as exists 

suggests that all those factors of P2,+ 1 (x) for which q' divides et.2r+l,i 

arise in this way. 
More generally, for any i and r with r~!i~d we can pick out those 

factors (1-et.iix) of Pi(x) for which q' divides aii. Is it true that these and 
only these factors arise from cohomology classes which are in some sense 

built up from r-dimensional cycles on V- not necessarily defined over k? 
In the special case where Vis a surface, ARTIN and TATE [29] have gone 

much further. Let NS denote the Neron-Severi group of V over k - that 

is, the group of classes of divisors defined over k on V, modulo algebraic 

equivalence; let e be the rank of NS and let D 1 , ... , Dq be a base for NS 

modulo torsion. Write 

IX= Pg(V)- 6(V) ~ 0, 

where p, is the geometric genus of V and c5(V) is the "defect of smooth
ness" of the Picard scheme of V over k. Let Br(V) be the Brauer group of 

V over k. For details of this see GROTENDIECK [9], [10] and [JJ]; the 

Brauer group is related to the Tate-Safarevic group, but has the advantage 
that for many V it can be proved to be finite and even computed. The con

jecture of ARTIN and TATE is as follows: 
Conjecture E. With the notation above, 

P ( -s) ~ [Br(V)J ldet{Di·Dj}l (1 _ l-s)a as 
2 q a [NS ]2 q s-+ 1 , 

q tors 

where the curly brackets denote intersection multiplicity. 
This is closely related to the variant of Conjecture C in which K is a 

finitely generated fieldoftranscendencedegree 1 over a finite field. For the 

full details see [29]; here we only sketch the idea. Let C, defined over 

K =k(t), be a generic member of a pencil of curves on V. The zeta-function 

of C over K is closely connected with that of V over k, because C is a 

generic fibre of V. The group of divisor classes defined over K on C, 
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modulo linear equivalence, is isomorphic to the Neron-Severi group of V 
over k; this fact lies at the heart of Neron's proof of the Neron-Severi 
theorem- see for example LANG [14], Chapter V. It was pointed out at 
the end of § 5 that Conjecture C could be expressed entirely in terms of 
the curve C, without overt reference to its Jacobian A. The height, on C, 
is a bilinear form on the group of divisor classes on C defined over K; and 
by the isomorphism above it becomes a bilinear form on NS. Since there 
is already one such form given by intersection number, these two ought 
to be the same; and this is confirmed by a detailed analysis. 

The status of Conjecture E is much better than that of the previous 
conjectures, for ARTIN and TATE have proved that at least its non-p part 
follows from statements about V which are apparently much weaker. The 
precise result they prove is as follows: 

Theorem. For given V and k suppose that either 
(i) the /-primary part ofBr(V) is finite for some prime l=/=p; or 
(ii) P2 ( q-s) has a zero of order precisely Q at s = 1. 

Then the non-p part of Br( V) is finite and 

P( -s),..,[Br(V)non-p]ldet{D;-DJI(I- 1 -s)u as s~I 
2 q v [NS ]2 q P tors 

for some integer v. 
Tate has proved that Br( V) is finite in a number of cases, in particular 

when V is a product of two curves. This last result is closely connected 
with his proof that if two Abelian varieties defined over a finite field have 
the same zeta-function, then they are isogenous. 

7. Varieties over algebraic number fields 

Let V be a complete non-singular variety of dimension d defined over 
an algebraic number field K. For almost all finite primes lJ of K, V has a 
non-singular reduction V" modulo lJ; and if q is the absolute norm of lJ 
then V" has a local zeta-function given by (6.1) and (6.2). For each i with 
0 ~ i ~ 2d, we can associate with Van L-series 

Li(V, s) = f1 {Pi(q-s)}- 1 = f1 {f1(1- aijq-s)}- 1 , (7.1) 

" " j 

where the outer product is taken over all lJ for which V has a good reduc
tion. (This is the process which we applied to elliptic curves in § 2, and 
implicitly to arbitrary curves in § 5. However, in contrast with these cases, 

II Local Fields 
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we shall not attempt here to supply any factors corresponding to the bad 
finite primes or the infinite primes.) Even assuming (6.3), the product 
(7 .1) only converges in ~s > 1 + -ti, except of course in the trivial case 
when B; =0. However, it is generally believed that L;(s) can be analytically 
continued through the entire complex plane, and that there is a functional 
equation connecting L;(s) with L;(l +i-s). 

The cases i=O and 1 (and by symmetry i=2d-l and 2d) need no fur
ther discussion. L 0 (s) is, except for some missing factors, the classical 
Riemann zeta-function of K; and it is well known that its behaviour near 
s = 1 (the real point on the boundary of the half-plane of convergence) 
gives valuable information about K. L1 (s) depends only on the Albanese 
variety A of V, and is in fact the L *(A, s) of§ 5 with some factors missing; 
according to Conjecture C its most interesting behaviour is at s = 1, which 
is the real point a distance -! from the half-plane of convergence, and is 
the centre of the critical strip. As in§ 6, we must therefore expect a funda
mental difference between odd and even values of i. 

When i =2r is even, TATE [27] has suggested that the analogue of Con
jectureD still holds, in the following form: 

Conjecture F. With the notation above, the order of the pole of L 2,(V, s) 
at s =r+ 1 is equal to the rank of the group of classes of r-cycles defined 
over K on V, modulo algebraic equivalence. 

It should be emphasized that the heuristic deduction of this from Con
jecture D along the lines "P; ( q -•),..., CP ( 1 - q' -s)q for some constants Cp; 
hence L;(V, s)-C {("(s-rW"-C'(s-r-ltq near s=r+ 1" is totally 
misleading; it is not even true that V and VP have the same(!, for almost 
all :p. The simplest counter-example is v =r X r, where r is an elliptic 
curve which does not admit complex multiplication; here (!1 = 3 for V, 
but (! 1 =4 for almost all VP. There is strong reason to suppose that any 
sufficiently general quartic surface is also a counter-example. 

Tate has verified this conjecture in a few special cases. Moreover, by 
taking V to be the d-fold product of an elliptic curve r not admitting 
complex multiplication with itself, he has deduced from it some very 
interesting results on the distribution of the arg ct.P as p varies. (Here ct.P 

is defined by (2.1).) These results agree with the numerical evidence. The 
constant 

lim(s- r- l)e L2,(V, s) 

has been evaluated for a number of varieties V. The results suggest that 
the constant is significant, but as yet there is nothing with which it can 
be even conjecturally identified. 
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When i=2r+ 1 is odd almost nothing is known, except of course for 
the case i = 1 treated in § 5 and the symmetric case i = 2d -1. There is 
however one striking and wholly unexplained phenomenon. Suppose that 
V=r X r X r, where r is an elliptic curve; for convenience of notation 
we assume that r is defined over Q and its local zeta-function is given by 
{2.1). Now 

P3(p-')=(1-a;p-')(1-iX!p-')(1-app1-')9 (1-iXPp 1-)9 

and so L3 (V,s)=L~(r, s) {L1(r, s-1)}9 say, where 

L~(r, s) = n {(1- a;p-')(1- iX;p-')}- 1 • 

It is reasonable to ascribe the term {L1 (r,s-1)}9 to the higher Jacobian 
in dimension 1; and in any case its behaviour near s = 2 is completely de
scribed by Conjecture B. We are therefore led to examine L~(r, s) near 

s=2. 
Now suppose that r has the form 

(7.2) 

Using the ideas of§ 3, though in a more complicated form, it is possible 
to give a closed expression for L~(r, 2) in terms of division values of 
elliptic functions; and this expression has been evaluated for about 100 
values of D. The structure of the results closely resembles what we would 
be able to say about L1 ( r, 1) if we had only the results of the calculation, 
and lacked any number-theoretic theory of elliptic curves to attach them 
to. To clarify this, I formulate a weak version of Conjecture A for the 
curve (7.2). For this purpose we employ "fudge factors" .A.<Xl and .A.P for 
each prime p dividing 2D. These have explicit definitions in terms of the 
local properties of D, which are too long to give here; but it should be 
noted that .A.P= 1 or 2 for each finite p. They are in fact just the {MP(r)} - 1, 

possibly multiplied by rational squares; but we are forbidden to use that 
interpretation in the present context. Write 

p. = L 1 (r, 1).A.<Xl ll .A.p 

the "fudged" value of L 1 (r, 1). 
Weak Conjecture A. The rational integer p. is a perfect square. By local 

considerations involving only the sign of D and those primes which divide 
2D, we can state a sufficient condition for p.=O; but this condition is not a 
necessary one. 

That Jl is a rational integer can be proved from the explicit formula. 
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That /1 is a perfect square is equivalent to saying that [Ill] is a perfect 
square. The sufficient condition for f1 =0 is just the necessary and suffi
cient condition for (7.2) to have an odd number of first descents, and so 
for g to be odd; this is sufficient, but not necessary, for g>O. 

A precisely analogous conjecture fits the numerical evidence for 
L~(r, 2). We can define local "fudge factors" A.:X, and A.;; these are not 
the same as A00 and A.P above, but we do have A.;=l or 2. Write 

/1' = L03 (r, 2) A.:X, f1 A.~. 
It can be proved that /1' is a rational integer; and the numerical evidence 
shows that Jl' must always be a square. (There is no possibility of coinci
dence, for the numbers involved are much larger than with fl.) Moreover 
one can state local conditions (not the same as for /1) which appear to be 
sufficient but not necessary for Jl' =0. Presumably there is a duality theory 
and a descent argument of some sort which underlies all this; but what 
it is I have no idea. 
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p-Divisible Groups 1 

J. T. TATE 

Introduction 

After a brief review of facts about finite locally free commutative group 
schemes in § 1, we define p-divisible groups in § 2, and discuss their re
lation to formal Lie groups. The § 3 contains some theorems about the 
action of Gal(K/K) on the completion C of the algebraic closure K of a 
local field K of charactetistic 0. In§ 4 these theorems are applied to obtain 
information about the Galois module of points of finite order on a p
divisible group G defined over the ring of integers R in such a field K, and 
to prove that G is determined by that Galois module, or, what is the same, 
by its generic fiber G x R K. 

The notion of p-divisible group and the basic theorems of § 2 are the 
result of joint work with SERRE, and § 3 and § 4 owe much to discussions 
with hifu. Although p~divisible groups are interesting enough in their own 
right, our main motivation for studying them has been their applications 
to abelian varieties. For some of these, and for further results on p-divisi
ble groups, as well as additional bibliography, see SERRE, [JO] and [11]. 

This text owes much - probably its very existence - to the efforts of 
T. SPRINGER, who wrote a first draft shortly after the conference. In 
several places, and particularly in § 3, he has made improvements on the 
original oral exposition. I thank him heartily for his help. 

§ 1. Finite group schemes 

(1.1). Let R be a commutative ring (or a prescheme). By afinite group 
of order m over R we shall mean a group scheme G which is locally free of 
rank mover R. Such a G is defined by a locally free (sheaf of) algebra(s) 
A of rank m over R. The group structure is described by homomorphisms 

1 The research described here has been partially supported by NSF. 
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p:A--+A®A, s:A--+R, and an automorphism i:A--+A, describing multi
plication, neutral element, and inverse, respectively. These are subject to 
a number of rather obvious conditions (see for example [4] or [6]). 

Examples. (a) Let r be a finite abstract group of order m. Let A be the 
ring of R-valued functions on r, let (pf) (s, t)=f(st), let (if) (s)=f(s- 1), 

and let sf=/(1). Then F=Spec(A) is a finite group of order mover R. 
(b) Let A=R [X]f(Xm -1), with p(x)=x®x, where xis the image 

of X in A. Then Spec(A) is a finite group of order m over R which is 
denoted by P.m; it is the kernel of the homomorphism m: Gm--+Gm, 
where Gm denotes the "multiplicative group", viewed over R. 

(c) Let a, beR with ab=2. Put A=R+Rx, with x 2 +ax=0, and put 
px=x®l + 1 ®x+bx®x. Then Ga,,=Spec(A) is the most general group 
of order 2 over R whose affine algebra A is free over R. Moreover, Ga,ll 
and Ga',b' are isomorphic if and only if there is a unit u in R such that 
a'=ua, b'=u- 1b. 

(1.2). Duality 

From now on we assume all groups to be commutative. Then there is 
a duality theory, due to CARTIER (see [3], p. 106). Let G=SpecA be a 
finite group over Rand m:A®A--+A define the multiplication in A and 
p:A--+A®A the group law. Put A'=HomR.modules(A, R). We then get 
dual homomorphisms 

p': A' ®A' --+A', m': A' --+A' ®A' . 

p' defines an algebra structure on A' and it is easy to check that m' defines 
a product on G'=Spec(A'), which makes it into a group scheme. The 
order of G' is equal to that of G. G' is called the Cartier dual of G. There 
is a canonical isomorphism G-=+(G')'. 

If Tis a prescheme over R, then the group G' (T) is canonically iso
morphic to HomT(G, Gm) (homomorphisms of group schemes overT of 
G x R T into Gm x T, Gm denoting the multiplicative group). 

Examples. (a) Let G=ZfmZ be the cyclic group of order n (as in 
Example (a) of (1.1)). Then G' =Jlm· 
(b) If G= Ga,b (Example {c) of {1.1)), then G' = Gb,a· 

(1.3). Short exact sequences 

A sequence 
0 --+ G' ~ G .!. G" --+ 0 (1) 
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of finite R-groups is called exact if i is a closed immersion which identifies 
G' with the kernel of j (in the sense of categories), whereas j is faithfully 
flat. If j is given, it is easy to get G' (it is the inverse image of the unit sec
tion of G"). Given i, one can construct G". This is more delicate (see [4], 
Expose V and VIB or [7]). 

If (1) is exact, then we have for the orders m, m', m" of G, G', G" the 
relation m=m'm". This follows from the fact (proved Joe. cit.) that the 
graph of the equivalence relation in G x R G defined by G' is isomorphic 
to GxG .. G. 

Finally, the dual of an exact sequence (I) is also exact. 

(1.4). Connected and etale groups 

In this section we suppose R is a complete noetherian local ring. If G 
is a group of finite order over R, there is a canonical exact sequence 

where G 0 is connected and Get is etale over R. If the corresponding affine 
ring;; are A 0 , A, and A•', then A is a product of local R-algebras, and A 0 

is the local quotient of A through which the map e: A~ R factors, while 
Aer is the maximal etale subalgebra of A. The map i is an open and closed 
immersi~n, and G 0 is the maximal connected subgroup of G. For varying 
G, the functors G~ G0 , and G~ G•' are exact. 

