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On K (1)-local TR

Akhil Mathew

ABSTRACT

We discuss some general properties of TR and its K (1)-localization. We prove that after
K (1)-localization, TR of HZ-algebras is a truncating invariant in the Land-Tamme
sense, and deduce h-descent results. We show that for regular rings in mixed charac-
teristic, TR is asymptotically K (1)-local, extending results of Hesselholt and Madsen.
As an application of these methods and recent advances in the theory of cyclotomic
spectra, we construct an analog of Thomason’s spectral sequence relating K (1)-local
K-theory and étale cohomology for K (1)-local TR.

1. Introduction

The topological cyclic homology, TC(R), of a ring (or ring spectrum) R is a basic invariant intro-
duced by Bokstedt, Hsiang, and Madsen [BHM93] (see also Dundas, Goodwillie, and McCarthy
[DGM13] and Nikolaus and Scholze [NS18]) with many applications in algebraic K-theory. Its
p-adic completion TC(R; Z,,) arises as the fixed points of an operator called Frobenius on another
invariant TR(R;Z,), which plays a central role in the approach to TC via equivariant stable
homotopy theory. The construction TR(—;Z,) is often of arithmetic significance; for instance,
the foundational calculations [HMO03, HM04, GHO6] of the p-adic K-theory of local fields F' are
based on the relationship between TR(OF;Z,) and the de Rham-Witt complex with log poles
of OF

In this paper, we prove some structural results about TR and how it relates to its K(1)-
localization, throughout at an implicit prime number p. We will only consider p-typical TR and
after p-adic completion. The operation of K (1)-localization when applied to algebraic K-theory
is dramatically simplifying, as shown by Thomason [Tho85, TT90]; in particular, K (1)-local
K-theory satisfies étale descent and admits a descent spectral sequence from étale cohomology
under mild hypotheses; see [CM19] for a modern account. Here we study analogs of some of these
properties for Lg(;)TR(—). Our starting point is the following theorem.

THEOREM 1.1. As a functor on connective HZ-algebras, Ly 1yTR(—) is a truncating invari-
ant in the Land-Tamme sense [LT19]. In other words, if R is a connective HZ-algebra, then

Theorem 1.1 refines results of [LMMT20, BCM20], where it is shown that Lg 1)K (—) and
(equivalently) Ly 1)TC(—) are truncating invariants of connective HZ-algebras, which ultimately
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follows from the claim

and more generally (and consequently) for any HZ-algebra R,
Lig1yK(R) = LK (R[1/p]). (2)

In [BCM20], (1) is proved via a calculation in prismatic cohomology; in [LMMT20], (1) is proved
using some unstable chromatic homotopy theory. Our proof of Theorem 1.1 (which also gives
a new proof of (1)) is based on a direct TC-theoretic argument via estimation of exponents of
nilpotence of the Bott element; in fact, it yields a slightly stronger result (Theorem 3.1 below).

The property of being truncating yields many pleasant features of the construction
Lg)TR(—): by [LT19], one obtains edh-descent and excision. Since we are working K (1)-locally,
we can combine this with results of [CMNN20] to obtain h-descent.

THEOREM 1.2. Any K (1)-local localizing invariant which is truncating, such as L 1)TR(-),
satisfies h-descent on quasi-compact and quasi-separated (qcqs) schemes.

In particular, L q)TR(—) satisfies étale descent. This is not so surprising, since TR(—;Zj)
itself (like all Hochschild-theoretic invariants) actually satisfies flat descent; see [BMS19, §3].
However, Theorem 1.2 (together with (1)) leads to étale descent in the generic fiber. Since
TR(R;Z,) of a ring R depends only on the (derived) p-adic completion of R, we can informally
view L 1)TR(R) as an invariant of the ‘rigid space’ associated to R[1/p].

Ezample 1.3 (Galois descent in the generic fiber). Let R — S be a finite, finitely presented map
of rings. Suppose we have a finite group G acting on S such that R[1/p] — S[1/p] is G-Galois.
Then, for any K (1)-local localizing invariant F which is truncating, we have E(R) = E(S)"C.

Recall that the Lichtenbaum—Quillen conjecture, refined by the Beilinson—Lichtenbaum
conjecture proved by Voevodsky and Rost (see [HW19] for an account), predicts that for
Z[1/p)-algebras A satisfying mild finiteness conditions, the p-adic K-theory K(A;Z,) is
‘asymptotically K (1)-local’; that is, the map K(4;Zy) — Lg1)K(A;Zy) is an equivalence in
high enough degrees. We next discuss analogs of such statements for TR(R;Z,) for p-adic
rings R. Indeed, in [HMO03, HMO04] it is shown that if R is smooth of relative dimension d over
a discrete valuation ring O of mixed characteristic with perfect residue field of characteristic
p > 2, then TR(R;F)) — Lg1)TR(R;F,) is d-truncated; more precisely, this is a consequence of
the relationship shown in [HM03, HMO04] with the absolute de Rham—-Witt complex. We prove
this asymptotic K (1)-locality more generally for regular rings satisfying F-finiteness hypotheses
from the Beilinson—Lichtenbaum conjecture applied to the generic fiber as well as the connection
between TR and p-typical curves [Hes96]. We expect that there should be a purely p-adic proof
of this result (as in [HM03, HMO04] in the smooth case).

THEOREM 1.4. Let R be a p-torsion-free excellent regular noetherian ring. Suppose that R/p
is finitely generated as a module over its subring of pth powers. Suppose, furthermore, that for
all p € Spec(R) containing (p), we have dim Ry, + log,[+(p) : x(p)P] < d for some d > 0. Then the
map TR(R;Fy) — Lg)TR(R;Fp) is (d — 1)-truncated.
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Using the Antieau—Nikolaus theory of topological Cartier modules [AN21], we relate the
property of TR(R;F,) being ‘asymptotically K (1)-local’ to the extensively studied Segal con-
jecture for THH(R), that is, the condition that the cyclotomic Frobenius ¢: THH(R;F,) —
THH(R;IE‘p)tCP should be an equivalence in high degrees. In particular, we obtain a version of
the Segal conjecture for THH(R) when R is regular. We expect that there should be a filtered
version of this statement, using the motivic filtrations of Bhatt, Morrow, and Scholze [BMS19].

COROLLARY 1.5. Let R be as in Theorem 1.4. Then the cyclotomic Frobenius ¢: THH(R;F),) —
THH(R;F,)!C is (d — 1)-truncated.

Finally, we study the analog of Thomason’s spectral sequence [Tho85, TT90] from étale coho-
mology to K (1)-local algebraic K-theory. For a scheme X over Z[1/p] satisfying mild finiteness
conditions (to wit: X should be qcgs of finite Krull dimension, with a uniform bound on the mod
p virtual cohomological dimensions of the residue fields [R06, CM19]), one has a convergent
spectral sequence

Ey' = HY(X,Z,(t) = mor—sLca) K (X).

We can construct a similar spectral sequence for Lg(1)TR under significantly stronger finiteness
and regularity conditions, arising from a natural filtration. To formulate the Fs-term (or the
graded pieces of this filtration), we use the arc,-topology of [BM18].

DEFINITION 1.6 (The arc,-topology and arc,-cohomology). We say that a map of derived
p-complete rings R — R’ is an arcy,-cover if, for every map R — V for V a rank 1 valuation
ring which is p-complete and such that p # 0, there exist an extension of rank 1 valuation rings
V' — W and the following commutative diagram.

R — R

L

V—Ww

The arc,-topology is the finitary Grothendieck topology on the opposite of the category of derived
p-complete rings defined such that a family { R — R/ },ec4 is a covering family if and only if there
exists a finite subset A’ C A such that R — [] .4 R, is an arc,-cover.

Given any functor F from derived p-complete rings to abelian groups, we let
RT are, (Spec(R), F(—)) denote the arc,-cohomology of F(—) on a derived p-complete ring R.!

Example 1.7. (i) We can consider the arc,-cohomology of the structure presheaf O,
RTare, (Spec(R), O). This is closely related to the perfectoidizations considered in [BS19, §§7
and 8], which work with the p-complete arc-topology rather than the arc,-topology. For R = Z,,
it is not difficult to see that this is the continuous Gal(Q))-homotopy invariants of the derived

saturation (O¢). for C = Q, (in the sense of almost ring theory [GRO03]).
(ii) We consider the arc,-cohomology of the Witt vector presheaf W (Q), denoted R —
R a1, (Spec(R), W(0)), as well as its p-adic Tate twists W (O)(¢) for i € Z.

! For set-theoretic reasons, to define arc,-cohomology we should fix a cutoff cardinal. We will only consider
situations where the choice of cutoff cardinal does not affect the result.
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THEOREM 1.8. Let K be a complete nonarchimedean field of mixed characteristic (0,p) with
ring of integers Ok and residue field k with [k : kP] < co. Suppose either K is discretely valued or
K is perfectoid. Let R be a formally smooth O -algebra. Then there exists a natural convergent,
exhaustive Z-indexed descending filtration FilZ*LK(l)TR(R) on L 1)TR(R) such that

gr' Lic(1)TR(R) ~ Rl 4z, (Spec(R), W (O)(i))|2i]. (3)

Theorem 1.8 is effectively an étale hyperdescent (in the generic fiber) result together with
the calculation for perfectoids. For illustration, we specialize to the case where R = O, for
K discretely valued with perfect residue field. Then the filtration (3) arises via a type of pro-
Galois descent in the generic fiber. If L/K is G-Galois, Example 1.3 and Theorem 1.4 imply that
TR(Ok;F,) — TR(Op; Fp)hG is a O-truncated map. However, this does not help with passage to
K since TR does not commute with filtered colimits; note that TR has a simple form for O ; see
[Hes06]. Using again the theory of topological Cartier modules as a ‘decompletion’ of the theory
of cyclotomic spectra (see [AN21]), we prove the following pro-Galois result (see Example 6.9).

THEOREM 1.9. Let K be a complete, discretely valued field of characteristic 0 with perfect
residue field k of odd characteristic p. Let TR(Ok|K) denote the cofiber of the transfer map
TR(k) — TR(Ok). Then the natural map induces an equivalence

TR(0K|K,FP) — TZ()TOt <TR(OI’(,FP> = TR(OK(X)KK;IFP)E .. )

The idea that TR should satisfy this type of pro-Galois descent in the generic fiber is
expressed in [Hes02]; in particular, [Hes02, Conjecture 5.1] predicts a related (but stronger) con-
clusion at the level of homotopy groups (in particular, the vanishing of higher Galois cohomology
groups in the associated descent spectral sequence with Q,/Z,, coefficients).

Conventions

We write Sp for the co-category of spectra and S for the sphere spectrum. We use the theory of
cyclotomic spectra in the form developed in [NS18], as well as the theory of topological Cartier
modules developed in [AN21]; we write CycSp for the oco-category of cyclotomic spectra. We
write TR for p-typical TR. Given an E.-ring B, a homogeneous element x € 7.(B), and a
B-module M, we often write M /x for the cofiber of multiplication by x on M. In the case x = p,
we will often write this as ‘;F,’; for example, THH(B;F,) refers to the cofiber of p on THH(B).
A B-algebra always refers, unless otherwise specified, to an Ej-algebra in B-modules.

2. Generalities on K(1)-local truncating invariants

Let B be a base connective F.-ring. In this section we work with localizing invariants on
small B-linear idempotent-complete stable oo-categories. Unlike in [BGT13], we do not assume
compatibility with filtered colimits, so for us a localizing invariant is simply a functor from (small,
idempotent-complete) B-linear stable oo-categories to spectra which carries Verdier quotient
sequences to cofiber sequences. Following [LT19], we say that such a localizing invariant E' is
truncating if for every connective B-algebra A, we have E(A) = E(HmA). This implies [LT19,
Theorem B] that E satisfies excision.
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Ezample 2.1. The constructions Ly 1)K (—), Lg1)TC(—) are truncating on connective HZ-
algebras, as verified in [LMMT20]. For commutative p-complete rings, the two invariants actually
agree (we do not know if this is true for noncommutative p-complete rings; see [BCM20, Question
2.20]). Below we will show that L )TR(—) is truncating.

In the rest of the section we will assume for simplicity of notation that B is discrete; by the
assumption of truncatedness, this does not affect any of the results.

PROPOSITION 2.2. Let E be a K(1)-local localizing invariant of B-linear oco-categories which is
truncating. Then, on the category of discrete B-algebras, we have the following assertions.

(i) E is nilinvariant.
(ii) E annihilates any B-algebra C' which is annihilated by a power of p.
(iii) Let A — A’ be a map of B-algebras which is a p-isogeny. Then E(A) — E(A’) is an
equivalence.

Proof. For (i), the fact that E is nilinvariant follows from [LT19, Theorem B]. For (ii), since E is
nilinvariant, we may assume C' is an F)-algebra, so that E(C) is by the theory of noncommutative
motives [BGT13] a K(F,;Z,) = HZy,-module (the last identification by [Qui72]); since E is
K(1)-local we get E(C) = 0.

For (iii), the kernel of A — A’ is annihilated by a power of p, so by (ii) (and excision) we can
assume that A C A". Let n > 0, so p"A’ C A. Then the diagram

A A

| |

A/(ptA'NA) ——= A Jpr A

is a Milnor square of rings. Applying the localizing invariant E and using excision and (ii) again,
we conclude (iii). O

In the next result, we use Voevodsky’s h-topology for possibly non-noetherian schemes;
in other words, the topology generated by finitely presented wv-covers (also called universally
subtrusive morphisms); see [Ryd10] or [BS17, §2].

THEOREM 2.3 (h-descent for truncating K (1)-local invariants). Let E be a K(1)-local localiz-
ing invariant on B-linear oco-categories which is truncating. Then E satisfies h-descent on qcqs
B-schemes.

Proof. By the results of [LT19, Appendix A], E satisfies cdh-descent, and in particular satisfies
excision for abstract blow-up squares. The results of [CMNN20] imply that E satisfies finite
locally free descent. Since E also satisfies Nisnevich descent (as does any localizing invariant
[TT90]), we obtain that E satisfies fppf descent thanks to [Sta20, Tag 05WN]. By [BS17, Theorem
2.9], h-descent (for any sheaf) is implied by fppf descent and excision for abstract blow-up squares.
Combining these facts, we conclude. O

Example 2.4. Let E be as above. Let m: X’ — X be a finitely presented proper morphism
(e.g. a finitely presented closed immersion) of qcqs B-schemes such that X'[1/p] = X[1/p].
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Then E(X) = E(X'). In fact, by cdh-descent, we have a pullback square

E(X®F, — E(X'®F,)
and the terms on the bottom vanish by Proposition 2.2.

In the next result we use the notion of nilpotence of a group action; see [Matl8, §4.1] or
[CM19, Definition 2.17] for accounts, or [MNN17] for the general setup in equivariant stable
homotopy theory. Let G be a finite group. The collection of nilpotent objects of the co-category
Fun(BG,Sp) is the thick subcategory generated by the objects which are induced from the
trivial subgroup. For an algebra object of Fun(BG, Sp), nilpotence holds if and only if the Tate
construction vanishes. A module over a nilpotent algebra object in Fun(BG, Sp) is itself nilpotent.

COROLLARY 2.5 (Galois descent in the generic fiber). Let E be a K(1)-local localizing invari-
ant of B-linear co-categories which is truncating. Let R — S be a finite and finitely presented
map of (commutative, discrete) B-algebras. Let G be a finite group acting on S via R-algebra
maps. Suppose that R[1/p] — S[1/p] is G-Galois. Then the natural map induces an equivalence
E(R) = E(S)"“. Moreover, the G-action on E(S) is nilpotent.

Proof. Replacing S with S x R/p, we may assume without loss of generality that R — S is an
h-cover. Then, by Theorem 2.3, we have

E(R) ~ Tot(E(C(R — S)*)) = Tot <E(S) = E(S®rS)— .. ) (4)

Since the group G acts on S, we have a natural map of cosimplicial rings from the Cech nerve
C(R — S)* to the standard resolution S = [[, S E for G acting on S (which calculates S"“).
This map of cosimplicial rings is an isogeny in each degree; for example, in degree 1, S ®r S —
[I S is an isogeny because it is a map of finitely presented R-modules (see [Sta20, Tag 0564])
which induces an isomorphism after inverting p thanks to the Galois hypothesis. Therefore, by
Proposition 2.2, we find that the map induces an equivalence after applying E, and we find from
(4) that

E(R) = Tot (E(S) = E(H s) = ) = B(S)"C,
G

which is the desired claim. Finally, to see that the G-action on E(S) is nilpotent, we use that
E(S) is a module G-equivariantly over Ly (1)K (S) — Ly 1)K (S[1/p]) (via (2)), and the G-action
on L 1)K (S[1/p]) is nilpotent by [CMNN20, Theorem 5.6] (see also [CM19, Lemma 4.20]). [

3. The truncating property of Lg1)TR(—)

In this section we prove the following basic result. Throughout, we fix a connective, K (1)-acyclic
E-ring B (e.g. HZ).
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THEOREM 3.1. The construction Ly yTR(—) is truncating on connective E1-B-algebras. More
generally, for any set (),> the construction LK(l)(HQ TR(—)) is truncating on connective E;-B-
algebras.

