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Lin’s big theorem

Theorem 1 (Lin [LIn03]) For each primep > 5 and
each integen > 0, the Hopf invariant one element

hn € Exty”(H*(K),Z/(p))
IS a permanent cycle and therefore represents a m
w, : SPt K.

Hereq = 2p — 2 and K is Toda’s 4-cell complek'(1).
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Background

The Adams spectral sequence [Ada58] is a metho
computing the graded group of maps, Y|, for
suitable spectr& andY'.
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Background

The Adams spectral sequence [Ada58] is a metho

computing the graded group of maps, Y|, for
suitable spectr& andY'.
Its E>-term is

Ey' = EXC(H*(Y), H*(X))

whereA is the modp Steenrod algebra, and the
cohomology groups have coefficientsdn(p).
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Background

The Adams spectral sequence [Ada58] is a metho

computing the graded group of maps, Y|, for
suitable spectr& andY'.
Its E>-term is

Ey' = EXC(H*(Y), H*(X))

whereA is the modp Steenrod algebra, and the

cohomology groups have coefficientsdn(p).
This group Is contravariant IX and covariant irt”.
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Background

Recall
Ey' = Ext{ (H*(Y), H* (X))
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Background

Recall
Ey' = Ext{ (H*(Y), H* (X))

We will abbreviate

Ext(H*(Y)) := Ext (H*(Y),Z/(p)).
the Es-term form, (YY)
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Background

Recall
Ey' = Ext; (H*(Y), H* (X))

We will abbreviate

Ext(H*(Y)) := Ext (H*(Y),Z/(p)).
the Es-term form, (YY)

and Ext .= EXxt(Z/(p)),
the E»-term forz,(SY)
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Background

Recall
Ext™ = Ext} (Z/(p),Z/(p))
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Background

Recall
Ext™! = Ext} (Z/(p),Z/(p))

Ext' has basis dual to the set of algebra generator
the modp Steenrod algebrd, the Bockstein

operationA and the reduced power operatid®s for
n > 0, giving elements

ap € Extt! and  h, € Ext'?"?
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Background

Recall
Ext™ = Ext} (Z/(p),Z/(p))

Ext’ has basis dual to the set of algebra relations f
the modp Steenrod algebrd. In particular for each

n > 0, there is an element,_; € Ext>?" ¢
corresponding to the relation

(P) =
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Background

ay € Exttt  h, € Ext'rd
b,—1 € Ext?r

The following facts about these elements are know
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Background
ag € Exttt h, € Ext'r?
b,_1 € Ext*?"

The following facts about these elements are know

(1) ag corresponds tp times the identity map and
ho corresponds to the map : S¢! — S°.
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Background

ag € Exttt h, € Ext'r?
b,—1 € Ext?r

The following facts about these elements are know

(2) Liulevicius [Liu62] (using methods introduced
Adams [Ada60] fop = 2) showed that fop odd,
h,, for n > 0 1s not a permanent cycle, but inste
there is a nontrivial differential

dg (hn) — aobn_l.
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Background

ag € Ext'!  h, € Ext'??
b,_1 € Ext*?"

The following facts about these elements are know

(3) | showed [Rav78] that fgv > 5 andn > 2,
dop-1(bn—1) = hob;,_, # 0.
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Background

ap € EX

tht h, € Ext'??

b,—1 € Ext?r

The following facts about these elements are know

(4) Ralph Cohen

Co

n81] showed that fo>> 3 and

n > 1, hob,,—_1 |S a

by a map

permanent cycle representet

Gn—1 SN=3 — G

whereN = (p" + 1)q. This is the geometric inp!
for Lin’s theorem.
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Themod p Moore spectrum M

M is known to be a ring spectrum fpr> 3.
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Themod p Moore spectrum M

M is known to be a ring spectrum fpr> 3.
There Is a cofiber sequence

SO$M$31$31
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Themod p Moore spectrum M

M is known to be a ring spectrum fopr> 3.
The element, (a() vanishes in EXtH*(M)), so (2)
above Is moot here, but we do have

(3') There is a differential
d2p—1(i*(hn)) — ali*(bn—2)p

wherea, € Extb (H*(M)) corresponds to the
composite

S — a2 )

anda Is the Adams self-map.
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Themod p Moore spectrum M

M is known to be a ring spectrum fopr> 3.

(4') Cohen [Coh81] showed that fpr> 3 andn > 1,
i+(hohy) IS @ permanent cycle.
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Toda's 4-cell complex K = V(1)

There Is a cofiber sequence

ZqMO‘_>ML>K—j>Zq+1M

and K is known to be a ring spectrum fpr> 5.
Lin’s Theorem says that

(') (hy) € Ext"? Y H*(K))

IS a permanent cycle.
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Conseguencesof Lin’stheorem

Assuming Lin’s theorem is true, let
wy 2 ST 5 K

denote a map detected by ). (h,).
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Conseguencesof Lin’stheorem

Assuming Lin’s theorem is true, let
wy 2 ST 5 K

denote a map detected by ). (h,).
There is a well known map (due to Toda)

3 sethap K

whose iterates are all nontrivial.
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Conseguencesof Lin’stheorem

Assuming Lin’s theorem is true, let
wy 2 ST 5 K

denote a map detected by ). (h,).