G is connected if G 0 =G. In that case, the order of G is a power of the 
characteristic exponent of the residue field k of R, i.e., is I if char (k) = 0, 
and is a power of p if char k = p > 0. This follows from the theory of finite 
group schemes over k (or even over k). 

G is hale if G= G•'. The functor G~ G(k) is an equivalence of the 
category of etale R-groups of finite order and finite 1r-modules on which 
1t operates continuously, where 1t=Gal(k/k) is thefundamental group of 
R. Given such a 1r-module r, the etale finite R-group r corresponding to 
it is given by F =Spec A, where A is the ring of all functions F -+Ret which 
commute with 1t, and where R., is a "maximal local etale integral exten
sion" of R (i.e., a maximal unramified extension of R in the old terminol
ogy, if R is a complete discrete valuation ring), and where 1t operates on 
Rer in the unique way compatible with its operation on the residue field 
extension ke,/k (the residue field k., of R., being a separable algebraic 
closure of k). For general (not necessarily etale) G, we have cer = G (k ). 
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§ 2. p-divisible groups 

(2.1). Definition 

Let p be a prime number, and han integer ;:::::0. A p-divisible group G 

over R of height h is an inductive system 

G =(G., i.), v;;::: 0, 

where 
(i) G. is a finite group scheme over R of order p•h, 
(ii) for each v;;::: 0, 

is exact (i.e., G. can be identified via i. with the kernel of multiplication 

by p• in G.+ 1). 

These axioms for ordinary abelian groups would imply 

A homomorphism!: G-+H of p-divisible groups is defined in the obvious 

way: if G=(G., i.), H=(H., i.) then f is a system of homomorphisms 

f.:G ....... H. of R-groups, which is such that ivf.=fv+l ·i. for all v;;::: 1. 

By iteration, one gets from the i. closed immersions 

for all p., v;;:::O, which identify G. with the kernel of multiplication by p• 

in all Gp+v· It follows that the homomorphism 

can be factored through G. and then a consideration of orders shows that 

we have an exact sequence 

0 G ;,., v G i,.. v G 0 
~ J.l- p+v- .~' (2) 

wherejp,v is the unique homomorphism such that i •. P·jp,v=PP· 
Examples. (a) Let X be an abelian scheme over R of dimension d. Let 

x. be the kernel of multiplication by n. Then (Xpv, i.) (i. denoting the 

obvious inclusion) is ap-divisible group X(p), with height h=2d. 
(b) The same construction can be performed for other groups over R. 

If one takes X=Gm, the resulting p-divisible group is Gm(P)=(Jlpv, i.). 
Its height is 1. 
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Question: Are there any p-divisible groups over Z other than products 
of powers of Gm(P) and of QP/ZP? 

(2.2). Relations with formal Lie groups 

In this section we assume R complete, noetherian, local, with residue 
field k of characteristic p>O. For our present purposes, ann-dimensional 
formal Lie group r over R can be defined as a suitable homomorphism of 
the ring d = R [[ X1, • • ·, XnJJ of formal power series over R in n variables 

Xi into -f4@ Rd, the ring of formal power SerieS in 2n Variables Y;, Zj• 
Such a homomorphism can be described by a family f (Y, Z) = (.t;(Y, Z)), 
of n power series in 2n variables, .t; being the image of Xi. 

The following axioms are imposed 
(i) X=f(X, o)=f(o, X), 
(ii) f(X,f(Y, Z))=f(f(X, Y), Z), 
(iii) f(X, Y)=f(Y, X), (since we consider only commutative groups). 
We write X* Y = f (X, Y). It follows from the axioms that X* Y =X+ Y + 

terms in higher powers of the variables. 
Put l/1 (X)=X*"'*X (p times). This determines a homomorphism 

l/1: d -+d, which corresponds to multiplication by p in r. r is said to be 
divisible if p: r-+ r is an isogeny. This means that l/1 makes d into a free 
module of finite rank over itself. 

We can then repeat the construction of Example (a) in (2.1), obtaining 
a p-divisible group r(p)=(rP., i.) of height h over R, where ph is the 
degree of the isogeny p:r-+r. (This degree is a power of p because it is 
equal to the order of the finite R-group r P = Ker p, which is connected 
(see 1.4).) More generally, for arbitrary v, we have (r(p)).=r p•= Spec A., 
where A.=dfJ., and where J.=l/I•(J) dis the ideal in d generated by 
the elements 1/J • (Xi), 1 ~ i ~ n. (Here I= J0 denotes the ideal generated 
by the variables XJ Clearly, each A. is a local ring; hence r (p) is a con
nected p-divisible group (i.e., each r (p ). is connected). 

Proposition 1. Let R be a complete noetherian local ring whose residue 
field k is of characteristic p > 0. Then r 1-+ r (p) is an equivalence between 
the category of divisible commutative formal Lie groups over R and the 
category of connected p-divisible groups over R. 

Remark. We can only sketch the proof here, omitting many technical 
details. The techniques involved are amply covered in Gabriel's exposes 
VII.t and VIIB of [4]. 

Let r be a divisible formal group over R. Let m be the maximal ideal 
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of R so that, with the previous notations, md +I= M, say, is the maximal 

ideal of d. 
Lemma 0. The ideals m•d +J. constitute a fundamental system of 

neighborhoods of 0 in the M-adic topology of d. 

Indeed, df(m•A+J.)=A.fm•A. is an Artin ring, so the ideals in ques

tion are M-adically open. On the other hand, they are arbitrarily small, 

because we have 
1/t(Xi) = pXi +(terms of degree~ 2), 

hence ift(I)cp/+12 c(rod +1) l=Ml, and consequently, by induction 

on v, we have J.=ift•(I) dcM•J. 
From Lemma 0 it follows that the map d-dim (dfJ.)= lim (A.) is 

+- +-

bijective, because d is M-adically complete. From this bijectivity it is 

easy to see that the functor r-+ r (p) is fully faithful. 

To complete the proof of Prop. 1 we must show that any given con

nected p-divisible group G over R is isomorphic to some r (p ). Let 

G=(G., i.) and G.= Spec{A.). The inclusions i.: G.-+Gv+t make (A.) into 

a projective system. Put A= lim A •. The group law on G defines a homo-
+-

A 

morphism A-+A®RA, which will have the required properties for a for-

mal Lie group, once we know that A is isomorphic to R[[X1 , ···, Xn]J for 

some n. Then it also follows easily that the formal Lie group r is divisible 

and that G is isomorphic to r (p ). 
To prove that A is an algebra of formal power series over R, one first 

observes that A is flat over R. (Indeed the R-module A is isomorphic to 

a countable direct product of copies of R, because the A. are free of finite 

type over R, and the maps A.+ 1 -+A. surjective.) This being so, one is 

reduced by standard procedures to the case in which R=k is a field of 

characteristic p > 0. In that case, the injective limits of finite commutative 

group schemes of p-power order over k form an abelian category, and a 

p-divisible group over k is just an object in that category on which p is 

surjective with finite kernel. There is an exact functor Gf---+ G(P) from that 

category to itself which preserves the order of the finite objects, and there 

are homomorphisms of functors F (Frobenius) and V (Verschiebung) 

such that the following diagram is commutative for any Gin the category: 

p 
(/ (/ 

~GIPJ~~G" 
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(See [3], p. 98, or [4], expose VII, or [6], p. 18, 19.) If G is p-divisible of 
height h, then so is G<P>, and the diagram shows then that F and v are 
surjective, with finite kernels of order :(ph. 

Suppose now that G is the connected p-divisible group over k we were 
considering before this general discussion. For each v, let Hv be the kernel 
of Fv:G-+G<P">. Then we have HvcGv, and also GvcHN for sufficiently 
large N (depending on v), because Gv is finite and connected. Thus, we 
have A= lim Av = lim Bv, where Hv =Spec Bv. Let /v be the augmentation 

+-- +--

(i.e., the maximal) ideal of Bv, let I= lim /v be the augmentation ideal of A, 
+--

and let x1, • ··, x,. be elements of I whose images form a k-base for Itflf. 
Then the images of the xi in Bv generate /v for each v, because /vf/~-+/1 /Ii 
is bijective. (Since H1 is the kernel of Fin Hv, the kernel of Iv-+/1 is generated 
by the p-th powers of the elements of /v, so that kernel is in 1;.) Now 
consider the homomorphisms uv:k[X1,···, X,.]-+Bv which send Xi to the 
image of xi in Bv. These are surjective, by the above; on the other hand, 
Ker uv contains the elements X Pi" because Fv kills Hv. But rank ( Bv) = 
(rank(B1))", since Fis surjective, and rank (B1)=p", by the structure theory 
of finite groups killed by F. Since the ideal (Xf", ···, xn is of codimension 
p"v in k [X], it follows that that ideal is the kernel of uv, and hence that 
the nv induce an isomorphism u:k[[X1,···, X,.]]..:.A. This completes our 
sketch of the proof of Proposition 1. 

If G = ( Gv, iv) is now any p-divisible group over our complete noetherian 
local R, the connected components G~ determine a connected p-divisible 
group G0 • From the exact sequences 

0-+ G~-+ Gv-+ G~'-+ 0 

one gets an exact sequence 

(4) 

where Get is an etale p-divisible group. The dimension, n, of the formal 
Lie group corresponding to G 0 is, by definition, the dimension of G. 

Proposition 2. The discriminant ideal of Av over R is generated by pnvph", 
where h=ht(G) and n=dim(G). 

In general, for a finite group H=SpecB over R, let disc(H) denote the 
discriminant ideal of B over R. If 0-+ H'-+ H-+ H" -+0 is an exact sequence 
of finite groups over R (cf. 1.3) of orders m', m, and m", then by the 
transitivity of discriminants one proves easily that disc(H)=(discH't" 
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(discH")m'. This fact, together with the fact that disc(H)= 1 if His etale, 

allows us, via ( 4), to reduce the case of an arbitrary G to that of a con
nected G c:;,;F (p). As in the proof of Prop. 1 above we have then A,=dfJ,. 

Consider d as a free module of rank p'h over itself by means of <p =if;'. 
We change the notation, and consider d as an algebra (via cp) over an
other copy d' of d. Denoting by I' the augmentation ideal in d' (gener
ated by the X/), we have A,c:;,;dfl'd, so it suffices to prove that the dis
criminant ideal of d over d' is generated by the desired power of p. 

To do this, consider the modules of formal differentials Q and Q' of d, 

resp. d'. They are free modules over d (resp. d') generated by the 
differentials of the variables dXi, resp. dX/, 1 ~ i~n. The homomorphism 
cp:d'~d induces an d'-linear map d<p:Q'~Q. Choosing bases in Q, 

resp. Q', we get a basis element 8, resp. 8', of A"Q, resp. A"Q'. Let 

d<p(8')=a8, with aEd. Then one has 

Lemma 1. The discriminant ideal of dover d' is generated by N.,1 .o~.(a). 
Granting this lemma, the proof of Prop. 2 is finished as follows. Choose 

a basis ( w) of Q consisting of translation-invariant differentials, i.e., 

differentials such that if Jl:d-+d@Rd defines the formal group struc
ture djJ.:Q-+Q(JJQ satisfies dJJ.(wi)=wi®wi. Using the corresponding ba
sis (w;) in the copy Q' of Q we have, by the definition of <pas arising from 

the homomorphismp':F-+r, that d<p(w;)=p'wi, whence a=p'". Propo
sition 2 then follows by Lemma 1. 

As to a proof of that lemma, it can be based on the existence of a trace 
map Tr:A"Q-+A"Q' with the following properties: 

(i) Tr is d' -linear. 
(ii) The map a 1-+ ( e 1-+ Tr (a8)) establishes an isomorphism of d'

modules 

(iii) If 8EQ' and aEd, then 

Tr(a·dcp(8)) = (Tr.ot/.ot'(a)) 8. 

Such a trace map exists whenever d c:;,;d' c:;,;R[[X1, .•. , Xn]] and<p:d' -+d 

is an R-algebra homomorphism making d a free d' -module of finite 
rank; see for example Hartshorne's notes on Residues and Duality, 
Springer lecture notes 20, 1966, at least for the corresponding "non
formal" situation. 
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(2.3). Duality for p-divisible groups 

Let G=(G., i.) be ap-divisible group over R. For each v, let G~ be the 
Cartier dual of G ( cf. 1.2). The exact sequences (2) in (2.1) with ,u = 1 
shows that we have injective homomorphisms 

where i. is the dual of the map G.+ 1 -~oG. induced by multiplication by p. 
It is easy to check that the system G' =( G~, i~) satisfies the axioms of (2.1), 
and is therefore ap-divisible group, called the dual of G. Clearly, G' and 
G have the same height. Of course, this notion of dual makes sense over 
any base ring (or prescheme) R. In case R is complete local noetherian 
with residue characteristic p, as in 2.2, so that the dimension of G is de
fined (cf. the lines before Prop. 2), we have the following all-important 

Proposition 3. Let n and n' be the dimension of G and its dual G '. Then 
n+n' =h, the height of G and G'. 

The dimension and height of G do not change if we reduce G mod the 
maximal ideal of R. Hence we are reduced at once to the case in which 
R =k, a field of characteristic p. From diagram (3) we get an exact se
quence 

0--~> KerF--~> Ker p--~> Ker V --~> 0. 

Now Kerp=G1 has order ph, and KerF has order pn. (Fis injective on 
Get, so the kernel ofFinG is the same as that of Fin the connected com
ponent G0 • Viewing G0 as a formal Lie group on n parameters, we see 
that the order of KerF is pn, as remarked in the proof of Prop. 1.) Since 
F and V are dual with respect to Cartier duality one checks that Ker Vis 
the Cartier dual of the Co kernel of the map F: G~-+ G~(p) = ( G\P))', and 
consequently Ker V has order pn'. Now the assertion follows from the 
multiplicativity of orders in an exact sequence. 

Examples. a) The p-divisible group Gm (p) has h = n =I, and is dual to 
the etale p-divisible group QpfZP which hash= 1, n =0. 

b) Let X be an abelian scheme of dimension n over R. If the dual 
abelian scheme X' exists, then we have (X(p))' ~x' (p). Both X(p) and 
X' (p) have height 2n and dimension n. The connected component X(p)0 

of X(p) is the formal completion of X along the zero section, and can 
have any height between nand 2n. For example, if X is an elliptic curve 
(n =I), then the height of X(p)0 is I or 2 according as the "Hasse invari
ant" of X(p) is non-zero or zero. 
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(2.4). Points; the Galois modules <P(G) and T(G) 

Let R be a complete discrete valuation ring, with residue field k = R/m 
of characteristic p>O, and let K be the field of fractions of R (very soon 
we shall assume k perfect and K of characteristic 0). Let L be the com
pletion of a (possibly infinite) algebraic extension of K and let S be ~he 
ring of integers in L. Thus Sis a complete rank 1 valuation ring, but the 
valuation on S may not be discrete. 