The proof of Theorem 3.1 will rely on a K (1)-acyclicity criterion for cyclotomic spectra
(Proposition 3.6), which will use some elementary estimates for exponents of nilpotence with
respect to the Bott element (.

In the following, we let ku denote the connective topological K-theory spectrum, so 7. (ku) =
Z[B) with | 8| = 2. Since B is K (1)-acyclic, the associative ring spectrum B ® ku/p is annihilated
by a power of 5. Our strategy is roughly based on bounding the exponents of nilpotence for 3
in the fixed points THH(B)®»" ® ku/p and, in particular, showing that they are O(p™).

Recall that ku is complex-oriented, leading to the following result.

PROPOSITION 3.2. Let M be a ku-module equipped with an S'-action. Then, for each n > 1,
the natural map induces an equivalence

MhSI ®ku351 kuBCpn -~ thpn' (5)

Proof. Compare [MNN17, §7.4]. In fact, via the projection formula, M"“»" ~ (M @y,
kuS' /G )hST Here kuS'/Crm denotes the ku-valued function spectrum of S/ Cpn with the corre-
sponding S!-action, and the tensor product is taken in Fun(BS*, Mod(ku)). Let V;, denote the
one-dimensional complex representation of S* where z € S acts by multiplication by 2P, and let
S(Vy,) denote the unit circle in V;, as an S'-space, so S(Vy,) ~ S /Cpn. The Spanier-Whitehead
dual of the Euler sequence in Fun(BS*,Sp), S(V,,)y+ — S° — SY» and the complex orientabil-
ity of ku together show that kuS' /" € Fun(BS?, Mod(ku)) belongs to the thick subcategory
generated by the unit. Therefore, applying the right adjoint (—)"5": Fun(BS', Mod(ku)) —
Mod (kuB5"), we find that the natural map

MhSl ®ku351 (kusl/cpn)hsl N (M ®ku k‘usl/cp")hsl _ Mth"
is an equivalence, whence the result. 0

By complex orientability, we have
1
m(kuP5) = Z[G)[[2]], 8] =2, |2 = 2.

Consider the formal group law over Z[3] given by f(u,v) = u + v + Buv; this is the formal group
law associated to the complex-oriented ring spectrum ku, and is homogeneous of degree —2
if |u|, |v] = —2. We have an equivalence kuBS' /z ~ ku. More generally, let [p"](z) € m, (kuBS")
denote the p-series of the formal group law f; modulo p, we have [p"](z) = B —1zP" since
[p"](z) is homogeneous of degree —2 and recovers the multiplicative formal group law under the
specialization (3 +— 1. By the Eilenberg—Moore spectral sequence or Gysin sequence (of which (5)
is a form), we have

kP = kuP5 /([p"](2)). (6)

2 This states informally that if A is a connective B-algebra, then the fiber of the map TR(A;F,) — TR(Hno(A);Fp)
has the property that each degree is annihilated by a power of v1 (depending on the degree; note that this condition
is slightly stronger than the fiber simply being K (1)-acyclic).
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PROPOSITION 3.3. Let A be a connective En.-ring spectrum with S'-action. Suppose that 3" = 0
in m.(A ® ku/p). Then in 7.((A ® ku)"“»" /p) we have pP" 177" = (.

Proof. Let R = A® ku/p, so R is an associative ku-algebra spectrum with S'-action. Consider
the S'-homotopy fixed points Rhsl7 which is a kuBSl—algebra. Since p = 0 in moR, we have by
Proposition 3.2 and (6),

Rthn — RhS1 ®ku351 kuBCpn — Rhsl/[p”](:v) — Rhsl/(ﬁp"—1$p")‘

Our assumption is that " =0 in m.(R), which means that we can write " =av €
7 (R"") for some v since R = RM'' /z. It follows that in m,(R"®"), we have gP" 1" =
B~ av)P" = 0. O

Now we apply the above to the E.-ring THH(B) equipped with its S!-action; recall that B
is assumed connective and K (1)-acyclic.

PROPOSITION 3.4. There exists a constant k > 0 such that for each i > 0 we have the following
assertions.

(i) We have that %' = 0 in (ku/p @ THH(B))":.

(i) Let N be a THH(B) ® ku-module in Fun(BS*,Sp). Suppose that N (as a THH(B) ® ku-
module in Fun(BS!, Sp)) is induced from the cyclic group C; C S*. Then, for any t, Ny,c, /p
is annihilated by 3.

Proof. To prove (i), using the transfer and restricting to a p-Sylow subgroup, we may reduce to
the case where ¢ is a power of p, say ¢ = p”. Then the claim follows from Proposition 3.3, since
3 is nilpotent in ku/p @ THH(B) since B is K(1)-acyclic. It follows that we can find a &1 such
that 3717 = 0 in (ku/p @ THH(B))"“ for all i > 0.

For (ii), consider a THH(B) ® ku-module N in Fun(BS',Sp) which is the induction of a
THH(B) ® ku-module N’ in Fun(BCj, Sp). It follows that Nyg1/p = (N'/p)nc, is a module over
(ku/p ® THH(B))"“, writing homotopy orbits as a module over homotopy fixed points; this is
therefore annihilated by 8% by the previous part of the result. For any t, let W; be the one-
dimensional complex representation of S! where z acts by multiplication by z!, so the unit circle
S(Wy)4 = (SY/Cy). as St-spaces. We have Nj¢, = (N ® S(W;)4)nst by the projection formula
for induction and restriction along C;y C S'. Then the Euler sequence S(W;); — S% — SW (as
in the proof of Proposition 3.2) and the complex orientability of ku yield a fiber sequence Npc, —
Njs1 — X2N),q1. Therefore, Ny, /p is annihilated by 5%%1%; taking x = 2k; we conclude. g

For the next result, we use the notion of a (nonnegatively) graded cyclotomic spectrum’ see
[AMMN20, § 3 and Appendix A] or [Bru01]. A graded cyclotomic spectrum consists of a graded
spectrum X = @,~, X; equipped with an Sl-action together with a graded S'-equivariant

cyclotomic Frobenius ¢;: X; — X;Z(-j” for each i. Given a nonnegatively graded Ej-ring R, the
topological Hochschild homology THH(R) acquires the structure of a graded cyclotomic spec-
trum. Given a graded cyclotomic spectrum X, we can consider a graded cyclotomic spectrum
X>; where we only consider the graded summands in degrees 7 or higher; this gives any graded
cyclotomic spectrum a natural descending filtration. The filtration quotients X>;/X>,; have
trivialized Frobenius because of the grading, and their TR can be thus described explicitly.

1086

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007144

ON K(1)-LocaL TR

Construction 3.5 (TR of cyclotomic spectra with zero Frobenius). Suppose X € CycSpy, is
p-complete with trivialized Frobenius. Then, as in [AN21, Remark 2.5] and [NS18, Corollary
I1.4.7], we obtain a natural equivalence

TR(X;Zy) = [ [ Xnc,- (7)
>0

For this, we also use the identification for n > 1, (XCr)"%n—1 ~ X0 gee [NS18, Lemma
11.4.1].

PROPOSITION 3.6 (K (1)-acyclicity criterion). Let X be a positively graded cyclotomic spectrum
with the structure of a THH(B)-module. Suppose, for each i > 0, that the following assertions
hold.

(i) X; is (2p + 1)ki-connected (where k is as in Proposition 3.4).
(ii) As a THH(B)-module in Fun(BS*', Sp), X; is induced from the cyclic group C; C S*.

Then, for any set Q, [[o TR(X) is K(1)-acyclic.

Proof. For simplicity of notation, we write TRg(—) = [[ TR(—). The construction TRq(—)
is exact and commutes with geometric realizations on CycSpsq; therefore, it commutes with
tensoring with ku. Without loss of generality, we can therefore assume that X is a THH(B) ® ku-
module in graded cyclotomic spectra. Here we regard ku as a trivial cyclotomic spectrum, that
is, via the image of the unique symmetric monoidal functor Sp — CycSp.

We consider the descending filtration {Fil="X = X >pn In>0 on the cyclotomic spectrum X;
note that the associated graded terms have trivialized Frobenii for degree reasons. This yields a
filtration on the spectrum TRq(X), with Fil"TRq(X) = TRg(Xspn). Since TR(—) preserves
connectivity, our assumptions imply that Fﬂz"TRQ(X ) is (2p 4+ 1)kp™-connective.

We have by (7) that gr"TRq(X) = nc;cpn+1 [lg thO(Xi)hCPt7 since the cyclotomic
Frobenius is trivial on gr"X for grading reasons. Since X; is induced from C; C S, it follows
from Proposition 3.4 that the ku-module gr" TR (X)/p is annihilated by Bt

Now |3| =2, and 22?;01 kp'tt < (2p + 1)kp™ with the difference tending to oo as n — oo.
Applying Lemma 3.7 below, we conclude that inverting § annihilates TRg(X)/p, whence
TRqg(X) is K(1)-acyclic as desired. O

LEMMA 3.7. Let R be a connective Fi-ring spectrum, and let z € m,(R) be an element. Let
{Fﬂz"Y}nZO be a filtered R-module spectrum. Suppose that there exist functions f,g: N — N
such that:

(i) gr™(Y) is annihilated by /(");

(ii) Fil="(Y) is g(n)-connective;
(iii) g(n) —t 314 f(i) — oo for n — oo.

Then Y[1/z] = 0.
Proof. Let y € m5(Y). For each n > 0, the class ¢/ (O ()+-+f(n=1y c 7 (V) naturally lifts to

7Ts+t(f(0)+..,+f(n,1))(FilZ”Y). But for n > 0, the connectivity of Fil=™Y forces this last group to
vanish. Therefore, the image of y in m4(Y'[1/z]) vanishes as desired. O
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We now use the following basic calculation of THH of a free associative algebra, as a spectrum
equipped with S'-action. Versions of this are classical in ordinary Hochschild homology; see
[Lod98, §3.1]. In the language of factorization homology, this result is a special case of the
calculation of the factorization homology of a free algebra ([AFT17, Proposition 4.13] and [AF15,
Proposition 5.5]).

THEOREM 3.8 (THH of a free associative algebra). Let M be a spectrum, and let T(M) =
@nzo M®"™ be the free Eq-algebra spectrum generated by M. Then there is a natural equivalence
in Fun(BS*, Sp),
THH(T(M)) ~ @ Indf, (M®™), (8)
n>0

where we use the natural C,,-action on M®"™ by permuting the factors.

Proof. The results of [AFT17, AF15] (applied to the framed manifold S') imply that
THH(T(M)) =~ [¢1 T(M) = B,,~0(Conf,(S'); @ M®)5,, for Conf,(S') the configuration
space of n ordered points on the circle. One checks now (see [CJ98, Example 11.14.4]) that
Conf,(S'), as a space with S x ¥,-action, is homotopy equivalent to (S! x %,,)/C,, (with C,
embedded diagonally), whence the claim. O

ProrosiTION 3.9. Let M, N be connective spectra. Then the map of cyclotomic spectra
THH(T(M & N)) ® THH(B) — THH(T(M)) © THH(B)
induces an equivalence on Ly (1)([[o TR(—)) for any set Q if N is at least r(2p + 1)-connective.

Proof. We can consider the tensor algebra T'(M @& N) as a graded Ej-ring spectrum where M
is placed in degree 0 and N is placed in degree 1. In this case, if we collect the terms in (8), we
find that the ith graded piece of THH(T'(M @ N)) is the component which is i-homogeneous.
Explicitly, for any subset I C (n) = {1,2,...,n}, we write (M, N)2(n\LD) for the ordered tensor
product of n factors, where the jth factor is M if j ¢ I and N if j € I. Expanding (8) gives

THH(T(M @ N)); = @Indg;( b o, N)®(<">\“)>. (9)
Ic(

n>0 n),|I|=t

Here the Cj-action on the parenthesized term in (9) permutes the various summands. Note in
particular that the stabilizer of I C (n) in the nth summand is a subgroup of a cyclic group
C; C C,, since |I| =i. In particular, it follows that the ith graded piece of THH(T(M @ N))
is induced from C; C S'. Furthermore, since N is at least #(2p + 1)-connective, it follows that
the ith graded piece of THH(T'(M & N)) is at least x(2p + 1)-connective. By Proposition 3.6, it
follows that the positively graded part of THH(T'(M @ N)) ® THH(B) has vanishing K (1)-local
[Io TR(—) for any set @, whence the result. O

For the next result, if R is an Ej-ring spectrum and N an (R, R)-bimodule, we let Tr(N) =
@nzo N ®r N ®p---®pr N be the free Fj-algebra under R generated by N.

PROPOSITION 3.10. Let R be a connective B-algebra. Let N be an at least x(2p+ 1)-
connective (R, R)-bimodule. Then the map THH(Tg(N)) — THH(R) induces an equivalence

on L 1)([Tg TR(—)) for any set Q.
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Proof. Simplicially resolving N by free (R, R)-bimodules (since [[, TR(—) commutes with geo-
metric realizations), we may assume that N is free on generators (possibly infinitely many) in
degrees k(2p + 1) or higher. Simplicially resolving R by free B-algebras, we may assume that
R is free as well, on some classes in degrees at least 0. In this case, the result follows from
Proposition 3.9. U

LEMMA 3.11. Let E be a localizing invariant of B-linear oo-categories. Suppose that there
exists k > 0 such that for every connective B-algebra R, we have E(R) — E(r<iR). Then E is
truncating.

Proof. We show by descending induction® that for any i > 0 and for any connective B-algebra
R, the map R — 7<;R induces an equivalence on E; taking 7 = 0 gives the theorem. For i > k, we
already know the claim by assumption. Suppose we know the claim for ¢ + 1; to prove the claim
for i, we need to see that 7<; 1R — 7<; R induces an equivalence on E. Now 7<;41 R — 7<;R is
a square-zero extension, that is, we have the following pullback diagram of B-algebras.

T<it1R H(mR)

| |

TSiR B —— H(T('()R) D H(Tri_HR) [Z + 2]

Since E is a localizing invariant, the main result of Land and Tamme [LT19] yields a
B-algebra R with underlying spectrum H(moR) ®+_, , r T<; R fitting into a commutative diagram
of B-algebras

T<i+1R —— H(mR)

| |

ng‘R R

which is carried to a pullback by E. But the map H(mR) — R is an equivalence in degrees
up to ¢+ 1 and therefore induces an equivalence on F by the inductive hypothesis. Therefore,
E(1<i+1R) — E(7<;R) is an equivalence, whence the inductive step and the result. O

Proof of Theorem 3.1. As before, we write TR (—) = [[o TR(—) for a set Q. For any connective
B-algebra R, we claim that R — T<,p11)R induces an equivalence on L K(l)TRQ(—). Indeed,
this follows from Proposition 3.10 because we can simplicially resolve 7<,(,11)R using free
R-algebras over free (R, R)-bimodules on classes in degrees £(2p + 1) or higher and since TRg(—)
commutes with geometric realizations. The result now follows from Lemma 3.11. 0

COROLLARY 3.12 (cf. [LMMT20]). The invariants Ly K (), Lg1)TC(—) are truncating on
connective B-algebras.

Proof. The result for L 1)TC(—) follows from Theorem 3.1 by taking Frobenius fixed points.
The result for Ly 1)K (—) is a formal consequence since the fiber of the trace K(—) — TC(—) is
truncating by the Dundas-Goodwillie-McCarthy theorem [DGM13]. O

3 This type of argument is also used in [LMMT20, §3.2].
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COROLLARY 3.13 [LMMT20, BCM20]. For any n, we have Ly 1)K(Z/p") =

Proof. Take B = HZ in Theorem 3.1, so Lg(yTC(~) is truncating and therefore nilinvariant
on connective HZ-algebras. Then the result follows because the Dundas—Goodwillie-McCarthy
theorem and comparison with F) yield Ly K (Z/p") = Lg1)TC(Z/p"), but the above shows
that this equals Ly yTC(F,) = 0. O

4. Asymptotic K (1)-locality

In this section we show (Theorem 4.8) that TR is asymptotically K (1)-local for a regular ring
satisfying mild hypotheses, using the Beilinson—Lichtenbaum conjecture. This result is due to
Hesselholt and Madsen in the case of smooth algebras over a DVR with perfect residue field of
characteristic greater than 2, which we begin by reviewing.

THEOREM 4.1 (Hesselholt-Madsen [HMO03, HMO04]). Let K be a complete, discretely valued
field of characteristic 0 with ring of integers O C K and perfect residue field k of characteristic
p > 2. Let R be a smooth Og-algebra of relative dimension d. Then the map

TR(R; Fp) — LK(l)TR(R; Fp)
is d-truncated.

