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1. Introduction

This paper can be read as a sequel to [2]. For this reason, this section builds upon
the deeper discussion of [2, Section 2]. We give an overview of the tools that were not
introduced in the prequel and state our results. More background and motivation can
be found in [2].
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1.1. Background

In this paper, we work at the prime p = 2. Recall that Morava K-theory K(2) is
the unique ring spectrum with coefficients K (2), = Fo[vE!], for vy in degree 6, and with
formal group law the Honda formal group law F5 of height 2. The group Ss is the group of
automorphisms of F5 over Fy. The extended Morava stabilizer group G is the extension
of So by the Galois group. Morava E-theory Fs is the Landweber exact spectrum for
which 7y Es corepresents isomorphism classes of deformations of F5. Its homotopy groups
can be described as follows. Let ¢ be a primitive third root of unity and let

W = W(Fy) = Zs[(]

be the Witt vectors on Fy. Then (E3). = W[u;][u™!], where u; has degree zero and
u has degree —2. The group Gs acts on the spectrum Fs. For a finite spectrum X,
Lg@)X ~ E;LGQ A X. Further, for closed subgroups G of Gs and finite spectra X, there
are descent spectral sequences

ES' = H*(G, (F): X) = m_o(E}Y A X). (1.1.1)

The groups Sy and Gy both admit a surjective homomorphism to Zs whose kernels
are denoted by S} and G} respectively and

Sy 2 S} % Zs, Gy = G} % Zs. (1.1.2)

The group S, has a unique conjugacy class of maximal finite subgroups, which can be
described as follows. The automorphism of F» given by [—1]r,(x) generates a central
subgroup Cs. The power series w(z) = (x generates a subgroup of order three in S,
denoted C'5. The group C5 acts on a quaternion subgroup Qg of So whose center is Cs.
The semi-direct product Go4 = Qg x C3 is a maximal finite subgroup of S;. The subgroup
Cs = Cy x C3 of Goy4 will also play a central role.

Both Cs and Go4 are contained in S}. However, S} has two conjugacy classes of
maximal finite subgroups. A representative for the other conjugacy class is given by
Gy = Goym~! for m a topological generator of Zy in the decomposition Sy = Si x Zo.

The next theorem follows from [2, Theorem 1.2.1, Theorem 1.2.4, Corollary 3.4.6].
(See Section 4 below for more details.)

Theorem 1.1.1. Let Zy be the trivial Zs[Sy]-module. There is an exact sequence of com-
plete left Zs[S3]-modules

0—)%36—3>(526—2>(51 8—1><€0i>22—>0,

where 6y = Z2[S3/Gaal, €5 = Zo[Sy/Gh,] and 61 = 62 = Zs[Sy/Ce]. Let e be the unit
in Z2[Si] and e, be the resulting generator of €,. The maps 8, can be chosen to satisfy:
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(a) di(e1) = (e — a)eq,
(b) Oz(e2) = (e +a+ &)ey for & € (2,(153)?).
(c) sles) = mle + i+ + K)(e — a~V)a~Tes.

Let Fy = Gay, F1 = F» = Cg and F5 = GY,. For a profinite Z[S3]-module M, there is
a first quadrant spectral sequence

EPY = Bxt] ) (€, M) = HY(F,, M) = H"*1(S}, M)

2[S3]

with differentials d, : BP9 — EpTra—r+l,

Remark 1.1.2. The exact sequence of Theorem 1.1.1 is called the algebraic duality res-
olution because it satisfies a certain duality. This is described in Theorem 1.2.2 of [2].
The associated spectral sequence is called the algebraic duality spectral sequence which
we abbreviate as ADSS.

Let V(0) be the mod 2 Moore spectrum, that is, the cofiber of multiplication by 2 on
the sphere spectrum S°. The goal of this paper is to compute the E.-term of the ADSS
for M = (E»).V(0). We obtain an associated graded for H*(Si; (F2).V(0)). Taking
the Galois fixed points of the FE.-term gives an associated graded for the cohomology
H*(G3; (E2)+V (0)). Therefore, this computation can be used to understand the Fa-term
of the descent spectral sequence (1.1.1) when G = G} and X = V(0), that is

H(GY; (E>)V(0)) = mo(E2%2 AV(0)).

Further, recall that there is a fiber sequence

LV (0) = EL®* AV(0) = EX% A V(0).
Hence, computing H*(S3; (E2).V (0)) is a first step for computing m, L (2)V (0).

The computations will be done using the fact that, at chromatic level n = 2, one
can replace Morava K-theory K(2) by a spectrum K¢ whose formal group law is the
formal group law of a supersingular elliptic curve C. This allows us to use the geometry
of elliptic curves to get a better understanding of the action of the Morava stabilizer
group Sy on (Es),. Before stating the results, we explain this point of view.

Consider the supersingular elliptic curve C : y? 4y = 2 defined over 4. Let F¢ be the
formal group law of C. It satisfies [—2] . () = x?. Let K¢ denote the complex oriented
ring spectrum whose ring of coefficients is (K¢). = F4[u*!], where u is in degree —2,
and whose formal group law is Fe.

In this paper, E¢ := E(F4, F¢) will denote the complex oriented Landweber exact
spectrum for which mgFE¢ corepresents isomorphism classes of deformations of F¢. There
is an abstract isomorphism (E¢). = (F2)«, but it cannot be realized by a map of E.o-ring
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spectra. Such a map would induce an Fy-isomorphism on the formal group laws Fp and
F5. These formal group laws are not isomorphic over Fy, but become isomorphic after
passing to the algebraic closure of Fs.

Let S¢ := Aut(F¢) be the group of automorphisms of F¢ over F4. The groups Sy and
S¢ are isomorphic. An explicit isomorphism is constructed in Lemma 3.1.2. The group
S¢ admits an action of the Galois group and the group G¢ is the extension of S¢ by this
action. The group G¢ acts on the deformations. By the Goerss—Hopkins—Miller Theorem
(see Goerss and Hopkins [5, Section 7]), it acts on E¢ by maps of E..-ring spectra.

The isomorphism of Lemma 3.1.2 does not extend to an isomorphism of the groups
Go and Ge. In fact, these groups are not isomorphic. However, over an algebraic closure
of 5, the formal group laws F5 and F¢ are isomorphic. Therefore, the Bousfield classes
of K(2) and K¢ are the same. Their localization functors are weakly equivalent, so that
Ly X ~ Li.X. As before, it follows from the work of Devinatz and Hopkins in [3]
that for X a finite spectrum Lg X ~ EéLGC A X. Further, for any closed subgroup G of
Ge, there is a spectral sequence analogous to (1.1.1).

The groups S¢ and G¢ also admit a surjective homomorphism to Zs and S} and G}, are
defined to be the kernel of this homomorphism as before. Further, since S¢ is isomorphic
to S, the results of [2] also hold for S¢. In particular, the resolution of Theorem 1.1.1 can
be constructed using S} and the algebraic duality resolution gives rise to an algebraic
duality resolution spectral sequence

EPY =~ HY(F,, M) = H""(S}; (Ec).V(0)). (1.1.3)

In this paper, we compute the Fo-term of (1.1.3).

The main advantage of using S¢ is that the elliptic curve C has a large automorphism
group. In fact, Aut(C) is isomorphic to Ga4 and it injects into Aut(Fe). Its image is a
choice of maximal finite subgroup. Using level structures, Strickland has computed the
action of Aut(C) on (E¢).. We use this result and, since it is not in print, we describe it
Section 2.2. From now on, we will let Ga4 denote the image of Aut(C) in Sc.

1.2. Statement of results

In order to state the results, we will describe the Ej-term of (1.1.3). First, note that
(Ec)«V(0) = Fyfui][ut!], where u; has degree 0 and u has degree —2. Let Fg. be the
graded formal group law of E¢. Then

2] Fp, (z) = wiutz? + ... mod (2)

(see Section 6), hence we define v1 = uju™! in (E¢).V(0). The element v is invariant
under the action of S¢ on (E¢).V (0). Let 6 be the connecting homomorphism associated
to the exact sequence

0— (F2)y 2> (B)s — (E2).V(0) — 0.
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Let n = 6(v1) and vo = u~3. Then
H*(Cg; (Ec)+V(0)) = Fa[ud][v1, 037, ]/ (v3 10} = u}),

for a class h in H'(Cg; (Ec).V(0)) satisfying n = hv;. In particular, {v8h®},cz is a
set topological generators of H*(Cs; (Ec).V(0)) as an Fy[v;]-module. That is, in the
category of profinite graded F4[v;]-modules, there is an isomorphism

H*(Cs; (Ec)«V(0)) = H Fa[vi{vzh°}.
neL

The cohomology Gay is related to the cohomology of the Hopf algebroid classifying
Weierstrass curves over F4 with their strict isomorphisms, a computation originally due
to Hopkins and Mahowald and presented by Bauer in [1]. In particular, the G4 fixed
points are related to modular forms modulo 2. However, we have included a self-contained
computation of H*(Ga4, (Ec).V (0)) in an appendix (see Appendix A). This computation
is based on unpublished notes of Hans-Werner Henn. In Appendix A, it is shown that
there is an isomorphism

H* (G4, (Ec)«V(0) 2= Falj][vr, A kv, 2, 9]/ (~)

where A of degree (0,24) is the reduction modulo (2) of the discriminant of a universal
deformation of C over (E¢)s (see Theorem 2.1.1), j of degree (0,0) is the j-invariant
of this deformation. The element k in H*(Ga4, (Ec).V(0)) is the image of the period-
icity generator in H*(Ga4,Fyq) = H*(Qg,F4)®? under the natural inclusion of F, into
(Ec)oV(0). The class v has degree (1,4), « has degree (1,8) and y has degree (1,16).
The relations (~) contain 7* = vk and v}? = jA. We refer the reader to Theorem 4.2.2
for the complete ideal of relations.

A set of topological Fy[vi]-module generators for H®(Ga4, (Ec)«V(0)) is given by
{A"}, ez so that, in the category of profinite graded Fy[v;]-modules,

H°(Gay; (Ee).V(0)) = H Fy[v1]{A"}.

Note that conjugation by 7 induces an F4[v1, n]-linear isomorphism
H* (G4, (Ec):V(0)) = H*(Ga4, (Ec):V(0)).

We let A’ and 7' be the image of A and 7 under this isomorphism. For z in positive
cohomological dimension in H*(Ga4, (E¢).V (0)), we abuse notation and denote its image
under the conjugation isomorphism by the same name. In this spirit, letting & act on
the left via this isomorphism, we will treat H*(Gb,, (Ec).V (0)) as an Fy[vy, n, k]-module
(see Remark 4.2.5).
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Finally, H*(Cs, (E¢).V(0)) is an Fy4[v1, 7, k]-module where k acts by multiplication
by h* and i by multiplication by v;h.

In the following result, we adopt notation similar to that of Henn, Karamanov and
Mahowald [7, Theorem 1.2].

Theorem 1.2.1. The ADSS converging to H*(S, (Ec)«V (0)) collapses at the Ea-term.
The spectral sequence is an Fq[vy,n, k]/(n* — vik)-module. There exist F4[vi]-generators
A, e EY b, e BN b, € B2 and A, € EP° with

A, =A" by = b, = VY, A, = (A"

where the congruences are modulo the ideal (v1) and such that, forr >0 and t € Z,

’l}?'zrb2r+1(1+4t) n=2"(1+ Qt)

dq (An) = {

0 n=20

032 byrt1 (1491 n = 2"(3 + 4t)
di(bn) = U%‘2T+151+2T+1(1+4t) n=1+2""*(1+2t)

0 otherwise

r41 __
= vy +1)A27‘(1+2t) n=1+2"(3+4t)
dl(bn) = i
0 otherwise.
For q > 0, a the differential dy : E{"? — E7? is non-zero if and only if it is forced by
n-linearity and the Fy[vi]-module structure. All differentials d,. : EP9 — EPTY4 forr > 2
are zero, so that Ey = F.

Theorem 1.2.2 below gives an explicit description of the F.-term for the interested
reader. Theorem 1.2.1 and Theorem 1.2.2 are also displayed in Fig. 1 and Fig. 3.

Theorem 1.2.2. As an F4lvy, k]-module, the E-term of the ADSS with coefficients in
(Ec)«V(0) is isomorphic to a direct sum of cyclic modules generated by the following
elements and with the following annihilator ideals.

(a) For E%*,

’I’]SAO OSSS3
v A, 1<s<3,teZ (v1)
n°x" Ay 1<r<2,0<s<1,teZ (v%)

viyl, 0<s<2 teZ (v1)
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@) O, O, O, O, O, O, Q, Q,
0 O O O O O O O O O
6 4 2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48
2 O, Q, O, O, Q, Q, O, O, Q,
@) Q, @) O, Q, O, O, O, O,
0] @] @] @] O O O O O
—6 —4 -2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48
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Fig. 1. The Ej-term for the ADSS with coefficients (Ec).V (0). The rows represent EY'™, the top row corresponding to p = 3. The grading is given

by

(t — q — p,q), where t is the internal grading, so that d, : E?'? — Ef*"’qf’drl decreases the horizontal grading by 1. A e denotes a copy of F4. Dashed
horizontal lines denote multiplication by v1, and a O denotes a copy of F4[v1]. A % is a copy of Fig. 2.
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4
2 Lo (1---k SEES | o]
0| o
0 2 4 6 8 10 12 14 16 18 20 22 24
Fig. 2. The pattern % in Fig. 1.
(b) For EL*,
h9bg 0<s<1,0<qg<3
hqb2T+1(1+4t) 0<r, 0<¢g< (U?‘Qu_q)
(c) For E%*,
hib, 0<s<1,0<¢<3
h%bgr+1(1421) 0<r teZ 0<q<3  (v}?)
hby 4 or 1 (1441) 0<r teZ 0<q<3 (U%Qr“)
(d) For E3*,
n?Ao 0<¢g<3
__ (or+1
N g (142 0<r, tcZ 0<q<3 (> T
VA 1<s<3,tez (v1)
oAy 1<7r<2,0<s<1,tcZ (v?)
viyA, 0<s<2 teZ (v1)

If one inverts vy, the situation is much simpler. The following result is an immediate
consequence of Theorem 1.2.1 and Theorem 1.2.2.

Corollary 1.2.3. The spectral sequence

oy BPT = o (B, (Ee).V(0) = o PP (SE: (Be). V(0))

collapses at the Ey-term. As an Fy[vf!, n]-module,

v TH (S, (Be)=V(0)) = Fa[oy™, n]{A0, bo, b1, o, b1, Ao}

Let s be the cohomological degree and t be the internal degree. Then the

_( ,t)-degrees of
0), [bo| = (1,0), [ba] = (1,6), [bo| = (2,0), [b1] = (2

the generators are |Ag| = (0, ,6) and

[Ao| = (3,0).
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Fig. 3. The E>-term of the ADSS with coefficients (E¢).V (0). The notation and grading is as in Fig. 1. In addition, a © is a copy of F4[v1]/(v7]). In Section 5.5,
we prove that Ey &2 E,. Therefore, this is also the Eo-term of the ADSS.
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This result is important because v; ' H*(S}, (Ec)«V(0)) is the Es-term of a spectral

sequence that computes the homotopy groups of Ll(E; Se p V(0)). This spectrum plays
a central role in the study of the chromatic splitting conjecture at n = p = 2.

It is worth mentioning here that the related computation of the FEs-page of the
Johnson-Wilson FE(2)-local Adams—Novikov spectral sequence converging to L»S was
done by Shimomura and Wang in [13]. These computations were done independently.
However, historically, they depend on the work of Shimomura and Wang. Indeed, results
similar to those of Theorem 1.2.1 can be extracted from [13], and it is using Shimo-
mura and Wang’s computation that Mahowald conjectured the existence of the duality
resolution for the K (2)-local sphere.

1.8. Organization of the paper

In Section 2.1, we describe a choice of universal deformation F¢, of F¢, where Fg,
is the formal group law of an elliptic curve Cy. This allows us to define F¢. The choice
for the curve Cy is due to Strickland and, in Section 2.2, we present his formulas for the
right action of Aut(C) on (E¢).. In Section 2.3, we tie this to the right action of Aut(F¢)
on (E¢)s. In Section 2.4 we adopt conventions that allow us to use the corresponding
left action as in Henn, Karamanov and Henn [7] and settle our notation for the rest of
the paper.

