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 ON THE COHOMOLOGY GROUPS OF AN ASSOCIATIVE ALGEBRA

 By G. HOCHSCHILD

 (Received May 22, 1944)

 Introduction.

 The cohomology theory of associative algebras is concerned with the m-linear

 mappings of an algebra W into a two-sided W-module A. In this theory,
 the additive group (2(m):$) of the m-linear mappings of 2I into $ plays a r6le
 analogous to that of the group of m-dimensional cochains in combinatorial

 topology. A linear mapping of (2[(m):93) into (2(m+1):3) analogous to the co-
 boundary operator of combinatorial topology and leading to the notion of $-
 "cohomology group" has been defined by Eilenberg and MacLane'. The spe-
 cial cases of dimension one and two (linear and bilinear mappings of S into a

 two-sided 21-module) have appeared before in connection with the so-called first
 and second lemmas of Whitehead2.

 In a sense, the cohomology theory of associative algebras is degenerate: the
 1-dimensional cohomology groups already determine all the others. In fact,

 if $ is any two-sided Et-module, one can construct another two-sided S-module,
 (21:3), such that (for m > 2) the m-dimensional $-cohomology group of 2t is
 isomorphic with the (m - l)-dimensional (21:$)-cohomology group of 2[ (Theo-
 rem 3.1).

 The present paper is concerned primarily with the connections between the

 structure of an algebra and the vanishing of its cohomology groups. It is shown
 that an algebra is separable if and only if all its cohomology groups vanish
 (Theorem 4.1). This is a generalization of a result obtained previously for the
 case of a non-modular ground field3.

 The 2-dimensional cohomology groups of an algebra are directly connected
 with the "extensions" of A, i.e. algebras e3 of which 21 is a homomorphic image.
 In particular, the condition that all 2-dimensional cohomology groups of 21
 vanish signifies that every extension of 2f has the form e- = * + S, where 2[*
 is a subalgebra isomorphic with 21 and S is the kernel of the homomorphism of e3
 onto 51 (Theorem 6.1). This is connected with the (generalized) third structure
 theorem of Wedderburn which may be stated by saying, that the 2-dimensional
 cohomology groups of a separable algebra vanish.

 More generally, one would be interested in the structural significance of the
 condition Cm: "all m-dimensional cohomology groups vanish." Theorem 3.1
 implies that C.+, is a consequence of Cm, for m > 1. But it is an open question
 whether or not Cm and C.+, are equivalent.

 I Unpublished. The analogous concepts for groups are contained in: S. Eilenberg and
 S. MacLane, Bull. Am. Math. Soc., vol. 50, (1944), Abstract No. 9.

 2 G. Hochschild, "Semi-Simple Algebras and Generalized Derivations," Amer. Jour.
 Math., vol. 64, (1941) p.p. 677-694.

 3 G. Hochschild, loc. cit., Theorems 3.4, 3.2.
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 It(a,, u1)(a2, u2)) = (aja2, aou2 + uja a2+ fIa,, a2) + T{aja2 )

 = (aja2,a, u2+ujsa2+arTIa2l + TIala2+f'tal,aia)

 = (al, u1 + Tr{aj)(a2, u2 + T{a2)) = Ij(ai, uj))Ij(a, (a j,

 i.e. I is an isomorphism of Q3f onto 3f3,. Moreover,

 a' {I{(a, u) I I = a'{(a, u + TIa))) = a = I{(a, u)).

 Hence the extensions I3f, auI and Qi3B,, a') are isomorphic. We state the
 foregoing results in the following proposition:

 PROPOSITION 6.2. There is a one to one correspondence between the classes of
 isomorphic singular extensions, and the 2-dimensional cohomology classes of 2.
 (Wye identify corresponding cohomology classes over operator-isomorphic 21-modules.)

 Next we prove:

 PROPOSITION 6.3. 21 is segregated in a singular extension if and only if the cor-
 responding cohomology class is zero.

 PROOF: We note that if 21 is segregated in the extension 1 Q3*, a*}, and if fQ3, au
 is isomorphic with QI V, a*}, then 21 is segregated also in {d3, a}. Now let Q3, a}
 be an extension which determines a zero cohomology class. Then it is obvious

 that 21 is segregated in the extension Q3o, a*} constructed from the representa-
 tive f = 0 of this class. Since Q 3, a} is isomorphic with QI3o, a*, 21 is segre-
 gated in Q 3, a). The necessity of the condition is obvious.

 From Propositions 6.1, 6.2, and 6.3 follows immediately the main result of
 this section:

 THEOREM 6.1. A necessary and sufficient condition for t to be segregated in
 every extension is that f12(2, '$) = 01), for every two-sided 21-module a.

 This, with Theorems 4.1 and 3.1 implies a result which is essentially the
 classical generalization (to arbitrary ground fields) of Wedderburn's third struc-
 ture theorem:

 COROLLARY: A separable algebra is segregated in every extension.

 ABERDEEN PROVING GROUND, MD.
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