Lin shows that fom > 2 and0 < s < p" 2, the
composite

qrtg—1 _“n K £> Z—s(p+1)qK ‘7—‘7/> Sq+2—s(p+1)q

IS nontrivial and is detected by the element
Ypr—2/pn—2— IN the Adams-Novikov spectral sequen
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Conseguencesof Lin’stheorem

Assuming Lin’s theorem is true, let
wy 2 SPT S K
denote a map detected by ). (h,).
(3") may imply that forn > 2
gpig—1 2 ¢ T Nand Vi
IS detected by
i+ (b _5) € EXCPT(H (M)

and;j’w, may lift to S,
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Conseguencesof Lin’stheorem

Assuming Lin’s theorem is true, let
wy 2 ST 5 K

denote a map detected by ). (h,).
Forn = 2, the composite

. o

1S Y1 = Ozlﬁp_l ~ 7Tp2q_q_3(SO).
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Conseguencesof Lin’stheorem

Assuming Lin’s theorem is true, let
wy 2 ST 5 K

denote a map detected by ). (h,).
Forn =1, jw; = 0 and we have
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Stepsin Lin’sargument
Proposition 2 (Toda, [Tod71]) There is a map
o Y12 K — K with

su-2)f —Le -2 D1 T vy

p lf

!/

Gga—1 & Ga+1

su-1pf g1 N S T
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Stepsin Lin’sargument

Theorem 3 (Theorem 3.4 of [LIn03]) Let
a" € Extv Y (H*(K), H*(K)) detecto”. Then

(hohy)” = a”(i'i).(hy) € ExtY Y H*(K), H*(K))

(whereN = (p™ + 1)q) is a permanent cycle detecti
a map

BV K — K.
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Stepsin Lin’sargument

Theorem 3 (Theorem 3.4 of [LIn03]) Let
a" € Extv Y (H*(K), H*(K)) detecto”. Then

(hohy)” = a”(i'i).(hy) € ExtY Y H*(K), H*(K))

(whereN = (p™ + 1)q) is a permanent cycle detecti
a map

BV K — K.
The proof of this is very difficult.
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Stepsin Lin’sargument

For the next step we need a minimal Adams resolt

qo E0<l2 E<—Z EQ

Lok

H/p:KGO KG1 KGQ

and the cofiber sequence

SO K_>YH511
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Stepsin Lin’sargument

Corollary 4 (Corollary 3.10 of [Lin03]) The map;!
lifts to a mapn,,, : ¥V °K — ¥ °E, A K, and there

is a map(n, )y making the following diagram
commute.

(777/1/,2)1/

SN ——3YNYy ——=YE, AN K

lnﬁi,g

2 N K

lEg/\K

AR S KGN K
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Stepsin Lin’sargument

Corollary 4 (Corollary 3.10 of [Lin03]) The map;!
lifts to a mapn,,, : ¥V °K — ¥ °E, A K, and there

is a map(n, )y making the following diagram
commute.

ZNK A ZNY MZE2 AN K
W,g lE2AK
boANK
Y Es N K YKGo NK

The proof of this is not difficult.
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Stepsin Lin’sargument

The next step concerns the cofiber sequence

o-2p Yo g Uy U sl g

Lemmab5 (Lemma4.2 of [Lin03]) Modulo higher

Adams filtration, the com

nosite

(m)y

ZN—SKLZN—SY%KL>X

is Nw((,—1 A K) for a nonzero scalan’, wherec,,_;

Is Cohen’s map.
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Stepsin Lin’sargument

In other words, there is a mafy making the
following diagram commute

SNK - SNy
lm::)Y
(fI', —Co1 AK) 21 K
(Z_1E4 A X) V ZSK (50,3AX)\/w23X

Wherea()’g — Qpa10a9203.
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Stepsin Lin’sargument

The proof of this is difficult, as is the derivation of
Theorem 1 from it. The latter involves studying a
diagram that uses the cofiber sequences

_ a, by Cs
Y lEg g ——>E,—>KG;—> E, 4,
SOMX&I/[/LSJ

and
So-2f Ty Uy M2 s
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Stepsin Lin’sargument

SN
—1 o] o C’n—l,l
KG3 N X L
KG3/\U\1/ c3NX
q—2 N
> KG3 /\KE;),/\K X/]/ K
. EiNw

Eq_lKGg/\K Eq 2E4/\K+E 1E4/\X+E 1B, ANK X9k NK

\ asN\NK agzANX asN\NK

EsAu EsANw E4A
YIKGL ANK 2 lpsANK <— EsNX <—— B3 AN K 1A
Cc1

\ ag/\K ag/\X a2 ANK
AU Aw

S, AK 20 S A X 22N S A K

al/\K a1 ANX a1 \NK
1 \u Eq1ANw

Yatlp, A K - Y2Ei A X < S?Er ANK =— ¥2E;

\ El/\zz \L
EL AW pt.

E1q1ANAug

/7
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Stepsin Lin’sargument

v N

I 1KGy N K_ [;q 2E4/\K+E 1E4/\X+E 1B, ANK X9k NK

C2
L

SIKGIANK _ S9'EanK <— EsANX <—— EsANK BEiha
C1

\/\

a2 ANK

EaAu
Y9 N K <— Y Fo
a1 /\K

1 A\uw

EqgNw
asN\NK agN\X
EsAu EsNw

as ANX
EoANw
ANX <— Y FEo

a1 ANX
Eq1NAw

asN\NK
7

a2 ANK
N K

a1 \NK

Yatlp, A K - Y2Ei A X < S?Er ANK =— ¥2E;

Y2FE; AW <=—— pt.

E1q1ANAug

El/\z 7 \L
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