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1

Introduction

The purpose of this book is to introduce equivariant stable homotopy theory
in a way that will make the methods of [HHR16] accessible to a well informed
graduate student and facilitate further research in this area.

The research leading to [HHR16] was an example of the aphorism “compu-
tation precedes theory.” In 2005 the second two authors set out to study the
homotopy fixed point sets of finite subgroups of the Morava stabilizer groups
Sn under their action on the Morava spectra En; Hill joined us a short time
later. We knew this would be an interesting project, but we did not anticipate
that it would lead to a solution to the Kervaire invariant problem, named
after Michel Kervaire (1927–2007). We like to say we went hiking in the Alps
and found a short cut up Mount Everest.

After making various assumptions about how things work in equivariant
stable homotopy theory, we did the computation that led to our main the-
orem. Upon further reflection we realized that the existing literature on the
subject did not provide an adequate framework for our calculations. This led
to the lengthy appendices in [HHR16] providing the necessary theoretical in-
frastructure. Despite their length, they were written as tersely as possible so
as to economize on journal space.

A similar account will be given here at a more leisurely pace, with numerous
(more than 150) examples illustrating various concepts. In particular we do
our best to motivate the definition of the model structure we need on the
category of equivariant orthogonal spectra, the subject of Chapter 9.

Other works called Equivariant stable homotopy theory are [GM95], [LMSM86]
and [Seg71], and the phrase occurs in numerous other titles.

Nearly every item in the bibliography can be found in the third author’s
online archive.
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1.1 The Kervaire invariant theorem and the ingredients
of its proof

Very briefly, the Kervaire invariant problem concerns the fate of the elements
h2j in the classical Adams spectral sequence at the prime 2, originally intro-
duced by J. Frank Adams FRS (1930–1989) in [Ada58]. We refer the reader
to [Rav86] for a description of it. A theorem of William Browder [Bro69] says
that h2j is a permanent cycle iff there exists a framed manifold of dimen-
sion 2j�1 � 2 with nontrivial Kervaire invariant. The hypothetical element in
πS2j�1�2 represented by such a framed manifold is denoted by θj .
Here πSk denotes the stable k-stem, the value of πn�kSn for large n. It is

also the kth homotopy group of the sphere spectrum, which was often denoted
by S0 in early works on the subject. In this book we will denote the
sphere spectrum by S�0 to avoid confusion with the space S0; see
Remark 1.4.13 below.
After the publication of Browder’s theorem in 1969 there were numerous

unsuccessful attempts to prove the existence of θj for all j ¡ 0. Mark Ma-
howald (1931–2013) named his sailboat “Thetajay.” His colleague and coau-
thor Michael Barratt (1927–2015) referred to the possibility that they did not
all exist as the “Doomsday Hypothesis.” More precisely, he gave this name to
conjecture, originally due to Joel Cohen [Coh70], that in the Adams spectral
sequence only a finite number of elements in each filtration were permanent
cycles. The first five θjs were known to exist, the construction of θ5 being the
subject of [BJM84] and recently simplified in [Xu16].
After 1980, interest in the problem faded as the failed attempts of the 1970s

convinced the homotopy theory community that it was beyond their reach. In
2009, just before we announced our theorem, Victor Snaith published [Sna09],
a witty account of the state of the art at that moment. Three of his statements
are worth repeating here.
About the decline of interest in the problem he said,

As ideas for progress on a particular mathematics problem atrophy
it can disappear. Accordingly I wrote this book to stem the tide of
oblivion.

About his own involvement in it he wrote,

For a brief period overnight we were convinced that we had the method
to make all the sought after framed manifolds – a feeling which must
have been shared by many topologists working on this problem. All
in all, the temporary high of believing that one had the construction
was sufficient to maintain in me at least an enthusiastic spectator’s
interest in the problem.

Best of all,

In the light of the above conjecture and the failure over fifty years to
construct framed manifolds of Arf-Kervaire invariant one this might
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turn out to be a book about things which do not exist. This [is] why
the quotations which preface each chapter contain a preponderance
of utterances from the pen of Lewis Carroll.

1.1A The main theorem
Indeed the sought after framed manifolds (with a small number of exceptions)
do not exist. The following was first announced by the second author in
April, 2009, in a lecture at a conference in Edinburgh honoring the 80th
birthday of Sir Michael Atiyah (1929–2019).

Main Theorem. The Arf-Kervaire elements θj P πS2j�1�2 do not exist for
j ¥ 7.