Section 3 is dedicated to describing the structure of S¢. In Section 3.1, we give an
explicit isomorphism between the group of automorphisms Sy of the Honda formal group
law and the group S¢. In Section 3.2, we recall the standard filtration on S¢. In Sec-
tion 3.3, we give the information about the action S¢ on (F¢). that will be used in the
computation of H*(S¢, (Ec)«V(0)).

The goal of Section 4 is to introduce the ADSS for S¢ and to give the information
necessary to begin the computation. The ADSS is not multiplicative, but it has some
nice properties which we describe in Section 4.1. In Section 4.2, we describe the E;-term.
The discriminant A of the curve Cy has useful linearity properties which are given in
Section 4.3.

The bulk of the paper is the computation of the F,.-term of the ADSS with coefficients
in (E¢)«V(0). This is done in Section 5. In Section 5.1, Section 5.2 and Section 5.3, we
compute the differentials d; : EP* — EPTH0 In Section 5.4, we compute the differentials
dy : EP9 — EP*M for ¢ > 0. In Section 5.5, we prove that all differentials d,. : EP4 —
EP! for r > 2 are zero.

In Section 6, we describe the action of S¢ on (E¢). and deduce the formulas used in
our computations. We give formulas for the minus two series of C and Cy and use them
to give estimates for the action.

Appendix A gives a self-contained computation of the cohomology of Go4 with coef-
ficients in (E¢).V(0). It consists of unpublished notes of by Hans-Werner Henn, which
were edited by the author. The author is grateful for his blessing to include them in this
document.
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2. Morava E-theory and elliptic curves

In this section, we define the spectrum E¢ and compute the action of Aut(C) on (E¢)..
This computation is due to Strickland. For the deformation theory of formal group laws,
we refer the reader to Rezk [11] or Goerss and Hopkins [5, Section 7]. In particular, if
F' is a formal group law over a field k, then E(F,k) denotes the associated Lubin—Tate
spectrum.

2.1. The supersingular elliptic curve

Consider the elliptic curve C : y?> 4y = 22 over Fy. It is a standard fact that the formal
group law of C has height 2 (see Silverman [14, Section V.4] or Proposition 6.1.4 below)
so that C is a supersingular elliptic curve. Elliptic curves over fields of characteristic
p > 0 admit a theory of deformations which is analogous to that of formal group laws.
It follows from the Serre—Tate theorem that the deformation theory of a supersingular
elliptic curve is equivalent to that of its formal group law. However, in our case, we make
this concrete by the following result.

Theorem 2.1.1. The formal group law F¢,, of the elliptic curve

Cu v+ 3uzy + (uf — 1)y = 23

defined over Wlu1] is a universal deformation of Fc. This specifies a Lubin—Tate spec-
trum Ec = E(F¢,Fy) with an isomorphism (Ec). = W]ui][u*'], where u has degree —2
and w1 has degree zero, and a graded formal group law

1

Fg. = uFe, (u 'z, u™y).

Proof. We can verify directly that F¢, satisfies the criteria for a universal deformation
(see Lubin and Tate [8, Proposition 1.1]). Indeed, in Proposition 6.1.1 below, we compute
that

Fe,(2,y) =2 +y — 3uizy — 2(u — Day(z? +9?) — 3(u} — 1)2%y? mod (z,y)°

so that

FCU (Jj,y) =x+ Yy + uL1ry mod (25 (xvy)S)

FCu(xvy) E$+y—|—$2y2 mod (2,U1,($,y)5). O
Remark 2.1.2. A more obvious choice of universal deformation of C is

Cy* +wmay +y =a°
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defined over W[u;]. Lubin and Tate [8, Section 3.5] prove that the formal group law
associated to this curve is a universal deformation of Fe. However, the choice of the
curve Cy, due to Strickland, yields nice formulas for the action of Aut(C) on (E¢)..
For ¢ the W-linear isomorphism of W[u;] determined by ¢(uy) = —3uy(1 — u3)~3, the
change of coordinates

r=w-1)"8 y=@i-1)"ly
3

is an isomorphism from Cy to ¢*Cyr, where (1 — u3)~3 is interpreted as its Taylor
expansion.

2.2. The automorphisms of C

The group Aut(F¢) acts on (E¢). and, hence, so does its subgroup Aut(C). In unpub-
lished notes, Strickland has computed the right action of the group Aut(C) on (Ec¢)..
We explain his results in this section.

The automorphisms of the supersingular curve C are computed in Silverman [14,
Appendix A]. The results are stated here without proof. Fix a primitive third root of
unity ¢ € Fy. For the curve C over Fy, the group Aut(C) is generated by the maps on
points in the affine chart given by

a(z,y) = (Cz,Cy),
b(x,y) = (z+ 1,y + 2+ ¢?).
The elements a and b generate a group of order 24 which will be described in more details

at the end of Section 2.4.
Let ta, s : (Ec)o — (E¢)o be the W-linear isomorphisms determined by

U1+2
’U,l—l.

Ya(ur) = Cuq, Pp(ur) = (2.2.1)

Since a and b are generators of Aut(C), this determines a right action of Aut(C) on (E¢)o.
The action of v is denoted by 1)-.
For ¢, r, s and ¢ in W[u;] and ¢ a unit, let
A(l,r,s,t) : P2(Wup]) — P*(W[ui])
be the automorphism

Al ry s, )[x iy 2] = [Pa+rz: By + Pse+tz: 2]

Let
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fa=A((,0,0,0)

2 _ _ .3 2, _ 3 _
fo=a (S A e = 0 - ) ).

This determines a left action of Aut(C) on P?(W[u;]) and, for v in Aut(C), let f, =
A(Ly,7+,5+,ty) be the corresponding automorphism. Then f, induces an isomorphism
Iy : Cu — ¥3Cy which pulls back to v over Fy.

The pair (fy, %, ) induces an isomorphism of formal group laws. (For the formal group

law associated to an elliptic curve, see Silverman [14, Chapter IV]). We abuse notation
and denote this isomorphism

[yt Fey = ke,

by (f,1) for f, the corresponding power series in (E¢)o[]. One can verify directly by
chasing through the change of coordinates in [14, Chapter IV] that

f20) =£51. (2.2.2)
2.3. The right action of S¢

We first describe a right action S¢ = Aut(F¢) on Eg,, following Rezk [11] as this
meshes well with the geometry of the elliptic curves. However, it will be convenient in
our computations to have a left action of S¢ and the reader should be warned that
in Section 2.4, we will make the switch from a right to a left action and adopt the
conventions of Henn, Karamanov and Mahowald in [7, Section 4].

Throughout, for v : Ry — Ro a ring homomorphism and F' a formal group law over
a ring Ry, then

F(z,y) =Y ¢(a;5)2'y
¥

is a formal group law over Rs.
An element v € S¢ is a power series in Fy[z]. Let g be any lift of v in (E¢)o[x]. Define
a new formal group law by

Fy(z,y) = gFe, (9 (), g ().

Then F, is a deformation of F¢ over (E¢)o and there is a unique ring isomorphism
¥yt (Ec)o — (Ec)o and a unique *-isomorphism fq : Fy — ()" F¢,, which classify Fy,.
If ¢’ is another lift of +, then

fg’ = fg © (g(g/)_l) cFy — <w’y)*FCU

is a x-isomorphism. Therefore, 1., is independent of the choice of lift g. The composite
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f *
Fe, 5 Fy 2% (9,)" Fey,

is also independent of g and is denoted by f,. This gives a right action of S¢ on (E¢)o
where 7 acts via 1),. This action extends to an action of S¢ on (E¢). with

() = £(0) " (23.1)

(see Rezk [11, Section 6.7], noting that up, in this reference is in degree 2, while our v is
in degree —2 and corresponds to the inverse of up,). Note that by the Goerss—Hopkins—
Miller theorem, this action can be realized through maps of E.-ring spectra on E¢,, (see
Goerss and Hopkins [5]).

Further, Gal(F4/F2) acts on W; hence, it acts on the coefficients (E¢,, ). Since F¢ is
fixed by Gal(F4/F2), this extends the action of S¢ to an action of

GC = SC X Gal(IF4/IF2)

Now, let v in S¢ = Aut(F¢) be induced by an element of Aut(C). The action of v
is classified by the pair (fy,%~) described in Section 2.2. Hence, the action of ¢ is
determined by the formulas (2.2.1), (2.2.2) and (2.3.1). In particular,

2.4. The left action of S¢

The left action of an element + in S¢ on (E¢). is naturally given by 1).,-1. For conve-
nience, we thus adopt the notation

by =Py hy = (fy-1)""

so that h, : ¢ Fe,, — Fe,,. With these conventions, we have a left action of S¢ on (Ec¢).
which satisfies

Py (u) = P, (0)u. (2.4.1)

These correspond to the conventions of Henn, Karamanov and Mahowald in [7, Section 4].
Finally, we fix our notation for the group Gas = Aut(C). We let

so that ¢, = ¥, and ¢; = 1. It then follows that

¢w(u1) = Qui, ¢w(u) = (u

_up+2 oy =¢
¢i(u1) = ¢i(u) = Lo

ul—l’
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The element w has order 3 and, from now on, we denote the group it generates by Cs.
The element i has order four and > = —1, the inversion of the curve C. We let

j = wiw?, k= wiw
and note that 75 = k. The elements ¢ and j generate a normal subgroup isomorphic to
the quaternions Qs and hence Gaq = Aut(C) = Qg x Cs.

3. The Morava stabilizer group

The Morava stabilizer group S is the group of automorphisms of the Honda formal
group law Fy, which is the p-typical formal group law over F, specified by the series
[2]F, () = 2*. The standard presentation for Sy is the non-commutative extension

Sy = (W(S) /(S? = 2,aS = Sa”)) ",

where S is the automorphism S(z) = 22, @ € W and o is the Frobenius (see Ravenel
[10, Appendix A2] for more details). In this section, we specify an isomorphism So & S¢,
whose construction is due to Henn. We also recall some of the key properties of the
structure of the group Sy, which transfer to properties of S¢ via this isomorphism.

3.1. The isomorphism of So and S¢

As opposed to the Honda formal group law, it is the [—2]-series of the formal group
law F¢ which has a nice presentation. The following result is proved in Proposition 6.1.4
of Section 6.

Lemma 3.1.1. Let C : y? +y = x° be defined over a field of characteristic two. If Fp is

the associated formal group law, then [—2]p, (z) = x*.

The curve C and its formal group law F¢ are defined over Fo. Therefore, T'(z) = z2

is an endomorphism of Fe. Lemma 3.1.1 implies that T(T(z)) = [-2](x). The element
w defined in Section 2.2 induces the isomorphism w(z) = {x of F¢, so that wT = Tw?.
This shows that

W(T) /(T? = —2,wT = Tw’) C End(F¢)

and this is in fact an equality (see for example Hazewinkel [6, Proposition 21.8.17]).
Therefore,

Se = (W(T) /(T? = —2,wT = Tw?)) ™" .

The action of the Galois group on W induces an action on S¢ defined by o(a + bT) =
a’ +b°T.
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Let oo = (1 — 2w)(—7)"2, where (—=7)2 in W is chosen to be congruent to 1 modulo
(4). Tt follows that o = 1 + wT? + T* modulo (T%) and aa® = —1. The proof of the
following result follows immediately.

Lemma 3.1.2. The map ¢ : S¢ — Sa given by ¢p(a+ bT) = a + b(aS) is an isomorphism.
3.2. The filtration and the norm

Lemma 3.1.2 implies that all the results of [2] can be restated for the group S¢ instead
of Sy. Here, we briefly review the results which will be important for the computations
of this paper.

As in [2], any element v € S¢ can be expressed as a power series

o0
’y = Z anTna
n=0

where the a;’s satisfy the equation z* — 2 = 0 and ag # 0. Let Fy/2S¢ := S¢. For n > 0,
let

Fo/oS¢:={y€Sc|y=1 modT" }.

Define S¢ := Fy/2Sc. Then Sc is the 2-Sylow subgroup of S¢. This filtration is compatible
with the 2-adic filtration on W*. Further, { ¥}, /2S¢ }n>0 forms a system of open subgroups
and S¢ is a profinite topological group.

The group S¢ acts on End(F¢) by right multiplication. This gives rise to a represen-
tation p : S¢ = GLo(W), given by

a —2b°
p(a+bT):<b P )
The restriction of the determinant to S¢ is given by det(a+bT) = aa® 4 2bb°. Therefore,

the determinant induces a map det : S¢ — Z5 . The norm is defined as the composite

det

N:S¢c — Z3 — 75 J{£1} = Z,.

The norm is split surjective. Indeed, let @ = 1 + 2w. Then det(w) = 3 projects to a
topological generator of Z5 /{£1}. The subgroup S} is then defined by the short exact
sequence,

1Sk — Se 5 25 /{£1} — 1,

and S¢ = S} x Z3 /{£1}. Note that ZJ /{£1} = Z, is torsion-free; hence, Gay is a
subgroup of S}.
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As discussed in [2, Lemma 2.27], the group S¢ has a unique conjugacy class of maximal
finite subgroups isomorphic to Ga4. The group S}; has two, and they are represented by
Goy4 and G/24 = 7TG247T71.

3.8. The action of the Morava stabilizer group

In order to compute the cohomology of S¢, we must have some understanding of its
action on (E¢).. Recall from [2, Theorem 2.29] that S¢ is topologically generated by
G4, m and «. Since the action of Go4 was described in Section 2.2, it remains to study
the action of a and 7.

A concrete method for approximating the action of S¢ on (E¢), is explained by Henn,
Karamanov and Mahowald in [7, Section 4]. We describe it in Section 6 and give detailed
proofs of the results needed for the following computations. For the sake of exposition,
we recall the key points here.

It follows from Theorem 6.2.2 that, for v in S¢, there exists continuous functions
to: S¢ — (Ec){ and t1 : S¢ — (E¢)o such that

Oy (w) = to(Y)u, &y (wr) = to(V)ur + ;EX

(3.3.1)

In particular, modulo (2), ¢~ (u1) = to(y)ur and ¢, (u) = to(vy)u. Therefore, vy = uju=*

is fixed by the action of S¢ modulo (2).
Any v € S¢ can be expressed as v = 1+ > .0 a;(v)T" for a;(y) € W satisfying
a;(7)* — a;(y) = 0. It follows from Corollary 6.3.7 that

to(y) = 1+ a1 (v)%ur + a1 (y)u? mod (2,u?). (3.3.2)
In particular, ¢, = id mod (2, uq).

For v € F;/3Sc, we obtain better approximations. We prove in Proposition 6.3.10
that, modulo (4, 2u?,u3),

to() = 14 2a2(7) + 2as(y)*ur + (a2(y) + a2(7)*)uf + as(y)uj + as(y)uj.

It also follows from Proposition 6.3.9 that t1(y) = as(y)?u; modulo (2,u}).
We apply this to study the action of a and 7. Modulo (T), we have

a=1+wl?+T4, 7=14wl?+wl.

Proposition 3.3.1. Let v = a or v = 7. The unit to(7y) satisfies:

to(y) =1+ 2w +u? mod (4,2u?,ul)

t1(y) = w?u; mod (2,u?).
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Therefore, for vo = u™>

¢ (v2) = va +v7 mod (2,u}).
Further
¢y = ¢y mod (2,u}).
Proof. Since 7 = a mod T, it follows from a;(a) = a;(r) for i = 1 and i = 2. Therefore,

modulo (2,u), they have the same action. The claim for #o(v) follows immediately using
the fact that for «y either a or 7, the coefficient as(v) = w and as(y) = 0. Modulo (2),

P (v2) = to

)
S~—
|
S
V)

which proves the identity for ¢ (v2).
Note that 42 € Fy/5Sc. It then follows from the formula for to(+?) that to(7%) = 1
modulo (2,uf). Hence, ¢,2 = ¢ 0 ¢, = id modulo (2,uf). O

4. The algebraic duality resolution spectral sequence
4.1. Preliminaries

The groups S} and S} are isomorphic. Further, the isomorphism we constructed re-
stricts to the identity on W, so it preserves « and 7 (see Lemma 3.1.2). Therefore,
Theorem 1.1.1 holds if we replace S} by S.