Proof. Without loss of generality, we can assume that p, C K, since otherwise TR(R;F,) is a
retract of TR(R[(,]; Fp) via the transfer. In this case, the result follows from [HM04, Theorem E].
Indeed, [HM04, Theorem E] gives a calculation of the cofiber TR(R|R;F,) of the transfer map
TR(R ®0, k;Fp) — TR(R;Fp). Since TR(R ®o,, k;Fp) is K(1)-acyclic and d-truncated in view
of the identification [Hes96] with the de Rham—Witt complex of R ®o, k, it suffices to verify the
(stronger) claim that TR(R|Rk;Fp) — L) TR(R|Rk;Fp) is (d — 2)-truncated. Equivalently
(see Lemma 5.8 below), it suffices to show that the cofiber of the Bott element on TR(R|Rk;F))
is (d 4 1)-truncated. In fact, this follows from the calculation in [Hes96], once we know that the
absolute de Rham—-Witt complex WQ( RMp) is p-divisible in degrees d 4+ 2 or higher. This in
turn follows from the case where R = O (See [HMO03, Corollary 3.2.7]; the case of polynomial
rings via the functor P (see [HMO04, Lemma 7.1.4] and its proof); and finally, étale base-change
[HMO04, Lemma 7.1.1]. O

Construction 4.2 (TR as p-typical curves). Let R be an animated ring.* We let
C(R) = lim QK (Rla]/a", (x)) (10)

n
denote the spectrum of curves on the K-theory of R, defining a functor from animated rings to
spectra. By [Hes96, Theorem 3.1.9], if R is a discrete Z/p’-algebra for some j, we have a natural
expression of TR(R;Z,) as a summand of C'(R;Z,) (note that we are considering p-typical TR,
while in [Hes96, Theorem 3.1.9] global TR is considered). Left Kan extending both sides to

animated rings (since both TR(—) and C(—) commute with geometric realizations),” we obtain

4 Also called a simplicial commutative ring; see [CSI9] for a discussion of this terminology.
5 For C(—), this follows from the expression K (R[z]/z", (z)) = TC(R[z]/x", (x)), using that TC of connective
ring spectra commutes with geometric realizations, and passing to the limit along n.
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that TR(R;Z,) is naturally a summand of C(R) for R an animated Z/p’-algebra. Passing to
the limit over j and using the p-adic continuity of K-theory [CMM21, Theorem 5.21], we find
that for any p-henselian animated ring R (i.e. mo(R) is p-henselian), TR(R;Z,) is a summand of

C(R; Zyp).

Next, we discuss the comparison between the p-adic K-theory of R and R[1/p]; see [Niz08,
Lemma 3.5] for this argument.

PROPOSITION 4.3. Let R be a regular noetherian ring of finite Krull dimension. Suppose, for
every z € Spec(R/p), that we have [k(z) : k(x)P] < p?. Then the map K (R;F,) — K(R[1/p];F)
is d-truncated.

Proof. The homotopy fiber of the map in question is, by Quillen’s dévissage theorem, the
mod p K-theory of the abelian category of finitely generated R/p-modules, that is, the mod p
G-theory of R/p, G(R/p;Fp). So it suffices to show that G(R/p;F,) is concentrated in degrees
up to d. Using the filtration by codimension of support and dévissage (see [Qui73, Theorem 5.4]),
we find that G(R/p;Fp) has a filtration whose associated graded terms are direct sums of the
K (k(x);Fp) for x € Spec(R/p); it therefore suffices to show that these terms are d-truncated. But
now the Geisser—Levine theorem [GLO0O0] implies that for any field E of characteristic p, there is
an embedding K, (E;F,) — Q% /5, - This implies that K(k(z);Fp) is dim,,y) Q}@(Z)/Fp—truncated.
But dim,,) Qfli(z)/mp = log,[r () : k(x)P] < d by the theory of p-bases [Mat86, Theorem 26.5].
Combining these facts, the result follows. O

PROPOSITION 4.4 (Rosenschon-@stveer [RO06]). Let R be a regular noetherian Z[1/p|-algebra
of finite Krull dimension. Suppose that ved,(k(z)) < d for all x € Spec(R[1/p]). Then the map
K(R;Fp) — Lgq)yK(R;F,) has (d — 3)-truncated homotopy fiber.

Proof sketch. Using Nisnevich descent [TT90], we reduce to the case where R is henselian local,
and even a field of characteristic not equal to p by Gabber—Suslin rigidity [Gab92]; note that
we do not have to worry about the distinction between connective and nonconnective K-theory
by regularity. Then the result follows from the Beilinson—Lichtenbaum conjecture (proved by
Voevodsky and Rost; see [HW19]) describing the associated graded terms of the motivic filtration
on K(R;F,) (see, for example, [CM19, §6.2] for an account). O

PRrROPOSITION 4.5. Let R be an excellent normal domain which is henselian along an ideal I C R
containing (p). Suppose that, for all p € Spec(R) containing I, we have dim Ry, + log,[k(p) :
k(p)P] < d. Then, for all q € Spec(R[1/p]), the residue field k(q) has p-cohomological dimension
at most d + 1.

Proof. By standard continuity arguments, it suffices to show that for any affine open U =
Spec(R[1/f]) C Spec(R[1/p]) and any constructible p-torsion sheaf F on U, we have H" (U, F) =
0 for n > d + 1. Denote by j: U — Spec(R) the open inclusion, and denote by ig: Spec(R/I) —
Spec(R) the closed embedding. Using that Spec(R/I) has p-cohomological dimension at most 1
and the affine analog of proper base change [Gab94, Hub93] applied to the henselian ideal I C R,
we see that it suffices to show that ¢gR"j.F = 0 for n > d.

Working stalkwise on R and using the compatibility of étale cohomology with filtered colimits,
we can now reduce to the case where R is an excellent, strictly henselian normal local domain with
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residue field k£ (and I C R is contained in the maximal ideal), since excellence and normality are
preserved by strict henselization (see [Gre76] for the former). The statement then becomes that

H"™(U,F) =0 for n > d, which follows from the Gabber-Orgogozo bound [GO08, Theorem 6.1]
(noting that the p-dimension of the residue field & is log,[k : k] since k is separably closed). [

Remark 4.6. Suppose that Ry is a ring such that Ry/p is finite type over a perfect field k of
characteristic p. Then, for every prime ideal p € Spec(Rp) containing (p), we have dim(Rp), +
log, [k (p) : K(p)P] < dim(Rp). Indeed, we have dim(Rg), + dim(Ro/p) < dim(Rg). Therefore, it
suffices to prove log,[k(p) : k(p)P] = dim(Ro/p). But in this case, both are the transcendence
degree of the field x(p) over k; see [Mat80, Theorem 27.B].

LEMMA 4.7. Let Ry be an IF,-algebra. Suppose that for all residue fields xk of Ry, we have
[k : kP] < p? for some d > 0. Then, for all residue fields ' of Ry[[z]], we have [s : k'P] < pd*1.

Proof. We have that Ry[[z]] is generated by p elements over the subring generated by its pth
powers and by Ry. For every residue field k of Ry, it follows that Ry[[z]] ®R,  is generated by p
elements over the subring generated by pth powers together with «. In particular, it is generated
by p?t! elements as a module over its pth powers. It follows that the same holds for any residue
field of Ryl[[x]] ®R, K and, varying k, we obtain the conclusion for every residue field of Ry. [

THEOREM 4.8. Let R be an excellent, p-torsion-free regular noetherian ring. Suppose R/p is
finitely generated as a module over its subring of pth powers. Suppose, furthermore, that for all
p € Spec(R) containing (p), we have dim Ry + log,[k(p) : k(p)?] < d for some d > 0. Then the
map TR(R;Fy) — Lg)TR(R;Fp) is (d — 1)-truncated.

Proof. Without loss of generality, we can assume that R is p-henselian (since henselization
preserves excellence; see [Gre76]), so dim R < d. By Construction 4.2, it suffices to show that
C(R)/p — LgyC(R)/p is (d — 1)-truncated. Now C(R) is the desuspension of the fiber of the
map lim K (R[z]/z") — K(R). With p-adic coefficients, the fact that R/p is finitely generated
as a module over its pth powers allows us to pass to the limit [CMM21, Theorem F] and we
obtain

C(R;Fy) = QK (R[]}, (z); Fp).

Since K (R) is a retract of K(R[[z]]), it suffices to show that the fiber of K(R[[z]];F,) —
Lgq)yK(R[[z]];Fp) is d-truncated. We will verify this by comparing both sides with the
intermediate term K (R[[z]][1/p];Fp).

First, for every characteristic p residue field x of R, corresponding to a prime ideal p C R
containing (p), we have [k : kKP] < p?~! by our assumption, since dim R, > 1. Now R[[z]] is also a
p-torsion-free regular ring of dimension dim(R) + 1. For every characteristic p residue field " of
R][z]], we have [k’ : "] < p? by Lemma 4.7. By Proposition 4.3, it follows that K(R[[z]];F,) —
K(R[[z]][1/p];F,) is d-truncated.

Second, we apply Proposition 4.5 to the ring R[[z]] and the ideal I = (p,x). The power
series ring R|[[x]] remains excellent (and regular) since R is excellent, thanks to [KS16]. For any
prime ideal p € Spec(R|[[z]]) containing I, we let po =p N R C R, so that R[[z]],/(x) = Rp,.
Then dim(R[[z]]) = dim(Ry,) + 1 and k(p) = k(po). Thus, Proposition 4.5 applies to R[[x]]
(with d replaced by d+ 1) and we find that the characteristic 0 residue fields of R[[z]] have
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p-cohomological dimension at most d + 2. Therefore, by Proposition 4.4, K(R[[z]][1/p];F),) —
LyqyK(R[[z]][1/p]) is (d — 1)-truncated.

Combining the above, we find that the composite map K (R[[z]];F,) — Ly ) K (R[[z]];F}) ~
L)y K(R[[z]][1/p]; Fp) (the last identification by (2)) is d-truncated, whence the result. O

This recovers in particular Theorem 4.1. More generally, we have the following example.

Ezample 4.9. Let R be a d-dimensional regular, excellent p-torsion-free noetherian ring with R/p
finitely generated over its pth powers. Suppose that (R/p)eq is finite type over a perfect field
(and necessarily of dimension d — 1). Then Theorem 4.8 (in view of Remark 4.6) applies to show
that TR(R;F,) — Ly )TR(R;Fp) is (d — 1)-truncated.

5. The Segal conjecture

In this section we discuss the relationship between the following two properties of a cyclotomic
spectrum X:

(i) TR(X) agrees with its K (1)-localization in high enough degrees;
(ii) the cyclotomic Frobenius px: X — X'? is an equivalence in high enough degrees.

Property (i) is the Lichtenbaum—Quillen style statement discussed in the previous section,
and verified for THH(R) under regularity and finiteness hypotheses. Property (ii) is often referred
to as the ‘Segal conjecture’ since for X = THH(S), the Frobenius S — S!C7 is a p-adic equivalence
by the Segal conjecture for Cp, proved in [Lin80, Gun80]. The Segal conjecture has been studied
extensively for THH(R) for R a ring (or ring spectrum).

We first show the implication (i) = (ii). We use the Antieau—Nikolaus theory of topological
Cartier modules [AN21], which we begin by briefly reviewing.

DEFINITION 5.1. A topological Cartier module M is an object of Fun(BS*, Sp) together with
maps V: Myc, — M and F: M — M"Cr in Fun(BS", Sp) together with a homotopy between
the composite and the norm map Myc, — M hC (considered S* ~ ST/ Cp-equivariantly). The
collection of topological Cartier modules is naturally organized into a presentable stable
oo-category.

Given a bounded-below, p-typical cyclotomic spectrum X, we can consider TR(X) as a topo-
logical Cartier module, and we have an identification X ~ cofib(V'). Under these identifications,
the cyclotomic Frobenius X — X*C7 is obtained from F: TR(X) — TR(X)"®» by taking cofibers
by V on both domain and codomain and identifying TR(X)'®» ~ X'“» as (TR(X)sc, )% =0
[NS18, Lemma I.2.1]. On bounded-below objects, this construction establishes a fully faithful
embedding from cyclotomic spectra into topological Cartier modules, with image given by the
V-complete objects [AN21, Theorem 3.21].

PROPOSITION 5.2. Let X be a connective, p-complete cyclotomic spectrum whose underlying
spectrum is K (1)-acyclic. Suppose the map TR(X) — LgyTR(X) is d-truncated. Then the
Frobenius ¢: X — X'r is d-truncated.

In the case Lg(1)TR(X) = 0, the result is [AN21, Proposition 2.25].
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Proof. Since X is K(1)-acyclic, it follows that V: TR(X)nc, — TR(X) is K(1)-locally an
equivalence. The K (1)-localization Ly 1)TR(X) acquires the structure of a topological Cartier
module as well by K(1)-localizing F,V and using the comparison map LK(l)(TR(X)hCP) —
(Lg1yTR(X))"C. The composite map (L (1)TR(X))nc, — (L) TR(X))"“? is an equivalence
after p-completion since Tate constructions vanish in the K (1)-local category. Since we saw
that V' is an equivalence on LK(l)TR(X ) after p-completion, it follows that the Frobenius on
L 1)TR(X) induces an equivalence

LiyTR(X) & (L TR(X))".

For a topological Cartier module Y, we consider the fiber of F = Fy: Y — Y"%  which
we denote fib(F'). As we saw above, fib(F) is contractible for the topological Cartier module
L 1)TR(X). Moreover, fib(F) is d-truncated for the topological Cartier module fib(TR(X) —
Lg1)TR(X)) because this topological Cartier module is itself d-truncated. In particular, we find
that fib(F: TR(X) — TR(X)"“?) is d-truncated. Taking the cofiber on both the domain and
codomain of the Verschiebung, we find that fib(F: TR(X) — TR(X)"?) = fib(¢: X — X*C»)
which is therefore d-truncated as desired. U

Combining Proposition 5.2 and Theorem 4.8, we obtain the following result. Versions of
the Segal conjecture have been studied by many authors. For instance, it is known that
THH(Z,; F,) — THH(Z,; F,)!¢" is an equivalence on connective covers [BM94, Lemma 6.5].
Compare [HMO3] for the more general case of a DVR Ok of mixed characteristic and perfect
residue field of characteristic p > 2. The Segal conjecture for smooth algebras in characteristic
p appears as [Hesl8, Proposition 6.6] and (at the filtered level) [BMS19, Corollary 8.18]. The
Segal conjecture has also been verified for certain ring spectra as well; see [AR02, LR11, AQ21].

COROLLARY 5.3 (The Segal conjecture for regular rings). Let R be a p-torsion-free excellent
regular noetherian ring with R/p finitely generated over its pth powers. Suppose that for all p €
Spec(R) containing (p), we have dim Ry, + log,[k(p) : k(p)P] < d. Then the map THH(R;F,) —
THH(R; F,)!¢ is (d — 1)-truncated.

Question 5.4. Is it possible to prove a filtered version of this result, with respect to the motivic
filtrations [BMS19] on both sides?

We next discuss the converse direction. Here we only prove the result under a more restrictive
hypothesis, namely for cyclotomic spectra which are ku-modules.

Example 5.5. Let C = @p. If R is a O¢-algebra, then the cyclotomic trace makes THH(R;Z,)
into a ku-module in view of the equivalence kuy ~ K(Oc;Zp); see [Niz98, Lemma 3.1], [Sus83],

—

and [Hes06]. One can improve this slightly: K (Zy[(pe]; Zy) has the structure of an E..-algebra

—

under ku, so the same applies to any Zp[(pe~]-algebra R. This follows from three facts. First,

o — —

K (Zp[Cpee]; Zyp) ~ K(Qp(Cp); Zyp); see [HN19, Lemma 1.3.7] for this argument (which only uses

—

that the field Q,({pe) is perfectoid). Second, since Qp/((p\oo) is perfectoid, it has p-cohomological

—

dimension at most 1 by the tilting equivalence, whence K(Qp((pe); Zp) — Ly (1)K (Qp(Cpee); Zyp)
is the connective cover map; see Proposition 4.4. Third, L 1)K (Z[(p=]) has the structure of an
E-algebra under KU and hence ku; see [BCM20, Construction 3.7].

1094

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007144

ON K(1)-LocaL TR

LEMMA 5.6. Let M € Fun(BS!, Mod(HF,)) be an r-connected object. Suppose that there exists
a map f: M — M’ in Fun(BS',Mod(HF,)) such that M’ is induced (as an object with
S'-action) and such that f is an equivalence on T>,. Then there exists a map M — M of
r-connected objects in Fun(BS', Mod(HTF,)) which induces an equivalence on T>,41 and such
that M is induced.