Let G be a p-divisible group over R. We define the group G (S) of points 
of G with values in S by 

G(S) = limG(S/miS), -i 
where m is the maximal ideal of R, and where 

G(S/m•s) = limG.(S/m•s). 
~ 
v 

Clearly, G(S) is a ZP·module. From the definition of p-divisible groups, 
G.(S/m•s) is the kernel of multiplication by p• in G(S/m•s). Thus the 
kernel of multiplication by p• in G(S) is lim G.(S/m•s):::,::G.(S), and the 

torsion subgroup of G (S) is given by 
-i 

G{S)tors:::,:: limG.{S). 
~ 
v 

If G is etale over R, then the maps G.(Sjm•+ 1S)-+G.(S/m•s) are bijective 
for all i, and consequently G (S) is a torsion group if G is eta/e. 

In general, if G.=SpecA. and A=limA., and A.:::,:AfJ. as in§ 2, then -v 

a point xeG(S) can be identified with a homomorphism A-+S which is 
continuous with respect to the valuation topology in S and the topology 
defined by the ideals m;A +J. in A. In particular, if G is connected, corre
sponding to a formal Lie group r, so that A:::,:: R [[ X1, .•• , Xn]], then it 
follows from the above remark and Lemma 0 that G(S) is the group of 
points x =(x1 , ••. , xn) of r with coordinates x1 lying in the maximal ideal 
of S. Thus, if G is connected, then G (S) is an analytic group over L. 

Now consider the exact sequence (4), and let Aet and A0 denote the 
algebras of Get and G0 • 
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Proposition 4. If the residue field k of R is perfect, then the map G-+G•' 
has a formal section, and consequently the sequence 

is exact. 
Proof. If R=k, then the exact sequence (4) splits canonically, and we 

have A~A0®RA·'~A·'[[X1 , ••• , Xn]J in that case. By flatness we con
clude A~ A "1 [[X]] in the general case. 

Corollary 1. If xeG(S), then there exists a finite extension field Z.: of 
Land an element YeG(S'), where S' is the ring of integers in Z.:, such that 
py=x. 

Indeed, by Prop. 4, it suffices to prove this for G"' and G0 separately. 
For G 0 it follows from the fact that the map p: G 0 -+ G 0 makes A 0 a free 
A0-module of finite rank (cf. § 2). For G"' we are reduced to a statement 
over the residue field, and the result follows because the maps Gv+ 1 -+Gv 
induced by multiplication by p are surjective. 

Corollary 2. If Lis algebraically closed, then G(S) is divisible. 
From now on we suppose that k is perfect and the characteristic of K 

is 0. This characteristic 0 assumption will be absolutely crucial in all that 
follows, because {l) there is then a logarithm map which will show that 
G(S) is locally isomorphic to Ln, where n=dimG, and (2) the Gv x RK are 
then automatically etale, so we will know that Gv(S) {which is isomorphic 
to Gv(I) since Gv is finite and flat over R) is isomorphic to (Z/pvz)h for 
sufficiently large L (depending on v). 

The logarithm. The tangent space ta of G at the origin is, by definition, 
the tangent space of the formal Lie group r corresponding to G0 at the 
origin. We write ta(L) to denote its points with coordinates in L. Such a 
point is an R-linear map T:A 0 -+L such that T(fg)=f(o) T(g)+g(o) T{f) 
for all/, geA0 ~R[[X1 , .•. , Xn]J, or, equivalently, is simply an R-linear 
map of / 0 /(/0) 2 into L, where / 0 = ( X1 , ••• , Xn) is the augmentation ideal 
in A 0 (namely the map induced by the restriction ofT to / 0). Thus, ta(L) 
is a vector space of dimension n =dim G over L. The logarithm map: 
log:G(S)-+ta{L) is defined as follows: 

(logx)(f) = ~im (f(pix) ~f(o))• 
&-+a:> p 

for xeG(S) andfeA0 ; note that for large i we will have/xeG 0 {S), be
cause G•'(S) is a torsion group. Alternatively, we can identify 1°/(1°)2 
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with the space of invariant differential forms w on r, and define, for 
xeG 0 (S) which is all that really matters, 

(logx) (w) = Q(x), 

where Q(X)eK[[X1, ••• , Xn]J is such that Q(O) =0 and dQ =w, see SERRE 
[12]. Using either of these definitions of log, one proves easily that it is a 
ZP-homomorphism, and a local isomorphism. More precisely, that if 
cp-I < \p\, the logarithm gives an isomorphism between the group of 

points x = (x;) in G 0 (S) such that Jx;\ :(; c for all i and the group of points 
re tG (L) such that Jr (X;)\:(; c for all i. From these facts it follows that the 
kernel of log is the torsion subgroup of G(S), and that its cokernel is a 
torsion group. Thus, the log induces an isomorphism 

G(S)®QP~tG(L). 
Zp 

It also follows that log G ( S) is contained in a finitely generated S-sub

module of tG(L) if the valuation on Sis discrete, whereas logG(S) =tG (L) 
if L is algebraically closed. 

Examples. 1.) If G = Gm (p ), then G (S) is the group of units congruent 
to I inS, tG (L) is L, and the logarithm is the ordinary p-adic logarithm. 

2.) If X is an abelian scheme over R, and G=X(p), then we can iden
tify G(S) with the subgroup of X(S) consisting of the points x whose 
reduction mod the maximal ideal of Sis of finite p-power order, G0 (S) 
being identified with the kernel of the reduction map. The logarithm is 
then the map which has been studied by LuTz (for elliptic curves) and by 
MATTUCK in general. 

The Galois modules cP and T. Let K be the algebraic closure of K, and 
<§=Gal ( Kj K). Put 

cP (G)= lim G,(K), with respect to the maps i,: G, c; G,+ 1 • 

~ 
v 

T (G)= lim G,(K), with respect to the maps j,: G,+ 1 _,.. G,. 
~ 

v 

Since char(K) =0, the G.f.'i9RK are etale, and it follows from the definition 
of p-divisible groups that cP (G) and T( G) are ZP-modules isomorphic 
respectively, to (Qp/ZP)h and to zz, where h=height(G), on which<§ acts 
continuously. We have canonical isomorphisms: 

cP(G) ~ T(G) ® (Qp/ZP) and T(G) ~ Homzp(Qp/ZP, cP(G)), 
Zp 

12 Local Fields 
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so knowledge of tP (G) is equivalent to that of T( G), and knowledge of 
either is equivalent to knowledge of the general fiber G® R K of the p
divisible group G. 

In the notation of the preceding paragraphs, the map G.(S)--+G.(L) 
is bijective, so that, tP (G) is the torsion subgroup of G (S) if Lis the com
pletion of K. 

Examples. 1.) If G=Gm(p), then tP(G) is the group of roots of unity 
of prime power order in K. 

2.) If X is an abelian scheme of dimension n over R, and G=X(p), 
then T(G)= TP(X), thep-adic representation space of rank h=2n intro
duced by WEIL. 

§ 3. The completion of the algebraic closure of K 

R denotes a discrete valuation ring, which is complete, of characteristic 
0. Its residue field k is assumed to be perfect of characteristic p > 0. Let K 
denote the quotient field of R, Kits algebraic closure and C the comple
tion of K. Cis known to be algebraically closed (see [J], p. 42). The abso
lute value on K is canonically extended to C. Let n be a uniformizing ele
ment of K. For xeC we define its order v(x) by 

lxl = lnl"(x), 
we put 11(p)=e. 

If I is an ideal in some finite extension of K, v (I) is defined in the obvi
ous way. The relative different of a finite extension MIL is denoted by 

bM/L• 

In the results of this section several constants will appear. We often will 
denote them indiscriminately by the same letter. 

(3.1). Study of certain totally ramified extensions. 

Let K 00 be an infinite Galois extension of K which is totally ramified 
with group~~ ZP. LetK,. be the subfield of K 00 which corresponds to the 
closed subgroup ~(n)=p"ZP. ThenK,./Kis cyclic ofdegreep". 

Proposition 5. There is a constant c such that 

v(bK"/K) =en+ c + p-"a,., 
where a,. is bounded. 

This follows from standard facts about higher ramification, together 
with local class field theory. 
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We use the higher ramification groups rrlv, with the "upper numbering", 
which is compatible with passage to quotients ([8], p. 119, or [2], p. 81). 
Suppose that rrlv=rrl(i) for v;<v~vi+l· We then have vn+l =vn+e for 
large n (recall that e =v(p)). This follows from local class field theory, 
more precisely from the description of the images of the rrlv under the 
reciprocity mapping. (See [8], p. 235, Cor. 3, for the case of a finite k; 
see [9] for the case of an algebraically closed k, to which the case of arbi
trary perfect k can be reduced by passage to the completion of the maxi
mal unramified extension of K; see also the Berkeley Ph. D. thesis of 
B. F. WYMAN (June 1966).) Put bn= bKntK· A well-known formula ([8], p. 
109) then gives (o(~) denoting the order of a group ~) 

00 

v(bn) = J (I- o(Gal(Kn/KY}- 1) dv. 

-1 

o(Gal(Kn/KY} = pn-i if V; < v ~ V;+ 1 , with i ~ n, 

= 1 otherwise . 

The assertion then follows easily. 
Corollary 1. v(bKn+ltKJ=e+p-"bn, where b" is bounded. 
Corollary 2. There is a constant a (independent of n) such that for 

xeKn+ 1 we have 
1TrKn+ 1 /Kn (x)l ~ IPI 1-ar" lxl. 

Let Rn be the ring of integers of Kn and mn its maximal ideal. Let bKn+ 1/Kn 

=m~+ 1 • Then 

wherej=e:dJ (see [8], p. 91, Lemma 4). This implies the asserted in

equality. 
Corollary 3. There is a constant c (independent ofn) such that for xeKn 

we have 
ITrKn/K(x)l ~ IPin-c lxl. 

Let u denote a generator of the group rrl. 
Lemma 2. There exists a constant c > 0 (independent of n) such that for 

xeKn+ 1 we have 
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Proof. Let -r: =uP". Then 

p-1 

px- TrKn+I!KJx) = px- L -r:ix = 
i=O 

p-1 p-1 

L (I - -r:i) X = L (I + 1: + ... + 'l:i- 1 )(I - 1:) X • 
i=O i= 1 

Hence 
ipx- TrK"+liK"(x)i:::.;; I{I- -r:) xi, 

and we may take c=lpl- 1 • 

Now define a K-Iinear function t on K 00 with values in K as follows: 

For xeK,, put 
t(x) = p-" TrKn!K(x). 

This is independent of the choice of n. 
Proposition 6. There exists a constant d> 0 such that we have for all 

XEK 00 , 

lx- t(x)i:::.;; dlux- xi. 

We prove by induction on nan inequality 

with 
c,+ 1 = IPI-ap-" c,.' 

where a is a constant >0. This will imply the assertion. We may take c1 

equal to the c of Lemma 2. Then we have for xeK,.+ 1, assuming(*) to be 

true, 

ITrKn+ 1tK" (x)- pt(x)i :::.;; c,. lu TrKn+liKn (x)- TrKn+IIKJx)i 

= c, ITrK"+ 1tKJux- x)i :::.;; c,. IPI 1 -ar" lux- xi, 

by Cor. 2 to Proposition 5. By Lemma 2 we have then 

ix- t(x)i:::.;; Max(lx- p- 1 TrK"+'IK"(x)i, IPI-ar" c,iux- xi) 
:::.;; Max(c1, IPI-ap-" c,.) lux- xi = IPI-ap-n c,. lux- xi, 

which establishes(*) for (n+ 1). 
Remark. From the proof we see that if we take K, as a groundfield 

instead of K we have a corresponding inequality with the same constant d. 
Next let X be the completion of K 00 • This is a Banach space over K, on 

which fC acts continuously. The preceding results will enable us to get 

some information about the CC-space X. 
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By Prop. 6 (or by Cor. 3 of Prop. 5) the linear operator tis continuous 

on K"' and therefore extends to X by continuity. We have t(X)=K be

cause K is complete; let X 0 be the kernel oft on X, a closed subspace of X. 
Proposition 7. a) X is the direct sum of K and X0 . 

b) The operator a- I annihilates K, and is bijective, with a continuous 
inverse, on X0 . 

c) Let). be a unit inK which is =I (modrr) and \rhich is not a root of 
unity. Then a-). is bijective, with a continuous inverse, on X. 

Proof. (a) Since t is idempotent, X is the direct sum of its range and 

its kernel. 
(b) For each n, let Kn,o =Kn n X0 be the subspace of Kn consisting of 

the elements whose trace to K is 0, and let Koo,o= UKn,o· We have 
n=O 

Kn =KffiKn,o• direct sum, for O~n ~co, and X 0 is the closure of Koo, 0 in 

X. The operator a- I is injective, hence bijective, on each of the finite 

dimensional spaces Kn, 0 , for n < oo, and is therefore bijective on their 

unionK 00 , 0 ; let Q be its inverse. By Prop. 6 we have IQYI~dlyl for each 

y = (a- I) x in K oo, 0 . Hence Q extends by continuity to X0 , and this ex

tension is a continuous inverse for a-1 on X0 • 

(c) Since a-). is obviously bijective on K for ).=1= I, we can, by (a), 

restrict our attention to its action on X0 . As operators on X0 we have 

Q (a - J.) = Q{( a - I) - (A. - I)) = I - (i. - 1) Q. (*) 

If !).-II d< I with d as in (b), we have 1(,1.-1) Q (y)l < IYI for all yeX0 and 

consequently 1- (,1. -1) Q is an automorphism of X0 , its inverse being 

given by a geometric series, and consequently, by(*), a-). has a continu

ous inverse on X0. If!). -II d~ I, we replace a by aP", and). by ).P", where 

n is so large that I).P" -II d < 1. We then replace K by Kn. Taking into 

account the remark following Prop. 6, we find from what precedes that 

aP" -).P" has a bounded inverse on X, whence also G-A. 
We can define, in the obvious way, cohomology groups Hi(~, X) based 

on continuous cochains for the canonical topologies on ~ and X. If x is 
a continuous character of~ into the group of units of K, then we denote 

by X(x) the space X with the "twisted" action 

5 X = x(s)(sx), 

for se'6', xeX. 
We then have 
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Proposition 8. (a) H 0 ('?!,X) =K, and H 1 ('?!,X) is a one-dimensional 
vector space over K. 