Remark 4.1.1. This is a good place to justify the slight differences between Theorem 1.1.1
and the results of [2]. The existence of the resolution is [2, Theorem 1.2.1], but for
the isomorphic group Si. However, the descriptions of the maps is different from [2,
Theorem 1.2.6] and this requires an explanation. The map 0; is unchanged. However,
in the notation of [2, Theorem 1.2.6], we replace dy with g5 ' o 8, and d3 with 95. The
resulting chain complex of Zy[Si]-modules is isomorphic to that of [2, Theorem 1.2.1].
As g;l is an isomorphism, the map Fa ®z,[s1] g;l : F5 — F5 is non-zero, so that

gy (e2) = ea mod (2,153). (4.1.1)

Since e + o € (2,153), the description of the middle map follows from the fact that
© = e + a modulo (2,(153)?). The last map clearly satisfies (c).
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In our computation, we will need to use some additional structure in the algebraic
duality resolution spectral sequence (ADSS). We record that here. For any complete
Zs[St]-modules A and B, let

Ext(A, B) := Extg,[s11(4, B).
If Bis an Zs [[Sé]]—module which is free over the 2-adics Zo, then the Bockstein
B : Ext*(A, B/2) — Ext*t1(A, B/2)
is the connecting homomorphism associated to the exact sequence
0— B/2— B/4— B/2—0.
The algebraic duality resolution
0% — b — G — Gy — Zo— 0
is obtained from splicing exact sequences
0= N, =%, = N,_1 =0 (4.1.2)

with €3 = Ny and N_; = Zs (see [2]). For B a profinite Z[S}]-module, the spectral
sequence

BP9 = Ext%Q[Sé](%p,B) ~ H(F,, B) = H"'(S¢, B)

associated to the exact couple

Ext(N,, B) Ext(N,_1, B) (4.1.3)

Ext(%%, B)

is the ADSS with coefficients in B. In (4.1.3), the dotted arrows are the connecting
homomorphisms for the exact sequences (4.1.2).

Lemma 4.1.2. For z € EP9, §(z) € EP9T! and d,.(B(x)) = B(d(z)).

Proof. The maps 7, i, and J, in the exact couple (4.1.3) commute with 5. A diagram
chase shows that d,.(8(z)) = f(d,(x)). O

Lemma 4.1.3. Let R be an ZQ[[S}Z]]—module which is also a ring. Suppose that the action
of S¢ is given by ring homomorphisms. The ADSS with coefficients R is a module over
the cohomology H*(S}; R).
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Proof. Note that Ext(4, R) is a module over Ext(Zs, R) for any Z[S}]-module A. Fur-
ther, the maps in the algebraic duality resolution are maps of Zs-modules. Therefore,
the maps 74, i« and 0, in (4.1.3) are morphisms of Ext(Zs, R)-modules, hence so are the
differentials in the ADSS. O

Recall that
(Be)V(0) = (Ec)./(2) = Fyur][u*].
The spectrum E¢ was chosen so that F, = uFg, (u= 1z, u"ty), where Cys is the curve
Cu :y? + 3uzy + (uf — 1)y = 23
(see Theorem 2.1.1). It follows from Silverman [14, Section IV.1] that
2] Fp, (2) = utuga? w3 (ud + 1)zt + ... mod (2).
We adopt the notation
v1 = u tug, Vg = u" 5. (4.1.4)

Warning 4.1.4. The reader should note that the formal group law Fg, is not 2-typical.
The image of the Araki generators “v,” and “ve” under the map ¢ : BP, — (E¢), which
classifies the 2-typification of F, does not correspond to our choice of notation (4.1.4).

The element v; is invariant under the action of S¢ on (E¢).V (0) so it is an element
of HY(S¢, (Ec)«V(0)). However, it does not lift to an invariant in (FEc).. Therefore,

the image of v1 in H' (S}, (Ec).) under the connecting homomorphism 4 for the exact
sequence

0= (Ee)w 2 (Ee)v — (Ee). V(0) = 0 (4.1.5)
is non-zero. Let n = d(v1) in H'(S}, (Ec)«). We also call the image of 7 in
H'(St, (Ec)«V(0)) by the same name and note that 7 is the image of v; under the
Bockstein 3 : HO(S, (Ec)«V(0)) — H(S¢, (Ec).V(0)), i.e., n = B(v1).

Lemma 4.1.5. The ADSS is a spectral sequence of modules over Fy[vy,n).

Proof. The ADSS is a module over H*(S{, (Ec).V (0)) (see Lemma 4.1.3), which is a
module over Fy[v1,n]. O
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4.2. The E;j-term

The input for the ADSS is the group cohomology of Go4 and Cg with coefficients in
(Ec)«V(0). These cohomology groups are described in this section.

The computation of H*(Ga4, (Ec).V(0)) is related to that of H*(A,T') for (A,T") the
Hopf algebroid classifying Weierstrass curves and their strict isomorphisms. This result
is originally due to Hopkins and Mahowald and can be found in Bauer in [1, Section 7.
A self-contained presentation of the computation of H*(Ga4, (Ec).V(0)) is included in
Appendix A.

Some invariants of the curve Cy play a central role. The following classes of (E¢). are
invariant under the action of Aut(C). The reader may refer to either Appendix A or to
Silverman [14, Section IT1.1]).

A = 2703 (v} — vp)? ey = 9(v] + 8vyvg)
3
ce = —27(8v3 + 2005wy — vf) j= Z4'

Warning 4.2.1. The reader must be careful not to confuse the j-invariant above and the
element of Ga4. Similarly, ¢4 and c¢g differ from the elements of Theorem 1.2.1. Our
meaning should be clear from the context.

We abuse notation and call the corresponding invariants in (E¢).V(0) by the same
name, so that A = v3 (v} +v2)3, j = vi2A~Y ¢y =0} and ¢ = 0§ in (E¢).V(0).

The main result of Appendix A is the following theorem.
Theorem 4.2.2. There is an isomorphism
H*(G24a (EC)*V(O)) = ]F4[[‘7]] [’01, Aila ka nv,x, y]/(N)

where (~) is the ideal generated by the relations

vi? = jA viv =0, vie =0, vy =0,
nv =0, VT = 1N, ny = v, zy =0,
r =07 z* = vy, Y’ =124, ' = vtk

and degrees (s,t), for s the cohomological grading and t the internal grading,

|.7| = (0,0), |U1| = (072)7 |A| = (0724)7 |77| = (172)5
lv| = (1,4) lz| = (1,8), lyl = (1,16) k| = (4,0).

Lemma 4.2.3. The cohomology of Cs with coefficients in (E¢).V(0) is given by

H*(Cs; (Ee)+V(0)) = Faluillvr, v3", ]/ (v] = vaud),
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where |h| = (1,0), |v2] = (0,6), |v1] = (0,2) and |u3| = (0,0). Further, the action of n is
determined by

n-1=uvh.

Proof. Recall that Cy = {£1} denotes the center of Ga4 and that Cs = Cs x C3. Because
C5 acts trivially on (E¢).V(0) and C3 has order coprime to 2,

H*(Cs, (Ec).V(0)) = H*(Cy; (Ec).V(0))*
= ((Ec).V(0))*[h]

= Fy[ud][vr, 03, h]/ (v} = vou}),

where h is in (s,t) degree (1,0). To prove that n = vih, note that the action of Cs on
(Ec)sx = W[ui][ut!] is given by ¢_;1(u) = —u and ¢_1(u;) = uy. One computes that
d(v1) = v1h for ¢ the connecting homomorphism associated to (4.1.5). The claim follows
from the fact that §(v1) =7 (see Section 4.1). O

Lemma 4.2.4. Let 7 = 1 + 2w in Sc. Let Gy = mGoym L. Let ¢y : (Ec)« — (Ec)« give
the action of m on (E¢)«. Then ¢r induces an Fylvy,n]-linear isomorphism

H*(Gaa, (Ec):V(0)) = H*(GYy, (Ee)+V(0)).

Proof. Conjugation by any element of S¢ induces an isomorphism on cohomology.
The linearity follows from the fact that vy is invariant under the action of 7, and

n=p(v). O

Remark 4.2.5. To avoid ambiguities, define A’ := ¢.(A) and j' := ¢,(j). For an el-
ement z of positive dimension in the cohomology of (G4, we will abuse notation and
denote ¢(z) by z since there will be little room for confusion. Further, we let k act
on H*(GYy, (Ec)«V(0)) via ¢r(k) and treat the isomorphism of Lemma 4.2.4 as one of
Fy[v1, n, k]-modules.

4.3. Approximate A-linearity

Here, we make the key observation for the computations of Section 5. Namely, that
the action of (I52)? on (E¢).V(0) is approzimately A-linear.

Theorem 4.3.1. Let x be in (E¢).V(0). Let g and h be elements of Sc. Then,

(a) ¢n(A) = A modulo (2,uS),
(b) (id — ¢4)(id — én)(A) = 0 modulo (2,u}),
(c) (id=6y)(id—on) (2 (420} = (id—0,)(id—on) () A2 1H20 modulo (2,u} ™

2k+1

).
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Proof. For (a), note that by (3.3.2),
to(h) =1+ a1 (h)*u1 + a1 (h)u; mod (2,u}),

where a;(h)* = a;(h). It follows that to(h)1® =1 mod (2,ul%). Since A = v~ 2(1+u})3,
modulo (2,u$) we compute

(id — ¢1)(A) = u™ (1 — to(h)"?) + udu "2 (1 — to(h)~?)
u™ (1 —to(h)*) +uiuT (1 — to(h)")

w2 (ay(h)®u?) +udu= 2 (ar (h)*ur + a1 (R)u? + a1 (h)*u?)

=0 mod (2,uf).
To prove (b) Since id — ¢, applied to the ideal (uf) is contained in the ideal (uf), the
claim follows from (a). Finally, it follows from (a) that for h € S, there exists yp such
that ¢y, (A2 (1F20)) = A2°(1+26) 4 62", Hence,
. k k . ok
(id — fp) (A% UH20) = AT U2 (id — ¢y, ) () + 07 yndi ().

Therefore,

(id — §g) (id — $n) (A2 20 = (id — §,) (A2 2 (id — ) () + 052 Y (2))
= A2 (id — gy (id — ¢p) ()

08 g ((id — 6n) () + 0} > (id = bg) (yun (2))).
Since h and g are in S,
(id = ¢n)(x) = (id — ¢g)(yndn(x))) =0 mod (2,u).
This proves (c). O
5. Computation of the F.-Term
Now we turn to the computation of the ADSS
P = Bxt ) (6, (Ee).V(0) = HP(SE, (Ec).V (0)).

with EPY = HY(F,, (E¢).V(0)), whose construction was described in Section 4. Recall
also that the spectral sequence comes from a resolution

O%(gga—3><g26—2><g1 6—1>(50i>Z2—>O,
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Further, d; : EP? — EP*H s induced by EthZQI[S(I:](8P+17 (Ec)«V(0)) for Opy1 as de-
scribed in Theorem 1.1.1. We use these descriptions together with our partial knowledge
of the action of S¢ on (E¢).« to compute the d;-differentials.

Recall that EY? 2 (E¢)S2+ and EP? = (E¢)% for p =1 and p = 2. Since there is an

inclusion
(Ec)S? — (Ec)Se,

there is an action of (Ec)f’24 on Ef 0 for 0 < p < 2. Therefore, it will make sense to talk
about the image of A defined in Theorem 4.2.2 in EY ¥ To avoid ambiguity, we will use
the convention

AFp] = A% .1 € EP°

in the statement of the results. However, in the proofs, we will assume that the con-

text is sufficient to determine which elements are meant. Similarly, for vy in (E¢)%e, to

distinguish between E11 0 and Ef’o, we let
vsp) = § - 1€ B

Although the differentials d; are not ring homomorphisms, they are induced by the
action of elements in Zy[Sc]. Since Z3[Sc] is generated by ring homomorphisms and
(Ec)«V(0) is an Fa-vector, it follows that the differentials commute with the squaring
operation. That is, for any b in E",

dy(b%) = d1(b)*> mod (2). (5.0.1)
5.1. The differential d, : EY° — E}°

The differential d; : E?’O — Ell’0 is induced by the map 0; : €1 — %o, given by
01(ve1) = y(e — a)eg. Here, e; is the canonical generator of %;. Therefore,

di = id+ ¢o : BV — B}

Recall from Theorem 4.2.2 that the powers of A = vy(ve + v3)3 generate H®(Gay,
(Ec)«V(0)) = (Ec)&2+ as an Fyfv]-module. So it is sufficient to compute d; on A™[0]
for n € Z. Therefore, we begin by recording a result on the action of a on the powers
of A.

Proposition 5.1.1. Let n = 2¥(2t + 1), then

Do (A™) = A™(1 + v?'ka2_2k+l) =A"+ U?'zkv§k+l(4t+l) mod (2,u51)'2k).
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Proof. By Proposition 3.3.1, ¢4 (v2) = v2 + v modulo (2,uf). Since ¢ (v1) = v1 mod-
ulo (2),

(ba(A) = ¢a(v2)(¢a(v2) + U%)g
= (vy +v})vs mod (2,u))

=A(14v;%%) mod (2,ud).

It suffices to prove the claim for n = 2t + 1 odd as the more general statement then
follows from (5.0.1). Using A™ = v3™ modulo (2,u;), we have

Ga(A") = (AL +v5200))" mod (2,u))
=A"(14n-vy;208%) mod (2,ul)
=A"+ v§(4t+1)v? mod (2,uf). O
Corollary 5.1.2. Let n = 2¥(2t + 1), then for d; : E(l)’0 — Ell’o,
di(A"0]) = o§ 02 U] mod (ud ).
5.2. The differential d; : E%’O — Ef’o
The goal of this section is to prove the following result.

Proposition 5.2.1. Let n = 2¥(1 4 2t) where t € Z and k > 0. There exist homogeneous
elements b, such that b, = v¥[1] modulo (u1). The elements b, satisfy

. 052" byt n=2k1+2t
(A [0])—{01 S

and

w322 AR ) od (2,0323) = 283+ 4t)
di(bn) = § o322 9] mod (2,uY T3 p = 14 2kF2 4 okH3y
0 n=0,1 and 28T1(1 + 4¢).

We will break up the proof into a series of propositions.
The differential d; : E}’O — Ef’o is induced by the map 0 : 42 — %;. Recall from
Theorem 1.1.1 that

O2(vea) =vy(e+a+ &)ey

where & € (2, (IS})?). Therefore, modulo (2), & = > agn(e —g)(e — h) is in (ISE)?. Tt
is to be thought of as the error. Let
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bs =Y _agn(id— ¢y)(id — ¢). (5.2.1)

We first construct the dy-cycle b;. The idea for its construction comes from Mahowald
and Rezk [9, Corollary 6.2]. We need the following result.

Lemma 5.2.2. Let ¢4 in (Ec)$** be given by
ca = 9(v} + 8v1va) = 9uuy (ud + 8)
as in Section 4.2. For any v in G¢,
¢y(ca) =cs mod (16).

Further, if an element «y in Sc has the form v = 1+ ax(v)T? modulo T® for as(v) as in
Section 3.3, then

ca — ¢y (ca) = 16(a2(7) + az(7)*)uru™  mod (32, 16u7).

Proof. The first step is to show that ¢-(cs) = c4 modulo 16. Since the Galois group acts
trivially on ¢y, it suffices to prove the claim for v in S¢. Let tg = to(y) and ¢ = t1(7) as
defined in (3.3.1). A direct computation using (3.3.1) implies that

_ 3u;p  thu? tiud 2t 2t]
04—¢w(04)=8u4(m+t—3+% t_21 5 t—sl
0 0 0 0 0

) mod (32)
= 8u " uity? (tg +to +wit] + uitity) mod (16)
It follows from Proposition 6.3.3 of Section 6 that
to =ty +urts +ultit2  mod (2).