Proof. The homotopy groups m.(M), m.(M') form graded modules over the ring m.(F,[S!]) =
Fple]/€?, |e| = 1. By assumption, m.(M’) is a free graded Fp[e]/e*-module and m.(M) is the
submodule of those elements in degree r or higher. Choosing an Fj,-subspace V of m,.(M) =
7(M’) which is complementary to em,_1(M’) C m.(M'), we can modify M to form M with
7.(M) = V; it is now easy to see that 7, (M) is a free graded I, [¢] /e2-module, so we can conclude.

0

PROPOSITION 5.7. Let X be a connective, p-complete ku-module in CycSp. Suppose that
¢: X — X' is d-truncated. Then the fiber of TR(X)/p — Lg1)TR(X)/p is (d + 3)-truncated.

Proof. It follows that the cyclotomic spectrum Y = X/(p, 8) = X ®p, HF, € CycSp has the
property that ¢: Y — Y% is (d + 4)-truncated. Tt follows that the comparison map Y r —
YhC is (d 4 4)-truncated as well, via the fiber square

YO —— yhCp

.

Y —— Yth
Now, for each n > 1, we have the following pullback diagram [NS18, Lemma I1.4.5].

YC’pn -5 thpn

| n | (11)

chn— 1 — > thpn

hC n_1
The bottom horizontal map is Y =1 — yhCm-1 2 2 (Y1C)"Cn=1 and the last term is

identified with Y*“»" using the Tate orbit lemma; see [NS18, Lemma I1.4.1].

Now Y — Y"C» is an equivalence in degrees at least d 4+ 6, hence yCGrm—t  yhCn-1 g
an equivalence in degrees at least d 4+ 6 by [NS18, Corollary I1.4.9] (a generalization of results
of Tsalidis [Tsa98] and Bokstedt, Bruner, Lung, Nielsen, and Rognes [BBLR14]). Since ¢: Y —
Y*C is an equivalence in degrees at least d + 6, it follows that the bottom horizontal map in
(11) is an equivalence in degrees at least d + 6. Note also that Y*“» is a module over IF;,CP in
Fun(BS!, Mod(HTF,)); since the latter has induced S'-action, it follows that the former does
too.

By Lemma 5.6, we can find an at least (d + 6)-connected Y’ with an S'-equivariant map
Y’ — Y which induces an equivalence in degrees at least d + 7 and such that Y’ is induced as
an object of Fun(BSt, Mod(HT,)). It follows that the map Y""“" — YhCem is an equivalence in
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degrees at least d 4+ 7. But the commutative square

Y/thn

l |

Y/thn =) ——> Ythn

now shows that any a € 7, (Y"“r") for r > d + 7 has vanishing image in m,(Y*“»"). Using the
commutative square (11) again (since the horizontal maps are equivalences in degrees at least
d+ 6), it follows that the restriction map YO — Y% -1 induces the zero map in degrees at
least d + 7. Consequently, taking the inverse limit over R, we find that TR(Y") € Sp.4, 4, whence
the fiber of TR(X)/p — Lg1)TR(X)/p belongs to Sp< ;3 by Lemma 5.8. - O

LEmMA 5.8. Let M be a ku-module spectrum. Then the following assertions are equivalent.

(i) M/(p, ) is concentrated in degrees at most d + 3.
(ii) The fiber of M /p — Ly 1yM/p is concentrated in degrees at most d.

Proof. Given a ku-module N, it suffices to show that the fiber of N — N[1/4] (which after
p-completion is L)V ) is concentrated in degrees at most d if and only if N/f is concentrated
in degrees at most d + 3; then the result will follow by taking N = M /p. To prove the claim,
first replace N by fib(N — N[1/4]); thus we may assume that N is actually S-power torsion.
Then the claim follows from the observation that a S-power torsion ku-module N is concen-
trated in degrees at most d if and only if N/ is concentrated in degrees at most d + 3. The ‘only
if” direction is evident, so we verify the ‘if’ direction. In fact, if there exists a nonzero z € 7;(N)
for ¢ > d, then by multiplying by a power of § we may assume Jz = 0, whence there exists a
nonzero class in m;13(N/(3) from the long exact sequence. O

Remark 5.9. Let X = THH(F,); in this case, we have that THH(F,) — THH(F,)!“ is (—3)-
truncated. This computation is due to Hesselholt and Madsen [HM97, §5], and is refined
in [NS18, Appendix IV-4]. Meanwhile TR(F,) = HZ, — Lg1)TR(Fy) =0 is O-truncated
modulo p. Thus, the bound of Proposition 5.7 is the best possible.

PROPOSITION 5.10. Let Ry be a p-torsion-free perfectoid ring. Let R be a formally
smooth Ry-algebra (with respect to the p-adic topology) of relative dimension d. Then
the map ¢: THH(R;F,) — THH(R;F,)!“? is (d — 3)-truncated, and the map TR(R;F,) —
Lyq)TR(R;Fy) is (d — 1)-truncated.

Proof. Let X;,i € C be a diagram of spectra. Suppose that for each ¢ € C, the map X; —
L)X is m-truncated for some m. Then the map hénZ X; — LK(l)(liLni X;) is m-truncated,
and LK(l)QiLnZ- X;) — @Z L 1)Xi is an equivalence. This follows because L (1)(—) annihilates
bounded-above spectra. Applying the above observation, and using flat descent of TR(—;Zp)
(which follows from [BMS19, §3]) and THH(—; Z,), THH(—; Z,)!C», we reduce to the case where

Ris a Z@o]—&lgebra (e.g. using André’s lemma; see [BS19, Theorem 7.12]), so THH(R;Z,) is
a kug-module in CycSps, (Example 5.5). With this reduction in mind, the first claim implies

the second in view of Proposition 5.7 (applied to the cyclotomic spectrum THH(R;F))).
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Thus, we prove the first claim (i.e. the Segal conjecture for THH(R;F,)); this result appears
as [BMS19, Corollary 9.12] in the case where Ry is the ring of integers in a complete, algebraically
closed nonarchimedean field of mixed characteristic, and in [BMS19, § 6] when R = Ry.

Let (A, I) be the perfect prism associated to the perfectoid ring Ry, and let el be a
generator. We use the prismatic cohomology Ag/4 of [BS19] and its Nygaard completion A R/A-
For a quasisyntomic Rp-algebra S, there are [BMS19] complete, exhaustive descending Z-indexed
filtrations on TC™(S;Zy), TP(S;Z,) with

g’ TC™(S; Zy) = N2 hga[2i], gr'TP(S;2Z,) ~ bg/al2i],

and the map ¢: TC™(S;Z,) — TP(S;Zy) on graded pieces is given by the prismatic divided
Frobenius

/& NZihgyal2i] — hgyal2i]; (12)

see [BS19, §13] for the comparison between prismatic cohomology and the objects of [BMS19].
Here we have trivialized the Breuil-Kisin twists involved since we are over the base perfectoid
ring Rp, and we can compute the Nygaard-completed absolute prismatic cohomology as the
Nygaard completed relative prismatic cohomology over Ry.

Now the map ¢: TC™(S;Z,) — TP(S;Z,) arises by taking S'-invariants on the cyclotomic
Frobenius ¢: THH(S;Z,) — THH(S;Z,)!“?. Both sides of this map are filtered (again, as in
[BMS19]) and the associated graded pieces are

gr'THH(S; Zp) ~ N'hgya[2i],  gr'THH(S;Z,)"" = (bgy4)/€[2i],

and the cyclotomic Frobenius is induced from (12). But since R is formally smooth over Ry,
the Nygaard filtration is complete and ¢ /€% induces an equivalence N%R/A = Tgi(AR/A/é) (see
[BS19, §12.4]), where the right-hand side is the ith stage of the conjugate filtration on AR/A/é.
Using the Hodge—Tate comparison [BS19, Theorem 4.10], it follows that the cohomology groups
of Agja/ ¢ are p-torsion-free. It follows that

grip: g THH(R; F,) — gr'THH(R;F,)"“"

exhibits the domain as the i-connective cover of the codomain, and therefore has (i — 2)-truncated
homotopy fiber for all i. The codomain is (2i — d)-connective by the Hodge-Tate comparison,
since R/ Ry is formally smooth of relative dimension d; therefore, gr'y is an equivalence for i > d.
Therefore, the fiber of ¢: THH(R;F,) — THH(R;F,)!“?» has a complete filtration such that
grl is (i — 2)-truncated for all i and contractible for i > d. This proves that ¢: THH(R;F,) —
THH(R; F,)!¢ is (d — 3)-truncated, whence the result. O

6. Pro-Galois descent

In this section, we prove a type of pro-Galois descent for TR in the generic fiber, which is related
to the conjecture in [Hes02]. The basic example is when K is a characteristic 0 local field, and
one tries to relate TR(Og;Z,) (computed by [HMO03]) with the ‘continuous’ homotopy fixed
points for the Galois group Gal(K/K) on TR(Of;Z,), before or after K (1)-localization. The
advantage is that the latter is much more tractable; see [Hes06] for the calculation of TR(Og; Zp).
For finite Galois extensions in the generic fiber, these claims follow from § 2. However, there are

1097

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007144

A. MATHEW

some additional subtleties to extend to pro-Galois descent because TR fails to commute with
filtered colimits.

6.1 An auxiliary construction

Let B be a base ring. Let E be a K (1)-local, localizing invariant on B-linear oo-categories which
is truncating. Let Ry be a p-adically complete B-algebra. Given a K (1)-local truncating invariant
E, we now describe a construction of a sheaf on the finite étale site of Ry[1/p]. For every finite
étale Ry[1/p]-algebra S, we can choose a ‘ring of integers’ Sy which is finite and finitely presented
over Ry with Sp[1/p] = S and consider E(Sp). It is not difficult to see that this only depends
on S and that it defines the desired sheaf; to make the functoriality precise, we use left Kan
extension.

Construction 6.1 (E as a sheaf on the finite étale site of the generic fiber). Let Ry be a p-
adically complete B-algebra and let R = Ry[1/p]. Using the K(1)-local, localizing invariant E
which is assumed to be truncating, we define a sheaf Fg of spectra on the finite étale site of
Spec(R) as follows. Let Cy denote the category of finite, finitely presented Rp-algebras Sy with
So[1/p] étale over R, and let C denote the category of finite étale R-algebras. Consider the functor
F: Cy — C given by inverting p. Note the following observations.

(i) F' is essentially surjective. That is, given any finite étale R-algebra S, there exists a finite,
finitely presented Ry-algebra Sy with S = Sp[1/p]. In fact, consider any finite Ry-subalgebra
Sy € S with Sj[1/p] = S. The algebra Sj is not necessarily finitely presented, but it is a
directed colimit of finite, finitely presented Ry-algebras S(()a) under surjective maps; one of

them will have S((]a)[l/p] =5, and can be taken for Sp.

(ii) If S € C, then Cy x¢ C/g is a filtered category. In fact, the subcategory of Co x¢ C/s spanned
by those Sy such that the structure map Sp[1/p] — S is an isomorphism is itself filtered and
cofinal. This follows similarly by comparing Sy with its image in S.

We consider the functor Sy +— E(Sp) on the category Cy of finite, finitely presented Rp-
algebras Sy with Sy[1/p] finite étale over R. Then, to define Fg on finite étale R-algebras, we
left Kan extend F(—) along the functor Cy — C. Explicitly, it follows from Example 2.4 that if
S is a finite étale R-algebra and Sy is a finite, finitely presented Rp-algebra with Sp[1/p] ~ S,
then we have a canonical equivalence Fg(S) ~ E(Sp). It also follows from h-descent that Fg is
indeed a sheaf of K (1)-local spectra on the finite étale site of Spec(R). Note that it is a sheaf of
modules over the sheaf S+ Ly (1)K (S), which is also the sheaf FLyq k because LgayK(—) is
insensitive to inverting p on HZ-algebras as in (2).

PROPOSITION 6.2 (Hypercompleteness of Fg). With notation as above, suppose there is a uni-
form bound on the mod p cohomological dimensions of the residue fields of R and R has finite
Krull dimension. Then Fg defines a hypercomplete sheaf on the finite étale site of Spec(R).

Proof. Our hypotheses imply that Spec(R) has finite mod p étale cohomological dimension; see
[CM19, Corollary 3.29].

Now we use the K (m, 1) property, which states that for any p-henselian ring A and any F,-
local system £ on Spec(A[1/p]), the cohomology of £ on the étale sites and the finite étale sites
of Spec(A[1/p]) coincide. For A noetherian and p-complete, this is proved in [Sch13, Theorem
4.9]. The case of A noetherian and p-henselian then follows using the Fujiwara—Gabber theorem
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(see [BM18, Theorem 6.11] for an account), and then one can pass to the limit to obtain the
arbitrary p-henselian case using the commutation of cohomology (on either the étale or finite
étale sites) and filtered colimits.

From the above two paragraphs, it follows that the étale fundamental group 7$*(Spec(R))
has finite mod p cohomological dimension, which implies that the notion of hypercompleteness
for sheaves of p-complete spectra on the finite étale site of Spec(R) can be made explicit in
terms of exponents of nilpotence [CM19, §4.1]. Now Fg is a module over the hypercomplete
sheaf S +— Ly (1)K (S) (see [CM19, Theorem 7.14] for hypercompleteness), hence a hypercomplete
sheaf itself, thanks to [CM19, Corollary 4.26]. O

We also need the following variant of the above with respect to a fixed profinite group.

Construction 6.3 (Fg relative to a profinite group). Let Sy be an Ry-algebra equipped with the
action of a profinite group I' which is continuous (with respect to the discrete topology on
So), and such that R — S := Sp[1/p] is [-Galois. Suppose that there exist a cofinal collection
of open normal subgroups N; C I', ¢ € I, for which the fixed points S(])V' * form a finite, finitely
presented Rp-algebra. It follows from the above that we obtain a sheaf on the category of finite
continuous I'-sets which carries I'/N; — E(Sév *). This is just the restriction of Fg to the site of
finite continuous I'-sets (which maps to the finite étale site of R).

When is the sheaf of Construction 6.3 hypercomplete? When I' has finite cohomological
dimension, hypercompleteness is smashing [CM19, §4.1], so hypercompleteness holds if the
sheaf of spectra which sends I'/H + Ly 1)K (SH) (for any cofinal collection of open normal
subgroups H) is hypercomplete.

Ezample 6.4. Suppose I' = Z and the I'-extension of Ry is obtained by adding compatible

systems of p-power roots. Explicitly, suppose Ry is a Z[Cpoo,tiﬂ,...,t#]—algebra and Sy =

+1/p> +1/p>®
Ro @y gt gzy Bl 17 0]

of Construction 6.3 is hypercomplete. Again since hypercompleteness is smashing, this follows

, with the evident I'-action. In this case, the sheaf

because any K (1)-local localizing invariant yields a hypercomplete étale sheaf on the site of
finite étale (or even all étale) Z[1/p, g“poo,t{d, ..., t1-algebras; see [CM19, Theorem 7.14]. In
particular, we take as the localizing invariant A — L) K (A ®Z[1/p’<poo eI R).

6.2 Completion of topological Cartier modules

Here again we use the ‘decompletion’ of the theory of cyclotomic spectra given by the topological
Cartier modules of Antieau and Nikolaus [AN21] and an amplitude property of the comple-
tion. We recall that TR(—) gives a fully faithful right adjoint embedding from bounded-below
cyclotomic spectra into bounded-below topological Cartier modules, with image the V-complete
objects; see [AN21, Theorem 3.21].

PrOPOSITION 6.5. Let M be a topological Cartier module which is d-truncated and bounded
below. Then the V-completion of M is (d+ 3)-truncated. If M is p-complete, then the
V-completion of M is (d + 2)-truncated.

Proof. We reduce by dévissage to the case where M is concentrated in degree 0, and d = 0. The
are given

n—1

completion of M is given by COﬁb(li&l Mnc,n — M ) where the maps M, hCyn — M he,
by Vhc .13 see [AN21, Proposition 3.22].
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Now since M is discrete, the Verschiebung is simply given by a map V: M — M of abelian
groups, and the Sl-action is trivial. We can (as in the proof of [AN21, Lemma 3.25]) form a
Z>o x ZL>o-indexed diagram Y; ; = M @ BC,;, such that the transition maps in the i-direction
are given by V and in the j-direction are given by the canonical projections. By the above, the
completion of M is given by the cofiber of the map @” Yi; — M.