(b) If x ('?!) is infinite, then H 0 ('?!, X(x)) and H 1 ('?!, X(x)) are 0. 
Proof. If Y is a closed subspace of X stable under'?!, then H 0 ('?!, Y(x)) 

is the kernel of a- A. on Y, and, since a 1-cocycle on '?! is determined by 
its value at a, H 1 ('?!, Y(x)) is a subgroup of the cokernel of a-A. on Y. 
In particular, both cohomology groups vanish if a-A. is bijective on Y. 
Hence by part (b) of Prop. 7 we see that H 0 ('?!, X0 ) and H 1 ('?!, X0 ) both 
vanish, and consequently (a) follows from part (a) of Prop. 7. Similarly, 
(b) follows from part (c) of Prop. 7, because if x('?!) is infinite, then 
A.=x(a) is not a root of unity. 

(3.2). Finite extensions of K"' 

We keep the notations of (3.1). Let L denote a finite extension of K 00 • 

Denote by RL its ring of integers and by mL its maximal ideal. Roo and 
moo have the same meaning for K 00 • Let .n"=Gal(K/K00 ). 

Proposition 9. We have TrL!Koo(RL)=>m 00 • 

Replacing K by one of the K. we may assume that there is a finite ex
tensi0n L 0 of K, linearly disjoint from K"' over K, such that L =L0 K (see 
[8], p. 97, Lemma 6). 

We may also suppose that L 0 / K is a Galois extension. Put L. =L0 Kn. 
Then 

v(bLn!KJ = J (o(Gal(Kn/K)"t 1 - o(Gal(Ln/K)"r 1) dv. 
-1 

Let Gal(L/K)"c'?l, i.e., Gal(L0 /K)"=(l), for v~h. It follows that 

h 

v(bLn/KJ ~ f o(Gal(Kn/K)"t 1 dv. 
-1 

The argument used in the proof of Prop. 5 now shows that this tends to 
zero with n (the order of magnitude is p-"). The assertion then follows 
from familiar results ([8], p. 91, Lemma 4). 

Corollary 1. Let L/Koo be finite Galois with group G. Let f be an r-eo
chain ofG with coefficients in L, with r;,:O, and let c> 1. Then there exists 
an (r- I )-cochain g of G in L such that 

if- Jgl ~ c ic5fl, and igl ~elf I. 
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Here If I denotes the maximum of the absolute values of the coefficients of 
f, and by a ( -1)-cochain we mean an element yEL. The coboundary by of 
such a y is the 0-cochain TrL/Koo. 

Proof. By Prop. 9 there exists a ( -1)-cochain yEL such that IYI ~I 
and lt5yl>c- 1 . Define an (r-1)-cochain yUfby the formulas 

Y U f = yf, if r = 0 

(yuf)(s1, ... ,s,_ 1)=(-I)' L s1s2 .. ·s,yf(s1,s2 , ... ,s,), if r>O. 
Sr E G 

The identity 
(by)f- b(y u f)= y u (bf) 

is easily checked; on dividing by the element x=by=TrLfK,YEKwe find 

j- bg = X- 1 (y U b/), with g = X - 1 (y U f). 

Since lx- 1 1 < c, and IYI ~I, the corollary follows. 
Corollary 2. The corollary 1 still holds true if we replace L by K, G by 

£', and consider cochains which are continuous from the Krull topology in 
G to the discrete topology in K, provided that, for r =0, the conclusion is 
replaced by: there exists an element XEK<X) such that If-xi ~clbfl. 

This follows from Cor. I, because a continuous cochain in Jf' with 
values inK comes by inflation from some finite Galois L/K<X) (cf. SERRE, 
Cohomologie Galoisienne, Prop. 8.) 

Recall that we denote by C the completion of K. By H' ( .Yf, C) we mean 
the cohomology groups constructed with standard cochains which are 
continuous from the Krull topology in .Yf to the valuation topology in C. 

Proposition 10. We have H 0 (.Yf, C)=X, and H'(.Yf, C)=O,for r>O. 
Proof. This will follow immediately from Corollary 2, once we show 

that, for every continuous cochain f on .Yf with values in C, there is a 
sequence of cochains f. on £' with values in K as in Cor. 2, such that 
lf-!.1__.0. To construct such f., let D be the ring of integers in C. Then 
C=K+rr"D for each v, and there exist maps <p.:Cfrr"D_.K such that 
1/J.<p. =id., where 1/J.: C-+Cfrr" D is the canonical projection. The <p. are 
automatically continuous because Cjrr"D is discrete. Putf.=<p.l/J.f Then 
l/1.!. =f. implies If.-!I~ lnl". 

(3.3). The action of <§ on C 

Let<§ denote the Galois group of KjK. Then<§ operates on C by conti
nuity and we can consider the continuous cochain cohomology groups 
H'(':1, C). 
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Theorem 1. We have H 0 U9', C) =K, and H 1 (~,C) is a one-dimensional 
vector space over K. 

Proof. LetK"jKbe as in 3.1; for example, we can take for Kx a suita
ble subfield of the field generated over K by all pn-th roots of 1, all n. Then 
we have an isomorphism 

and an exact inflation-restriction sequence 

from which our theorem follows, using Prop. 10 and Prop. 8(a). 
Remarks. 1. The one-dimensionality of H 1 (~, C) was not known to 

me for arbitrary K at the time of the conference. It was proved by T. 
SPRINGER when he wrote up the first draft of these notes. 

2. Let R denote the integral closure of RinK, with the discrete topo
logy. The methods we have used here yield very easily the fact that 
H 1 (~, R) is killed by some power of p (the power depending perhaps on 
K), and this fact in turn implies easily the first part of Theorem 1, i.e., 
cro =K. Meanwhile, Shankar SEN has shown that H 1 (~, R) is killed by 
p for p odd, and by 4 if p =2. From this result of SEN it follows easily that 
for every closed subgroup ~1 of~ we have Cro' =K1 where K1 =X'§', and 
where "hat" denotes completion. 

3. Recently, James Ax has given a short proof of this last result, by a 
direct method which avoids the use of higher ramification theory and of 
the intermediate field K 00 . 

Now let x: ~ ~ K* be a continuous homomorphism (note that the val
ues of x are units in K* because ~ is compact), and let C(x) denote C 
with the twisted action •x=x(s) sx. Let K 00 denote the extension of K 
determined by Ker X· 

Theorem 2. Suppose that there is a finite extension K 0 of K contained 
in K 00 such that K 00 /K0 is totally ramified and Gal(Kro/K0)~zP. Then 
H 0 (~, C(x)) =0 and H 1 (~, C(x)) =0. 

Proof. It is easy to reduce the statement to the case K =K0 , and in that 
case the result follows if we apply Prop. 10 and Prop. 8(b) as in the proof 
of Theorem 1. 

§ 4. Theorems on p-divisible groups 

We continue now the discussion of (2.4). Let G be a p-divisible group 
over our complete discrete valuation ring R of mixed characteristic and 
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let K, C, and D be as in§ 3. Let G' be the dual of G. By Cartier duality 
we have for each v 

R 

Passing to the projective limit as v-+ oo we obtain an isomorphism 

" T(G') ~ Homv(G ® D, Gm(P)) 
R 

where Gm (p) is the p-divisible group attached to Gm, \·iewed over D This 
isomorphism gives us pairings 

T(G') x G(D)-+ (Gm(P)) (D)~ U 
and 

where U denotes the group of units congruent to 1 in D. These pairings 
are compatible with the logarithm map L:G(D)-+tG(C) and the ordi
nary p-adic logarithm U-+ C. The kernel of these logs is the torsion sub
group of their domain, and they are surjective because, C being alge
braically closed, G(D) and U are divisible. Thus we get an exact commu
tative diagram 

L 
O-IP(G) G(D) tG(C)~O 

ao L " L d•l (*) 
0--?Hom(T', U1ors)--?Hom(T', U)--?Hom(T', C)--?0, 

where T' = T( G ') is free of rank h over ZP, the Horns in the bottom row 
are ZP-homs, and where U,ors~IP(Gm(P)) is the group of roots of unity 
in U. The vertical arrows are ~-homomorphisms, ~ acting on a homo
morphism/by the rule (sf) (x)=s(f(s- 1x)). 

Proposition 11. cx0 is bijective and ex and dcx are injective. 
The proof is in a series of steps. 

Step 1. cx0 is bijective. Indeed, since K is of characteristic 0, Cartier 
duality gives a perfect duality of finite ~-modules 

for each v. The result follows on passage to the limit as v-+ oo, inductively 
with the Gv and projectively with the G'. 
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Incidentally, if we pass to the limit projectively with both, we find a 

~-isomorphism 

T(G) ~ Hom(T(G'), H), 

where H =T(Gm(P)) = limv (group of pv-th roots of unity). 
+-

Step 2. Ker a. and Coker a. are vector spaces over QP. Applying the 

snake-lemma to diagram(*) and using Step 1, we find that a. and da have 

isomorphic kernels and cokernels. Since da. is C-linear, the result follows. 

Step 3. We have G(R)=G(D)'§ and tG(K)=tG(C)'§. This follows from 

Theorem 1, i.e., from the fact that K = C'§, which of course implies that 
R=D'!J. 

Step 4. a is injective on G (R). Indeed, the kernel of the restriction of a. 

to G (R) is (Kera)'§ by step 3, and is therefore uniquely divisible by p, by 

step 2. If G is connected it follows that Kera. n G (R) =0, because in that 

case, viewing Gas a formal Lie group we see that n pvG(R) =0, because 

the valuation on R is discrete (if x is a point of G ( R), all of whose co
ordinates are =0 (modni) then the coordinates of px are =0 (modni+ 1)). 

In the general case we see then that (Ker a.) n G 0 ( R) = 0, where G 0 is the 
connected component of G (use the functorality of(*) with respect to 

G0 ·-+G, and the fact that T(G')--+T((G 0 )') is surjective). Since Kera. 

is torsion-free and G(R)/G 0 (R) is a torsion group, it follows that 

Kera n G (R) =0 as claimed. 
Step 5. The map da is injective on tG (K). From steps 1 and 4 we con

clude that dais injective on L ( G(R)); but that group spans tG (K) over QP. 
Step 6. The map da. is injective. The arrow da. can be factored as follows 

tG (C) ~ tG (K) ® C---+ Hom'§ (T', C)® C---+ Hom (T', C). 
K K 

The left-hand arrow is injective by step 5. The right-hand one is injective 
by 

Step 7. Let W be a vector space over C on which ~ operates semi

linearly (i.e., s(cw)=s(c) s(w), for SE~, cEC, wE W). Then the C-linear 

map 
w'§ 0 c---+ w 

K 

is injective. In down-to-earth terms, this statement means that if a family 

of elements W;E W'§ is independent over K, then the family is independent 

over C. It can be proved by looking at a "shortest" hypothetical depend

ence relation L c;wi =0, with c; = 1 for some i, applying elements sE~ to 
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it and using Theorem I, i.e., the fact that K is the fixed field of the group 
of automorphisms W of the field C. See SERRE [10], Prop. 4, for a more 
general statement. 

Proposition 11 now follows from Steps 1 and 7 and the snake-lemma. 
Theorem 3. The maps 

G(R)~Hom\J(T(G'), U) 
and 

t0 (K)~Hom\J(T(G'), C) 

induced by oc and doc are bijective. 
Proposition 11 implies the injectivity of these maps, and also, via step 

3 above, that we have injections 

CokeraR ~ (Cokeroc)\J Coker(docR) ~ (Cokerdee)\J. 

Since Cokeroc ..... Cokerdct is bijective, it follows that the map CokerocR-+ 
Coker deeR is injective, so we are reduced to proving that deeR is surjective. 
Since dctR is K-linear and injective, this is a question of dimensions. Let 

W' = Hom(T(G'), C) and W = Hom(T(G), C), 

spaces of dimension h = ht (G) over C on which W operates semilinearly. 
Put 

d' = dimK(W')\J d = dimK W\J 

n = dimG = dimKt0 (K) n' = dimG' = dimKta.(K). 

By the injectivity of deeR we already know n ~ d' and n' ~ d, and we wish 
to show that equality holds. Since n+n' =h, it will suffice to show that 
d+d' ~h. This we do as follows. 

Since T(G)~Hom(T(G'), H)(see step 1 of proof of Prop. 11), we have 
W' =T(G)®Hom(H, C), so that there is a canonical non-degenerate 
~-pairing 

w X W'-+ Y, 

where Y=Hom(H, C). This space Y is isomorphic to C{x- 1), where 
x: W-+Z; is the character such that sz =zx<•> for all roots of unity z of 
p-power order. Therefore, by Theorem 2, Y\J =H0 (W, Y)=O, and also 
H 1 (W, Y) =0. Since the spaces W\J and (W')\J are paired into Y\J, it fol
lows that W\JC and {W')\J Care orthogonal C-subspaces of Wand W'. 
Their dimensions are d and d' (step 7 of the proof of Prop. 11). Hence 
d+d'~h=dimcW, as required. 
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Corollary 1. The f§-module T( G) determines the dimension n off§. 
Indeed, T(G) determines T(G') by duality, and n=dimx(tG(K))= 

=dimx(Hom~(T(G'), C)) by Theorem 3. 
Corollary 2. There is a canonical isomorphism of f§-modules 

Hom(T(G), C)~ tG.(C) 63 t~(C) ® Hom(H, C), 
c 

where t~ is the cotangent space of Gat the origin. 
The proof of Theorem 3 above shows that da.' and d':i. map tG. (C) and 

tG (C) injectively onto subspaces of W and W' which are orthogonal 
complements with respect to the pairing to Y. Thus we have an exact 
sequence 

0 ~ tG.(C) ~ W ~ Homc(tG(C), Y) = t~(C) ® Y ~ 0, 
c 

and to prove the corollary, we must show that this sequence has a unique 
splitting compatible with the action of f§. The sequence has the form 

where x is the character in the proof of Theorem 3. The existence of a 
splitting follows from H 1 (f§, C(x))=O; and its unicity from H 0 (f§, C(x)) 
=0 (cf. Theorem 2). 