This proves that c4 — ¢~ (ca) = 0 modulo (16).
Let a; = a;(y) as in Section 3.3. By Proposition 6.3.9 and Proposition 6.3.10 applied
to v, we have

to = 1+ 2as + 2a3u;  mod (4,u?), t; = adu; mod (2,u?).
Therefore, t§ = 1 modulo (4,u?) and #} = 0 modulo (4,u?) so that

ey — ¢y(cy) =8u™* (u1 + Buito + 2t1t8) mod (32, u?)
=8u"* (u1 + 3ui (1 + 2as + 2a3u1) + 2a3u1)  mod (32, uf)

=16(ag + a3)u~*u; mod (32,u})

This implies that ¢4 — ¢ (ca) = 16((az + ad)u"tus +...). O
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Consider the spectral sequence
EPt = Ext? 1 (6. (Be).) = HPV9(SE, (Ec).). (5.2.2)
Let
[ BP9 EPa (5.2.3)
be the map of spectral sequences induced by the reduction modulo (2) on the coefficients.
Let d; : E?’O — Ell’0 denotes the differential in the spectral sequence EP+?. Since d;(x) =
T — ¢o(z), and a = 1 + wT? modulo T3, it follows from Lemma 5.2.2 that
d1(04) = 16(1}11)2 + .. )

Definition 5.2.3. Let B; € E%’O be defined by B; = %24). Since E%’O is torsion free, this
specifies By uniquely and

B; = v1v2 mod (Q,uf).

Proposition 5.2.4. There is an element by € Ell’0 specified by the identity f(B1) = v1by
such that by = va[1] modulo (u$) and dy(b1) = 0.

Proof. Let By be as in Definition 5.2.3. Then, f(Bj) is divisible by v;. Therefore, we can

define an element by € Ell’0 by b1 := vflf(Bl). Since E%’O is v1-torsion free, this specifies
b1 uniquely. Further, it implies that b; = vy modulo (2, u1). Since b; is an element of

(Ee)sV (0)® = Fafui]{vz}-
This forces the congruence b; = vo modulo (2, u}).

Finally, in the spectral sequence EP'9, we have d?(cy) = 16d;(Bi). Since there is no
torsion in Ef’o and d? = 0, d;(B1) = 0 so that dy(vib;) = 0 in E12’0. Since there is no
vi-torsion in Ef’o, this implies that dy(b;) =0. O
Proposition 5.2.5. Let n = 2¥(3 + 4t). Define b, = v}. Then

dq(byp) = vi’"kang(HQt) mod (2,u?'2k).

Proof. By (5.0.1) is sufficient to prove the claim when k = 0. First, note that if h € Se,
by (3.3.2),

to(h) =1+ a1 (h)*u; +ai(h)u? mod (2,u?)

where a;(h)* = a;(h). Therefore, to(h)* = 1 modulo (2,u}) and
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(’Ld ¢h)( 3+4t) 3+4t + to(h)—3(3+4t)vg+4t
= v 4 to(h)2vd™  mod (2,u?)
= o™ L o3 (1 4 ay (h)%ur + ar(h)u? 4+ a1 (h)*u?) mod (2,u?)

=v3™ay(h)?u; mod (2,u?).

For any g € Sc, the image of (2,u?) under id — ¢4 is in (2, u?). Further, since to(g)* =1
mod (2, uf)

(id = §g) (v H'ur) = (1 = to(9) ™" )03 s
=0 mod (2,u}).

Hence, (id — ¢,)(id — ¢p)(v3T™) = 0 modulo (2,u}). For ¢4 be as in (5.2.1), it follows
that

pe(v3t™) =0 mod (2,u}).
Hence, since ¢q(v2) = v2 +v3 mod (2,u?) (see Proposition 3.3.1),
di(vy ™) = v 4 g (v3TH) + ds (v37)
— ,U3+4t + (1} Y )3+4t
=003 mod (2,uf).

Since dy(b,) is Cg-invariant, the congruence can be improved to dy(b,) = v v§(1+2t)

modulo (2,uf). O
Proposition 5.2.6. Let n = 1+ 2"2(1 + 2t). Define b, = b AZ (42 Then
di(by) = v?.2k+10;+2k+1(1+4t) mod (u? 2k+1+3)
Proof. By Theorem 4.3.1,
be(bn) = ¢g(b1)A2k(1+2t) mod (2,u%+3‘2k+1).
Therefore,

di(by) = bp + da(bn) + ¢s(bn)
— blAz’“(1+2t) + ¢a(b1)A2k(1+2t)(1 + vz—zv?)2’“(1+2t) i ¢£(b1)A2k(1+2t)
= by A2 20 g (b)) AZTAF20 (1 4232 g (b)) AT (42D
= (b1 + ¢u(b1) + de(b1)) A2F(+2t) 4 ba (bl)v;2k+1v?.2k+1A2k(1+2t)

= dy (b)) A2 020 4 g (by)oy 2 0BT AR od (2,082,
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But dy(b1) = 0 and ¢a(b1) = v modulo (2,u3). Furthermore, A2 (142t = v§k+2+2k+3t,
so that

ok+1 _ok+1 k42 k+3
dy(bp) = 032 gl 2T R

ok+1 k41 ok+3 okt
= 32 v%” 27 mod (2,1[;’2 H).

— "1

Since d; (by,) is Cg invariant, the congruence holds modulo (2, u§'2k+1+3).

Proof of Proposition 5.2.1. Let t € Z and k>0

by n=20,1;
vl n = 2F(3 + 4t);
bn = b1A2k+2k+1t n=1 + 2k+2(1 + Qt),

Ul_G.Qk dl (A2k(2t+1)) n = 2k+1(4t + 1)

The element b, is in degree 6n and b,, = v} modulo (2,u3). That d;(by) = 0 follows from

the fact that it is invariant under the action of S¢. It is the content of Proposition 5.2.4

that dy(by) = 0. Let n = 25+1(1 4 4t). Since d; is v;-linear and there is no v;-torsion in
2,0 .

E7", it follows from

(0§ b,) = & (A2 @) o,

that di(b,) = 0. The remaining claims follow from Proposition 5.2.5 and Proposi-
tion 5.2.6. O

5.3. The differential dy : E3° — E>°
Recall that
EY° = HY(Gyy, (Be).V(0)) = Fal[j'Tlor, A1/ (' = of?A" 1)
where A/ = ¢, (A). We let A'[3] = A’-1 € EP°. The next goal is to prove:

Proposition 5.3.1. Let n = 2¥(1 + 2t) where t € Z and k > 0. There exist homogeneous
elements b,, such that

by, = v3[2] mod (u1) (5.3.1)

and

U%.2k52k+1(1+2t) n = 2k (3 -+ 4t)
dl(bn) = U%'2k+151+2k+1(1+4t) n=1+ 2k+2(1 + 2t)
0 otherwise.
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Further,

Ay (B,) = o2 A a2 g peET

mod (u]
if n =1+ 2FF1(3 + 4t) and is zero otherwise.

Proof of Proposition 5.3.1. For n = 2¥(3 + 4t) and n = 1 + 28¥2(1 + 2t), define b,, by
the identities

ok T
dy(b,) = kfff“ 142t) n = 2¥(3 + 4t);
Ul b1+2k+1(1+4t) n — 1 + 2k+2(1 + 2t)

The classes b2k+1(1+2t) and b1+2k+1(1+4t) are well-defined since E1 is torsion free. Fur-
ther, the b,, satisfies equation (5.3.1) and d(b,) = 0.
Let m = 1+ 2F+1(1 + 4¢). For n = 1 + 2F+1(3 4 4t), define

by, = by (A)2".

Because (A’)2k = U%HZ modulo (2,u;), the elements b, satisfy (5.3.1). We will prove
that

di(B,) = o} AN CHD o (ufETTHDHY, (5.3.2)

Because d; (by,) is Gb, invariant, if (5.3.2) holds, then the congruence also holds modulo

(u?(1+2k+1)+12). This will finish the proof of the theorem.
By Theorem 1.1.1, the map d; : E12’0 — Ef”o is given by

br(id + ¢i + &j + d1)(id + 3 V)b L

Since ¢ 1(A') = A,

di(bn) = br(id + ¢i + &j + dp) (id + $71) (651 (b)) AZ).

By Proposition 3.3.1, we can ¢, = ¢,-1 modulo u{. By Proposition 5.1.1, this implies
that

(ba—l(AQk) = AQk(l + vf'ka2_2k+l) mod (2,u§"2k).
Hence, modulo (2, u?'zk),

_2k+1

(id + do1) (D5 (b A%) = 621 (0) A2 + do1 (05 (b)) A (1 + 052
= (id+ ¢o-1)(67 ' (b)) - A
+ Ga-1 (07 (b)) (0§ 2 032 AY

)
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We treat both terms separately. First, note that 4, j and k fix A, so that

k

O ((id+ 61+ 0+ 91) (10 + 9a2)(07 (b)) - A" ) ) = di(B) - (A)?" = 0.

Next, note that ¢o—1¢,—1(by,) = Pra)-1 (by,). Since Ta € F5 /5S¢, it follows from Propo-
sition 3.3.1 that

¢a*1¢ﬂ*1(5m) = Bm mod (2,u?)

142F 1 (144t)
Vg

Since b, = mod (2,u3), this implies that

1= ok _ogk+1 ok k+3 3(2kt14q
b1 (97 Br) @] 07 ) = of 2 03 mod (2,u]®Y)

. k
Further, (2,u?'2k) C (2,u‘;’(2 +1+1)) and, since (id + ¢; + ¢; + ¢) is in IS¢ it maps

k+1 k+1
(2, u?@ +1)) to the ideal (2,u?(2 +1)+1), we can ignore the error terms. Hence,

k

d1(Bn) = Gr((id + 61 + 65 + &) (3T w82 (A2 mod (2,033 D),

From Section 2.2,
to(i) P =1+u; to(j) "t =1+ Cuy to(k) ™t =1+ Cuy.
We have to(i) ™8 = to(j) % = to(k)~® = 1 modulo (2,u$). Modulo (2, uf),
to(i)_3(1+2k+3t) =(14+u)?=1+u +uf+ul

N k+3
to() 32T = (14 Cun)® = 14 Cun + o 40}

to(k) 320 = (1 4 uy)® = 14 Cuy + Cu? +ud.

Since ¢ (vy) = to(y)" vy,

k+3

. k+3
(id + ¢; + ¢ + o) (3> ) =0vivs F mod (2,uf).

Hence,

di(ba) = o} 0, (03 (AN mod (2,07 HIH

= vf(1+2k+l)(A,>2k(1+2t) mod (27U?(2k+1+1)+1)-

The only element b,, which has not been constructed is by. Its existence follows from
Lemma 5.3.2 below. O
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Lemma 5.3.2. There exists a sequence of elements {by ,,} such that

(1) El,n_z vy modulo (u$),
(2) di(b1.n) = 0 modulo (u; "),
(3) bins1 — b1 =0 modulo (uS™).

If (Ec)6V(0) is given the topology induced by the mazimal ideal m = (uy), then the limit

51 = lim 617”
exists. The element by satisfies equation (5.5.1) and dy(by) = 0.

Proof. The construction of {l_)lm} is by induction on n. First, define l_)l,l := vy and note
that

b1+ da-1(b11) = v + ule.
The F4-vector space with basis

3 3571 3972 3(144s) A/ —s
{v7, 07 AT T oA TE L) AT

is dense in ((EC)GV(O))G,“. Hence, d;(by.1) = 0 modulo (uf).
Suppose that by ,, has been defined. If d; (b ,,) = 0, then let by y := by ,, for all N > n.
Otherwise,

dy(byn) = vy T12sn A/ o (5.3.3)
for s, > n. Let s, = 2k2(1 + 2t,,) and let m,, = 3 - 28+1(1 + 4¢,,). Then m,, > 6n. For
Tp =14 28t 4 ofnt2 o ¥3 (g 1),

(5.3.3) together with the fact that
d(B,,) = o} AR O
implies that dy(b1,) = v7""di(b,) + ... Define by 41 := by + v7""b,., . Then by 11
satisfies properties (1), (2) and (3).
Now consider the sequence {b; ,,}. Since m,, j > 6n for k > 0,
b1k — bin = U{n"“gmﬂ +... 4+ v?”*%rn% € (u1)®",

so the sequence {b;,} is Cauchy. Since ((Ec)sV (0))“ is complete with respect to m,
the limit exists and b; is well-defined. The map d; is continuous, so that,

dl(gl) = lim dl(gl,n)~

n—oo
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But d (by,,) € m30+4N) for all n > N, which implies that
o0
dy(b) € (| m"=0. O
n=0

Remark 5.3.3. Define

AL {A”[O] n = 2(1 + 2t)
1-10] n =0,

_ k+1 _
N A 3(1+2 )dl (b1+2k+1+2k+2+2k+3t) n = 2k(1 + 2t)
" 1-[3] n=0.

Combining the results of this section to proves the first part of Theorem 1.2.1.
An analysis of the definition of the elements shows that the congruences stated in
Theorem 1.2.1 can be improved as follows:

A, = A"[0]
vl [1] n =0 or 2%(3 + 4t)
by, = q vB[1] mod (uf) n=1or1+2*2(1+ 2t)
o[1] mod (2,u32") n=2k(4t +1)
vl (2] n=20
by =< v2[2] mod (u3?") n=1orn=2F1(1+2t)
vR[2] mod (ui)  mn=1+28Y(1+4¢) orn=1+2K1(3+4¢)

Zn_{y[:s] n=0
A’'"[3] mod (ui?) n#0

5.4. The differentials dy : EP — EPYM for ¢ > 0

Although V(0) is not a ring spectrum, (F¢).V(0) = (E¢)./2, and a canonical gener-
ator is given by the image of the unit in (F¢)p in the long exact sequence

o= (Bo)w 2 (Ee)y — (Ee)V(0) — ...

Thus, (E¢).V(0) inherits a ring structure from (E¢).. Lemma 4.1.3 implies that the
ADSS for (E¢).V(0) is a module over H*(S¢, (E¢)«V (0)). The canonical inclusion of Fy
into (E¢)«V(0) induces a map

H*(Sg,Fa) = H*(Se, (Ec).V(0)

and the ADSS for (E¢).V (0) is also a module over H*(S},Fy).
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Let

F{Lq = EXt%zﬂgé]((gw IE‘4) = Hp+q(8é’ IF4) (541)

Let k € Fl0 4 be the periodicity generator for the cohomology of Gau, (see Lemma A.1).
The extension

1= K" =St — Gay— 1
is split. Therefore, the map
H*(S¢,Fa) — H*(Go4,Fy)

induced by the inclusion of G4 in S}, is split surjective. This implies that the image of
k is a permanent cycle in Fl0 4 Therefore, it represents a class

ke H*(S¢;Fy),

and the differentials in the ADSS commute with the action of k. To make sense of this,
we compute the action of k on EP9.

First, k acts by multiplication by the element of the same name in E(l) 7 and Ei”q.
Further, the map

H*(S¢; Fa) = H*(Ce; (Ec).V(0))
factors through the map
H* (G245 (Ec)«V (0)) — H*(Cs; (Ec).V(0))

induced by the inclusion of Cg in Ggy. Therefore, k acts by multiplication by h* on E}?
for p =1 and p = 2. We collect these remarks in the following lemma.

Lemma 5.4.1. The differentials in the ADSS are k-linear, where the action of k is given
by multiplication by k on EX* and E>*, and by multiplication by h* on EP* forp=1,2.

This will allow us to compute some of the differentials dy : EP? — EPT1 for ¢ > 0
based on our results for ¢ = 0.

Lemma 5.4.2. Let € BV The differential dy - EY'? — E? is zero unless © = vin® A
or x = vTk*Al, in which case it is given by

di (v AY) = vin*dy (AY)
and

di (VT ESAY) = vThAsdy (AY).
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Proof. There is no vi-torsion in Ell’q, and d; is vy-linear. Therefore, if x is vi-torsion,
we must have dj(z) = 0. The only classes in E? " which are not vi-torsion are of the
form z = vin*A! or z = v{k*A’. The statement then follows from the 7 and k-linearity
of the differentials. O
Lemma 5.4.3. Let x € E}"?. The differential d : E;"" — E?? satisfies

h*dy(z) = dy (hFz).