Now a simple computation shows that for any abelian group A, @j HA® BC,; are con-
centrated in degrees at most 2, and degrees at most 1 if A is derived p-complete. This claim will
imply the result. Indeed, for the first part, it suffices to show that lilnj HA® BC); is concen-
trated in degrees at most 1 when A is torsion-free; this follows because the pro abelian group
{H.(BC,;;Z)} ;>0 is pro-zero for *+ > 2. For the second part, we also observe that the pro-abelian
group {H1(BC,;;Z)};>0 is simply the tower --- — Z)p* — Z/p — 0, and our assumption that
A is derived p-complete gives that A ~ @A ®HZ‘ Z/p’ is in particular discrete. O

Remark 6.6. We can give another proof of Proposition 6.5 using the results from the previous
section in the case where M is annihilated by a power of p. By dévissage, we can reduce to
the case where M is an HIF,-module (in topological Cartier modules). Let X = M /thp =
cofib(V') be the associated cyclotomic spectrum, so TR(X) is the derived V-completion of M
by the correspondence between bounded-below V-complete Cartier modules and bounded-below
cyclotomic spectra; see [AN21, Theorem 3.21]. Then the proof of Proposition 5.2 shows that
the cyclotomic Frobenius ¢: X — X! is d-truncated, since fib(¢) = fib(F: M — M"®»). Using
Proposition 5.7, we find that TR(X)/p is (d + 3)-truncated, whence TR(X) is (d + 2)-truncated.

COROLLARY 6.7. Let Rj;,i €I be a filtered system of rings and let R =lim R;. Suppose
that the map TR(R;Fp) — Lg)TR(R;Fp) is d-truncated for all i € I. Then TR(R;F)) —
Ly 1)TR(R;Fy) is (d + 2)-truncated.

Proof. Let v: ¥%(S%/p) — (S°/p) be a vi-self map (so we can take u = 2p — 2 for p odd and
u =8 for p=2). Let X be any spectrum. Then we observe that the following assertions are
equivalent.

(i) The map X/p — Lg(1)X/p is d-truncated.
(ii) The spectrum X ® S°/(p,v) is (d + u + 1)-truncated.

The equivalence is proved analogously to Lemma 5.8, noting that Ly (1)(X/p) = X ® (S°/p) v~ 1]
by the telescope conjecture at height 1 [Mah81, Mil81].

Therefore, it suffices to show that TR(R;Z,) ® S°/(p,v) is (d + u + 3)-truncated. To this
end, let M = li_n}lTR(Ri; Zp), so M is a connective topological Cartier module which is not nec-
essarily derived V-complete; the V-completion of its p-completion is TR(R;Z,) since THH(—)
commutes with filtered colimits (as a functor from rings to CycSp~). Now the topological Cartier
module M ® S°/(p,v) is (d+ u+ 1)-truncated as a filtered colimit of (d 4 u + 1)-truncated
objects. Taking the V-completion and using Proposition 6.5, we find that TR(R;Z,)/(p,v) is
(d + u + 3)-truncated. Therefore, TR(R;F) — Lg(1)TR(R;Fp) is (d + 2)-truncated. O

6.3 The main pro-(Galois result
In this subsection we prove the following pro-Galois descent result.

1100

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007144

ON K(1)-LocaL TR

THEOREM 6.8 (Pro-Galois descent in the generic fiber). Fix d > 0. Let R be a p-complete ring
such that TR(R;Fp) — Lg1)TR(R;F,) is d-truncated. Let S be an R-algebra.

Let G be a profinite group of finite p-cohomological dimension which acts continuously on
the R-algebra S (given the discrete topology). Suppose that the following assertions hold.

(i) R[1/p] — S[1/p] is a G-Galois extension.

(ii) There is a cofinal collection of open normal subgroups N; C G, i € I, such that S; := S™Vi
is a finite, finitely presented R-algebra and such that TR(S;;F,) — Lg1)TR(S;Fp) is
d-truncated.

(iii) The induced sheaf of spectra on finite continuous G-sets given by

T +— LK(l) (K (Fung(T, S[l/p])))

(for Fung (T, S[1/p]) denoting G-equivariant functions T' — S) is hypercomplete. For exam-
ple, this holds if R[1/p| has finite Krull dimension and there is a uniform bound on the mod
p cohomological dimensions of the residue fields, but also in cases such as Example 6.4.

Then the map
Licy TR(R) — (L) TR(S))" Pt := Tot (LK(l)TR(S) = LiyTR(Fungs(G, ) = .. ) (13)
is an equivalence and the map
TR(R;F,) — Tot (TR(S; F,) = TR(Funes(G, 5); Fp) = . )
is (d + 2)-truncated.

Proof. Let F be any product-preserving presheaf from finite continuous G-sets to p-torsion spec-
tra. We let F45¢ denote the left Kan extension to profinite G-sets, so if S is a profinite G-set
which can be written S ~ lim S; for some finite continuous G-sets S, then F4¢(S) ~ lim F(S;).
We let o -

RT (%, F) = Tot (fdiSC(G) = Fie(G X @)= . )

As in [CM19, §4.1], R['(x,F) is the value of the hypersheafification or Postnikov sheafification
of F (with respect to the topology on finite continuous G-sets where covering families are jointly
surjective ones) at *. When we work with p-torsion spectra, our assumption that G has finite
cohomological dimension implies that RI'(%, —) commutes with all colimits.

Now we take F to be the presheaf which sends a finite continuous G-set T to
TR(Fung(T, S);Fp), where Fung(T', S) is (as in the statement) the ring of G-equivariant func-
tions T'— S. Unwinding the definitions and hypotheses, we find from Corollary 2.5 that if
T = G/N; for one of the distinguished normal subgroups N;, we have that

Ly 1yF(x) = Tot (LK(l)f(T) = LgnyF(T xT) 3 )

is an equivalence. Note Lg(1)F is an example of Construction 6.3 for the profinite group
G (though we denote by R the p-complete ring). In particular, our assumptions imply
hypercompleteness of Ly (1)F, so, passing to the limit, we find that

LK(I)f(*) >~ RF(*,LK(l)f). (14)
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Note here that F4¢ is not given by TR(—;F,) because TR does not commute with filtered colim-
its; instead, for instance, F45¢(Q) = lim,_, TR(S;;Fp). By assumption (ii), F45¢(G), Fdis¢(G x
G),... are spectra with the property that the map to their K (1)-localization is d-truncated;
therefore, RT'(, F) — Ly (1)RT(*,F) = RT(*, Lg1)F) is d-truncated.

Now we apply two-out-of-three to the sequence of maps F(x) — RI'(x, F) — RI'(*, Lg(1)F)-
We just showed that the second map is d-truncated, while the composite map is by (14) identified
with TR(R;Fp) — Lgq)TR(R;Fy), which is d-truncated by assumption. Therefore, by two-out-
of-three, we find that F(x) — RI'(x, F) is d-truncated. In other words,

F(x) = Tot(F=(G) = FI=(G x 6)= ... ) (15)

is d-truncated. Here both sides of (15) have the structure of topological Cartier modules since the
forgetful functor from topological Cartier modules to spectra commutes with limits and colimits
[AN21, Proposition 3.11].

Now we take the V-completion of both sides in (15) (considered as topological Cartier mod-
ules). The left-hand side of (15) is already V-complete. To analyze the right-hand-side, observe
that the totalization in (15) commutes with (—) hC,,—, Decause RT'(%, —) commutes with colimits.
The limit over n in computing the V-completion clearly commutes with the totalization. Thus,
the V-completion of the right-hand side of (15) is given by

Tot (TR(S; F,) = TR(Funes(G, 5); Fp) = . )

Note finally that the right-hand side of (15) is bounded below by the finiteness of the
p-cohomological dimension. Taking the V-completion in (15), we find from Proposition 6.5 that

TR(R;F,) — Tot (TR(S; F,) = TR(Funes(G, 5); Fp) = .. )

is (d + 2)-truncated, whence the last claim of the theorem. Finally, TR(S;F,), TR(Funes(G, S);
[F,) map via (d + 2)-truncated maps to their K (1)-localizations, via Corollary 6.7, so the K (1)-
local descent statement follows. g

Ezample 6.9 (Discrete valuation rings). Let K be a complete, discretely valued field of charac-
teristic 0 whose residue field k is of characteristic p with [k : kP] < p?. It follows that if k'/k is
any finite extension, then [k : k’P] < p?; see [GOO08, Lemma 2.1.1].

By the main result of [GO08] (which is due to [Kat82] in this case), it follows that the Galois
group Gal(K/K) has p-cohomological dimension at most d + 2. Moreover, by Theorem 4.8, it
follows that if L is any finite extension of K and O, C L the ring of integers (which is excellent
as a complete local ring), then TR(Op;Fy) — Lg1)TR(OL;Fp) is d-truncated.

We can now apply Theorem 6.8 to conclude that

is d-truncated. Note that the theorem gives a priori that the map is (d 4+ 2)-truncated,
but we can upgrade the conclusion to d-truncated as follows: the analogous compari-
son map with Lg()TR(—) everywhere is an equivalence; the maps TR(Ogg, ..q, &;Fp) —
TR(Ogg e ki Fp) are (—1)-truncated by Proposition 5.10 since these are p-torsion-free rings
whose completions are perfectoid; and the map TR(Ok;Fp) — Lg1)TR(Ok;Fy) is d-truncated
(Theorem 4.8).
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Suppose, in particular, that k is perfect and of characteristic greater than 2.5 In this case,
the results of [HMO3] (recalled in the proof of Theorem 4.1) show that TR(Og|K;F,) is the
connective cover of its K(1)-localization, which is Ly )TR(Ok;Fp). Again, Og,Ogg, - - -
have p-completions which are perfectoid rings, so for them TR(—;F,) agrees with the con-
nective cover of its K(1)-localization (Proposition 5.10). It follows that TR(Ok|K;F,) ~
To0TR(O; Fyp)hOoI

Ezample 6.10. Let Ry be a p-torsion-free perfectoid ring containing a system of primitive p-power
roots of unity. Let R be a formally smooth Rg-algebra, which is formally étale over the formal

torus (i.e. p-completed Laurent polynomial algebra) R0<t§c1, o BELY,
Let G =Z,(1)" and let §=R®p o1 o lim Ro(t7", . 137") with the evident

G-action by roots of unity. Using Proposition 5.10, one sees that the hypothesis of Theorem
6.8(ii) applies. The hypothesis of Theorem 6.8(iii) applies thanks to Example 6.4. It follows that
the comparison map (13) is an equivalence. In particular, the K (1)-local TR of R is expressed
as the inverse limit of a diagram of the K (1)-local TR of various rings whose p-completion is
perfectoid.

7. The analog of Thomason’s spectral sequence

In this section, we construct in certain cases an analog of Thomason’s étale descent spectral
sequence for Ly (1)K (—) in terms of étale cohomology (see [Tho85, TT90] for L 1yTR(—)). Our
construction splits into two parts. First, we give a formula for TR and its K(1)-localization
on the category of perfectoid rings. Second, we hypersheafify L ;)TR(—) on all rings in the
arcy-topology and compare L K(l)TR(—) to this hypersheafification.

7.1 arcp-cohomology
In this section we discuss the cohomology with respect to the arc,-topology, mentioned briefly in
the introduction (Definition 1.6). This is a variant of the following topology (see [CS19, §2.2.1]).7

DEFINITION 7.1 (The p-complete arc-topology). The p-complete arc-topology or arcs-topology is
the finitary Grothendieck topology (see Remark A.1) on the opposite of the category of derived
p-complete commutative rings such that a map R — R’ is a cover if, for every p-complete
valuation ring V of rank at most 1 and map R — V, there is an extension V — W of p-
complete valuation rings of rank at most 1 and a map R’ — W fitting into the following

| ]

V—Ww

commutative diagram.

- - /

We will also consider restrictions of the arcp-topology to appropriate subcategories of the cat-
egory of derived p-complete rings, such as the category Perfd of perfectoid rings [BMS18, §3].

6 We expect that this works when k has characteristic 2 as well.

7 Throughout, for set-theoretic reasons one should impose cardinality bounds, that is, assume all the rings one
allows into the site to be of cardinality less than some uncountable strong limit cardinal x, so that the sites will
be small. However, the choice of x will not matter in all the constructions we consider and we will consequently
suppress it.
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The arcy-topology is defined similarly, but we only consider rank 1 p-complete valuation rings
where p # 0.

The arcg-topology behaves well with respect to perfectoid rings; one knows that the structure
presheaf is a sheaf of rings with respect to this topology, and one even has no higher cohomology
[BS19, §8]. The arcy,-topology is a variant where in some sense we also impose derived satu-
ratedness conditions. Note that a functor is an arcy,-sheaf if and only if it is an arcs-sheaf and
annihilates any [Fp-algebra. Any derived p-complete ring can be covered in the arcp-topology
(respectively, the arc,-topology) by a product of p-complete absolutely integrally closed rank 1
valuation rings (respectively, p-complete absolutely integrally closed rank 1 valuation rings where
p#0).

We now give some examples of arc,-cohomology. To begin with, we consider the simplest
case of constant sheaves (or p-adically constant ones); the result is that one essentially recovers
the p-adic étale cohomology of the generic fiber.

Construction 7.2 (Constant sheaves in the arc,-topology). Given an abelian group M, we can
consider the associated constant sheaf of abelian groups in the arc,-topology; its value on a
derived p-complete ring R is given by HY (Spec(R[1/p]), M). To see this, we observe that the
presheaf of abelian groups R — HY (Spec(R[1/p]), M) is a sheaf in the arc,-topology on derived
p-complete rings [BM18, Corollary 6.17] (which assumes M torsion; however, this is not necessary
since we are only working with HY). It admits a map from the constant presheaf M, and the
kernel and cokernel vanish locally in the arc,-topology.

Construction 7.3 (p-adically constant sheaves and Tate twists in the arc,-topology). Consider
the sheaf of rings Z, in the arc,-topology, defined as the p-completion of the constant sheaf
associated to Z,, or equivalently as the inverse limit of the constant sheaves Z/p"Z; explicitly,
Zp(R) = ngcp(Spec(R), Lp) = ngoét(Spec(R[l/p]),Zp). We construct an invertible Z,-module
Zp(1) as the arc,-sheafification of the presheaf R — Z,(1)P**(R) := T),(R*). To check that this is
an invertible module, we observe (see [BM18, Proposition 3.30]) that Z,(1)P**(R) is an invertible
Zp(R)-module whenever R is a product of absolutely integrally closed valuation rings of mixed
characteristic (0, p). Note that Z,(1)/p can equally be described as the arc,-sheaf associated to
the presheaf R — pu,(R) = R*[p], since arc,-locally all elements have pth roots.

PROPOSITION 7.4 (arc,-cohomology as p-adic vanishing cycles). Let R be any derived
p-complete ring. Then there is a natural equivalence

RTarc, (Spec(R), Zy (i) = R progt (Spec(R[1/p]), Zy(0)), (16)

where Zy(i) on the right-hand side refers to the usual Tate twist on the pro-étale site of
Spec(R[1/p]).

Proof. We know that the right-hand side is a D(Zp)zo—valued sheaf for the arcy,-topology by
[BM18, Corollary 6.17], and we obtain a map from the presheaf R — T,(R*)®" to the right-hand
side. Sheafifying in the arcy)-topology and p-completing, we obtain a map from the left-hand side
to the right-hand side as in (16). To see that (16) is an equivalence of arc,-sheaves, it suffices
to check on products of rank 1 absolutely integrally closed, p-complete valuation rings of mixed
characteristic as these form a basis (see [BM18, Proposition 3.29]), which is handled by the next
lemma. g
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LEMMA 7.5. Let R be a product [[,.p Vi of absolutely integrally closed, p-complete valuation

rings. Then:
(i) HI, o (Spec(R[1/p]), Zy(i)) = 0 for j > 0;

(ii) the map T,(R*) — H°

proét

(Spec(R[1/p]), Z,(1)) is an isomorphism.

Proof. Tt suffices to prove both claims after reducing modulo p. Consider the functor A —
F;(A):=H 7(Spec(Ap[1/p]; Fp(i)). This functor commutes with finite products and filtered col-
imits by the Gabber—Fujiwara theorem; see [BM18, Theorem 6.11] for an account. To prove that
F;(R) =0 for j > 0 which implies (i), it suffices as in [BM18, Corollary 3.17] to show that F
vanishes on every ultraproduct of the {V;} for each ultrafilter on 7. But these ultraproducts
are all absolutely integrally closed, p-henselian valuation rings, whence (i). Claim (ii) is proved
similarly using the map A* [p] — 1’171[())1“)&(Spec(A[l/p])7 F,(1)). O

Next we consider the cohomology of the structure presheaf.

Construction 7.6 (arc,-cohomology of the structure presheaf). For a derived p-complete com-
mutative ring R, we let RIu.,(Spec(R),O) denote the arc,-cohomology of the structure
presheaf.

The arc,-topology restricts to a topology on the opposite of Perfd. Our first goal is to identify
concretely arcp-cohomology on Perfd.

Construction 7.7 (Saturation). Let R be a perfectoid ring. We have the natural quotient
R — R':= R/rad((p)), which is the universal map from R to a perfect F,-algebra. Note that
R ®ﬁ R’ is discrete (and equivalent to R’) since relative tensor products of perfectoid rings are
p-completely discrete (and perfectoid).