Remark: In case G=A(p), where A is an abelian scheme over R, 
Corollary 2 can be rewritten as 

where Ac=A®R C, and where on the left we have the etale cohomology 
of Ac with coefficients in QP. One can ask whether a similar Hodge-like 
decomposition exists for the etale cohomology with values in c in all 
dimensions, for a scheme Xc coming from a scheme X projective and 
smooth over R, or perhaps even over K, or for suitable "rigid analytic" 
spaces 

(4.2.). We can now prove the main result 

Theorem 4. Let R be an integrally closed, noetherian, integral domain, 
whose field of fractions K is of characteristic 0. Let G and H be p-divisible 
groups over R. A homomorphismf:G®RK~H®RK of the genera/fibers 
extends uniquely to a homomorphism G~ H. 
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Corollary 1. The map Hom(G, H)~Hom~(T(G), T(H)) is bijective, 

where f§=Gal(K/K). 
Corollary 2. If g: a~ H is a homomorphism such that its restriction 

G®RK~H®RK is an isomorphism, then g is an isomorphism. 

Since R = n pRp, where P runs over the minimal non-zero primes of R, 

and since each Rp is a discrete valuation ring, we are immediately reduced 

to the case R is a discrete valuation ring. There exists an extension R' of R 

which is a complete discrete valuation ring with algebraically closed resi

due field and such that R=R' n K; hence we may assume R is complete 

with algebraically closed residue field, k. If chark=!=p, then G is etale and 

the theorem is obvious. Thus we are reduced to the case of an R of the type 

considered in the preceding paragraphs, which we assume from now on. 

We first prove Corollary 2. Let G=(G.) and H =(H.), and let A. (resp. 

B.) denote the affine algebra of G. (resp. H.). We are given a coherent 

system of homomorphisms u.:B.~A., of which we know that their ex

tensions u.®l :B.®RK~A.®RK are isomorphisms. Since B. is free over 

R, it follows that u. is injective for all v. To prove surjectivity, we look at 

the discriminants of the R-algebras A. and B •. By Prop. 2, these discrimi

nants are non-zero, and are determined by the heights of G and H and 

their dimensions. But the height and dimension of a p-divisible group 

over R are determined by its general fiber, the height trivially, and the 

dimension by Cor. 1 of Theorem 3, since the general fiber of G determines 

the f§-module T( G). Hence the discriminants of A. and B. are equal and 

non-zero, and it follows that u. is bijective. This proves Corollary 2. 

To derive the theorem from the corollary, we will use 

Proposition 12. Suppose F is a p-divisible group over R, and M a f§

submodule of T(F) such that M is a ZP-direct summand. Then there exists 

a p-divisible group r over R and a homomorphism cp: r ~ F such that cp 
induces an isomorphism T(r)=+M. 

Granting this Proposition we prove the theorem, letting F = G x H, and 

letting M be the graph of the homomorphism T( G)~ T(H) which corre

sponds to the given homomorphismf:G®RK~H®RK. By Prop. 12 we 

get a p-divisible group r over R and a homomorphism cp: r ~ G x H such 

that the composition pr1 ·cp:r~G induces an isomorphism T(r)~T(G), 

hence an isomorphism on the general fibers. By Cor. 2, it follows that 

pr1 ·cp is an isomorphism. Thus pr2 ·cp · (pr1 • cp)- 1 : G~H is a homomor

phism extending.f. The unicity of such an extension is obvious, and this 

concludes the proof of Theorem 4. 

Proof of Prop. 12. The submodule M c T(F) corresponds to a closed 
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p-divisible subgroup E* c F® R K. Let E be the "closure of E* in F". By 
this we mean the following: Let B. be the affine R-algebra of F., let A*' 

be the affine K-algebra of E*., and let u.:B.®RK-+A*• correspond to the 
inclusion E*.c;F.xRK. Put A.=u.(B.), and put E.=SpecA •. Then E. 

is a closed subgroup of F. for each v, and the inclusions F.-+Fv+l induce 
inclusions E.-+Ev+l; we put E= lim( E.). Although E itself may not be _,. 
p-divisible (see example below), nevertheless Ex R K =E* is p-divisible, 
and it follows that E;+dE; is killed by p, hence thatp induces homomor
phisms 

which are isomorphisms on the general fiber. Let D; be the affine algebra 
of E;+dE;. Then all D;®RK can be identified, and the D; constitute an 
increasing sequence of orders in a finite separable K-algebra. Hence there 
is an i0 such that D;=D;+ 1 for i'~i0 • Put r.=Eio+v/E;0 • Thenio induces 
a coherent collection of homomorphisms r.-+ Evf £ 0 =E., which are iso
morphisms at the general fiber, and we will therefore be done if we show 
that r = Ur. is p-divisible. For this, we factor the homomorphism p• in 

rv+l as follows 
pV 

rv+l = Eio+v+l/E;o---+E;o+v+dE;o = rv+l 
~.. F 

p 
Eio+v+ dEio+v _,. Eio+ 1/ Eio' 

where a is the canonical projection, y the canonical inclusion, and where 
{3 is induced by p•, and is therefore an isomorphism by our choice of i0 • 

It follows that the kernel of p• in rv+t is the same as Kerrx=I"., so r is 
p-divisible as claimed. 

The following example, due to SERRE, shows that the map cp in Prop. 
12 need not be a closed immersion. Let X be an elliptic curve over R 

whose reduction X has Hasse invariant :;f:O, and suppose the points of 
order p on X are rational. Then there exist two such points, say x andy, 
which are independent, but such that x = y is of order p, and the sequence 

O_,.X ~(X/FpX) x (X/Fpy)_,.Cokercp_,.O 

is then exact over K, but cp is not injective over R, because cpx =0. Passing 
to the associated p-divisible groups, one gets the desired example. 
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A Duality Theorem in the Etale Cohomology of Schemes 

J. L. VERDIER 

We shall present in this expose a duality theorem which has been proved 
by A. GROTHENDIECK. The formulation of this theorem is the same as 
those of the other duality theorems which can be found in nature: Duality 
for coherent sheaves [H. S.], duality in the cohomology of pro-finite 
groups, Poincare's duality for topological varieties, .... 

To get a duality theorem, we need a theory of cohomology with com
pact support (§ 2). Then the duality is defined by the Gysin's morphism 
(or trace morphism) (§ 3). In § 1, we shall recall the base change theorem 
for the etale cohomology which is the main instrument in this question. 

§ 1. The base change theorem in the etale cohomology of schemes 

Let us consider a cartesian square of preschemes: 

x!X' 
I! !I' 
S ;._ S' 

and let F be a torsion sheaf on X for the etale topology. Let us suppose 
(to simplify) that the prescheme Sis locally noetherian. The obvious natu
ral transformation of functors: 

(lower star= direct image, upper star= inverse image) 
yields natural morphisms: 

g* Rllj *(F)~ Rllj ~g* (F) 

1.1 Theorem. (ARTIN-GROTHENDIECK): The above morphisms are iso
morphisms in the two following cases: 

1) The morphism/is proper. 
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2) The torsion ofF is prime to the residual characteristics of S. The 
morphism g is smooth. 

§ 2. The direct image functor with proper support 

Letf:X--+S be a quasi-projective morphism of preschemes where Sis 
locally noetherian. Let i:X-+X' be an S-imersion of X into a prescheme 
X' projective on S. For any torsion sheaf on X (for the etale topology), 
we shall denote by R<ij; (F) the sheaf on S: 

R:f1 (F)= R:f~ (i 1 (F)) 

where i 1 (F) is the sheaf on X' obtained by extending Fby zero and where 
R'lf~ is the q-th derived functor of the direct image by the morphism 
f':X'--+S. 

When S =spec (C) (the field of complex numbers) and X is a non-singu
lar quasi-projective variety, the R<ij; are isomorphic to the cohomology 
groups with compact support of the corresponding topological variety. 
(Comparison theorem). 

The sequence R<ij; (O:::=;q) is a J-functor. It can be shown that it is in 
general not a derived functor. 

The R<ij; will be called the J-functor direct image with proper support. 
In order to give a sense to this definition we need the 

2.1. Proposition. The J-functor R'lft does not depend on the immersion 
i into a prescheme projective on S. 

Proof: Let i:X-+X' and i':X-+X" be twoS-immersions. We shall only 
prove that there exists an isomorphism functorial in F: 

Making use of the fibered product, we can suppose that there exists an 
S-morphism g:X'--+X" such that the following diagram is commutative: 

13 Local Fields 
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The composition spectral sequence gives: 

RPJ; (Rqg* (i!F)) => Rnj~ {i!F) 

To determine the sheaf Rqg* (i! (F)), we can consider the fibers and apply 
the base change theorem for a proper morphism. It becomes therefore 
clear that: 

q>O 

and that the canonical morphism i; (F)-+g* (i1 (F)) is an isomorphism. 
What remains to be shown is that those various isomorphisms are com
patible. This can be done by the same methods. 

The properties of the functor R<lj; are summed up in the following 
2.2. Proposition. I) The functor R<lj; commutes with the change of the 

base. 
1)' When f is quasi-finite, R<lj; = 0 ( q =l=O). In particular when f is etale 

RY1=0 (q=l=O) andft is the functor extension by zero. 
2) We have a spectral sequence of composition. 
3) Let Y ~X be a closed sub-prescheme and U the complementary open 

sub-prescheme. Let Fu 1 be the sheaf restricted to U and extended by zero 
on X and Fy be the direct image on X of the restriction ofF on Y. 

We get an unrestricted exact sequence: 

4) Let (U .. -+X) be a separated etale covering of X. For any simplex 
u={ct1, ct 2 , ... , ctP) we shall denote by Ua the prescheme u .. , x s ... x sUap and 
by fua the morphism! composed with the canonical morphism Ua-+X. Let 
us denote by F/Ua the inverse image of the sheaf F on Ua. For any q~O and 
for any simplicial application u-+u', we get a morphism of sheaves on S: 

which yields a semi-simplicial complex 

... :: il R:fu«xsUp! (FJU .. x sUp):: il R:fua! (FJU .. ) 
-+ a,P a 

Let us denote by HP (RYU!• F) the p-th homology sheaf of the above com
plex. 

If the covering is finite or if the dimension of the fibers of the morphism 
f is bounded, we get a spectral sequence: 

E~,q = H_P(R:fU!, F)=> R*f1(F). 
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When the fibers of the morphism fare of dimension ~ d, the above spectral 

sequence yields the exact sequence: 

U R2'1u~ x sU"! (F/Ua X sUp)=: U R2'iu~! (F/U~~.)-+ R2'11 (F) (2.2.1) 
«,P a 

Proof. The first three assertions are obvious. Let us prove the fourth 

one. Let us denote by Fuat the sheaf restricted to Ua and extended by zero. 

The complex of sheaves on X: C* ( U~~., F) deduced from the semi-simplicial 

complex 

is acyclic (look at the fibers). Taking an immersion i:X-+X' into a pro

jective prescheme over S, we can take a resolution of the complex 

i1C* (U, F) by object which are f~-acyclic (!':X' -+S). The spectral se

quence of the double complex obtained by applying the functor f~ yields 

the expected result. 

§ 3. The trace morphism 

In this paragraph, we are mainly interested in the morphismsf:X-+S 

of preschemes which possess the following property: (S)f is a smooth 

and quasi-projective morphism. The prescheme S is locally noetherian. 

The dimension d of the fiber at any point xeXis independent of the con

sidered point. 
The number d will be called the relative dimension of X over S. 

The sheaf Jln (n prime to the residual characteristics of S) is defined by 

the exact sequence: 
(3.0.1) 

(Gm denotes the sheaf: multiplicative group) 
The sheaf on X: 11~ will play the role of a relative orientation sheaf of X 

over Sand will be denoted by Txts· The sheaf Tx1s is stable by the change 
of the base. 

Let S=spec(k), k an algebraically closed field, and X be a complete 

connected non-singular curve over S. The exact sequence (3.0.1) yields 

the exact sequence of abelian groups: 

0-+ H0 (X, Jln)-+ H0 (X, Gm) ~ H0 (X, Gm)-+ H 1 (X, lin)-+ 

H 1 (X, Gm) ~ H 1 (X, Gm)-+ H 2 (X, Jln)-+ 0. (3.0.2) 
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Since the field k is algebraically closed, X is complete, and n prime to the 

characteristic of k, the morphism H 0 (X, Gm).!!t H 0 (X, Gm) is surjective. 
Since furthermore the group H 1 (X, Gm) is isomorphic to the Picard's 
group of X, the sequence (3.0.2) yields two canonical isomorphisms 

the points of order n of the jacobian variety of X, and 

lx: H 2 (X, fln)-=+ Zfn (3.0.3) 

Let us suppose now that X=Ai=spec(k[t]), (k algebraically closed 
field) and let f: X ~s= spec (k) the canonical morphism. The canonical 
immersion i:Al~P/ (projective space of dimension I over k) yields the 
exact sequence of sheaves on Pk1 : 

0 ~ flnx 1 ~ fln ~ fln., ~ 0 

Since fln., is obviously an acyclic sheaf over P/, we get a sequence of 
isomorphisms: 

R2f1 (Jln)-=+ H2 (Pk1 , flnx,)..:::. H 2 (P/, fln)-=+ Zfn 

Let us denote by: 
(3.0.4) 

the composed isomorphism. We can now formulate the main proposition 
of this paragraph. (From now on, except when explicitly mentioned, the 
sheaves considered will be sheaves of Z/n-modules). 

3.1. Proposition. It is possible in only one manner to attach to anymor
phismf:X~s satisfying (S), and to any sheaf F on S, one morphism (called 
the trace morphism): 

Qx,s(F): R 2dft (!*(F)® Txts) ~ F 

( d is the relative dimension of X over S) such thatd 
TRO) Qx,s(F) is functorial in F. 
TRI) Qx,s is compatible with the change of the base. 
TR2) Qx,s is compatible with the composition of the morphisms. 
TR3) Whenfis etale, Qx,s is the canonical morphism yielded by the ad

junction formula. 
TR4) When S=spec(k), X=AL F=Zfn, the morphism Qx,s(Z/n) is 

equal to wk (3.0.4). 
Furthermore the morphism Qx,s possesses the following properties: 
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(a) When the fibers of the morphism fare connected and non-empty, 
Qx,s is an isomorphism. 

(b) When S=spec(k) (k algebraically closed field), when X is a com
plete, connected, non-singular curve and when F is Z/n, the morphusm 
Qx,s is equal to lx (3.0.3). 

(c) The morphisms Qx, s for different n are compatible. 
Let us first elucidate the axiom (TR2). Letf:X -+Sand g: S-+ Y be two 

morphisms of preschemes satisfying (S). Let d and d' be the respective 
relative dimensions. The functor Rqfi (resp. Rqg1) is null for q > 2d (resp. 
q > 2d'). Therefore the spectral sequence of composition yields an iso
morphism 

R2d'g!R2dfl .:-, R2(d-d'lgjl. 

