Math 443 Final exam
May 6, 2014

Be sure to write your name on your bluebook. Use a separate page (or pages) for each problem.
Show all of your work.

1. Chain complex question. (20 POINTS) Suppose we have a long exact sequence of abelian
groups of the form

dl d2 d3 dn

0 Co Ch Co Cp 0.

Let C(i,7) (for 0 <1i < j <n) be the chain complex defined by

| Cp fori<k<y
Cl, )k = { 0  otherwise

with the same boundary operator as above. Describe H,.(C(i,7)).

Solution: We have Hy(C) = kerdy/imdy41. This is 0 for all i < k < j by exactness. At
the extreme values of k we have

ch(l,j) == Cl/lm di+1 = coker di+1

HJC(Z,]) = kerdj.

2. Projective plane question. Let X = RP? and let X* denote the k-fold Cartesian product
of X.

(a) (5 PoINTS) Find H,(X?;Z/2). Recall that homology with field coefficients converts
Cartesian products to tensor products.

Solution:

H.(X?*Z/2) = H(X;Z/2) ® H.(X;Z/2)

H,(X*Z/2) = €D Hi(X;Z/2) ® Hj(X;Z/2)
i+j=n
Z/2 forn =20
(Z/2)? forn=1
(Z/2)3 forn =2
(Z/2)? forn=3
Z/2 forn=4
0 otherwise

(b) (5 poINTS) Find H. (X% Z).
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Solution: Here we have to use the Kiinneth formula, which says that

Hy(X%2Z)= @ Hi(X;Z)9 Hy(X;Z)® @ Tor(H(X;Z), H;(X;Z))

Then we have
Z forn=20
' vy ) L)20Z)2 forn =1
G? Hi(X;Z)® Hj(X;Z) = 7/2 forn =2
i+j=n 0 otherwise
_ _ [ Z/2 forn=3
' @ Tor (Hi(X;Z), H;(X;Z)) = { 0 otherwise
i+j=n—1
SO
Z forn=20
Z/20Z/2 forn=1
H,(X%Z)=<{ Z/2 forn=2
Z/2 forn=3
0 otherwise

(c) (5 poiNTS) Find H,.(X3;Z/2).

Solution: A similar calculation to (a) gives

Ho(X%2/2) = @ Hi(X;Z/2) @ Hj(X* Z/2)
i+j=n

Z/2 forn =20

(Z/2)3 forn =1
) formn =2

Z/2)" forn=3

Z/2)5 forn =4

Z/2)3 forn=5

Z/2 forn =6

0 otherwise

(d) (5 poINTS) For a space Y define the mod 2 Poincaré series to be

9z,2(Y)(t) = Zrank (H,(Y;Z/2)t".
n>0

Find gZ/Q(Xk)(t) for k > 0.
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Solution: Since mod 2 homology converts Cartesian products to tensor products,
9z2(A X B)(t) = gz7/2(A)(t)gz/2(B)(1).
Since gz/2(X)(t) = 1+t + 12,

9z/2(X")(t) = 1+t + ).

3. Covering space question. Let ¢ = e2™/3 let X be the complement of the set
{z20=0,21=1,20 =, 23 = (*}

in C, and let X be the complement of the set {0, 1} in C. Let p : X = X be defined by
p(z) = 23 Using the point Zop = 1/2 € X as a base point, we define four closed paths wy, for
0<k<3in X as follows:

wo(t) = €™ /2 for0<t<1
wi(t) =1 — (2™ )2) for 0 <t <1
e2mit /2 for 0 <t<1/3
wo(t) = ¢(1—(e5™/2))  for 1/3<t<2/3
e2mit /2 for2/3<t<1
e 2mit /2 for 0 <t<1/3
ws(t) = 21— (e57/2)) for 1/3 <t <2/3
e it /2 for2/3<t<1

(I suggest you draw a picture of these paths.)

(a) (5 POINTS) Find 7 (X, %) and describe the elements in it represented by the 4 closed
paths wy.

Solution: Since X is the complement of 4 points in the plane, its 7 is the free
group on 4 generators, say aj for 0 < k < 3. The four paths each go around one of
them in a counterclockwise direction, so each wy represents one of the generators ay.

(b) (5 POINTS) Show that p is a 3-sheeted covering.

Solution: The preimage of every every point in X is a set of three points in X.

(c) (5 POINTS) Let g = p(Zg) € X and find (X, zp). Describe the elements in it repre-
sented by the 4 closed paths pwg. You may assume that the image under p of a circle
of radius 1/2 about a cube root of unity is a simple closed curve going counterclockwise
around 1 and not going around 0.
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Solution: Since X is the complement of 2 points in the plane, its 7 is the free
group on 2 generators, say « and y corresponding to 0 and 1. Then drawing suitable
pictures shows that

p(ao) =2
plar) =y
plaz) = zyz ™
plaz) =z~ 'yz

(d) (5 POINTS) Find a homomorphism ¢ : 71 (X, z9) — Cs whose kernel contains p,m1 (X, Zo).

Solution: Let v € C3 be a generator, and define ¢ by p(x) =~ and p(y) = e.

4. Euler characteristic question. (20 POINTS) Let X be a graph with V' vertices and E edges.

Embed it in R? (there is a theorem saying that any graph can be embedded in 3-space; there
are some that cannot be embedded in the plane) and let Y be the space of all points within
¢ (a sufficiently small positive number) of the image of X. It is a 3-manifold bounded by a
surface M. Find the Euler charcterisitic x(M) and prove your answer.

HiNT: Think of the building set in the lounge, the one with steel balls and black magnetic
rods. We are going to build something with V' balls and E rods. Find the Euler characteristic
of the set of V' 2-spheres bounding the V' balls. Think about how the Euler characteristic of
the surface changes each time you add a rod. You may use the fact that

X(AUB) = x(A4) + x(B) = x(AN B)

under suitable hypotheses on A and B.

Solution: The Fuler characteristic of the disjoint union of V' 2-spheres is 2V. When we
add an edge to the graph, we remove a disk from each of two (not necessarily distinct)
spheres. This reduces x by two. We then add a cyclinder by gluing its two boundary
components to the two circles created by removing the two disks. This does not change
X, because both the cylinder and its boundary components have Euler characteristic zero.
We do this E times, so x(M) =2V —2E.

. Last question. (20 POINTS) Let X; be the 1-skeleton of a cube, which is a graph with 8
vertices and 12 edges. Let Xs be the 1-skeleton of a tetrahedron, which is a graph with 4
vertices and 6 edges. Let M; and Ms be the two corresponding surfaces as in the previous
problem. Construct maps X1 — X9 and My — M> which are double coverings.
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Solution: Embed X; in R? as the edges of the unit cube centered at the origin, with
vertices at the points (+1/2,4+1/2,4+1/2). The group G = C5 acts freely on the comple-
ment of the origin (which is homeomorphic to % x R) by sending (z,y, 2) to (—x, —y, —2).
The orbit space is RP? x R. This action preserves the image of X; and its bounding
surface Mj. The orbit space X /G is a graph with 4 vertices and 6 edges, half the number
in Xj. Like X7 it has three edges meeting at each vertex, so it is homeomorphic to Xs. It
follows that M;/G is homeomorphic to Ms. The desired double coverings are the maps
of X1 and M to their orbit spaces.
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