Let J = rad(p). We have J ®% J = J. It follows that one is in the setup of almost mathe-
matics, and we have a derived almostification functor (—),: D(R) — D(R), which is also given
by RHompg(J,—). We claim that in fact J can be made explicit, and in particular that it has
projective dimension at most 1, so that for any discrete R-module M, M, € D(R)[OJ]. Indeed,
there exists an element w € R such that w is a unit multiple of p and such that w admits a
compatible system of p-power roots {wl/pn}nzg; see [BMS18, Lemma 3.9]. We claim that as an
R-module, there is an equivalence

1-1/p 1/p—1/p>
J:lim(Rw—> RY'S )
[—

(17)
To see this, we observe first that the filtered colimit on the right-hand side is a submodule of
R given by the ideal J' := ], (w'/?") (i.e. given by multiplication by w!/?" on the nth term);
we can see this by arcz-descent to reduce to the case where R is a product of valuation rings
of rank at most 1, in which case the claim is clear. Now clearly J' C J and R/J’ is a ring of
characteristic p on which the Frobenius is surjective. To obtain J' = J, we use [BMS18, Lemma
3.10] to see that the Frobenius induces an isomorphism R/w'/?" = R/w'/?""" for n > 1. This
implies that R/.J’ is perfect, whence J = J' as desired.

DEFINITION 7.8 (Spherically complete fields). We recall (see [vR78, Chapter 4] for an account)

that a nonarchimedean field is called spherically complete if every decreasing sequence of closed
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disks has nonempty intersection; in particular, any such field is complete. Any nonarchimedean
field admits an extension which is spherically complete and algebraically closed.

LEMMA 7.9. Let C be spherically complete with ring of integers Oc. Given any tower {M;}i>1
of cyclic Oc-modules, we have @1 M; = 0.

Proof. Writing {M;} as the cokernel of an injective map {N;}i>1 — {N/}i>1 of inverse systems
with the N/ levelwise isomorphic to O¢ and using the long exact sequence, we reduce to the
case that the M; are individually isomorphic to O¢ (in particular, torsion-free). Moreover, upon
passing to a cofinal subfamily, we may assume the {M;};>; form a descending sequence of cyclic
ideals {I; }i>1 C Oc; using the short exact sequence of inverse systems 0 — {I; }i>1 — {O¢}i>1 —
{O¢/I;}i>1 — 0 (with the middle sequence constant), we see that it suffices to show that Oc —
}iﬂli Oc/I; is surjective. But this is precisely the definition of spherical completeness. ]

PROPOSITION 7.10 (arcy-cohomology of perfectoids). The functor R+ Rla.,(Spec(R),O)
restricted on Perfd agrees with R+ R,. In particular, for R € Perfd, RI's.,(Spec(R),O) €
D(R)[0:1],

Proof. Let R be a perfectoid ring. First, we claim that arc,-cohomology of R with O-coefficients
can be calculated on either all derived p-complete rings or the subcategory of perfectoid rings
(endowed with the arc,-cohomology). To see this, we use that perfectoid rings form a basis for
the arc,-topology. In fact, any ring admits an arc,-cover by a semiperfectoid ring S, and then
one can take the perfectoidization [BS19, § 8] of S, which is an arc,-cover of S (e.g. maps of S or
its perfectoidization into p-complete absolutely integrally closed valuation rings are the same).
The rest of the claim is a general argument following from the fact that perfectoid rings form a
basis for the arc,-topology; see Proposition A.6 below.

Now it suffices to prove that R — R, is a D(Z)=%valued arc,-sheaf on Perfd and that the map
R — R, is locally an equivalence. The fact that it is an arcy-sheaf follows because the structure
presheaf is a D(Z)="-valued sheaf on the arcp-topology on Perfd and R — R, annihilates perfect
Fp-algebras. The fact that R — R, is locally an equivalence follows by taking an arc,-cover by a
product of rings of integers in various spherically complete, algebraically closed nonarchimedean
fields of mixed characteristic; for such rings, R = R,. ]

Let Ry be a perfectoid base ring, and let R be a derived p-complete Ryp-algebra. One has the
construction of the perfectoidization Rpyerfq of R, a coconnective E-algebra under R which has
the property that if R is semiperfectoid, then Rye¢q is discrete and is the universal perfectoid
ring that R maps to. As shown in [BS19, § 8], R — Rpersq is the arcs-cohomology of the structure
presheaf on the category of derived p-complete Rp-algebras.

PROPOSITION 7.11 (arc,-cohomology as saturated perfectoidization). For R an Ry-algebra
which is derived p-complete, we have a natural equivalence of FE-algebras in D(Ry),
RTare, (Spec(R), O) ~ (Rperia)+ (Where almost mathematics is taken relative to Ry and the ideal

rad(p)).

Proof. This is proved similarly to Proposition 7.10. We have a natural (in R) map R — (Rperfd)s-
To show that it is the arc,-sheafification, it suffices to show that the codomain is an arc,-
sheaf, and that the map R — (Rperta)« has cofiber which vanishes locally in the arc,-topology;
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note also that we can compute the arc,-cohomology either over all derived p-complete rings or
over Rp-algebras (Example A.7). The codomain is an arcs-sheaf because of the identification of
perfectoidization with arc;-cohomology [BS19, § 8], and hence is an arcy-sheaf since it annihilates
[F,-algebras. The cofiber of R — (Rpertd)« vanishes locally in the arc,-topology, as one sees by
working with perfectoid R and using the argument of Proposition 7.10. g

Ezxample 7.12. Suppose R is the p-completion of a ring which is integral over the perfectoid ring
Ry. Then the perfectoidization Rperfq is discrete [BS19, Theorem 10.11]. It thus follows that
RTac, (Spec(R), 0) € D(R)O1.

Construction 7.13 (Witt vector cohomology in the arc,-topology). We consider the presheaf
W(O) given by R — W (R) and its arc,-cohomology (with Tate twists) R are, (Spec(R), W(O)(i)).
Since the Witt vector functor is endowed with Frobenius and Verschiebung operators, so is the
construction R +— Rl (Spec(R), W(O)(i)).

In our setting, we can think of the Witt vector cohomology considered above as a one-
parameter (along V') deformation of the structure presheaf cohomology, especially in light of the
next result.

PROPOSITION 7.14. For any ring R, RI s, (Spec(R), W(O)(i)) is p-complete and complete with
respect to the Verschiebung.

Proof. By base-changing to Z,[(y~], we may assume without loss of generality that ¢ = 0. Then
this follows from Proposition A.10 below, since the presheaf W (QO) commutes with finite products
and is complete with respect to (p, V). O

COROLLARY 7.15. Let R be finite and finitely presented over a perfectoid ring. Then
RD e, (Spec(R), W (0)(i)) € D(Z,)1%Y for any 1.

Proof. By p-completeness and V-completeness (Proposition 7.14), it suffices to prove the anal-
ogous statement for RIac,(Spec(R), O(i)/p). Replacing R with R[(,] and using (Z/p)*-Galois
descent along this extension, we may assume that R contains a primitive pth root of unity. This
lets us reduce to the case i = 0, whence the result follows from Example 7.12. O

We note, finally, that one can recover the p-adic nearby cycles (see Proposition 7.4) as the
fixed points of Frobenius on Witt vector arc,-cohomology. This will not be used in the sequel.

PROPOSITION 7.16. For any ring R, there is a natural equivalence for each i,
RTare, (Spec(R), Zy(i)) ~ Rl arc, (Spec(R), W(O)(i))FZl. (18)

Proof. We have a natural map Z, — W (O)F=! of presheaves. Twisting and sheafifying in the
arcp-topology, we obtain the map from left to right in (18). To see that it is an equivalence, it
suffices to check that it is an equivalence on products (over some indexing set T) of rings of
the form O, for C spherically complete and algebraically closed of mixed characteristic (0, p);
now we can trivialize the Tate twists, so can assume 7 = 0. Using Lemma 7.5, we find that the
left-hand side is discrete and simply given by [[; Z,. The right-hand side is also given by [ [ Z,
by Lemma 7.17 below. U
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LEMMA 7.17. Let C be an algebraically closed complete nonarchimedean field. Then the natural
map Z, — W(O¢)F=! is an equivalence.

Proof. Tt suffices to work modulo p, that is, to show that the natural map F, — (W (O¢)/p)f = is
an equivalence. But the Witt vector Frobenius reduces modulo p to the ordinary Frobenius on the
ring W(O¢)/p. By the Artin-Schreier sequence, (W (O¢)/p)f=" is the mod p étale cohomology
of W(O¢)/p. This is unchanged by taking the quotient by the ideal VW (O¢)/p, which squares
to zero; therefore, it is also the étale cohomology of O¢/p, or equivalently of the residue field k;
this in turn is IF, as C' is algebraically closed and hence so is k. ([l

7.2 THH®" of perfectoid rings

Here we calculate the fixed points of THH of perfectoid rings, generalizing the main result of
[Hes06]; these results are known to experts. Recall that for any p-complete ring R, we have
m0TR(R; Z,) ~ W(R); see [HM9I7, Theorem F].

Our strategy is to treat the case of a p-torsion-free perfectoid ring by a direct spectral
sequence argument and appeal to known results for a perfect IF,-algebra; we will glue both cases
together using an excision argument. To begin with, we consider the characteristic p case. For
perfect fields, this result appears in [HM97, § 5].

LEMMA 7.18. Let R be a perfect Fj-algebra. Then:

(1) m(THH(R; Z,)%") =~ W,11(R)[o,] for |o,| = 2;
(ii) TR(R;Z,) ~ HW(R).

Proof. The Segal conjecture holds for R: in fact, p: THH(R;Z,) — THH(R;Z,)!" is (—3)-

hC_ r
truncated; see [BMS19, § 6]. Therefore, we have that THH(R; Z,)“»" — THH(R; Z,)"»" £r,
THH(R; Zp)ltcpr+1 are equivalences on connective covers; see [NS18, Corollary II.4.9]. Using
the homotopy fixed point spectral sequence (or [BMS19, §6]), we find W*(THH(R;Zp)tsl) ~
W (R)[0=)]. Now THH(R; Z,)"“»*+' ~ THH(R; Z,)"*" /p"*! by [NS18, Lemma IV.4.12]. Combin-
ing these facts, we see that claim (i) follows as W,;1(R) = W(R)/p"+1.

For claim (ii), note that THH(R; Z,) is a module in CycSp over K (F,;Z,) ~ HZ,. By Propo-
sition 5.7, we have that TR(R;Zp) — Lg1)TR(R;Zp) is O-truncated; since the target vanishes,
it follows that TR(R;Z,) is O-truncated, whence the result as we know moTR(R;Z,). O

In the following, we will say that an E.-ring A is weakly even periodic if the odd homotopy
groups of A vanish, and if for all m,n € Z, the map mom(A4) @, a) T2n(A4) = To(nym)(A) is an
isomorphism; in particular, m2(A) is an invertible my(A)-module, and Zariski locally 7. (A) is a
Laurent polynomial algebra over my(A) on a degree 2 class.

LEMMA 7.19. Let A, B,C be weakly even periodic F.-rings and fix maps A — C, B — C such
that mo(A) — mo(C) is surjective. Then A x ¢ B is weakly even periodic.

Proof. 1t follows that 7. (A) ®,(4) 70(C) = m.(C) and, similarly, ,(A) @4y 70(B) = 7. (B).
Now since mo(A x¢ B),mp(A), mo(B), m(C) form a Milnor square, the category of finitely gen-
erated projective mo(A X B)-modules is the homotopy pullback of the categories of finitely
generated projective mp(A)-modules, mo(B)-modules, and 7p(C)-modules; see [Mil71, §2]. The
result now follows. d
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Construction 7.20 (p-torsion-free quotients of perfectoid rings). Let R be a perfectoid ring, and
let I C R be the ideal of p-power torsion. Then pI = 0; see [BMS19, Proposition 4.19].

We have in fact that R/I is perfectoid as well. To see this, we use the theory of perfec-
toidizations [BS19, §§ 7 and 8]. Let R’ = (R/p)pert- For every p-complete valuation ring V' with a
map R — V which does not annihilate I C R, we find that V has characteristic p and we obtain
a unique extension R’ — V. Therefore, applying [BS19, Corollary 8.11], we obtain a pullback
square of perfectoid rings

R R

]

(R/T)perta — (R'/1)perta

Since the vertical arrows are surjective (see [BS19, Theorem 7.4]), this is a Milnor square of
rings. Since the terms on the right-hand side are both F,-algebras, it follows that the kernel
of R — (R/I)perfa is annihilated by p; since it contains I, it must be equal to I and we have
(B/I)peria = R/

In particular, this shows that any perfectoid ring naturally fits into a Milnor square involving
a p-torsion-free perfectoid ring and a map of perfect F)-algebras. The diagram (19) is in addition
a homotopy pushout square of E,.-rings, that is, there are no higher Tor terms, since everything
involved is perfectoid. It follows by [LT19] that (19) induces a pullback after applying any
localizing invariant.

ProproOSITION 7.21. Let R be a perfectoid ring. Then, for each r > 1, we have the following
assertions.

(i) mTHH(R;Z,)%" is concentrated in even degrees.
(ii) mTHH(R;Z,)%" is an invertible module over moTHH(R; Z,)%»" ~ W, 11(R).
(iii) The multiplication map Sym'(meTHH(R;Z,)%?") — 7o, THH(R; Z,)" is an isomorphism
for allt > 0.

Proof. Recall [BMS19, § 6] that we have a noncanonical isomorphism m, THH(R; Z,)!“» ~ R[oc*!]
and that ¢: THH(R;Z,) — THH(R;Z,)!“? exhibits the source as the connective cover of the

hC_r

target. Therefore, we have that THH(R; Z,)%" — THH(R; Z,)"“»" £, THH(R; Zp)tcﬂ+1 are
equivalences on connective covers; see [NS18, Corollary 11.4.9].

Our next claim is that THH(R; Zp)top“r1 is a weakly even periodic Ey-ring for any
r > 0. If R is p-torsion-free, this follows from the (degenerate) Tate spectral sequence applied to
THH(R; Z,), whose homotopy groups form a polynomial algebra over R on a class in degree 2. If
R is an [F)-algebra, the claim also follows from Lemma 7.18. We now treat the case of a general
perfectoid R. In view of the Milnor square (19) which is also a homotopy pushout of E..-rings
and the main result of [LT19], we find that THH(—; Zp)tczf+1 carries (19) to a pullback of E-
ring spectra. Moreover, on my(—) this square yields a Milnor square since mo THH(—; Zp)tcp” !~
W,41(—) for perfectoids via the previous paragraph and [HM97, Theorem F]. Via Lemma 7.19,
the claim of weak even periodicity follows.

Now the above paragraphs show that THH(R;ZP)CPT is the connective cover of a weakly
even periodic Foo-ring, and we already know its 7 is given by W,11(R), whence the result. O
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7.3 Description of TR of perfectoids

Let C be spherically complete and algebraically closed of mixed characteristic (0,p). Then we
recall some of the additional rings attached to C. We have the tilt C°, the ring of integers
Ocv C C", and the Fontaine ring Aj = Aint(Oc) = W(O¢»). Choosing a compatible system
(1,¢p, Gp2, . . .) of primitive p™th roots in C, we obtain an element € € O, and let [¢] denote the
corresponding element of A;j.r. We have the map 0: Ay — O¢, which exhibits the source as
the universal p-adically pro-nilpotent thickening of the latter; in particular, this leads to a map
Aing — W(O¢), which is a surjection in this case [BMS18, Lemma 3.23].

LEMMA 7.22 (TR in the spherically complete case). Let C be a spherically complete, alge-
braically closed nonarchimedean field of mixed characteristic (0,p) and let Oc C C be the ring
of integers. Let 3 € mTR(Oc¢; Zy,) be the Bott element (arising from the image of the cyclotomic
trace). Then TR.(Oc¢; Zy,) ~ W(O¢)[f].

Proof. Since everything is p-complete, it suffices to see that TR(O¢;F,)/3 is O-truncated. Now
for each n, each homotopy group in m,(THH®" (O¢;F,)) is a cyclic module over W(O¢)/p
(Proposition 7.21), which in turn is a quotient of Ain(O¢)/p = Ops. Moreover, the homotopy
groups are concentrated in even degrees.