Furthermore the orientation sheaf Tx;r is canonically isomorphic to 
Tx;r®f* (Ts;r) so that we have, for any sheaf F on Y, a natural isomor
phism a that we can include in a diagram: 

R 2(d+d'lgj1 (Tx;s ®f*g* F).:-, Rld'g1R2df1 (Tx;s ®f* (Ts;r ® g* F)) 

1 ex,Y ~ lR2d'g,(ex,s) ( 3.1.1) 

QY/s 2d' * F R g 1(Ts1r®g F) 

The axiom (TR2) is that the above diagram must be commutative. 
Proof of the proposition. Uniqueness: By (TRl) we are reduced to the 

case S=spec(k) where k is an algebraically closed field. By (TR2), (TR3) 
and the exact sequence (2.2.1) we are reduced to the case when Xis affine 
and f of the type: 

X!.. At-+ spec(k) 

where g is etale and A~ is the affine space of dimension dover k (Definition 
of smooth morphism). By (TR3) and (TR2) we are reduced to the case 
X =A~ andf:A~-+spec(k) the canonical morphism. By induction on d and 
(TR2) we are reduced to the casef:A~-+spec(k). Since the functors R'lfi 
commute with inductive limits we can suppose that F= Z/n. The axiom 
(TR4) completes the proof. 

Existence. We shall sketch the main steps of the proof. 
(1) Suppose that the morphism Qx,s is constructed when Sand X are 

affine and whenfis of the type X4 A~-+S with g etale and that it satisfies 
(TRi), 0 ~ i ~ 4. Then, by localization on X (2.2.1) and on S, we can con
struct it in the general case. The properties (TRi), 0 ~ i ~ 4, can easily be 
verified. 
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(2) There exists one and only one functorial isomorphism: 

R2'J1 (Tx1s ®f* F)-+ R 2d/1 (Tx1s) ® F 

such that he properties (TRl) and (TR2) are satisfied, so that all we have 
to do is to construct the morphism ex,s only when Fis the constant sheaf 
Z/n. 

(3) Suppose that the morphism ex.s is constructed in the two following 
cases: 

(1) The morphism/is etale and the morphism ex,s possesses the prop
erties (TRl), (TR2), and (TR3). 

(2) The morphism f is the canonical morphism A~-+S and the mor
phism ex,s possesses the properties (TRl), (TR4) and .he property: 

(TR2)' The morphism ex,s is compatible with the S-automorphisms of 
A~ induced by the permutations of the indeterminates. 

Suppose furthermore that the thus constructed morphisms verify the 
following compatibility property: 
(C) For any diagram: 

X ~A~ 
g L L h' 

h' 
A~-+ S = spec(k) 

with g and g' etale and h and h' canonical, the two morphisms R 2fi (Tx1s=: 
=:zfn obtained by applying (3.1.1) are equal. Then we can construct 

ex,s in the general case. 
Let us prove this assertion. Let f:X4A~-+S be a morphism with g 

etale. We shall define ex,s by the diagram (3.1.1). The only point to be 
shown is that the so constructed morphism does not depend on the fac
torization off The properties (TRi) can be easily deduced afterward. To 
show this independence, we can suppose that S=spec(k) (algebraically 
closed field). Let us consider 

X~A~ 
g' L L 
A~-+ S = spec(k) 

two factorizations off An S-morphism of X into an affine space over S 
is determined by d global sections of Ox:'1., 172 , ... '1d· Let f2x1s be the 
coherent sheaf of the relative differentials of X on S. The sheaf f2x1s is 
locally free of rank don Ox. Let d17 1 · · ·d1711 be the differentials of the sec-
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tions rt1···rtd· The conditions for the morphism g to be etale are that the 

sections drt; of Qx1s generate the sheaf Qx15. Let rt~, ... rt~ be d sections of 

Ox which determine the morphism g'. The question being local on X, we 

can see easily, through permutations of the variables and successive sub

stitutions, that we are reduced to the case q;=Yf;, 2~i~d. That means 

that the following diagram is commutative: 

S = spec(k). 

But now looking at the fibers on A~- 1 and applying the property (C) we 

are done. 
(4) Let us define the morphism Qx,s for fetale in the obvious way. The 

properties (TRl), (TR2), (TR3) can easily be verified. For f:A~ .... s we 

shall define Qx,s by induction on d so that we are reduced to the cased= I. 

Using arguments similar to those used in the beginning of this paragraph, 

all that is left for us to do is to define the morphism ex,s when X =Pi. 
But in this case the sheaf on S: R 1}; (Gm) is canonically isomorphic to the 

constant sheaf Z and the construction is easy. The properties (TRl), 

(TR2)' and (TR4) are obvious so that we still have to check the property 

(C). This can be done by classical arguments using the norm. 

To achieve the proof, we have to check the properties (a), (b), and (c). 

The properties (b) and (c) are obvious. To check the property (c) we are 

immediately reduced to the case S=spec (k) (algebraically closed field). 

Then we can use the nice neighborhoods of M. ARTIN and proceed by 

induction. 

§ 4. Formulation of the duality theorem 

In this paragraph the morphismf:X_.S of preschemes with the prop

erty ( S) will be fixed once for all. The relative dimension of X over Sis d. 

4.1. The derived category. We shall denote by D,.(X) (resp. D,.(S)) the 

derived category of the abelian category of sheaves of Z/n-modules on X 
(resp. S) [H. S.]. Let us recall briefly what this category is. D,.(X) is the 

category of complexes F" of sheaves (the differential is of degree + 1), up 

to homotopy in which the morphisms which induce isomorphisms on the 

objects of cohomology are made isomorphisms [H. S.]. 

The category n: (X) (resp. D; (X), resp. D!(X)) is the subcategory of 

the complexes F" of D,. (X) whose objects (F") 1 are null for I< 
1°(F"), (resp. l>/0 (F"), resp. /0 (F")<l and 1</1 (F")). 
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The category Dn (X) possesses a triangulated structure, i.e., for any 
morphism F~G· we get a triangle that is unique up to non-unique iso
morphism (the mapping cylinder): 

deg(w) = 1 (*) 

Such triangles are called the distinguished triangles. 
A functor Dn (X)-+ Dn ( S) is exact if it transforms distinguished triangles 

into distinguished triangles. 
A cohomo/ogical functor R from Dn (X) into an abelian category trans

forms any distinguished triangle (*) into an infinite exact sequence: 

···--+ R°F.--+ R 0G.--+ R 0H.--+ R 1F. --+··· 

The usual functor "cohomology" is a cohomological functor with values 
in the category of sheaves on X. 

The functor Hom<x>(F, .) (resp. Hom<x>(., F)) is a cohomological 
functor (resp. a contravariant cohomological functor). The group 
Hom<x> (F, G ·) is sometimes called the hyper-Ext0 group. 

The category n: (X) is equivalent to the category of complexes of in
jective sheaves, bounded below, up to homotopy. A resolution F -+G. of 
a complex F is a morphism which induces isomorphisms on the cohomo
logy, i.e., which yields an isomorphism in the category Dn (X). 

To any sheaf F on X we shall associate the following complex of 
sheaves on X also denoted by F: 

(F)' = 0 for 1 =1= 0 
(Fl=F 
d 1 =0 

The functor thus defined from the sheaves on X into Dn (X) is fully faith
ful. Exact sequences of sheaves on X yield functorially distinguished 
triangles. 

4.2. The exact functor Rfi. Let X~ X' .4 S be an S-imersion of X into 
a projective prescheme over S. Let F be a complex of sheaves on X 
bounded below and let us take a resolution of i1F by a complex of injec
tive sheaves on X'. Applying the functor f~ we get a complex of sheaves 
on Sand therefore an object of Dn (S) which we shall denote by Rfi (F). 
It can be shown that the object Rfi (F) depends functorially on F, (it 
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does not depend up to unique isomorphism on the injective resolution 
and on the immersion i, prop. 2.1). Furthermore the functor R.fr can be 
uniquely factorized through the category n; (X). The functor thus de
fined will be again denoted by: 

Rf1: v: (X)--+ v: (S). 

The functor R.fr is exact. For any sheaf P on X the cohomology sheaves 
of the complex R.fr (F) are isomorphic to the sheaves R'l}; (F), (cf. § 2). 

Since the functor f~ is of finite cohomological dimension (2d), the func
tor R.fr can be extended to the categories Dn(X)--+Dn(S) (we can take a 
resolution of any complex on X' by complexes whose objects are /~
acyclic) and by restriction to sub-categories yields various functors: 

Rf1: D;; (X)--+ D;; (S) 
Rf1: D~ X)--+ D~(S) 

4.3. Proposition. 1) Let S4 Y be another morphism of prescheme pos
sessing the property (S). The canonical morphism R(gf)1--+Rg1R.fr is an 
isomorphism. 

2) Consider the following cartesian square: 

x:-x' 
J! !r 

S ::_ S' 

The canonical morphism of functors: 

u'*Rf1 --+ Rf(u* 

is an isomorphism. 
The first assertion is obvious, the second one is the base change theo

rem for proper morphism. 
4.4. The twisted inverse image functor. Let G = · · · --+ G 1 ~ G--+ G 1 + 1 --+ ... 

be a complex of sheaves on S. We shall denote by/ (G") the following 
complex of sheaves on X: 

(f I ( G"))' = f* ( Gl+2d) Q9 TX/S 

d1(f 1 (G")) = f* (d'+ld) <2J idTx/s 

This functor obviously yields an exact functor also denoted by/: 
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By restriction, this functor yields various functors: 

D: (S)-+ D: (X) 
D; (S)-+ D; (X) 
D~(S)-+ D~(X) 

4.5. Proposition 1) Let S-4 Y be another morphism of preschemes with 
the property ( S). The canonical morphism gf'-+ f'g 1 is an isomorphism 

2) Consider the following cartesian square: 

x:-x' 
1! !r 

S t,_ S' 

The canonical morphismf' 1u'*+-u*f 1 is an isomorphism: 
Those two assertions are obvious. 
4.6. The trace morphism in the derived categories. Let X -4 X' .4 S be an 

S-immersion of X into a projective prescheme over S, and G be a sheaf on 
S. Let us take now a resolution on X' of the complex itf1 (G): 

- 2d - 2d + 1 0 d" 1 0-+0-+1 -+I -+ .. ·-+I -+I -+··· 

Let Z 0 be the kernel of the morphism d 0 • We have a resolution 

C*(G) O I-2d I-24+1 I-1 zo O =··· ---+. ~ -+···~ -+ -+ --+ , 

ofitf' (G) byf~-acyclic objects and therefore the complex on S:f~ ( C*(G)) 
is canonically isomorphic in Dn(S) to the complex Rft/1 (G). But now it 
is clear that we have a canonical morphism of complexes: 

and using the trace morphism we get a functorial morphism: 

Trx;s: Rft/ 1 (G)-+ G 

This morphism can easily be extended (by means of Cartan-Eilenberg 
resolutions) to any complex of sheaves on S, and yields a morphism of 
exact functors. 

4.7. The duality morphism. Let K' be an object of D; (X) and H' be 
an object of Dn(X). Let us denote by RHom(H', K'), the following com
plex on X: Take an injective resolution I' of the complex K' and consider 
the object of Dn(X) defined by the complex of sheaves: Hom* (H', I') 
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where Hom is the homomorphism sheaf. Let us assume now that H" is an 
object of D; (X) and let us apply the functor global section on X. We get 
now an object of D(Ab) which we shall denote by: RHom(H", K). The 
sheaves of cohomology of RHom(H", K) are the local hyper-ext. The 
groups of cohomology of RHom(H", K) are the global hyper-ext. 

In the same way we define Rf* (K): Take an injective resolution and 
apply the direct image functor. 

By functoriality of RJ.., for any H" object of D; (X) and K object of 
D; (X), we get a functorial morphism: 

which gives, when we apply the functor global section on S, a funct orial 
morphism: 

which yields, taking the cohomology, functorial morphism of groups: 

ExtP (H", K")--+ ExtP (R/1 (H"), Rf1 (K)) 

But now using the trace morphism, we obtain morphisms: 

Ai1s: Rf*RHom(F" ,f 1G")--+ RHom(Rf!F", G") 

Ai1s: RHom(F",f 1G")--+ RHom(R/1F., G") 

Ll_i18 : ExtP(F",J 1G")--+ Exe(Rf1F., G") 

for any F" object of D;; (X) and G" object of D; (S). 
Let us then formulate the duality theorem: 
4.8. Theorem (A. GROTHENDIECK). The morphisms Ll~1s (i = 1, 2, 3) are 

isomorphisms. 
Remark 1. Assume S=spec(k) (algebraically closed field) and X con

nected. Let G" be the group Z/n and F" =F be a sheaf on X. The duality 
theorem yields an isomorphism (we shall denote by H!(X, F) the groups 
RPft (F)): 

Hom(HI(X, F), Z/n)-=+ Exed-p(X, F, Tx1s) 

Assume furthermore that Fis locally free and of finite type. Using spectral 
sequence from local Ext to global Ext we obtain: (F' = Hom(F, Tx1s)) 

Hom(HI(X, F), Zfn)-=+ H2d-p(X, F') 

which can also be formulated in the following way: The cup-product 

HI(X, F)® H2d-p(X, F')--+ H;dx, Tx1s)-=+ Z/n 



196 J. L. VERDIER 

is a perfect duality. This is one of the classical formulations of the theo
rem of Poincare. 

Remark 2. Using localization (associated sheaf) and global section 
(spectral sequence from local to global), it is easy to see that if for some 
i(i= I, 2, 3) the morphism Ll~1s is always an isomorphism, all the Ll~1s are 
isomorphisms. 

§ 5. Proof of the duality theorem 

We shall sketch the proof of the duality theorem. 
Let us recall first that, the preschemes X and S being locally noetherian, 

the categories of sheaves on X and S are locally noetherian. Let us recall 
also that a noetherian sheaf G is constructible, i.e., any point possesses a 
neighborhood which possesses a finite partition into locally closed sub
sets on which the sheaf G is locally constant and of finite type. In particu
lar any constructible sheaf is locally constant in the neighborhood of the 
generic point of any irreducible component. It can be shown (as a corol
lary to the base change theorem for proper morphism) that the direct 
images (including the q-th direct images q =l= 0) of a constructible sheaf by 
a pr.::>per morphism are constructible. 

Let X4S be a morphism which possesses the property (S), F" be an 
object of D; (X) and G" be an object of n; (S). We shall denote by 
(i, X, S, F", G") the property: The morphism LI~18 (F", G") is an isomor
phism. 

5.1. Lemma. The following properties are equivalent: 
(i) The duality theorem is true for the morphism f 
(ii) There exists an i(i= 1, 2, 3) and an etale covering (Ur-+X) such that, 

for any quasi-projective etale morphism U-+X which can be factorized by 
the above covering and for any constructible sheaf G on S we have the 
property (i, X, S, Z/nu 1, G). 