Proof. This follows from the fact that the differentials are n = hv; and v;-linear. Indeed,
since 17 = v1h, we have the following equalities

vPhEdy (z) = nfdi(2) = dy(n*x) = dy (vFRF2) = vFdy (hE).
There is no vy or h-torsion in E}'? and E>%, so h¥dy(z) = dy(hFz). O
Understanding the differential d, : E2? — E¢ is more subtle as there is v;-torsion
in Ei’ ? for ¢ > 0. We will use the following result. Its proof is postponed until the end
of the section.
Lemma 5.4.4. For x € Ef’o, there is a unique y € Ei”o with di(z) = v3y.
Proof. Let 7/ = 77w~ 1. Recall that d; : E'? — E? is given by

Gr(id+ ¢i + dj + o) (e — ¢ 1) ot = (id + by + djr + b )(e — B3 ).

Further, this factors as the composite

—¢ !t id+¢;1+¢;r+¢pr)
2,9 e %a 9,  (ldHutditon 3,q
B E B3,

Let x € E12’O. It follows from Proposition 3.3.1 that there exists z € E12’q such that
(e — ¢51)(x) = v3z. Then, by v;-linearity,

di(z) = v3(id + dir + 0 + i) (2),

and y = (id + ¢y + ¢j» + ¢ )(z). This element is uniquely determined since Ei)”o is
vi-torsion free. 0O

Lemma 5.4.5. Let x be an element of EY°. Consider dy : E}Y — E¥?. Let ¢ = 4t + s
for 0 < s < 3. Then dy(hiz) = k'n®(vy *di(x)), where (v *di(z)) is uniquely determined
since Ef’o is vi-torsion free.
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Proof. Let y be as in Lemma 5.4.4 so that d;(z) = v}y. Since « is in the centralizer of
Cs in Sy, it has a trivial action on H*(Ce,F4) = F4[h]. Hence, e — ¢! : E>* — E>*
is h-linear. Let ¢ = 4t + s as in the statement of the result. Recall that n = v{h, that
k = h* and that all maps are v;, k and 7n-linear. Therefore,
di(hz) = (id + i + @5 + b )(€ = ¢po-1)(hIx)

=K' (id + ¢ir + ¢y + ) (1 (€ = Pa-1)(2))

= k' (id + ¢ + djr + dr)(n°vy52)

_ k‘tT]SU%_sy

=k'nSv%dy(z). O

This completes the computation of the Eo-term (see Fig. 3).
5.5. Higher differentials
In this section, we prove that all differentials d,. : E>9 — E79="+L for » > 2 are zero.

Because of the sparsity of the spectral sequence, the only differentials d,. for » > 2 which
do not have a zero target are

dy: By — Ey ™0, q>2
dy: Ey? - E39' ¢>2

ds : Eg’q — Eg’q_Q, q>3.

The proof of the following result is a direct computation similar to that of
Lemma 4.2.3.

Lemma 5.5.1. Let vy have degree (s,t) = (0,2), vy have degree (0,6), and h have degree
(1,0). Then

H*(Cs; (Ec)x) = Wluil v}, viva, v, b/ (2h).

Asin Lemma 4.1.2, let 8 be the connecting homomorphism for the long exact sequence

in cohomology associated to
0— (Ec)*/Q — (Ec)*/ll — (Ec)*/Q —0
and note that (E¢).V(0) = (Ec)./2.

Lemma 5.5.2. All differentials dy : Ey'? — E39"" are zero.
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Proof. Let b,, be as in Proposition 5.2.1. The set
B={h*b, |n=0,1,22T1(14+4t), 0< k<3, 0< s}

generates E21* as an Fy[vy, k]-module, for k as in Lemma 5.4.1. Because the differentials
are Fy[v1, k]-linear and k acts via multiplication by h*, it suffices to show that the
dy-differentials are zero on the elements of B. First, note that ds(b,) = 0 for all n, since
the targets of these differentials are zero. Hence, it suffices to show that do(h*b,) = 0
for 1 <k <3.

The first remark is that, if dz2(h*b,) = 0, then

v1dy(W*11b,) = do(v1 A1, = do(nh¥b,) = nda(R*b,) = 0.
Hence, if da(h*b,,) = 0, then vydo(h**1b,) = 0. Further,
vfda(hFby) = da(n*by) = 1" da(bn).

Since da(by,) = 0, we must have that v¥da(h*b,) = 0 for all k > 0.

Let 1 < k < 3. Then da(h¥b) is an element of internal degree ¢ = 0 in E5" . Since
da(bo) = 0, v1da(hby) = 0. However, there is no vi-torsion in (Ey®)o, hence da(hbg) = 0.
Further, (E5")o and (E5?)o are zero and da(h¥by) = 0 for k = 2, 3.

Next, consider the elements of the form h*b; for 1 < k < 3. Since do(h*by) is an
element of internal degree ¢ = 6 in Eg”k_l and there is no v;-torsion in (Eg”k_l)g for
1 < k < 3, these differentials must be zero.

The classes hkb25+1(1+4t) have internal degree 3 - 2°+2(1 + 4t). Hence, their degree is
congruent to zero modulo 3. First, consider the case when k = 1. The possible targets for
the dy differentials on these classes are in Eg’ Y and must be annihilated by vy. Therefore,
they must be of the form

U3(1+25/+1)71Z

1 2¢ (142t7)"

However, such classes have internal degree congruent to 1 modulo 3, since the degree of

Z2S/(1+2t’) is 24 - 2°(1 + 2t’) and the degree of v; is 2. Hence, there is no appropriate

target for these differentials. Further, this implies that dg(h?b,,) is annihilated by v;.
The classes which are annihilated by v; in E3" are of one of the forms

’
(1425 TH—2 —+
U1 77A25’(1+2t')7

I/ZQS/(H_%,), leZQS/(HQt,), or yZQS/(H_%,). Here, v has internal degree 4, x has internal
degree 8 and y has internal degree 16. Again, such classes have internal degree congruent
to 1 modulo 3, so there is no possible target for the differentials. This, in turn, implies
that do(h3b,,) is annihilated by v.
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The classes in E5 which are annihilated by v; are of one of the forms

vf(lﬂs +1)_37]2Z25'(1+2t’)’
V2Z2S,(1+2t,), ”17737Z2-<’(1+2t')a nyzzs/(pr%,) or z/yZQSI(HQt,). Of these classes, both
U177$Z2s’(1+2t’) and nyZQs/(HQt,) have internal degree congruent to 0 modulo 3, so we
must make a more careful analysis.

Note that 3 -2572(1 4+ 4t) = 0 mod 24 if s > 1, and 3 - 22(1 + 4t) = 12 mod 24.
Since the internal degree of nyZZS/(HQt,) is congruent to 18 modulo 24, it cannot be
hit by a differential. The internal degree of vlanQS/(1+2t/) is 12 modulo 24. There-

fore, there are possible differentials dg(h3b2(1+4t)) with targets vinzAg,. However, by
Lemma 5.5.3 and Lemma 5.5.4 below, 8(ds (h3b2(1+4t))) =0 and B(vinzAy) # 0. There-
fore, da(h*ba(1141)) # v1nzAg; and we must have da(PPby(144r)) = 0. O

Lemma 5.5.3. 5(d2(h352(1+4t))) =0.

Proof. The maps H°(Cs, (Ec)i2(1441)) — HO(Cé, (Ec)12(1441)/2) are surjective and fac-
tor through H°(Cs, (Ec)12(1441)/4). Hence, B(ba(144)) = 0. Since S(h?**T1) = h2t+2 it
follows that

5(h3b2(1+4t)) = ﬂ(h3)52(1+4t) + hgﬁ(b2(1+4t)) = h4b2(1+4t)-
By Lemma 4.1.2,
Bda(h*by(1441))) = d2(B(h’ba1441))) = d2(h*ba(14ap)) = kda(by1ar)) = 0. O
Lemma 5.5.4. 3(vinzAy;) = v Ay modulo (v12) and, hence, is non-zero.

Proof. By Remark 5.3.3, Ay = A’2?" modulo (v{?). Since 3 is a derivation and we are
working in characteristic two, it is zero on squares. Hence,

BlvinzAg) = Bloinz)A’'? mod (vi?).

So it is enough to prove that B(vinx) = v®. By definition, S(v1) = n, so B(n) = 0.

Further, using the fact that n?z = v3,

Blornz) = Blon)z + vinB(z) =’z +vinb(z) = v° + vinb(z).

However, since vix = 0, 3(x) is vi-torsion and in H*(Gh,, (Ec)sV (0)), the vi-torsion is
annihilated by (v1). Hence, v1nB(z) =0. O

The next few results will be necessary to prove that all remaining higher differentials
are zero. Let Cy = {£1} in Sy. For any group G C S¢ that contains Cs, let PG = G/Cs.
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For any Zs[Sz]-module M on which Cy acts trivially, the action of G descends to an
action of PG. Further, there is a homomorphism

H*(PG,M) — H*(G, M)

which is an isomorphism when % = 0.

Note that PGay = Ay and PCg = (3 and that the algebraic duality resolution is
a resolution of PS}-modules, where 6y & Zo[PS}/A4], €1 = 6> = Zs[PSt/Cs] and
C3 = L[ PSE/AY] for Ay = PGY,. Further, since Cy acts trivially on (E¢).V(0), the
action of S} descends to an action of PS}{. There is a corresponding ADSS

FP = Ext!

7a1pss) (Cos (Ee):V (0) = H™ (PS¢, (Ec).V (0)), (5.5.1)

with F"? = HI(PF),, (Ec).V(0)) and a map of spectral sequences
o FP9 — EPd

induced by the projection from S} to PS.

We will relate the computation of some differentials in E?¢ to the computation of
differentials FP9. The advantage of this method is that the spectral sequence F?? is
sparser than EP'9. Indeed, 4] and %, are projective Zs[PS}]-modules. Hence, for p =1
or p =2,

Ff’q o~ EXt%2 Zio [[PS%/O?,]], (EC)*V(O))

psy(

is zero when ¢ > 0. Hence, F?9 = 0 when ¢ > 0 for p = 1 or and p = 2. Further,
the induced maps F} 0 EY 0 are isomorphisms as noted above. In fact, the complexes
E} = Ff 0 are isomorphic. Therefore, the computation of F3*? follows immediately
from that of E5? and FI° =~ EB°.

Let Ay = Ga4/C5. Since Cs acts trivially on (E¢).V(0), the action of G4 descends
to an action of Ay.

Lemma 5.5.5. Let R = Fy[j][v1, A*']/(vi? = jA). The inclusion
H'(As, (Ec)V(0)) = H'(Gaa, (Ec)+V(0))
gives an isomorphism of R™-modules
H' (A4, (Ec).V(0)) = R"/(vi){z} & R"/(vi){v,y}.
In particular, the module H'(Ay4, (Ec)«V(0)) is annihilated by v3.
Proof. Let S.(p) be as in Remark A.2. It suffices to prove that, for R = Fy[vy, A],

H'(A4,8.(p)) = R/ (vP){z} & R/ (v1){v,y}-
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Consider the spectral sequence for the group extension
1—>CQ—>G24—>A4—>1.

From the associated inflation-restriction exact sequence, using the fact that S.(p)? =
S«(p), we obtain an exact sequence

0 — H'(Ay, Si(p)) = H'(Gaa, Si(p)) — H'(C2, S.(p)) ™.
From Theorem A.14, for R = Fyfv1, A], we have S, (p)¥2* = S,(p)?* = R and

H' (G4, S4(p)) = R{n} & R/ (v){a} & R/(v1){v,y}.

Further, H'(Cy, S.(p))** = R{h} for h of internal degree 0. Since R{h} is v;-free,
R/(w2){x} & R/ (11){v, y} maps to zero and the map H' (Gas, S, (p)) - H'(Cs, Su(p))
sends n to v1h. O

Proposition 5.5.6. The map
¢ : H*(Aq, (Ec)+V(0)) = H"(Gaa, (Ec)«V(0))/(n)

induced by the projection Gog — Gag/Ca = Ay is an isomorphism in degree x = 0 and is
surjective in degrees * < 3.

Proof. It suffices to prove that ¢ is surjective if we replace (E¢).V(0) by S.«(p). It
follows from Theorem A.14 that H*(Gz4,S.(p))/(n) is generated by the fixed points
H°(Ga4, S«(p)) and the elements v, x and y in degrees 0 < x < 3. Since C3 has a trivial
action, S,(p)* = S.(p)“2+. Hence, ¢ is an isomorphism in degree zero. By Lemma 5.5.5,
v, x and y are in the image of ¢. The result follows from the fact that ¢ is a ring
homomorphism. O

Remark 5.5.7. It follows from Proposition 5.5.6 that the map
B — BT/ (n)

induced by the projection Gag — Ga4/Cy = Ay is surjective in degrees x < 3. All classes
of degree ¢ > 4 in E%? are multiples of k, so their differentials will be determined by
differentials on classes of degree ¢ < 3. Further, by #-linearity it suffices to show that the
differentials on the classes in the image of ¢ of Proposition 5.5.6 are zero. It is therefore
sufficient to compute some of the differentials d,. : F»49 — Fm9="+1 for ¢ < 3.

The following results are generalizations of results that can be found in Henn, Kara-
manov and Mahowald [7, Section 6]. The first is [7, Lemma 6.1].
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Lemma 5.5.8 (Henn-Karamanov-Mahowald). Let R be a Za-algebra and M be an
R-module. Let

0—)%30—3’)(52%%10—2)(500—1)ZQ—>0

be an exact sequence of R-modules such that €1 and €5 are projective. Define N; recur-
stvely by 0 — N; — 6; N N;_1 — 0, and let E5t be the first quadrant spectral sequence
of the exact couple

EXtR(Ni,M) > EXtR(Ni_l,M)

\/

EXtR(%, M)
Then E7" =0 for 0 < p < 3 and q¢ > 0. Further, there are isomorphisms

ker(Fll’0 —>F12’0) q=0
Exth(No, M) = ¢ pItH0 =~ patt0 g —1 9
F??_Q’O q>3.

Let j : Ng — %o be the inclusion. The only possible non-zero higher differentials are of
the form d, : F>4 — F97 "1 and they can be identified with the map Ext% (%o, M) —
Ext},(No, M) induced by j.

Note that the algebraic duality resolution viewed as a resolution of the trivial
Zo[PS§]-module Zs and the associated spectral sequence (5.5.1) satisfy the conditions
of Lemma 5.5.8.

Let Py = Zo[PSt/A4] and Py = Zo[PS/Cs]. Let Py =+ P_; be the natural aug-
mentation which sends the coset [C3] to [A4]. Complete this to a projective resolution P
of Zo[PSt/A4]. Let P! be any projective resolution of Zs[PSt/Af]. Let Ny be defined
by the exact sequence

0= Ny = 6o = 7y — 0.
Letting Q_1 = No, Qq = €41 = Zo[PS}/Cs] for ¢ = 0,1, the complex

Q2 = Q1= Qo = Q-1, (5.5.2)
with maps as in the algebraic duality resolution, is the beginning of a projective resolution

of Ny. The kernel of Q2 — Q1 is isomorphic to Zo[PS}/A}]. Splicing (5.5.2) with
Q. = P]_ gives a projective resolution @, of Nj.
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Lemma 5.5.9. There is a map ¢ : Q. — P, such that
¢o: Qo — Po
covers the map j : Ng — 6o = P_1 which sends e; — (e — a)eq.

Proof. Note that Qo = Py & Zs[PS}/Cs]. So the map which sends the generator of
e®1€Qyto(e—a)®l e Pyis well defined and covers j. Hence, it extends to a chain
map ¢. O

The following is an observation in Henn, Karamanov and Mahowald [7, Section 6]. It
follows from Lemma 5.5.8.

Lemma 5.5.10. Let T , be the double complex satisfying Ty o = P« and Ty 1 = Qs with
vertical differentials 6p and 6g and horizontal differentials ¢s : Qs — Ps. Up to reindez-

ing, the filtration of the spectral sequence of this double complex agrees with that of the
ADSS.