Now C” is spherically complete; see the proof of [BMS18, Lemma 3.23]. Using the previous
paragraph, Lemma 7.9, and the Milnor exact sequence, it follows that 7.(TR(O¢;F,)) is concen-
trated in even degrees. By Lemma 5.8 and Proposition 5.10, we also find that the cofiber of 3 is
2-truncated, so m,(TR(O¢;Fp) /) is concentrated in degrees 0 and 2, and is given by W (O¢)/p
in degree 0. It thus suffices to show that the zeroth Postnikov section TR(O¢; Z,)/3 — HW (O¢)
induces an isomorphism on mo(—)™". But we have by [AN21, Corollary 10] that TR(O¢; Zp)to =
THH(O¢; Zp)*° ', and on homotopy groups this is Ap¢[o=!] (see [BMS19, §6]). Moreover,
with respect to the above identifications, we have that § is a Z;-multiple of ([¢] —1)o; see
[HN19, Theorem 1.3.6]. Therefore, we have mo(TR(O¢; Zp)/ﬁ)‘ts1 ~ At/ ([e] — 1)[0*?], whence
the result since Ajne/([e] — 1) = W(O¢) by [BMS18, Lemma 3.23]. O

PROPOSITION 7.23 (TR of perfectoid rings). For R € Perfd and for i >0, we have natural
equivalences

Tl2i—1,2i] TR(R; Zp) ~ Rlarc, (Spec(R), W(O)(2))[2i]. (20)
For R € Perfd we have, for i € Z,
T[2i—1,24] (LK(l)TR(R; Zp)) = Rrarcp(SpeC(R)a W(0)(i))[2i]. (21)

Proof. The structure presheaf on Perfd defines an arcs-sheaf [BS19, Proposition 8.9]. Taking
the inverse limit in Proposition 7.21 over the restriction maps (and accounting for possible lim!
terms), we find in particular that R +— 7'[2,-_1721»}TR(R; Zp) defines an arcg-sheaf of spectra on
Perfd. Since, for ¢ > 0, this functor annihilates perfect IF-algebras, it in fact defines an arc,-sheaf
on Perfd.

The cyclotomic trace gives a map of Zp-modules T,(R*) — mTR(R;Z,). Since
1o(TR(R; Zp)) ~ W(R), we obtain natural maps f;: W(R)(i) — m2;(TR(R;Z,)) for i > 0. To
complete the proof, it suffices to show that:

(a) fi is an isomorphism for a cofinal (in the arc,-topology) collection of R € Perfd;
(b) m2i—1(TR(R;Z,)) = 0 for a cofinal (in the arc,-topology) collection of R € Perfd.
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We will take this collection to be the set of products of perfectoid rings of the form O¢, for C a
spherically complete and algebraically closed nonarchimedean field of mixed characteristic (0, p).
First, Proposition 7.21 shows that the construction R — THH(R;Z,) commutes with products
for R € Perfd; inductively and taking the limit, we find that R +— TR(R;Z,) commutes with
products for R € Perfd. Thus, it suffices to verify the above claims for R = O¢ itself, and that
follows from Lemma 7.22.

For the claim about L1y TR(R; Zy), note first that the first part of the proof and Proposition
5.10 (and (19) to reduce to the p-torsion-free case) show easily that R — Ly (1)TR(R;Zp) defines
an arcy-sheaf on Perfd (see also the remarks at the beginning of the proof of Proposition 5.10,
concerning when LK(l)(—) commutes with homotopy limits). It then follows from the above
(by inverting the Bott element over perfectoid rings containing p-power roots of unity) that
the homotopy groups of the arcy-sheaf Ly (1)TR(R;Zp) on Perfd are given by m; >~ W(O)(i),
and we obtain a filtration with associated graded terms the right-hand side of (21) via the
Postnikov filtration as arc,-sheaves. Note that the Postnikov filtration is always exhaustive, and
it is complete because it is complete on the arcy-sheaf R+ 7>1Lg)TR(R) ~ 751 TR(R; Zp).
Since the relevant associated graded pieces are in homological degrees [2i — 1,2i] by Corollary
7.15, the result follows. ]

7.4 The main results
In this subsection we prove Theorem 1.8 from the introduction. Our strategy is to compare
L 1)TR(—) with its arcy-hypersheafification.

Construction 7.24 (The invariant (LK(I)TR(—))ﬁ). We define the functor (LK(l)TR(—))ﬁ on
derived p-complete rings as the arc,-hypersheafification of the functor Ly 1yTR(—) on derived
p-complete rings. We have a comparison map

L@ TR(=) = (L) TR(-))". (22)

For a ring which is not necessarily derived p-complete, we define (L K(DTR(—))ti as that of its
derived p-completion.

To analyze this construction, we will use the results about Ly 1)TR of perfectoids proved in
the previous section, as well as some general tools from the appendix. On Perfd, Proposition 7.23
implies that Ly (1)TR(—) defines an arc)-hypersheaf. Using Proposition A.6, it follows that the
restriction of (LK(DTR(—))ti to Perfd is just Ly 1)TR(—) again, that is, (22) is an equivalence.”

PropOSITION 7.25. For any ring R, there is a natural, complete exhaustive Z-indexed
filtration on (LK(l)TR(R))ﬁ, denoted Filz*(LK(l TR(R))!, with associated graded terms
g’ (L (1yTR(R))* ~ Rl ac, (Spec(R), W (O)(i))[2i].

~—

Proof. The filtration in question is the arc,-Postnikov filtration (on the derived p-completion
of R). Note that Postnikov towers converge for hypercomplete arc,-sheaves (Proposition A.10).
For the identification of the graded pieces (or equivalently, the sheafified homotopy groups), it
suffices by descent (see Example A.9) to work with the subcategory Perfd, where the result
follows from (21). O

8 Alternatively, one could build (L(1yTR(—))? using the unfolding construction of Example A.9, by starting with
the arcp-hypersheaf Ly (1)TR(—) on Perfd.
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We do not know in general for which R the comparison map (22) is an equivalence; for
such R, one obtains a ‘motivic’ filtration on Ly 1)TR(R) with associated graded terms the arc,-
cohomology complexes RIuc,(Spec(R), W(O)(i))[2i]. Here we will show that the comparison
map is an equivalence in certain formally smooth cases, using the pro-Galois descent result
(Theorem 6.8).

THEOREM 7.26. Let Ry be a p-torsion-free perfectoid ring. Let R be a formally smooth
p-complete Ro-algebra. Then Ly (1yTR(R) = (LK(l)TR(R))ﬁ.

Proof. First, we reduce to the case where Ry admits a compatible system of p-power roots
of unity. By André’s lemma [BS19, Theorem 7.12], we know that there exists a p-completely
faithfully flat perfectoid Rp-algebra R{, which has this property (e.g. is absolutely integrally
closed). Now we have by descent

TR(R; Z,) =~ Tot (TR(R ©ry RY; Zy) = TR(R @, Ry ©py R Zy) = .. ) (23)

Since in high degrees all of the terms in the above totalization agree with their K (1)-localization
by Proposition 5.10, it follows that the descent property (23) holds for Ly (;yTR(—) as well (see
the beginning of the proof of Proposition 5.10). Moreover, (LK(l)TR(—))ti satisfies descent for
the map R — R ®p, R{, by construction. Therefore, we reduce to the case where Ry contains

A
Working locally on Spf(R), we can assume that R receives a map from Ro (5!, ..., t5") which
is étale mod p. We consider the extension R, = R®Z[¢ oo L E) Z[Cpoo,tlﬂ/poo, e ?_L:l/poo]
pPist1 seensbn
and the evident Z,(1)"-action on Rs. As in Example 6.10, we find from Theorem 6.8 that the

natural map induces an equivalence
Ly TR(R) = Tot (LK(UTR(ROO) = Ly TR(Funces(Zp(1)", Roc)) = - )

Now this is also true for (LK(l)TR(—))ﬂ, because the above augmented cosimplicial ring is an
arcp-hypercover (strictly speaking, for that we replace all rings by their derived p-completions).
But now this gives Ly )TR(R) = (L K(l)TR(R))ﬁ, since they agree on perfectoids and every
term in the above cosimplicial resolution has perfectoid p-completion. O

THEOREM 7.27. Suppose R is a formally smooth Og-algebra, where K is a complete dis-
cretely valued field of mixed characteristic (0,p) whose residue field k satisfies [k : kP] < oc.
Then L) TR(R) = (L1 TR(R))*.

Proof. We let G = Gal(K/K) and consider the G-action on S = R ®¢,. O. As in Example 6.9,
our assumptions imply that G has finite cohomological dimension and, moreover, that the map
(13) is an equivalence. Therefore, it suffices to show that Ly )TR(A) = (LK(I)TR(A))ﬂ when
A is one of S, Fungs(G,S),.... But these are all (up to p-completions) formally smooth over
perfectoids, whence the claim by Theorem 7.26 and descent. [l

Remark 7.28. Suppose Ly (1yTR(R) — (LK(l)TR(R))ﬁ. On Frobenius fixed points, one recovers
the Thomason [Tho85, TT90] filtration (i.e. the pro-étale Postnikov filtration) on Ly (1)TC(R) =~
LyqyK(R[1/p]) (see [BCM20] for this identification), whose associated graded terms are given
by gr' ~ Rl (Spec(R[1/p]), Zy())[2i]; see Proposition 7.16.
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Remark 7.29. The above filtration on Ly 1)TR(—) and the calculations of TR of smooth algebras
over a DVR in [HM03, HM04, GHO6] suggest that the cohomology RI'sw,(Spec(R), W(O)(i))
should be related to the absolute de Rham-Witt complex. The work [Morl8] also sug-
gests that for smooth algebras over a perfectoid base containing all p-power roots of unity,
RTare, (Spec(R), W(O)) should be related to the relative de Rham-Witt complex (over the
perfectoid base).
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Appendix. Topological preliminaries

In this appendix, we record some basic topological preliminaries about (hyper)sheaves of spectra.

Remark A.1 (Conventions for sites). We will for simplicity work only with sites of the following
nice form (see [Lurl8, § A.3.2]). Let C be a category with pullbacks and finite coproducts, such
that coproducts distribute over pullbacks and are disjoint. Suppose C is equipped with a class
of morphisms S = S¢ which contains all isomorphisms and is stable under composition and
pullback. We equip C with the Grothendieck topology where a collection {X; — X}ier is a
covering if there exists a finite subset I’ C I such that | |;.;,X; — X can be refined by a map
belonging to S. In this case, a presheaf on C with values in an co-category D with all small limits
is a sheaf if and only if it carries finite coproducts in C to finite products in D and if it satisfies
Cech descent for maps in S; see [Lurl8, § A.3.3].

Ezample A.2.

(i) The small or big étale site of a qcgs scheme (where we only allow qcgs schemes) is an
example, with S the class of étale surjections.
(ii) The arc,-topology or arcs-topology on the opposite of the category of derived p-complete
rings is an example, with S the class of arc, or arcs-covers.
(ili) The arc,-topology or arcs-topology on the opposite of the category of perfectoid rings is an
example, with S the class of arc, or arcs-covers.

Remark A.3 (Examples of continuous functors). Let C,C’ be sites as in Remark A.1. Let u: ¢’ —
C be a functor which preserves finite coproducts and pullbacks, as well as morphisms in the
respective classes S¢, Ser. It follows that if F is a sheaf (with values in any co-category D with
all small limits) on C, then F o is a sheaf on C’. These are examples of continuous functors;
the notion can be defined for more general sites; see [SGA4, Exp. II1.1].

Construction A.4 (Sheaves of spectra). Given a site C (as in Remark A.1), we let PSh(C, Sp)
denote the oco-category of presheaves of spectra on C and Shv(C,Sp) C PSh(C, Sp) denote the
subcategory of sheaves of spectra [Lurl8, §1.3]. We equip these both with their canonical
t-structures; see [Lurl8, §1.3.2].
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Given u: C" — C as in Remark A.3, we obtain a right adjoint and left ¢t-exact functor (—) o
u: Shv(C, Sp) — Shv(C’, Sp). It has a left adjoint w;: Shv(C’, Sp) — Shv(C, Sp) given by left Kan
extension along u followed by sheafification. By adjunction, necessarily w: is right t-exact.

Construction A.5 (Hypersheaves of spectra). Let C be a site as in Remark A.1. Any presheaf F
of spectra on C fits into a unique fiber sequence of spectra

fnullﬁfﬁfﬁv (Al)

where Fpun has trivial sheafified homotopy groups and F* is a hypercomplete sheaf of spectra,
that is, for every presheaf G with trivial sheafified homotopy groups, we have Hom(G, F*) = 0.
If F is a sheaf of spectra, then the cofiber sequence shows that Fy is also a sheaf of spectra;
it is then oo-connective with respect to the t-structure on Shv(C,Sp). We let Shvyy,,(C,Sp) C
Shv(C, Sp) denote the full subcategory of hypercomplete sheaves. We refer to [CM19, § 2] for an
exposition of some of these constructions, which go back to [Jar87, DHI04].

PROPOSITION A.6. Let u: C' — C be a morphism of sites as in Remark A.1 preserving finite
coproducts and pullbacks and carrying the class of arrows Se¢: into Sc¢. Suppose that for any
object X’ € C" and a finite covering family {Y; — uw(X')}ier in C, there is a refinement which is
the image under u of a finite covering family {Y; — X'}ier in C'.

Then the restriction functor (—) o u: PSh(C, Sp) — PSh(C’, Sp) commutes with hypersheafi-
fication (and, in particular, preserves hypercomplete sheaves).

Proof. Using the cofiber sequence (A.l), we see that it suffices to prove that (—)o
u: Shv(C,Sp) — Shv(C’,Sp) preserves both the subclasses of objects with trivial homotopy
groups and hypercomplete objects.

Our hypotheses imply that if a presheaf of abelian groups on C has trivial sheafification,
then its pullback to C’ has trivial sheafification. Therefore, (—) o u preserves objects with trivial
homotopy groups. It thus suffices to show that if F € Shvyy,(C,Sp), then the sheaf Fou €
Shv(C’, Sp) is also hypercomplete; this will not use the assumption in the second sentence of the
statement. Equivalently, given G € Shv(C’,Sp) which is co-connective, it suffices to show that
Homgpy (e gp) (G, F 0 u) = 0. By adjointness, this is Homgpy(c,sp) (wG, F); since uy: Shv(C’, Sp) —
Shv(C, Sp) is right t-exact and therefore preserves co-connective objects and F is hypercomplete,
this is contractible. O

Ezample A.7 (Overcategories). Suppose a € C and C' = C/, is the overcategory of a, with the
induced topology. Then the natural forgetful functor ' — C clearly satisfies the conditions of
Proposition A.6. In particular, the hypersheafification of a presheaf on C when restricted to C/,
is the hypersheafification of the restriction to C,.

A direct consequence is that given an appropriate site with a ‘basis’, hypersheaves of spectra
can be entirely recovered from their values on the basis. The result is a direct analog of [SGA4,
Theorem 4.1, Exp. III], and appears (for sheaves of spaces) in [Aok20, Appendix A].

PROPOSITION A.8. Let C be a site as in Remark A.1. Let C' CC be a full subcategory
closed under finite coproducts and fiber products, and define Ser to be the intersection of Se
with C'. Suppose every object X € C admitsamapY — X in S¢ withY € C'. Then the restriction
functor Shv(C, Sp) — Shv(C’, Sp) restricts to an equivalence on hypercomplete objects.
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Proof. Let u: C" C C be the inclusion, so we have a restriction functor (—) o wu: PSh(C,Sp) —
PSh(C’,Sp). By Proposition A.6, it restricts to a functor on hypercomplete sheaves, so we have
(=) o u: Shvpyp(C, Sp) — Shvyy, (€', Sp). This last functor has a left adjoint L: Shvyy,(C’', Sp) —
Shvhyp(C, Sp), given by F +— LF := (Lan,F)*, that is, L is obtained by applying the left Kan
extension Lan, : PSh(C’, Sp) — PSh(C, Sp) followed by hypersheafification (—)*. We now show
that L is fully faithful. Indeed, we have, for F,G € Shvy,(C’, Sp),

HomSthyp(Cvsp)(L}“, LG) = HomSthyp(C/,Sp) (.7-", (Lanug)jj o u) (A.2)

Now since w is fully faithful, since hypersheafification commutes with (—) o u by Proposition A.6,
and since G is already hypercomplete, we have (Lan,G)? o u = G. Therefore, the right-hand side
of (A.2) simplifies to Homgyy, (cr.sp)(F,G) as desired.

Our hypotheses imply that the restriction functor (—) o u is conservative on hypercomplete
sheaves, because it is conservative on sheaves of abelian groups. Since the restriction functor is
conservative and has a fully faithful left adjoint, the result follows. O

Example A.9 (Unfolding in the arc,-topology). The natural forgetful functor establishes an
equivalence of oo-categories between arc,-hypersheaves of spectra on all derived p-complete rings
and arcy,-hypersheaves of spectra on perfectoid rings.

Finally, we include a basic observation about commuting hypersheafification and certain
products when the site C is sufficiently large (e.g. the arcy,-site). This fact is closely related to
the theory of replete topoi; see [BS15, §3]. Compare [BS15, Proposition 3.3.3] for the second
part of the next result for the derived category of abelian sheaves, or equivalently hypercomplete
H7-module sheaves of spectra. Note, in particular, that it applies to the arcy-site. This follows
because arc-covers in the sense of [BM18| are closed under filtered colimits of rings [BM18,
Corollary 2.20] and because a map of derived p-complete rings R — R’ is an arcp,-cover if and
only if R — R’ x R/p x R[1/p] is an arc-cover.