5.2. Lemma. The duality theorem is true when f is eta/e. 
5.3. Lemma. Let S4 Ybeamorphism with the property (S), H" an ob

ject of n; ( Y) and i be an integer 0 < i ~ 3. Let us suppose that two of the 
properties below hold: 

(i, X, S, F", g 1H") (i, X, Y, F", H") (i, S, Y, Rf1F", H") 

Then the third one also holds. 
Proof. The last lemma comes directly from the transitivity property 

(4.3; 4.5; 3.l(TR2)). The second one is obvious. Let us prove the first 
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one. Any object F" of D;; (X) admits a resolution P" ..... F by a complex 
of the type :P"= ···->Z/nu;~->Z/nu" 1 ->0->··· where the Ui and the Uk are 
etale over X and can be factorized by the covering (Ui->X). So that, by 
spectral sequence argument or by the way out functor lemma [H. S.] in 
order to prove the duality theorem, we are brought back to the case 
F = U Zfnu 1, with Ui noetherian. Since the functors R'lj; and ExtP com-

i 

mute with the infinite sum we are brought back to the case F" = Z/nu;~· 
Again by spectral sequence argument we can suppose that G · = G is one 
sheaf over S. But now, since the sheaves Zfnu;~ and Rq]; (Z/nu, 1) are no
etherian sheaves, the hyper-ext Ext* (RJ; (Zfnu, 1), G) and Ext* (Z/nu,1,/1G) 
commute with the direct limit of G and therefore we can suppose that G 
is noetherian, i.e., constructible. We thus prove the implication (ii)=(i). 
The other implication is obvious. 

5.4. First reduction. Using the three lemmas above and straight forward 
arguments we are brought back to the proof of the theorem in the following 
case: 

(a) The morphism f: X ->S is of relative dimension I. X and S are affine 
noetherian. 

(b) The complex F is the constant sheaf Zfn. 
(c) The complex G · is a constructible sheaf 
Thus, by the first reduction, we have to check that the morphism 

(5.4.1) 

is an isomorphism. 
Let IJES be a generic point of an irreducible component of S. The 

sheaves G and R'lj; (Zfn) are constant on an etale neighborhood of '1 (they 
are constructible). Therefore the cohomology sheaves of the complex 
RHom(R];(Z/n), G) are constant on an etale neighborhood ofiJ. 

5.5. Lemma. Assume conditions (a), (b), (c) of the reduction 5.4. Denote 
by fij a geometric fiber off on a geometric point ij over '1· The cohomology 
sheaves of Rf*(/G) are constant on an etale neighborhood of '1· The 
complex Rf*(f1G)ij is canonically isomorphic (in D.(Ab)) to the complex 
Rfij,*{f~Gij). 

We shall not prove this lemma. It follows from the "relative purity 
theorem" [S. G. A. A.], which is one of the consequences of 1.1. 

But now, by the lemma 5.5, to see that the morphism (5.4.1) is an iso
morphism on a neighborhood of IJ, it is enough to look at the fiber 
Xij->ij, i.e., we are reduced to the case S=spec(k) (k an algebraically 
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closed field). Furthermore, to prove that (5.4.1) is an isomorphism we are 
reduced, by an easy noetherian induction on the support of the sheaf G, to 
the case where the support of G is a closed point of S, and we are imme
diately reduced again to the case S=spec(k) (algebraically closed field). 

Let us suppose that S=spec(k), we can embed the curve X into a com
plete non-singular curve X' and we are easily reduced to prove the duality 
theorem in the case 

(a)' X ...... sis a complete non-singular curve over an algebraically closed 
field. 

(b)' The complex F is the constant sheaf Zfn. 
(c)' The complex G" is the constant sheaf Z/n. 
Thus we have to prove that the morphisms: 

H 0 (X, .Un) ...... Hom(H2 (X, Z/n), Z/n) 
H 1 (X, .Un) ..._. Hom(H 1 (X, Z/n), Zfn) 

H 2 (X, .Un) ..._. Hom(H0 (X, Zfn), Zfn) 

(5.5.1) 

(5.5.2) 

(5.5.3) 

are isomorphisms. This can be seen easily for (5.5.1) and (5.5.3). For 
(5.5.2) this follows from the autoduality of the jacobian variety of X. 
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The Lefschetz Fixed Point Formula in Etale 
Cohomology 

J. L. VERDIER 

1. The Lefschetz theorem for a curve 

Our aim is to give some indication concerning the proof of 

Theorem 1.1. Let X be a complete non singular curve over an algebrai

cally closed field k. Let L be an hale sheaf of Q1-vector spaces (I prime to 

char(k)). We assume that L is constructible. This implies that the groups 

Hq (X, L) are finite dimensional vector spaces. Let 

j:X--+X 
be a morphism and 

<P :f* (L)-+ L 

a lifting of the morphism f to the sheaf L. The pair (J, <P) yields maps 

Assume now that f has only isolated fixed points (i.e.,J =I= id x). At each fixed 

point P we can consider the map induced by <P on the stalk Lp 

q>p: Lp--+ Lp. 

Since the stalks are finite dimensional vector spaces the morphism q>p pos

sesses a trace. 
Assume now that all the fixed points are of multiplicity one. Then we have 

L(- l)q Tr{f, q>)q = LTr(q>p). 
q p 

Remark. 1) It is not clear what we mean by constructible sheaf of Q1-

vector space and by Hq(X, L). This point will be discussed later on. But 

let me say only that the definitions of those objects are not the naive ones. 

2) A. GROTHENDIECK has now a shorter proof of this theorem. He even 
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has a formula which includes the case of arbitrary fixed points and also 
a formula for the casef=identity. However, the method of Grothendieck 
applies only to the case of curves. We will present a proof which uses a 
general Lefschetz formula which, roughly speaking, says that the left hand 
side is equal to a sum of purely local terms. In the case of a curve we will 
be able to compute those local terms. 

2. The duality theorems 

To prove the theorem we need to recall some facts on duality. There 
are three types of duality theorems we will use. The first two types are 
formal and quite general. The third one is not at all formal (Poincare 
duality) and uses strongly the geometrical assumptions. 

I. Let XL. Y be a morphism of schemes, Fa sheaf on Y (for the etale 
topology), G a sheaf on X. Then we have an isomorphism 

R Hom(F, Rf.G)::.., R Hom(!* F, G). (2.1) 

This formula means simply this: Take an injective resolution of G, and 
apply the functor direct image. You obtain thus a complex Rf.G. Take 
now the complex of morphisms of F into RJ.G. You obtain thus R Hom 
(F, Rf*G). On the other hand, take the complex of morphisms off* F 
(inverse image of F) into an injective resolution of G. You obtain the 
complex R Hom(!* F, G). The formula says that there exists a natural 
morphism between those two complexes (well defined up to homotopy) 
which induces an isomorphism on the cohomology groups. 

We can also introduce a ring A and work with sheaves of A-modules. 
We will take then injective resolutions and morphisms in the category of 
sheaves of A-modules. This formula has nothing to do with schemes and 
etale topology. It is a general formula on categories of sheaves on topo
logies. It is a cohomological translation of the adjointness properties of 
the functors/* and/* (see [1] and [3]). We can also generalize the formula 
to complexes F and G (see [2]). 

II. Let X be a scheme and F, G, H three abelian sheaves (for the etale 
topology). We have 

L 
R Hom(F® G, H).:::.R Hom(F, RJf'om(G, H)). (2.2) 

The formula means this: Take an injective resolution I(H) of Hand a 
resolution P (G) of G of the form 

... --. E9 lLuJ--. E9 7L.u1 --. G, 
j i 
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(what is really important is to take a resolution of G by flat sheaves), 
where V;~X are etale schemes over X and where 1Lu, is the constant sheaf 

L 

7L on U;extended by zero elsewhere. We can now consider F®G=F®P(G) 
L 

(tensor product of complexes) and the complex of morphisms of F®G 
into the complex /(H) which is the complex that we denote by 

L 

R Hom(F ® G, H). 

We can also consider the complex of sheaves of morphisms 

£'om(P(G), I(H)), 

which is an injective complex that we denote by R£'om(G, H) and again 
the complex R Hom(F, R£'om(G, H)) of morphisms of Pinto the com
plex R £'om ( G, H). As before, the formula says that there exists a natural 
map between the two complexes which induces an isomorphism on the 
cohomology groups. 

As for type/, this formula is also quite general and can be generalized 
to the case of sheaves of A-modules and also to complexes of such 
sheaves. 

III. Let X 4 Y be a smooth morphism and assume that/ can be factor
ized by 

X~X' 
J~/r 

y 

where i is an immersion and/' is proper. We will assume also, to simplify, 
that the dimension of X over Y, which is locally constant on X, is in fact 
constant =d. Let n be an integer prime to the residual characteristics of 
Y. Let :!T x;r be the orientation complex, i.e.: 

object: 0 0 ~ ... ~o~ .... 
n 

degree: - 2d - 1 - 2d - 2d + 1 

where lin is the sheaf of n1h roots of unity, i.e., the kernel of the morphism 

In those conditions we can define: 
a) For any sheaf F on X (more generally for any complex on X) of 7Lfn 

14 Local Fields 
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modules, the complex: 
Rd(F) 

(direct image with proper supports) in the following way: 
Let F1 be the sheaf on X' obtained by extending F by zero. Take an 

injective resolution of F1 on X'. Apply the functor f~. It can be shown 
that the complex R1f(F) thus obtained does not depend, up to unique 
isomorphism in the derived category of complexes of sheaves on Y, on 
the factorization. 

b) For any sheaves G on Y(more generally for any complex of sheaves) 
of l/n-modules, the complex 

/ 1 (G)= f*(G) ® .r XfY• 

Theorem 2.3. We have, when F and G are n-torsion sheaves: 

R Hom(Rd(F), G)_:. R Hom(F,/ 1 (G)). 

(When F and G are complexes we must assume that the cohomology ofF 
is bounded above and that the cohomology of G is bounded below.) As 
before, R Hom ( ) meant the complex of morphisms into an injective 
reso!ution in the category of n-torsion sheaves. 

There is also a Poincare duality theorem for quasi-finite morphisms. 
Let f: X~ Y be a quasi-finite morphism and 

X c; X' 
1~ Jl'r 

y 

a factorization through a finite morphism. 
For any sheaf F on X let F1 be the extension by zero on X' and 

f,F =f~F1 • 

Whenfis etale, then}; is simply the extension by zero. Whenfis a closed 
immersion, then}; is simply the direct image. 

Let G be a sheaf of n-torsion on Y (n invertible on Y) and /(G) an 
injective resolution of G. For any u~x etale set: 

/ 1(G) (U) = Hom(f1 (lfnu), I(G)). 

U"'+f' (G) (U) is a sheaf on X that we denote by!' (G). When/is etale, 
/ 1 is simply the restriction functor. When/is a closed immersion, .?lt'0/' (G) 
is the functor "sections of G whose supports are in X", and the .?lt'r1 (G) 
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are the derived functors of the functor £ 0/ (G). The direct images on Y 
will be denoted by 

.Yf~(Y, G). 

Theorem 2.4. R Hom(_t; (F), G)-=+- R Hom(F,/ (G)). 
The proof is immediate. This theorem, when f is a closed immersion, 

can be extended to a general topos. (cf. [3]). 

3. Four fundamental properties 

Let X be a smooth complete scheme over an algebraically closed field 
k. Let F be a sheaf on X of n-torsion (n prime to char(k)) andf:X~X, 
cp :f* F ~Fa morphism of (X, F) into (X, F). To prove a Lefschetz theorem, 
we need to check 4 fundamental properties. 

(1) Finiteness conditions on F. 

(2) Poincare duality theorem for the morphisms X ~spec (k), X x X~' X, 
X~Xx X. (r is the graph morphism.) 

(3) Kiinneth Formula. 
(4) Biduality property for the sheaf F. 
The finiteness conditions will be fulfilled when F is a constructible 

sheaf. We have already recalled that we have a Poincare duality theorem. 
We will show in this paragraph that the Kiinneth formula holds. We will 
also explain the biduality property and state that a large class of sheaves 
on X possesses, in some cases, the biduality property. 

Theorem 3.1. Consider the following situation: f and g 

XxY 
z 

p"" ~q 
F,X !h Y,G 

~~ JLg 
z 

are "compactifiab/e" morphisms (i.e., which factorize through an immersion 
and a proper morphism), F and G are n-torsion sheaves (n invertible on Z). 
Then we have a canonical isomorphism: 

L L 
Rtf (F)® R1g (G)-=+ R 1h (p* (F)® q* (G)). 

Corollary 3.2. Let g=identity. We have: 
L L 

Rtf(F) ® G-=+ Rtf(F ®ft (G)). 
L m L 
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L 

In those formulas, the ® means tensor product with a flat resolution in 
the category of n-torsion sheaves. 

Proof. The theorem follows from the Corollary. (One uses the base 
change theorem.) To prove the corollary one can assume thatjis prover. 
First we have to define a canonical morphism. Take a finite f* acyclic 
resolution R(F) ofF, a flat resolution P(G) of G and a resolution of the 
complex R(F) ® P(G) by a complex off* acyclic objects bounded above. 
(This is possible, because the functor f* is of finite co homological dimen
sion.) Applying the functor f* we obtain a morphism 

L m L 

Rf* (F)® G--+ Rf* (F ®f* (G)). 

By the spectral sequence, we are reduced (to prove that m is an isomor
phism) to the case G= <;J)7Lfnu,, where U;-+Z are etale. Using the fact that 

i 

the R"f* commute with direct limits, we are reduced to the case G = 7Lfnu. 
But now if suffices to look at the fibers (f is proper) to complete the proof. 

Let X be a smooth variety over a field k algebraically closed: 

X 
J! 

spec (k) 

Let !T x be the orientation complex (for n-torsion sheaves), let F be a finite 
complex whose cohomology is n-torsion on X. The complex 

DxF = RYf'om(F, Yx) 

will be called the dual complex of F. It is easily seen that DxF is again a 
finite complex whose cohomology is n-torsion. Instead of H;R!f, we will 
use the classical notation H: (X, · ). The duality theorem for F says (n 
prime to char(k)): 

Hom(H;(X, F), 7Lfn) ~H-q(X, DxF), 

i.e., the dual of the cohomology with compact support is canonically iso
morphic to the cohomology of the dual. 