The following result is an adaptation of part of [7, Lemma 6.5].

Lemma 5.5.11. Let s > 0. Let z € H®(Ay4, (Ec).V(0)) be such that viz = 0. Let ¢ €
Homg, 1psy1(Ps, (Ec)«V(0)) be a cocycle which represents z. Choose an element h in
Homg, (psy1(Ps—1, (Ec)«V(0)) such that 6p(h) = vic. Let

" Homzﬂpsé]](P*, (Ec)V(0)) = HomZZIPSé](Q*v (Ec).V(0))

be induced by ¢. There are elements d and d’ in Homg,[ps11(Qs—1, (Ec)«V(0)) and an
element d” in Homg,[ps11(Qs, (Ec)«V (0)) such that

o (h) =d +vld (5.5.3)
and 0 (d') =vid". For d" as above and j as in Lemma 5.5.8,
J(2) = (") € B, sy (No, (). V/(0)).

Proof. Note that Homg,pgyj(Tx «, (Ec)«V(0)) for Ty . as in Lemma 5.5.10 is a double
complex of Fy[v1]-modules which have no (v1)-torsion. We can write

iy (h)=d +vid.
To prove (5.5.3), note that by v;-linearity,
dq(d') +v10q(d) = 0 (¢35 (h)) = 5 (0p(h)) = v (c).

Hence, 0o (d") = 0 modulo (v]), that is, dg(d’) = vid” for some d”.
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Now, note that
vij*(e) = ¢ (vie) = ¢L(6p(h)) = dq(d:_1(h)) = vid" +v]dg(d).

Since there is no vi-torsion in Homg, psy (T, «, (Ec)«V (0)), we must have j*(c) = d” +
d¢(d). This reduces to

% (2) = [d"] € Exty, 1pg1)(No, (Ec).V(0)). O
Lemma 5.5.12. Let z be in Fy'?. Then da(z) = 0.

Proof. If ¢ > 1, then dy(z) = 0 since the target of the differential is zero. Suppose
that ¢ = 1. Then z is v;-torsion. Let r be the smallest integer such that v7z = 0. By
Lemma 5.5.5 of Appendix A, we can choose r = 1 or r = 2. Choose h as in Lemma 5.5.11
and write

¢o(h) = (e — ¢a)(h) = d’ + vid.

However, ¢, = id modulo (2,u$). So we must have d’ = 0. By Lemma 5.5.8 and
Lemma 5.5.11, this implies that d2(z) = 0 in the ADSS for PS}. O

Corollary 5.5.13. All differentials dy : ES? — E3%™" are zero.
Proof. This follows from Remark 5.5.7 and Lemma 5.5.12. O
Lemma 5.5.14. All differentials d3 : Eg’q — Eg’qfl are zero.

Proof. Differentials d : Eg’q — Eg’w2 are zero for degree reasons if 0 < ¢ < 2. By Corol-
lary 5.5.13, the classes vA?® survive to the F3-term, and hence they must be permanent
cycles. Thus, they represent cohomology classes in H*(S¢, (Ec).V (0)). By Lemma 4.1.3,
the differentials are vA®-linear for all s € Z. Using this fact and linearity with respect
to n and v, the problem reduces to verifying the claim for 22A*. However, by the same
argument, = is a permanent cycle and dz(2?A%) = zd3z(zA%) =0. O

Lemma 5.5.15. All differentials d, : E%9 — E79="+1 are zero.

Proof. By Lemma 5.5.12 and Lemma 5.5.14, E3* = E;" and the spectral sequence
collapses at Ey4 since the targets for higher differentials are zero. O

6. The action of the Morava stabilizer group

The goal of this section is to approximate the action of elements of S¢ on (E¢).. Some
of our results are stronger than needed for the computations of this paper, but the better
estimates are necessary for future computations. Note that the results of Section 3.3 rely
on this section.
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6.1. The formal group laws
Let € be an elliptic curve with Weierstrass equation
E:y? 4+ arzy + asy = 2° + a2x® + ayx + ag.

Let Fg(z1,22) be the formal group law of £, where the coordinates (z,w) at the origin
are chosen so that

w(z) = 25 + a12w(2) + az2?w(z) + asw(2)? + agzw(2)? + agw(z)®. (6.1.1)

That the group S¢ acts on (E¢), is a consequence of the fact that the formal group law
Fg, of E¢ is a universal deformation of the formal group law F¢ of the elliptic curve

C:y’+y=2a

defined over any field extension of Fy. Further, Fig, is the formal group law of an elliptic
curve, namely

Cu : y? + 3uizy + (u‘;’ -1y = 23

defined over (E¢)o. That is, Fg, = F¢,, .

We start by gathering information about F¢,,. We will also compute information about
the formal group law of the curve

Cw:y?—y=2a°

defined over W. The curve Cw is a lift of C to W, and Cy reduces to Cyw modulo (uq).
We will derive information about F¢, from knowledge of Fg, .

The following results are proved using the methods described in Silverman [14, Section
4]. We recall the key tools here. We restrict to elliptic curves £ with homogeneous
Weierstrass equation of the form

£ y? 2+ arwyz + azy2® = 2.
Let z = —% and w = —Z, so that (z,w(z)) is a coordinate chart of £ at the origin, with
Yy Y
w(z) = 2% + arzw(z) + CL3U)(Z)2. (6.1.2)

This can be used to write w(z) as a power series in z. Letting

A(z1, 22) = M’

22 — 21
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the line through the points (z1,w(z1)) and (29, w(22)) has equation
w(z) = A(z1,22)z + w(z1) — M(z1, 22)21. (6.1.3)

(Note that there is a sign mistake in Silverman [14, Section 4.1] in the equation of the con-
necting line.) Substituting (6.1.3) in (6.1.1), we obtain a monic cubic polynomial whose
roots are z1, zp and [—1] g, (F(z1, 22)). The coefficient of 22 is ay\(21, 22) + azA(21, 22)?.
This implies that

[71]}7‘5 (F(Zl, 2’2)) = —2Z1 — k9 — al)\(zl, 2,’2) — ag)\(Zl, 22)2. (614)
Noting that

w(s) — w(z)

— i A WA
Az, 2) lim ——— w'(z),
it follows that
[<2]pe (2) = =22 — a1w'(2) — azw’(2)*.

Finally, the series [—1]F, (), which is [-1]p, (F(#,0)), is given by

w(z) u w?(2)

e p—
so that Fg can be computed as [—1] g, ([—1]F. (F(21, 22))). For example,
Fe(z,y) =z +y — ey — 2azzy(z? + 9?) — 3azx®y? mod (z,y)°.  (6.1.5)

The following two results give formulas for the formal group law of the curve Cyy and
of its [—2]-series, both integrally and modulo 2. Corollary 6.1.2 was observed computa-
tionally by the author, but was proved by Henn.

Proposition 6.1.1. Modulo (z,y)°,

Fey(z,y) =z +y — 3uzy — 2(uf — Day(z? +y%) — 3(uf — 1)ay”.

The formal group law Fe,, has [—2]-series

zuy — 22%ud + 23(u3 — 1)
z
1 —6zuy + 922u? — 423 (uj — 1)’

[—Q]FCU (2) =-22-9

so that

[=2]p.,, (2) = =22 — uy 2% — 36utz® 4+ 92* — 144ud2* + O(2°).
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Proof. The first claim follows directly from (6.1.5). For the curve Cy, we have

W(2) = 3(22 + urw(z))
1—3urz —2(u — Dw(z)’
Combining
[=2]Fe, (2) = =22 — 3ugw'(2) — (ud — Dw'(2)?
and

(ud — Dw(2)? = w(z) — 2° — 3ug2w(2),

gives the result for 2], (2). Its Taylor expansion is the last estimate. O

Corollary 6.1.2.

(=2, (2) = wa® + ) uiF2®* mod (2).

k>0

Proof. It follows from Proposition 6.1.1 that modulo 2,

[~2]r, (2) = uz® +ufet + 24
LA 14 u?z?
Therefore, modulo 2,
[_Z}Fcu (Z) = (U1Z2 + u,‘rl)’z‘1 42t Z u2k 2k
k>0
=2 + Zu% 2k+4

k>0

Some of the key ingredients for the proof of the next result were brought to the
author’s attention by Inna Zakharevich. Let Cj, = k,Ek Fuyy be the k’th Catalan number.
Let

1—-I—4y
— Cuoyff=—_—_V- *J 6.1.6
y) ]%% kY % (6.1.6)

be their generating series (see, for example, Wilf [15, (2.3.9)]). Let D(y) = yC(y), so
that



768 A. Beaudry / Advances in Mathematics 306 (2017) 722-788

Proposition 6.1.3. Let Cyw be the elliptic curve defined over W by the Weierstrass equation
Cw:y®>—y =213 Then

[—2]c, (2) = =224 92* ) (—1)"4m2%".
n>0

For (z,w(z)) a coordinate chart at the origin with w(z) = 23 — w(z)?,

1+42%—1
w(z) = =D((=2)*) = Y _(-1)"Cp2*" Y = @
n>0
Further,
[—1lew Fey (21,22) = —21 — 22 + (21 +28) + D(= (27 + 23 + 42(23))
W W ) .

(22 — 21)?

Proof. It follows from Proposition 6.1.1 that, modulo w1,

(2], (2) = —22 + 92*

14423

This proves the first claim. The second claim is equivalent to showing that w(z) =
23C((—2)3). It follows from (6.1.6) that C(z) = 1 + 2C(2)?. Therefore,

so that
P0((—2)%) = 2° = (2°C((—2)%))*.

It also follows from (6.1.2) that, for the curve Cyw, w(z) = 2 — w(2)?. Since w(z) and

23C((—2)?) satisfy the same functional equation, they must be equal. Further, this im-
plies that

V14423 -1
w(z) = —

Finally, note that

Aor, 2 1 <\/1+4z§—1 \/1+4z§—1>
21,%2) = -

29 — 21 2 2

/14423 — /1 + 423
2(22—21) ’
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Using (6.1.4), it follows that

[—1]ch (Fey(21,22)) = —21 — 22 + A(21, 22)°

(23 + 23) 4+ D(—(23 + 25 + 42323))

(22 — 21)?

= —2z1 — 29 +

Proposition 6.1.4. Let C be defined over Fy by the Weierstrass equation C : y* +y = x>.
The local uniformizer at the origin w(z) = 2° + w(2)?, satisfies w(z) = Y x5 232"
Further, [—2]p.(2) = z* and

3.2k—1_1

ok=1_1_p, n

[p (Feler,z) =z + o+ Y > (57 71748,
E>1 n=0

Finally, [-1]p. (2) = > k>0 2322 50 that

2.2, 6,4, 46 88 12 4 412
Fe(z1,20) = 21 4+ 20 + 2725 + 2725 + 2125 + 2725 + 21725 + 2125° + - ..

where the next term has order 22.

Proof. One can compute directly that w(z) = Y7, 232" This implies that C,, # 0
modulo 2 if and only if n + 1 = 2*. Therefore, we have the following identity of power

series

Dy) =Y Coy™ =3y

n>0 k>0
Hence, using Proposition 6.1.3 modulo (2), we obtain

(23 + 23) + D(23 + 23)

[1]r. (Fe(21,22)) = 21 + 22 + 2122

1 _ .
=atat g | L EDTTT e
z5 + 29 =1

_2k—171

3
2511 n) op
:Z1+22+Z Z (Zf(?)Q ! )Zg ).

k>1 n=0

This gives the result for [—1]g, (Fc(z1,22)). Letting z3 = z and 2o = 0 gives it for
[-1]F, (2). A direct computation gives the estimate for Fe(z1,22). O
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6.2. The technique for computing the action of S¢

The method presented here is an adaptation of the techniques used by Henn, Kara-
manov and Mahowald in [7]. Let v be in S¢. Then v € Fy[x] is a power series which
satisfies

Y(Fe(z,y)) = Fe(y(z),v(y))-

Recall from Section 2.4 that v gives rise to isomorphisms ¢, : (E¢). — (E¢)« and
hy : ¢35 Fg. — Fp., where h, € (Ec)o[x]. The action of v on (Ec). is given precisely by
0.

The isomorphism ¢., is linear over W; hence it is sufficient to specify ¢, (u) and ¢ (u1).
The morphism h, is a power series

hoy(2) = to(7)x + t1(y)2? + ta()2® + ..
where
ti(’}/) : SC — (Ec)o = W[[ul]]

are continuous maps. By (2.4.1) ¢ (u) = h(0)u = to(7y)u, which gives the action of y
on u.
The morphism A, must satisfy

hy ([=2gy P (2) = [=2 g, (By (). (6.2.1)

This imposes a set of relations on the parameters t;(y) and ¢.(u1). Further, h, is a lift
of 7, so that h, = v modulo (2,u;). This specifies the parameters ¢;() modulo (2,u,).
With this information, the relations imposed by (6.2.1) are sufficient to approximate ¢- .
Before executing this program, we prove a preliminary result.

Proposition 6.2.1. If v € Z5 NS, so that v = > ;50 T*, for a; € {0,1}. Let =
>0 a;(—2)" in Z5 C (Ec)o. Then ¢ (u1) = uy and ¢ (u) = Lu.

Proof. The element ~ is given by
v(z) = apx + g, a1[-2]p. (¥) +re a2[4])p. (2) + 5o - -
Let g be the lift for v given by
9(z) = aox +ry, a1[-2|Fy, (T) +rp, a2[d]pp, (T) +Fg, -
Then ¢ is an automorphism of Fg., hence ¢, : (E¢)o — (E¢)o is the identity and

hy(x) = g(x). Since [n]r,, (¥) = nz modulo (2?) for n € Z, g(x) = £z modulo (z?).
Therefore, ¢'(0) = ¢ and ¢ (u) = lu. O
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Theorem 6.2.2. Let v € S¢ and t; = t;(y). Then

21t
¢7(u1) = urty + 55

In particular, ¢ (u1) = tour and ¢ (u) = tou modulo (2) and vi = uju™" is fived by the
action of S¢ modulo (2).

Proof. Recall from (6.2.1) that

ha (=2l gz P, () = [=2] g, (hy ()
Using Proposition 6.1.1, one obtains the following relation on the coefficients of 2,
—9¢7(U1)t0 + 4t1 = —9u1t8 - 2t1.

Because ¢, is an isomorphism, t, is invertible. Isolating ¢.(u1) and dividing both sides
by —9ty proves the claim. O

Therefore, to approximate the action of an element v in S¢ on (E¢)s, it suffices to
approximate the parameters to(7y) and t1(7).

6.3. Approzimations for the parameters t;(7y)

In this section, we use the technique described in Section 6.2 to approximate the
parameters t;().

Corollary 6.3.1. Modulo (2, u$),
s—1

542
ts =th+uith + ( 5 )tﬁtmu? + Z Ut 1 o
=0

S S s+ 3 s+ 2
+ tots—1 + (- )tots—1 + totsia + 5.1 ) uj.
1 2 4 1 >

Proof. Let h,(z) = > 2 t;a"T!. Using Corollary 6.1.2, we obtain

%) i+1
iy (1= 2gs P (7)) = 2t <t0“1x2 +at + Z(toul)Qix4+2i>

i=1

t; (t0u1x2 + ot + t%u%xG + téu‘llasg)wr1

1 1 11

s
Il
<

: 1+ 1 ) ) .
t; <x4(”1) + < —; )(toum:‘“+2 + t2ud b0 4 tuf TS
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141 , A
+ ( ' )@guwz b i)

,+ 1 ) ) )
n (z—g )(tgu:fx4l_2 4 téui‘x‘““ + £3ud i)

1 ‘ 1 ‘
+ (Z—Z )téu%x‘“_‘l + (l—g >t8u?m4’_6>.