In the following, we write PShy,(C) C PSh(C) for the subcategory of presheaves which carry
finite coproducts to finite products.

ProroOSITION A.10. Let C be a site as in Remark A.1. Suppose C admits countable filtered
limits. Suppose, moreover, that if --- — X; — X;_1 — --- — X{ is a sequence of arrows in S,
then lﬂll X; — Xy belongs to S. Then the following assertions hold.

(i) The hypersheafification functor, (—)*: PShy(C) — Shvyy,(C) commutes with countable
products and limits along Z>q-indexed towers.
(ii) For any G € Shvy,y,(C) C Shv(C), the Postnikov tower of G (as a sheaf of spectra) converges.

Proof. For (i), since hypersheaves are always closed (inside presheaves) under arbitrary limits and
since Zx>o-indexed limits can be built from countable products, it suffices to show (via the unique
cofiber sequence (A.1)) that if {F;};cn is a countable family of presheaves in PSh;(C) with trivial
hypersheafification (i.e. trivial sheafified homotopy groups), then the product presheaf [[; .y Fi
has trivial hypersheafification. But this is just a claim about the presheaves of abelian groups
{m;(F3) bien for each j. Explicitly, given a class a = (a;) € [[;e mj(F3(X)) for some X € C, we
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find for each i a cover X; — X in S which annihilates? a; € 7;(F;(X)) and then form the cover
X1 Xx Xo Xx ...of X, which annihilates a.

Now let G be a hypercomplete sheaf of spectra on C. The Postnikov tower of G € Shv(C)
is obtained by taking the presheaf truncations rgfg and applying the hypersheafification (or
sheafification, since these objects are truncated), that is, one forms {(72°G)*}, which is a tower

in PShy;(C). Since Postnikov towers converge for presheaves of spectra, that is, G ~ @n rg;fg ,

and we have just seen that (—)*: PSh;,(C) — Shvyy,(C) commutes with limits along Zxo-indexed

towers, we find G ~ @n(Tgfg)ﬁ as desired. O
REFERENCES
AQ21 G. Angelini-Knoll and J. D. Quigley, The Segal conjecture for topological Hochschild homology

of Ravenel spectra, J. Homotopy Relat. Struct. 16 (2021), 41-60.

AMMN20 B. Antieau, A. Mathew, M. Morrow and T. Nikolaus, On the Beilinson fiber square, Preprint
(2020), arXiv:2003.12541.

AN21 B. Antieau and T. Nikolaus, Cartier modules and cyclotomic spectra, J. Amer. Math. Soc.
34 (2021), 1-78.

Aok20 K. Aoki, Tensor triangular geometry of filtered objects and sheaves, Preprint (2020),
arXiv:2001.00319.

ARO02 C. Ausoni and J. Rognes, Algebraic K -theory of topological K -theory, Acta Math. 188 (2002),
1-39.

AF15 D. Ayala and J. Francis, Factorization homology of topological manifolds, J. Topol. 8 (2015),
1045-1084.

AFT17 D. Ayala, J. Francis and H. L. Tanaka, Factorization homology of stratified spaces, Selecta
Math. (N.S.) 23 (2017), 293-362.

BCM20 B. Bhatt, D. Clausen and A. Mathew, Remarks on K (1)-local K -theory, Selecta Math. (N.S.)
26 (2020), Paper No. 39.

BM18 B. Bhatt and A. Mathew, The arc-topology, Duke Math. J., to appear. Preprint (2018),
arXiv:1807.04725.

BMS18 B. Bhatt, M. Morrow and P. Scholze, Integral p-adic Hodge theory, Publ. Math. Inst. Hautes
Etudes Sci. 128 (2018), 219-397.

BMS19 B. Bhatt, M. Morrow and P. Scholze, Topological Hochschild homology and integral p-adic
Hodge theory, Publ. Math. Inst. Hautes Etudes Sci. 129 (2019), 199-310.

BS15 B. Bhatt and P. Scholze, The pro-étale topology for schemes, Astérisque 369 (2015), 99-201.

BS17 B. Bhatt and P. Scholze, Projectivity of the Witt vector affine Grassmannian, Invent. Math.
209 (2017), 329-423.

BS19 B. Bhatt and P. Scholze, Prisms and prismatic cohomology, Preprint (2019),

arXiv:1905.08229.

BGT13 A. J. Blumberg, D. Gepner and G. Tabuada, A universal characterization of higher algebraic
K -theory, Geom. Topol. 17 (2013), 733-838.

BBLR14 M. Bokstedt, R. R. Bruner, S. Lunge-Nielsen and J. Rognes, On cyclic fixed points of spectra,
Math. Z. 276 (2014), 81-91.

BHMO93 M. Bokstedt, W. C. Hsiang and 1. Madsen, The cyclotomic trace and algebraic K-theory of
spaces, Invent. Math. 111 (1993), 465-539.

9 Here we use that we are working with presheaves which carry finite coproducts to finite products, so that we
can reduce to working with covers consisting of one morphism.

1116

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://arxiv.org/abs/2003.12541
https://arxiv.org/abs/2001.00319
https://arxiv.org/abs/1807.04725
https://arxiv.org/abs/1905.08229
https://doi.org/10.1112/S0010437X21007144

BM94
Bru01

CS19
CM19

CMM21
CMNN20
CJos
DHI0O4
DGM13

Gab92

Gab94
GHO06
GL00

GOO08
GRO3

Gre76
Gun80

HW19

Hes96
Hes02

Hes06

Hes18

HM97

ON K(1)-LocaL TR

M. Békstedt and I. Madsen, Topological cyclic homology of the integers, K -theory (Strasboury,
1992), Astérisque 226 (1994), 7-8, 57-143.

M. Brun, Filtered topological cyclic homology and relative K -theory of nilpotent ideals, Algebr.
Geom. Topol. 1 (2001), 201-230.

K. Cesnavicius and P. Scholze, Purity for flat cohomology, Preprint (2019), arXiv:1912.10932.

D. Clausen and A. Mathew, Hyperdescent and étale K-theory, Invent. Math., to appear.
Preprint (2019), arXiv:1905.06611.

D. Clausen, A. Mathew and M. Morrow, K-theory and topological cyclic homology of henselian
pairs, J. Amer. Math. Soc. 34 (2021), 411-473.

D. Clausen, A. Mathew, N. Naumann and J. Noel, Descent in algebraic K-theory and a
congecture of Ausoni—Rognes, J. Eur. Math. Soc. (JEMS) 22 (2020), 1149-1200.

M. Crabb and I. James, Fibrewise homotopy theory, Springer Monographs in Mathematics
(Springer, London, 1998).

D. Dugger, S. Hollander and D. C. Isaksen, Hypercovers and simplicial presheaves, Math.
Proc. Cambridge Philos. Soc. 136 (2004), 9-51.

B. I. Dundas, T. G. Goodwillie and R. McCarthy, The local structure of algebraic K-theory,
Algebra and Applications, vol. 18 (Springer, London, 2013).

O. Gabber, K-theory of Henselian local rings and Henselian pairs, in Algebraic K-theory,
commutative algebra, and algebraic geometry (Santa Margherita Ligure, 1989), Contemporary
Mathematics, vol. 126 (American Mathematical Society, Providence, RI, 1992), 59-70.

O. Gabber, Affine analog of the proper base change theorem, Israel J. Math. 87 (1994),
325-335.

T. Geisser and L. Hesselholt, The de Rham-Witt complex and p-adic vanishing cycles,
J. Amer. Math. Soc. 19 (2006), 1-36.

T. Geisser and M. Levine, The K-theory of fields in characteristic p, Invent. Math. 139
(2000), 459-493.

O. Gabber and F. Orgogozo, Sur la p-dimension des corps, Invent. Math. 174 (2008), 47-80.
O. Gabber and L. Ramero, Almost ring theory, Lecture Notes in Mathematics, vol. 1800
(Springer, Berlin, 2003).

S. Greco, Two theorems on excellent rings, Nagoya Math. J. 60 (1976), 139-149.

J. Gunawardena, Segal’s Burnside ring conjecture for cyclic groups of odd prime order (JT
Knight prize essay, Cambridge, 1980).

C. Haesemeyer and C. A. Weibel, The norm residue theorem in motivic cohomology, Annals
of Mathematics Studies, vol. 200 (Princeton University Press, Princeton, NJ, 2019).

L. Hesselholt, On the p-typical curves in Quillen’s K -theory, Acta Math. 177 (1996), 1-53.

L. Hesselholt, Algebraic K-theory and trace invariants, in Proceedings of the International
Congress of Mathematicians, Vol. II (Beijing, 2002) (Higher Education Press, Beijing, 2002),
415-425.

L. Hesselholt, On the topological cyclic homology of the algebraic closure of a local field, in
An alpine anthology of homotopy theory, Contemporary Mathematics, vol. 399 (American
Mathematical Society, Providence, RI, 2006), 133-162.

L. Hesselholt, Topological Hochschild homology and the Hasse—Weil zeta function, in An alpine
bouquet of algebraic topology, Contemporary Mathematics, vol. 708 (American Mathematical
Society, Providence, RI, 2018), 157-180.

L. Hesselholt and I. Madsen, On the K-theory of finite algebras over Witt vectors of perfect
fields, Topology 36 (1997), 29-101.

1117

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://arxiv.org/abs/1912.10932
https://arxiv.org/abs/1905.06611
https://doi.org/10.1112/S0010437X21007144

HMO03

HMO04

HN19

Hub93

Jar87

Kat82

KS16

LMMT20

LT19

Lin80

Lod98

LR11

Lurl8

Mah81

Mat18

MNN17

Mat80

Mat86

Mil81

Mil71

Morl8

NS18
Niz98

A. MATHEW

L. Hesselholt and I. Madsen, On the K-theory of local fields, Ann. of Math. (2) 158 (2003),
1-113.

L. Hesselholt and I. Madsen, On the de Rham-Witt complex in mized characteristic, Ann.
Sci. Ec. Norm. Supér. (4) 37 (2004), 1-43.

L. Hesselholt and T. Nikolaus, Topological cyclic homology, in Handbook of homotopy theory,
ed. H. Miller (CRC Press, Boca Raton, FL, 2019).

R. Huber, Etale cohomology of Henselian rings and cohomology of abstract Riemann surfaces
of fields, Math. Ann. 295 (1993), 703-708.

J. F. Jardine, Simplicial presheaves, J. Pure Appl. Algebra 47 (1987), 35-87.

K. Kato, Galois cohomology of complete discrete valuation fields, in Algebraic K-theory, Part

II (Oberwolfach, 1980), Lecture Notes in Mathematics, vol. 967 (Springer, Berlin, 1982),
215-238.

K. Kurano and K. Shimomoto, Ideal-adic completion of quasi-excellent rings (after Gabber),
Preprint (2016), arXiv:1609.09246.

M. Land, A. Mathew, L. Meier and G. Tamme, Purity in chromatically localized algebraic
K-theory, Preprint (2020), arXiv:2001.10425.

M. Land and G. Tamme, On the K-theory of pullbacks, Ann. of Math. (2) 190 (2019),
877-930.

W. H. Lin, On conjectures of Mahowald, Segal and Sullivan, Math. Proc. Cambridge Philos.
Soc. 87 (1980), 449-458.

J.-L. Loday, Cyclic homology, Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences], vol. 301, second edition (Springer, Berlin, 1998);
appendix E by M. O. Ronco, Chapter 13 by the author in collaboration with Teimuraz
Pirashvili.

S. Lunge-Nielsen and J. Rognes, The Segal conjecture for topological Hochschild homology of
complex cobordism, J. Topol. 4 (2011), 591-622.

J. Lurie, Spectral algebraic geometry, Preprint (2018), http://math.ias.edu/~lurie/.
M. Mahowald, bo-resolutions, Pacific J. Math. 92 (1981), 365-383.

A. Mathew, Ezamples of descent up to nilpotence, in Geometric and topological aspects of
the representation theory of finite groups, Springer Proceedings in Mathematics & Statistics,
vol. 242 (Springer, Cham, 2018), 269-311.

A. Mathew, N. Naumann and J. Noel, Nilpotence and descent in equivariant stable homotopy
theory, Adv. Math. 305 (2017), 994-1084.

H. Matsumura, Commutative algebra, Mathematics Lecture Note Series, vol. 56, second
edition (Benjamin/Cummings, Reading, MA, 1980).
H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics,

vol. 8 (Cambridge, Cambridge University Press, 1986); translated from the Japanese by
M. Reid.

H. R. Miller, On relations between Adams spectral sequences, with an application to the stable
homotopy of a Moore space, J. Pure Appl. Algebra 20 (1981), 287-312.

J. Milnor, Introduction to algebraic K-theory, Annals of Mathematics Studies, vol. 72
(Princeton University Press, Princeton, NJ; University of Tokyo Press, Tokyo, 1971).

M. Morrow, p-adic wvanishing cycles as Frobenius-fized points, Preprint (2018),
arXiv:1802.03317.

T. Nikolaus and P. Scholze, On topological cyclic homology, Acta Math. 221 (2018), 203-409.

W. Niziol, Crystalline conjecture via K -theory, Ann. Sci. Ec. Norm. Supér. (4) 31 (1998),
659-681.

1118

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://arxiv.org/abs/1609.09246
https://arxiv.org/abs/2001.10425
http://math.ias.edu/~lurie/
https://arxiv.org/abs/1802.03317
https://doi.org/10.1112/S0010437X21007144

Niz08
QuiT2

QuiT3

RO06
Ryd10
Sch13

SGA4

Sta20
Sus8&3
Tho85

TT90

Tsa98

vR78

ON K(1)-LocaL TR

W. Niziol, Semistable conjecture via K -theory, Duke Math. J. 141 (2008), 151-178.

D. Quillen, On the cohomology and K-theory of the general linear groups over a finite field,
Ann. of Math. (2) 96 (1972), 552-586.

D. Quillen, Higher algebraic K-theory. I, in Algebraic K-theory, I: Higher K-theories (Proc.
Conf., Battelle Memorial Inst., Seattle, Wash., 1972), Lecture Notes in Mathematics,
vol. 341 (Springer, Berlin, 1973), 85-147.

A. Rosenschon and P. A. Ostveer, Descent for K-theories, J. Pure Appl. Algebra 206 (2006),
141-152.

D. Rydh, Submersions and effective descent of étale morphisms, Bull. Soc. Math. France 138
(2010), 181-230.

P. Scholze, p-Adic Hodge theory for rigid-analytic varieties, Forum Math. Pi 1 (2013), el.
M. Artin, A. Grothendieck and J. L. Verdier (eds), Séminaire de Géométrie Algébrique
du Bois Marie — 1963-64 — Théorie des topos et cohomologie étale des schémas (SGA 4),
Vol. 1, Lecture Notes in Mathematics, vol. 269 (Springer, Berlin, 1972).

The Stacks Project Authors, The Stacks Project (2020), https://stacks.math.columbia.edu.
A. Suslin, On the K-theory of algebraically closed fields, Invent. Math. 73 (1983), 241-245.

R. W. Thomason, Algebraic K -theory and étale cohomology, Ann. Sci. Ec. Norm. Supér. (4)
18 (1985), 437-552.

R. W. Thomason and T. Trobaugh, Higher algebraic K-theory of schemes and of derived
categories, in The Grothendieck Festschrift, Vol. III, Progress in Mathematics, vol. 88
(Birkh&user, Boston, 1990), 247-435.

S. Tsalidis, Topological Hochschild homology and the homotopy descent problem, Topology 37
(1998), 913-934.

A. C. M. van Rooij, Non-Archimedean functional analysis, Monographs and Textbooks in
Pure and Applied Mathematics, vol. 51 (Marcel Dekker, New York, 1978).

Akhil Mathew amathew®@math.uchicago.edu

Department of Mathematics, University of Chicago, 5734 S. University Ave., Chicago,
IL 60605, USA

1119

https://doi.org/10.1112/50010437X21007144 Published online by Cambridge University Press


https://stacks.math.columbia.edu
https://doi.org/10.1112/S0010437X21007144

	1 Introduction
	Conventions

	2 Generalities on K(1)-local truncating invariants
	3 The truncating property of LK(1) TR(-)
	4 Asymptotic K(1)-locality
	5 The Segal conjecture
	6 Pro-Galois descent
	6.1 An auxiliary construction
	6.2 Completion of topological Cartier modules
	6.3 The main pro-Galois result

	7 The analog of Thomason's spectral sequence
	7.1 arcp-cohomology
	7.2 THHCpr of perfectoid rings
	7.3 Description of TR of perfectoids
	7.4 The main results

	Acknowledgements
	Appendix . Topological preliminaries
	References