We will say that the complex F possesses the (weak) biduality property 
if the canonical morphism 

F--+ DxDxF 

is an isomorphism (in the derived category). 
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Obviously if F is locally free of finite rank, F possesses the weak hi
duality property. It is also the case when F is locally constant of finite 
type. It is clear that we have to make some finiteness assumptions on F 
to have a biduality property. 

Definition 3.3. A sheaf F on a locally noetherian scheme S is said to be 
constructible if each point XES possesses a neighborhood Vx and a partition 

into locally closed subsets such that on each Zi (say with the reduced struc
ture) the sheaf F induces a locally constant sheaf of finite type. 

It can be shown that the constructible sheaves on S (noetherian) are 
exactly the noetherian objects in the category of n-torsion sheaves ([3]). 

Let Y be another smooth variety over k and G be an n-torsion sheaf 
over Y. It is clear that we have a canonical isomorphism 

XxY 
pr 1 ;/ ""pr2 

FX Ya 

.?lxxy::::,.g-x®.?ly 

and therefore, using duality formulas of type II, we have a canonical 
morphism: 

L L 

priDxF ® pr;G ~ Dxxr(PriF ® pr;DrG). 

The quadrupole (X, Y, F, G) is said to possess the biduality property if 
(*) is an isomorphism. 

A sheaf F on X is said to possess the strong biduality property ifF 
possesses the weak biduality property and if the quadruple (X, X, F, F) 
possesses the biduality property. 

A locally free sheaf of finite type possesses the strong biduality property. 
We will say that one can resolve the singularities on X if, given any etale 

morphism: U~ X of finite type, there exists a factorization 

U~X' 
"t ;/h 
X 

where i is an open immersion, h proper, X' smooth over k, and X'- U 
is a union of divisors which cross normally. 

Theorem 3.4. Assume that one can resolve the singularities on X and Y. 
For any constructible sheaf F on X whose fibers are free ll.fn-modules and 
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G on Y, the quadruple (X, Y, F, G) possesses the biduality property. More
over the source of(*) is a constructible sheaf 

Corollary 3.5. Assume that one can resolve the singularities on X. Any 
constructible sheaf F on X whose fibers are free 71./n-modules possesses the 
strong biduality property. Moreover DF is also constructible. 

The next proposition will be the key result in the proof of the Lefschetz 
theorem. 

Proposition 3.6. Let X be a smooth variety over k, Fa sheaf which pos
sesses the strong biduality property. Then, 

XxX 
P••! !P•l 

X X 

we have on X x X, a canonical isomorphism (in the derived category): 

R.Jf'om(priF, pr~F) =. priDxF ® pr'j_F. 

Proof. We have a biduality isomorphism: 

F ::.DxDxF 
and therefore 

R£om(priF, pr~DxDxF);... R£om(priF, pr~F). 

But, as an easy consequence of the duality theorem for the morphismpr2, 

we have an isomorphism (for any sheaf G on X): 

pr~DxG .::+ DxxxPr'iG. 
Hence 

R£om(priF, pr~F) =. R£om(priF, DxxxPr'iDxF) 

Using a formula of type II we obtain 

L 

R£om(priF, pr~F) =. Dxxx(PriF ® pr'j_DxF), 

and using the strong biduality property we complete the proof. 

4. Sheaves of Q1-vector spaces 

Let X be a locally noetherian scheme and I a prime. A 71.1-sheaf on X is 
an inverse system 
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such that Fn is a in-torsion sheaf and such that the transition morphism 

is isomorphic to the morphism 

Fn-+ Fn ® 7Z.W- 17l. 
zfl" z 

The 7l.1-shaves on X form a category and even better a 7l.1-category, i.e., 
there exists a canonical map of the ring 7l.1 into the ring of endomorphisms 
of the identity functor. 

A 7l.1-sheaf is constructible iff all the Fn are constructible. In the category 
of constructible 7l.1-sheaves, we can define a subcategory of torsion ob
jects. The quotient category is the category of constructible sheaves of 
Q1 vector spaces. 

The basic example of constructible sheaf of Q1-vector spaces is given 
by a continuous representation 

of the rc1 into the group of automorphisms of a finite dimensional Q,
vector space. 

We will admit here that the theorem 1.1 can be proved by going up to 
the limit on n-torsion constructible sheaves, and we will restate the theo
rem 1.1 for torsion sheaves. It is however necessary to define the trace, 
which we will do now. 

Let A be a noetherian ring. Let us denote by DJ (A) the full subcategory 
of the derived category of the category of A-modules defined by the com
plexes isomorphic to finite complexes of projective modules of finite type. 
A complex LED (A) is an object of D} (A) iff: 

(a) Hq(L) is a module of finite type for any q and Hq(L)=O for iql big 
enough. 

(b) There exists a q0 such that for any module M 

Let t/f:L-+L be an endomorphism of an object of D}(A). The morphism 
t/1 is isomorphic to an endomorphism 

where I: is a finite complex of projective modules of finite type. Let 
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t/J~:L~--+L~ be the "components" 1 of t/1' and set 

Tr(t/1) = L(- l)q Trt/lq 
q 

where in the right hand side the traces are the usual ones. One checks 
easily that this definition makes sense and that this trace function pos
sesses the following properties: 

(TRl): For any distinguished triangle of endomorphisms: 

We have; 
Trt/1 1 - Trt/1 2 + Trt/13 = 0. 

(TR2): For any diagram: X~ Y~X we have 

Tr(m 0 n) = Tr(n 0 m). 

(TR3): 

Let now X be a complete algebraic scheme over an algebraically closed 
field k, and let F be a constructible n-torsion sheaf on X (n prime to 
char(k)). Denote by RH(X, F) the complex of global sections on X. This 
complex RH(X, F) possesses the property (a) above ([3]). Assume now 
that each fiber of F is flat (say, in this case that each fiber ofF is a free 
ll.Jn module of finite rank). The Corollary 3.2 shows that the complex 
RH(X, F) possesses ,also the property (b) above. Therefore any endo
morphism 

t/1: RH (X, F)--+ RH (X, F) 
possesses a trace. 

We can now restate the theorem 1.1 for n-torsion sheaves. 
Theorem 4.1. Let X be a complete non singular curve over an algebrai

cally closedfield k. Let F be a constructible n-torsion sheaf whose fibers are 
free ll.Jn-modules. Let 

j:X--+X <p:j*F--+F 

be an endomorphism of(X, F). 
Assume that f possesses only isolated fixed points and that each fixed 

point is of multiplicity one. We can then define x (f, <p, F), the trace of the 

1 They are defined only "up to homotopy". 
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morphism 
t/1: RH (X, F) --+ RH (X, F) 

induced by (J, cp) and at each fixed point PeX, Trp(<P) the trace of the 
morphism <1> induced on the fiber. We have 

5. Lefschetz theorem 

Let us consider the Lefschetz situation: X is complete and smooth over 
k algebraically closed, F is an n-torsion constructible sheaf whose fibers 
are free (n prime to char(k)) and which possesses the strong biduality 
property,J:X--+X, cp:f*(F)--+F, an endomorphism of (X, F). We there
fore have a diagram: 

and a morphism: 

X 
tr 
XxX 

prt t t prz 

X X 

cp: r*priF--+ F. 

The equality pr 2T = idx implies T 1pr ~:::::identity and thus cp defines a 
morphism 

cp: r* pr{ F--+ T 1 pr~F. 

One checks easily that cp defines an element 

aeHl(X x X, RYt'om(priF, pr~F)) 

and therefore an element 

Now using the proposition 3.6 we obtain an element 

L 
'7EH0 (X x X, priDF ® priF) 

and we can consider the restriction of '1 to the diagonal 
0 L 

'IAEH (X, DF®F). 
L 

But there is a canonical pairing DF®F--+Y x and a canonical morphism 
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(the fundamental class) 

which yields the residue map: 
L 

e: H0 (X, DF (8) F)-+ 7!./n. 

Theorem 5.1. x(J, ci>, F)=f2('1<1). 
Proof. Let t/J:RH(X, F)-+RH(X, F) bethemorphismdefined by (q>,f). 

The complex RH(X, F) is isomorphic to a finite complex of free 7!./n
modules of finite rank. Therefore, l/1 defines an element 

L 
a.'eH0 (RH(X, F)* (8) RH(X, F)) 

where the * means the complex of homomorphisms into 7!./n. The trace 
of l/1 is e' (a.) where 

L 
e': H0 (RH (X, F)* (8) RH (X, F))-+ 7!./n 

is the canonical pairing. 
The Poincare duality theorem on X says that we have a canonical iso-

morphism 
RH(X, F)*~ RH(X, DF), 

and that the canonical pairing 
L 

H0 (RH(X, F)*® RH(X, F))-+ 7!./n 

is, modulo this isomorphism, defined by the cup product 

L L 
RH(X, DF)® RH(X, F)-+ RH(X, DF® F) 

and the residue morphism 
L 

f2: H0 (RH (X, DF (8) F))-+ 7!./n. 

But, as usual, the cup product can be computed via the cross product 

L L 
RH(X, DF) (8) RH(X, F)-+ RH(X x X, pr;DF (8) priF) 

and the restriction to the diagonal 

L L 
RH (X x X, pr; DF (8) priF)-+ RH ,X, DF (8) F). 

Let 
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be the element defined by a.'. We have just shown that 

x(f. cp, F)= e('1~) 

and the theorem follows from 
Lemma 5.2. 

'1 = '1'. 

To prove this lemma we just have to check that all the canonical iso
morphisms introduced are compatible. We will not go into the details. 

Assume now that f has only isolated fixed points. The cohomology 
L 

class 17eH0 (Xx X, pr";DF®priF) comes, in fact, from a cohomology 
class 

Hence the class 

comes, in fact, from a cohomology class 

where P1 are the fixed points. 
It follows easily, from the Poincare duality theorem that we have an 

isomorphism: 

such that the diagram 
Ea H~(X, Yx)-+ H 0 (X, Yx) 
I 

is commutative. 

L 
Ea ll./n 

Let us denote by l?P, the morphism 

L 
ll./n 

0 L 0 L 0 
E9 Hp,(X, DF ®F)-+ Hp,(X, DF ® Ff-+ Hp,(X, CCx) =+ 7!./n. 

We have 
Theorem 5.3. 

But now the e1 are purely local terms, i.e., to compute e1 (e..~) we only 
have to know the class e..~ in an etale neighborhood of the fixed point P1• 
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6. Proof of the Theorem 4.1 

It remains to prove that, when the fixed point P is of multiplicity one, 
we have: 

By an easy devissage, we are reduced to prove 
Proposition 6.1. If Pis of multiplicity one, and if the fiber Fp is zero, then 

This proposition has been proved by M. ARTIN. We will only give some 
indications in a simple case. 

First, the question is purely local. Let X X xp (resp. Xp) denote the 
scheme strictly localized at the point (P, P) (resp. P). We have the fol
lowing picture: 

x, 

p A2 

Xp lpr2 

XxXp 
Xp 

p 

To prove the proposition, it suffices to prove that the restriction map 
L L 

r': H~(X x Xp, priDF ® pri_F)-+ H~(.t1, DF ®F) 

is zero. But, using exact sequence of cohomology with support in r we 
have the commutative diagram: 

L L 

H- 1 (X X Xp- r, priDF ® pri_F)-+ H~(X X Xp, priDF ® pri_F)-+ 0 

H- 1 (X x Xp- r ~ X2 , priDF ® pri_F) ],· 

!' 
L 

-+ H~ (11, DF ®F) -+0. 

To prove that r' =0, it suffices to prove that r=O. 
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Let us study the case: F free constant of rank one on Xp-P. Let us 
remove the shift of degree and the twist by the sheaf fln· Denote by 
Axxxrx• the constant sheaf A=7l.fn on Xx Xp-X1 extended by zero on 
XxXp. We have (non canonical) isomorphisms: 

L 
H- 1 (X X Xp- r- x2, priDF ® pr';_F) .:+ 

H 1 (X X Xp- r- x2, AxxXp-x.) 

We have to prove that the restriction morphism 

L 

H- 1 ( Ll - P, D F ® F) .:+ H 1 ( Ll - P, A) . 

H 1 (X X Xp- ['- x2, AxxXp-X.) ~ H 1 (Ll- P, A) 

is zero. 
But the exact sequence of sheaves 

yields a commutative diagram 

H 1(X xXp-X2 -r, Axxxrx.)->H1(X xXp-X2 -r, A)~H 1(X1 -P,A) 
L'' L" 

H 1 {Ll- P, A) -=+H1 (Ll- P, A) --> 0 

in which the first row is exact. 
It is therefore sufficient to prove that ker ( u) :::J ker ( v ). 
In terms of coverings, this can be re-interpreted in the following way: 
Proposition. Let X'->XxXp-X2 -r be a Galois covering of group 

7l.fn such that its restriction to X1 - P is trivial. Then its restriction to 
Ll - P is trivial. 

In the general case, the sheaf F on X P-Pis defined by an operation of 
n1 (Xp-P) on a group of the type (71./n)'. By a transfer argument and an 
easy devissage, M. ARTIN reduces the proof of proposition 6.1. to the 
previous case i.e. F constant over Xp- P of fiber 71./ l (l prime). However 
in the process of untwisting the sheaf F, he has to take ramified coverings 
of Xp, so that to prove the proposition 6.1. we have to prove a slightly 
more general proposition that the previous one: 

Proposition. Let spec(A)/spec(k) be the spectrum of a strictly local (i.e. 
henselian and the residue field k is separably closed) regular ring of dimen
sion 2, P3spec(A) its closed point; X1 , X 2 , X 3 subschemes defined by three 
regular parameters in general position (any two of 1rhich yield a basis of 
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the cotangent space), and Y a closed sub scheme of dimension 1 in general 
position with respect to X 1 and X 2 • Let v~Spec(A)-X1 -X2 a Galois 
covering of group 71./1 which is trivial over X 3 - P. Then V is trivial over 
Y-P. 

Let X and y the parameters of xl and x2. It follows from the Purity 
theorem [3] that the covering Vis defined by the equation: 

0 ~ q, q'~ 1. 

The covering Vis trivial over X3 - P, if and only if: 

q + q' = 1. 

Let Y' ~ Ybe the normalization of Y. The scheme Y' is strictly local regu
lar of dimension 1. If P' is the closed point of Y', we have a commutative 
diagramm: 

Y'~Y' -P' 

The scheme Y being in general position with respect to X1 and X2, one 
sees easily that x andy induce on Y' sections which differ by a unit. There
fore the equation of the covering induced by V over Y'-P is: 

T' 1 =u 

where u 1s a unit on Y'. This covering can be extended to an etale covering 
of Y' and since Y' is henselian, this covering is trivial. 
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