Further,
0 2 I~ 4 S 2k+4
2L, () = (zt) +<ztixi+l) Py (zt)
1=0 =0 k=1 =0

3
oo (oo}
= 3 (w2020 a0 odgdg S g (Z t?w“””)
=0 =0

N3
Next, note that (Zi>0 ai:z:’) = D k50 D2i4 j—k @5 a;x". Therefore,
- 3
u% <Z t?x%“)) = Z Z u?tft?x%'%.
=0 k>0 2itj=k

Now, using (6.2.1), the coefficient of z4(**1) gives the relation

s+2
te=t gt + ( ) )tﬁtsﬂuf + Y ultle
2i+j=2s—1

] ] s+ 3 s+ 2
+ (<1> + <2>) tots_1ui + ( A )tétwu‘{ + ( . )t%Tlu;*

(Note that the coefficient of the last term is chosen to be zero when s is even, so that
when .- has a non-zero coefficient, (s —1)/2 is an integer.) O

Proposition 6.3.2. For t; = t;(y) where v € S¢, then

t; = t? + uﬂf%H_l + 2t4i43 +2 Z titi mod (2,1,61)2.

r+s=21
0<r<s

Proof. Modulo (4,u1), we have [-2]p, (z) =2z + x*. This gives

S i i+ 1\
=g (@) = St (000 2T )atiet)
=0

and
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[=2]Fp, (hy(2)) = i 22 4 (Z tixiJrl)
=0 i=0

o0 o0
= Z 22" 4 Z t?z‘l(”l) + Z xT2i2 Z 242,
1=0 1=0 =1 r4+s=1i
0<r<s

Using (6.2.1), the coefficient of z*(*+1) gives the relation

ti =2ty 1t +2 Y 27 mod (4,u).

r4+s=21
0<r<s

The claim then follows from Corollary 6.3.1. O

Proposition 6.3.3. Modulo (4)
_ 4 2 2, 2
to = tO —+ 2t3 + 3t1u1 + 2t0t2u1 —+ 3t0t1u1.

Modulo (2),
ty = t] + t3uy + ttiud + t2tou? + tyut + thul + totsus.

Proof. Modulo (4), the coefficient of a* in h([~2]g: rp, (x)) i to + ¢4 (u1)*t1 and the

coefficient of [—2]p, (h,()) is given by
to + 2tz + 3t3uy + 2totouy

Recall from Theorem 6.2.2 that ¢ (u1) = uito + %i—; This and (6.2.1) imply that
to + t%ﬁu% = té + 2t3 + 3t%u1 + 2totouy.

Isolating ty proves the first claim. A similar argument using the coefficients of z® give

the desired relation for ¢1. O

Recall that v € S¢ has an expansion of the form
7:a0+a1T+a2T2—|—a3T3+...
Here the a; are solutions to the equation * — 2 = 0. Recall from Section 3 that if w® €
End(F¢) is a solution to the equation z* —x = 0, then it corresponds the automorphism

wi(x) = (°x,

where ¢ € Fy = (E¢)«/(2,u1). There is a copy of Fy in End(F¢) given by the ring
generated by the automorphism w(z). Further, (E¢)./(2,u1) is isomorphic to Fy, with

generator the image of (. Define a map
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f:Fy C End(Fe) — (Ec)«/(2,u1) = Fy
by f(w*(z)) = ¢*. If v is as above, using the fact that T'(z) = 22,
(&) = flao)r +re f(ar)r® +r, flaz)a® +re flaz)z® + ...
For simplicity, we will identify a; with f(a;) and write
y(z) = apx + 5, a x> +r asx? +r asz® + ... (6.3.1)
Proposition 6.3.4. For v € Sc, modulo (z'%),

2,..10 2.2, 12

() =z + a1x® + agx* + a?2® 4+ aza® + 320 + afada 4+ a4 (af + ag)2'C.

Proof. This is a direct computation using (6.3.1) and the formal group law of Proposi-
tion 6.1.4, noting that for v € S¢, ap =1. O

Corollary 6.3.5. Let t; = t;(y) where v € Sc. Modulo (2,u1), to =1, to; =0 fori #0

and
— — 2 — 2 —
tl = a3 t5 = ay tg = Qg t13 = a1
— — — 2 2 — 3
tg = a2 t7 = as t11 = Q109 t15 = aq + ay4.

Proof. This follows from Proposition 6.3.4, noting that ¢; is congruent to the coefficient
of 21 modulo (2,u1). O

Proposition 6.3.6. Let t; = t;(v) for v € Sc. Then modulo (2,u?),

— 2 — 2 —

tO =1 + aju; tl =a1 + AUy t2 = aj1Uy
— 2 — — 2

tg = a2 + asuy t4 = a2U1 t5 = aj + a1a2Uq
—_ 2 — 3 2

t6 = aju; t? = as + (al + a4)u1

Proof. This follows from Corollary 6.3.5 and Corollary 6.3.1. O
Corollary 6.3.7. Let t; = t;(y) where v € Sc. Then

to = 1+ aluy + a1u? + (az + a2)ud  mod (2,u}).
Proof. This follows from Proposition 6.3.6 and Proposition 6.3.3. O

We will need better estimates for elements which are in Fy/5Sc. Therefore, for the
remainder of this section, we will always assume that v € Fy/5Sc.
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Proposition 6.3.8. Let t; = t;(v) where v € Fy5S¢. Modulo (2, uf),
t3 = a9 + a%ul + a4ui’.
Modulo (2,u3), t1 = a3u; and ts = (az + a3)u?. Modulo (2,u$),
ty = a2u? + azu] + (as + a3)ul.
Proof. It follows from Corollary 6.3.1 that, modulo (2,u?),
ts = t3 + thur + titqul + t1t5ut + totius
ts = t5 + t]uy + t5ui + t1tgul + tatiul + toteud + titiul + totaui.

The results for t3 and t¢5 then follow from Corollary 6.3.5 and Proposition 6.3.6. It also
follows from Corollary 6.3.1 that, modulo (2,u$),

ty = t5 + tiuy 4+ t5u? + t5taud + totut + totaud.

The identity for ¢5 then follows from the Corollary 6.3.5 and Proposition 6.3.6, using the
identity for t5 modulo (2,u$). O

Proposition 6.3.9. Let v € F55Sc. Modulo (2,uf),

t1(y) = aduy + azud + a2ul + azub + (a2 + ad + ag + a?)ul.

Modulo (2,u}®),
9

to(y) =14 (a2 + ag)ui’ + CL3’U4? + (13’11,? + (ag + a% + a4 + ai)ul.

Proof. Apply Proposition 6.3.3, Corollary 6.3.7 and Proposition 6.3.8 for the estimate
for t1. The result for ¢y then follows from Proposition 6.3.3. O

Proposition 6.3.10. Let v € F/5Sc. Modulo (4,2u?, ui®),

to(y) = 14 2az + 2a3u1 + (a2 + ad)u3 + azuf + azuf + (az + a3 + ayg + a?)uj.
Proof. Apply Proposition 6.3.3, Proposition 6.3.6 and Proposition 6.3.9. 0O
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Appendix A. The cohomology of G34 (by Hans-Werner Henn)

The following consists of unpublished notes by Hans-Werner Henn, which were edited
by the author. She thanks him for letting her include them here.

Let C be the supersingular elliptic curve over Fy with equation y? +y = 2. In this
appendix, we calculate the cohomology of the automorphism group of this elliptic curve
with coefficients in the Lubin—Tate module (E¢).V (0) (see Section 2 for definitions).

None of the results are original. In some sense, this appendix redoes calculations
by other people, for example by Bauer [1, Section 7] and by Rezk [12, Section 18].
The basic ideas go back to Hopkins. Bauer and Rezk calculate the cohomology of the
Weierstrass Hopf algebroid and the calculation here can, in principle, be deduced from
their calculation by inverting the discriminant A and passing to a suitable completion.

Our purpose is to give an independent and self-contained calculation of the group co-
homology including the complete multiplicative structure. Furthermore, all elements in
cohomology are defined via “Greek letter constructions” avoiding any explicit cocycles or
Massey products. Everything is deduced from the knowledge of H*(Gay, (Ec)«/(2,u1)) &
H*(Go4,Fy[u™]), from the structure of the Goy-invariants of the symmetric alge-
bra of a certain two dimensional representation p of Ga4, and from the structure of
v P H*(Gaa, Sy (p)/(AS4(p))), where the discriminant A is an invariant class in degree
24. This knowledge is established in Lemma A.1, Corollary A.7 and Lemma A.10 below.
The main computation is that of H*(Ga4,S.(p)) and is given in Theorem A.14. The
computation of H*(Gaq4, (Ec)«V (0)) then follows and is recorded in Theorem A.22.

Lemma A.1. (a) There are classes z € H*(Qg,F4), T € H (Qg,Fy) and § € H'(Qg,Fy)
and an isomorphism of graded algebras with Cs-linear algebra action

H*(Qs,F1) = Fu[2,7,2]/(@9,7° + §°),

where Cs acts on Qg via the conjugation action of Gayg on its normal subgroup Qs, and
Cs acts on the right hand side by w. (%) = (T, w.(7) = (*¥ and w.(z) = 2.

(b) There are classes k € H*(Gay,Fslutt]o), a € HY(Gas,Fs[utl]y) and b €
HY (G4, F4[u*]y) and an isomorphism of graded algebras

H* (G, Fa[uT]) =2 Fy[vit, k, a,b]/(ab, b> — vaa®).

(¢c) The subalgebra H*(Gay,Fa[u~t]) C H*(Gas,F4[utl]) is generated as an Fy-algebra

by the elements vo, k, a, b, v;lb2 and v;la?’.

Proof. (a) We start from the well known result that there is an isomorphism of graded
algebras

H*(Qs,Fs) 2 Fslz,y, 2]/ (2 + 2y + v, 2%y + 29°)
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where z and y are in dimension 1 and z is in dimension 4. The action of Go4/Qs on this
algebra is trivial on z and the unique nontrivial action on H! = (Z/2)2. With suitable
choices of x and y, we get w,x = y, w.y = r +y. This action has no eigenvectors over Fs,
but it has two eigenvectors over F; with Galois conjugate eigenvalues equal to ¢ and (2.
If we define © = « + Cy and § = = + 2y, then w.z = (T and w,y = (3y. Furthermore,

g=a+ay+y* =0
and
° =%+ Py + Cay® +y® = 2° + PPy + (o + P = 7P

The claim now follows.
(b) Let @ = =17, b = u=2y and k = 2. Then we get an isomorphism of bigraded algebras

1[4“4[1);17 k,a, b]/(vga3 — b3, ab) = H*(Qg,]F4[ui1])C3.

(c) This follows from the fact that H?(Qg, F4[u~']2)* = F, is generated by v, 'b? and
H3(Qg,Fa[u=']o)“® 2 Fy is generated by vy 'a®. O

Consider ©~! and v; = u;u~! as elements in (E¢)2. By Section 2.2, the action of Gy

is given by
we(v1) =11 we(u™) =t
. +2u”! - —u!
Mw=Sase  Re=Tar
202y~ 1 -1
Gu(v1) = % j*(u_l) _ CUSQ 7u<
k() = ”1;2_41‘_1 k(uh) = 422}2:2 :

Remark A.2. The two dimensional W-module generated by ! and v; is a representation
of G24 which we denote by o. We denote its mod-2 reduction by p and the respective
graded symmetric algebras by S, (o) and S.(p). Because i2(u) = —u and i2(u;) = uy, we
see that for each integer n > 0 the action of Ga4 on So,(0) factors through the quotient
Ay = Gay4/(£1). Likewise, the action of Ga4 on all of S,(p) factors through an action
of A4.

It follows that the element

A= H ge(u™t)

geEV)

in S.(p) is a Qg-invariant. One computes that A= u™ (w3 + v?) modulo (2). It is an
eigenvector for the residual action of Ga4/Qs; in fact,
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we(A) = C2A. (A.3)

Hence, A3 is a Goy-invariant and equal to the mod-2 reduction of the discriminant A
(see Section 4.2).

The proof of the following theorem is similar to that of Goerss, Henn and Mahowald
[4, Proposition 2].

Theorem A.4. Completion at the mazimal ideal I C S*(Q)[K_l] induces a continuous
isomorphism of F4[Ga4]-algebras.

S (p)[A7], = (Ec)..

Therefore to compute the cohomology H*(Gay, (F2).V(0)), we start by analyzing
S.(p) and its invariants. Let » > 0 be an integer and

= Sn(p) 0<n<3
n.

Lemma A.5. Multiplication with A induces a split short exact sequence of F4|Qs]-modules

0= 255, (p) =5 Spsal(p) = Snralp) =0 .

Further, for n > 3, multiplication by v1 induces isomorphisms of F4[Qg|-modules

v 2 228, (p) = S (p).

Proof. The n + 1 elements Eu_kv{”l*k, k = 0,...n, together with the four elements
u*lv?'ﬂ_l, [ =0,...,3 form a basis of the Fy-vector space S,t4(p). Therefore, the
sequence is exact as a sequence of F4[Qg]-modules. Furthermore, the subspace generated
by u*lv{”‘l*l with 0 <[ < 3 is Qg-invariant. This gives the splitting.

If n > 3, the image of the elements u_lv{“l for 0 <[ < 3 form a basis for gn(p)
Multiplication by v; sends this basis of S,,(p) to the corresponding basis of S, 11(p). O

The next step is to identify the invariants.

Proposition A.6. The Qs-invariants of Si«(p) are given as Fqlvy, A].

Proof. The split short exact sequence of Lemma A.5 gives a short exact sequence of
Qsg-invariants. Consider the following commutative diagram
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00— ZS]F4[’U1,E] AH— F4[’U1,5] —— F4[’U1] —0

R

0 — 285, (p)@s A S, (p)9 —— (§*)Qs .0

From part (c) of Lemma A.5 and an easy calculation, we get (S,,)9® = F4{o"} for each
n > 0. The claim now follows from an induction over the internal degree and the five
lemma. O

Corollary A.7. The Gay-invariants of S.(p) are given as Fqlvy, Al.

We turn towards analyzing the cohomology algebra H*(Ga4, (E¢).V (0)). We begin
by introducing certain classes in H'(Ga4, (Ec)«V(0)). For this we consider the exact
sequence Go4-modules

0—p—50/(4)=p—0 (A8)
with associated Bockstein §.

Lemma A.9. (a) The class v1 in p is Gaog-invariant. The class 0 := 6(v1) in H'(Ga4, p)
is nontrivial.

(b) n is vi-torsion free in H*(Gay4, S«(p)).

(¢) n is not divisible by v;.

Proof. (a) A direct computation shows that v; is invariant modulo (2), but not invariant
modulo (4). Hence, 1 is non-trivial.

(b) More generally, v?* is invariant modulo (4) while v?*! is not. This shows that
S(vI 1y = 2%y is non-trivial.

(c) If n is divisible, then there is a class € H'(Ga4, So(p)) such that vin’ = 7. However,
So(p) = Fy and HY(Ga24;So(p)) = 0 by Lemma A.1. O

Consider the graded F4[v1][G24]-algebras

S.(p) = S.(p)/(AS.(p))

and

S4(p) = S.(p)/(AS.(p))-

By part (a) of Lemma A.5, multiplication with v; determines an isomorphism §n(p) —
S,11(p) if n > 3. Therefore, S, (p)[v7'] is a graded Fy[vf!][G24]-algebra with

(Se(p)[vi 2w = vy~ Ss(p)

for every integer k.
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Lemma A.10. (a) There is an isomorphism of Ga4-modules

S3(p) = F4[Gad) ®F,[C6) Fa

(b) The Qs-cohomology of S.(p) [wil] is given by

H*(Qs, Sc(p)[vf]) = Fafvr 1.

It is Cs invariant so that H*(Gay, S, (p)[vF"]) = Fa[vi?, n).
(¢) The Gas-cohomology of S.(p)[vE'] is given by

H*(Gas, 5w (p)[oi"]) = Fu[v, n).

Proof. (a) The Cs-linear map which sends 1 to u =2 extends to a Ga4-linear isomorphism
F4[Go4] ®F,1ce) Fa — S3(p)-
(b) The isomorphism of (a) restricts to an isomorphism of Qs-modules

F4[Qs] ®r,(c,) F1 = S3(p).

The isomorphisms (S, (p)[v!])ar = v¥7385(p) and part (a) show that there is a class
h e HY(Qs, S3(p)) = Hl(CQ,IF4) >~ T, and, for h = vy *h/, an isomorphism of graded
algebras H*(Qs, S« (p)[vi]) = Fy[vf!, h). By Lemma A.9 we know that 7 is v;-torsion
free in

H*(Ga1, 8. (p)) = H*(Qs, S:(p)°?,

hence it is also vi-torsion free in H*(Qs, S, (p)). Therefore, v2n must agree with h’ up
to a scalar. This gives the isomorphism H*(Qs, S, (p)[vi}]) = Fy[vit!, n]. The invariance
with respect to the residual action of Ga4/Qs follows from the fact that both vy and n
are invariant.

(¢) By iterated use of Lemma A.5, we obtain an isomorphism

S.(p) = S.(p) & AS.(p) ® A%S.(p) ® A3S,(p)

of Ga4-modules and therefore an isomorphism

S.(p) = S.(p) ® AS.(p) & A28, (p).
Part (b) implies that
H*(Qs. 8.+(p)[vi!)) 2 Fufoi!, 5] @ AF4[v!, 5] @ A%Fu[of", ).

The result follows by observing that, for the residual action of C3 = Ga4/Qs, the first
summand is invariant while the other two summands are eigenspaces for the eigenvalues
¢? and ( respectively (see (A.3)). O
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Next we observe that multiplication by v§ determines exact sequences of graded
Go4-modules

ok _
0= %8,(p) = Supk(p) == (Fafu™,01)/(0F))2(nrr) = 0 (A11)

with associated Bockstein . In the remainder of this chapter, the Bockstein associated
with the exact sequence (A.8) will not play any role, and therefore we take the liberty
to simply write § instead of d;.

Remark A.12. The classes vz, v3 and v3 are invariant in H°(Ga4, F4[u®!]) but do not
lift to invariants in H%(Ga4, S«(p)). Further, v3 is invariant in F4[u=1, v1]/(v?) but is not
invariant in Fyqlu=t, v1]/(v3). Therefore, 6(v2), 6(v3), 6(v3) and J2(v3) are non-trivial.
Define

vi=6(v2) € HY(Ga4, So(p)),
y = 6(v3) € H* (G4, Ss(p)),
x = 0y(v3) € H(Gay, S4(p)).

Given a ring R and a set X, we will use the notation RX to denote the free R-module
generated by the elements of X.

Lemma A.13.

(a) There are relations viv =0, viy = 0 and viz = 0.
(b) There is a relation viz = §(v3).
(¢) The classes v, x and y are not divisible by v;.

Proof. (a) This follows from the definition of these classes and exactness of the long
exact cohomology sequences.

(b) This is straightforward by comparing the two short exact sequences (A.11) for k =1
and k = 2.

(c) Onme verifies by a direct computation that

H(Ga4,Fa[u™", v1]/(v7)) = Falv3, v1]/(07){1} & Falv3, v1]/(v1){v1v2}
and that
H(Gaa, Fau™" v1]/(v])) = Fafvy, v1]/ (09){1} & (Fafvy, v1]/ (7)) {v1v3}
& (Fafvy, v1]/(v1)){vive, viv3}.

If v is v1-divisible, then there is a non-trivial class in H'(Ga4, S1(p)) which is annihilated
by v? and, hence, is in the image of d2. However, this contradicts the triviality of the
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group H®(Gay,Fa[u=t,v1]/(v})) in internal degree 6. Likewise, if y is vj-divisible, then
there is a non-trivial class in H'(Gay4, S7(p)) which is annihilated by vf. Again, this is
a contradiction since H%(Gaq, F4[u™t, v1]/(v%)) is trivial in internal degree 18. Finally, if
x is vi-divisible then there is a non-trivial class in H'(Ga4, S3(p)) which is annihilated
by v and, hence, in the image of d3. However, the group H®(Gay,Fa[u=t,v1]/(v)) is
trivial in internal degree 12. O

Here is the main theorem giving the complete structure of the cohomology algebra
H*(Ga4,54(p))-

Theorem A.14. Let R = Fy[v1, A, k]|, where k € H*(Ga4,F4) is the cohomological period-
icity generator.
(a) As an R-module, H*(Ga4, S« (p)) is isomorphic to

R{1,n,n*,n’} & R/(v}){z,nz,2* na®} & R/(v){v,y,v*, vy, v, A"y},

where A~ 02y is a class in H3(Gag, So(p)) such that A(AT1v2y) = v2y.
(b) The products n?, v?, vy, nx and x* are R-module generators and the remaining five
products satisfy nv =0, xy =0 and

ny = via?, v = vinx, y? = 12A.

(c) The element A~'v2y and the products 03, v and nx? are R-module generators.
There are relations:

3 =17y, nlx =3, vr? = vlnx27

N’y = vinz?, vy? = VA, y? =1vyA

and the remaining possible threefold products are zero.
(d) All products of n, x and y with A~ v2y and all fourfold products among n, v,  and
y are trivial except for n* = vik.

In order to prove Theorem A.14, we calculate the cohomology of S.(p) as a module
over Fy[vy, k]. In fact we will find the following result.

Proposition A.15. Let R := Fy[vy, k|. As an R-module, H*(Ga4,S+(p)) is isomorphic to
R{L,n,n*,n°} ® R/ (v}){x, nz, a* nz®} © R/ (1) {v,y,v?, vy, v*, A~ 102y}.

Note that, in Proposition A.15, we are using the product structure in order to describe
the generators of H* (G424, S4(p)), but are not yet attempting to describe the cohomology
as an algebra.

Proposition A.15 is deduced from the following three lemmas. We write s =t if s = £t

for some ¢ € Fy.



A. Beaudry / Advances in Mathematics 306 (2017) 722-788 783

Lemma A.16. (a) There is an isomorphism of F4[vi]-modules

H' (G4, 54(p)) = Falor]{n} & Falv1]/(v1){v, y} & Falv1]/(v]){x}.

(b) The reduction homomorphism
s+ H'(G24,5.(p)) = H'(G24,8.(p)/ (v1))

satisfies

p*(n) = a, p*(V) = ba p*(l‘) = V2, p*(y) = U§b7
for a and b as in Lemma A.1.
(¢) The connecting homomorphism associated to the eract sequence (A.11) is trivial on
a, vea, b and v3b. It is nontrivial on the generators via, via, vab and v3b. In fact,

S(via) = vinz, S(v3a) = vyz?, §(vab) = 12, S(v3b) = vy.
Further, ve = nuix and ny = v122.
Proof. (a) Any finitely generated graded Fy[v;]-module is a direct sum of a free module
and of cyclic torsion modules of the form F4[v1]/(v]). On the other hand, we know from

Lemma A.10 that the free part of H'(Ga4,S.(p)) is of rank one. By the long exact
sequence in cohomology associated to the short exact sequence

0= Si(p) == Sulp) == Silp)/(v1) = Falu™']/(u™'?) = 0,

we know that the submodule of H'(Ga4, S«(p)) which is annihilated by v; is generated
by the classes v, viz and y. By Lemma A.9 and Lemma A.13 the classes n, v,  and y
are not divisible by v1, proving (a).

(b) We know from Lemma A.1 that H'(Gayg,F4[u=]/(u='?)) is an F4-vector space on
generators of the form via, vib for 0 < i < 3 and the four generators of H'(Ga4, S.(p))
have to map to four of these classes. The four other generators map via § to non-trivial
elements of H%(Ga4,S4(p)). The claim in (b) then follows for degree reasons.

(c) From (a) and (b), it is clear by exactness that & is trivial on a, b, v2a and v2b and
nontrivial on the four other generators. We use that ¢ is p.-linear (i.e. §(p«(t)s) = td(s))
and Lemma A.13 to conclude that

§(v3a) = 8(v3p.(n)) = 1d(v3) = nurz
5(v3a) = 6(v3p.(x)) = 2d(v3) = v1a®
5(vab) = 8(vap. (1)) = v8(vs) = 12
3(v3b) = 6(v3p.(v)) = vé(v3) = vy
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Note further that
d(via) = d(vaps(a)) = va,  d(vya) = 8(v3p.(n)) = ny
and hence va = nuiz and ny = viz?. O

Lemma A.17. (a) The elements 0%, v2, nx, % and vy are non-trivial in H?(Ga4, S+ (p))
and

pe(m?) =a®,  p.(V?) =0 p(nz) =wvea?,  pu(a?) =vid®,  pu(vy) = v3b

(b) There is an isomorphism of Falv1]-modules

H?(G24,5.(p)) = Falor] /{n*} @ Fafvr]/ (v0){v*, vy} @ Fa[vr]/ (v}){nz, 2*} .

(c) The connecting homomorphism associated to the exact sequence (A.11) is trivial on

the generators a®, vaa?, via®, b* and v3b?

and vy 'b?, and

. It is nontrivial on the generators via?, vob?

S(v3a?) = vina?, S(vab?) = 13, S(vy tb?) = ATy,
Further, vinz? = va? = ny.

Proof. (a) This follows from the fact that p, is a map of algebras and the images of the
given elements are non-trivial.

(b) We claim that H?(Ga4, S+ (p)) is generated as a F4[v;]-module by the elements 7, 2,
nx, x? and vy. In fact, by part (c) of Lemma A.16 the submodule of H2(Ga4, S«(p)) which

212 and vy. In particular,

is annihilated by v; is generated by the elements vinz, vix
the wi-torsion submodule is of rank four. Furthermore, we know from Lemma A.10
that the v;-torsionfree part is of rank one and hence H?(Ga4,S4(p)) is generated as a
F4[v;]-module by five elements. By (a) these must be the five elements 12, v2, nx, 2% and
vy. By part (c) of Lemma A.16, the v;-torsion submodule is as specified. This leaves 1>
which must generate a free Fy[v;] submodule by Lemma A.10.

(c) By (a) and exactness, ¢ is trivial on a?, b, vea?, v3a® and v3b%. Finally we get from
Lemma A.13 and p,-linearity

d(v3a®) = and(v3) = vina’
S(vb?) = v25(vg) = 13
5(vy 10?) = d(vy *u3b?) = ATL5(v3b?) = A2y,
(The last calculation is a calculation in the cohomology of A~1S, (p) which, in that of
S.(p), gives the desired relation. It uses the relation p,(A~!) = vy *.)

Note further that, d(v3a?) = x26(vy) = va? and §(via®) = n?§(v3) = n?y. Hence,
vinr? = vaz? = n?y. This finishes the proof of (¢). O
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Lemma A.18. (a) The elements n®, v3, nx? and A~ v%y are non-trivial in H?(Ga4, S«(p))
and

p«(n*) = d® P (V?) = 0% = vya®
pa?) 2126 pu (A7) = ug b = vt

(b) There is an isomorphism of F4lv1]-modules
H?(G24,5.(p)) = Fa[or]{n”} @ Falv1] /(o) {AT %y, v} @ Falvr]/(v7) {na®} .

Proof. (a) The first part follows from the fact that p, is a map of algebras.

(b) From (a) we see that p, : H3(Ga4, S« (p)) — H?(Ga4,S«(p)/(v1)) is onto and hence
H3(Ga4, S.(p)) is generated by 1%, v, nw? and A~'v2y. By part (c) of Lemma A.17, v/
and A~1'v2y are annihilated by v;. Further, v;n2? is nontrivial and also annihilated by
v1. By Lemma A.10, the torsionfree part is of rank one, so this proves the claim. O

We finally turn towards the proof of Theorem A.14.

Proof of Theorem A.14. (a) Consider the short exact sequence of Fy[Ga4]-modules

0 — S5, (p) 25 Sep12(p) = Sutra(p) = 0.

As in the proof of Lemma A.5, one can show that it is split. Therefore, the maps

H*(G24,S4112(p)) = H* (G4, Sit12(p))

are surjective and the long exact sequence on cohomology groups gives rise to short
exact sequences in each degree. The claim then follows from Proposition A.15 and the
five lemma.

(b) Note that va = vinz and ny = vi2? follow from part (c) of Lemma A.16. For the
other relations, first note that p.(A) = v3 so that

P*(m/) = a’b = Oa p*(y2) = v§b27
p«(2y) = v3ab =0, pi(AV?) = vab?.
Hence, up to elements in the kernel of

Py H(Gaa, Su(p)) = H?*(Gaa, S<(p)/ (v1)),

the relations hold in H?(Ga4, S.(p)). However, in these degrees, the non-zero elements
in the kernel of p, are v;-torsion free. Since nv, xy and y? — ¢Av? are v;-torsion, the
relations hold as claimed.

(c) Note that vina? = vaz? = n?y follow from part (c) of Lemma A.17. Further,
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41k oAk Ak
AR — | | = —
2 — | o] | 1% == | o | s | | e
T A7 | | |5 [ 7] T | | P
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—4 -2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

Fig. 4. The cohomology H™*(G24, S« (p)), drawn in the Adams grading (¢t — s, s). It is periodic with respect to
s with period 4 and periodicity generator k and with respect to ¢t with period 24 and periodicity generator
A. A e denotes a copy of Fs. Lines of slope 1 denote multiplication by 7 and lines of slope 1/3 denote
multiplication by v. Lines of slope 1/7 denote multiplication by = and those of slope 1/15 multiplication by
y. Horizontal lines denote multiplication by v;. Classes attached to horizontal arrows are free over F4[v1].

3=

pe(V?) = 0% = v2a® = p,(an?).

Therefore, for an appropriate ¢ € Fy, v3 — ¢n?2 must be a v; multiple of 3. It must be

3

zero since it is v;-torsion and 73 is v;-torsion free. Hence, v = xn?. Finally, since

pi(a?) = v3a® = v3b® = p. (1Y),

for an appropriate choice of £ in 4, we must have that 2 — £y is a v;-multiple of 7,
and again, must therefore be zero since it is v;-torsion and 73 is vi-torsion free. That
the other threefold products vanish follows from part (b).

(d) With the exception of n* which is v;-free, all fourfold products and all products of
n, v, x and y with A~'v2y are v;-torsion. However,

H*(G24; Si(p)) = Fafvr, Al{k}

is v1-torsion free. By Lemma A.10 the class n* is v;-torsion free and, for degree reasons,
it must be equal to vik, up to a nontrivial scalar in F.

Finally, note that the generators vy, A and k are Galois invariant classes. Likewise, 1
as the mod-2 Bockstein of v1, and v, z and y as Bocksteins of Galois invariant classes
are also Galois invariant. It follows that the multiplicative relations, which we have only
proved modulo units in F4, do hold on the nose. 0O

Remark A.19. If we extend Gaq = SLo(F3) by the Galois group to Gys = GLo(F3), then
the G4g-cohomology of S.(p) is obtained from that of Ga4 by taking Galois invariants.
This is the content of the following result (see Fig. 4).

Theorem A.20. There is a ring isomorphism
H*(G487 S*(p)) = }FQ[UM Aa ka nmv,x,y, Ailyzy}/(w)
where (~) is the ideal generated by

2
mnv, nx, V1Y,
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in cohomological degree 1,
nv, v — vine, ny — vi2, xy, y? — V2A,
in cohomological degree 2,
n?x —v3, 3 — 1%y, AA2y) — vy
in cohomological degree 3 and
nt—oik
in cohomological degree 4. Further,

H*(Ga4, 54(p)) = Fa ®r, H*(Gas, Si(p))-

We deduce the main result from Theorem A.20 and the following lemma, whose proof
is analogous to that of Goerss, Henn and Mahowald [4, Theorem 6].

Lemma A.21. Let m = 48 or m = 24. There is an isomorphism
H* (G, Sc(p)[ATM () 2 (H* (G, Sx(0)[AT])(;)-
Theorem A.22. There is an isomorphism

H*(G48a (EC)*V(O)) = FQ[[j]][Ul’ Ail) kﬂ% l/,.%‘,y]/(N)

where (~) is the ideal generated by

0% — jA
in cohomological degree O
2

vV, vizT, v1Y,

in cohomological degree 1,
nv, vr —unz, ny — U1$27 Yy, y2 - VQAa

in cohomological degree 2,

n’z -7, a® =%y,

in cohomological degree 3 and
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nt — v‘llk
in cohomological degree 4. Further,
H* (G2, (Ec).V(0)) = Fy ®@p, H" (Gas, (Ec).V(0)))-
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