Figure 1.1
Fenway’s dream

The status of θ6 in the 126-stem remains open.
In [Rav78] (see also [Rav86, §6.4]) the third author

showed long ago that the cohomology of the subgroup of
order p in Sp�1 could be used to show that odd primary
analogs of the Kervaire invariant elements do not exist
for p ¥ 5.
Here Sn denotes the nth Morava stabilizer group,

which plays a critical role in chromatic homotopy the-
ory. We refer the reader to [Rav86, Chapter 6] for its
definition and properties. It is a pro-p-group that is the
strict automorphism group of a height n formal group
law over a sufficiently large finite field of characteris-
tic p. Its cohomology in some sense controls the nth
chromatic layer of the Adams-Novikov E2-term , as ex-
plained first in [MRW77] and later in [Rav86, Chapter
5]. It is known to have elements of order pi�1 precisely
when pp�1qpi divides n. In particular Sp�1 has a cyclic
subgroup of order p, and for p � 2, S4 has one of order
8.
This odd primary Kervaire invariant problem was easier (and hence solved

thirty years earlier) than the 2-primary case because Hirosi Toda [Tod67,
Tod68] had shown a decade earlier that θ2 P πS2p2pp�1q�2 does not exist.
This could be reinterpreted as a proof that the corresponding element in
the Adams-Novikov spectral sequence, βp{p, supports a nontrivial differential
hitting α1θ

p
1 � α1β

p
1 . The cohomology of Cp � Sp�1 then provided a way to

leverage this into a proof that θj � βpj�1{pj�1 supports a differential hitting
α1θ

p
j�1 for all j ¥ 2.

At the prime 2 there was no analog of Toda’s theorem; there was no θj that
was known not to exist. We also know that while the θjs themselves can be
detected in the cohomology of C8 � S4, their products cannot be. This means
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that the leverage of [Rav78] is not available. The methods of [HHR16], which
include the use of equivariant stable homotopy theory, are quite different.
We have a much simpler way of defining the action of the group C8. In

chromatic homotopy theory (for background on this topic see Lurie’s 2010
Harvard course [Lur10], the 2013 Talbot syllabus with its numerous references
[BL13], [Rav86] and [Rav92]) we learn that Sn, the strict automorphism group
of a height n formal group law Fn over the field Fpn , acts on the ring over
which its universal deformation (lifting to characteristic zero) is defined. The
same goes forGn, the extension of Sn by the Galois group of Fpn over Fp. This
ring turns out to be π0En, where En is the nth Morava E-theory, a variant of
the Johnson-Wilson spectrum Epnq. These considerations leads to an “action”
of Sn on the spectrum En, but it is only defined up to homotopy.
This awkward state of affairs was the motivating issue for the Goerss-

Hopkins-Miller theorem in the early 1990s; see [Rez98] and [GH04]. Morava’s
En was known to be an E8-ring spectrum, meaning that it has a multipli-
cation that is homotopy commutative in the strongest possible sense. They
showed that for an E8-ring spectrum R there is a space of E8-ring automor-
phisms AutpRq. This required a deeper understanding of the stable homotopy
category than was prevalent at the time. In the case of R � En, we knew that
the set of path components of this space had to be Gn. They showed that
each path component is contractible.
This means that AutpEnq is homotopy equivalent to Gn, and that for any

closed subgroup G � Gn one can define the homotopy fixed point spectrum
EhGn . In particular EhGn

n � LKpnqS
0, the Bousfield localization of the sphere

spectrum with respect to the nth Morava K-theory. The calculation of [Rav78]
could be reinterpreted as a calculation with EhCp

p�1 .
The proof of this gratifying result is quite technical. Fortunately we do

not have to deal with it here. We have a much more direct way of mapping
π�S

0 to the cohomology of a cyclic 2-group using equivariant stable homotopy
theory.

1.1B The equivariant approach
The starting point is the action of C2 on the complex cobordism spectrum
MU via complex conjugation. The resulting C2-spectrum is denoted byMUR,
and known as “real cobordism.”
This terminology derives from Atiyah’s definition of real K-theory in [Ati66].
(The reader hoping for a definition of “reality” as a technical term will be

disppointed to find that the word only appears in the title of the paper.) For
him a “real” space is a topological space X equipped with an involution τ .
For x P X he denotes τpxq by x. A “real” vector bundle E over a real space X
was not a bundle of real vector spaces, but a complex vector bundle equipped
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with an involution compatible with that on X such that the induced map
from the fiber over x to that over x is conjugate linear.
A key example of a real space is the set of complex points of an algebraic

variety X defined over the real numbers, which comes equipped with an invo-
lution related to complex conjugation. Its fixed point set is the space of real
points of X. In particular X could be the Grassmannian variety Gn,k, whose
real and complex points are respectively the spaces of linear k-dimensional
subspaces of an n-dimensional vector space over the real and complex num-
bers. Taking the colimit as n and k go to infinity, we get the classifying space
BU equipped an an involution induced by complex conjugation. We denote
this object by BUR. We can Thomify this and get a C2-equivariant spectrum
MUR, the real cobordism spectrum. Its precise construction is the subject
of Chapter 12. It was first studied by Peter Landweber in [Lan68], and subse-
quently by Michikazu Fujii [Fuj76], Shôrô Araki (1930–2005) [Ara79] and by
Po Hu and Igor Kriz [HK01].
The next step is to elevate the C2-spectrumMUR to a C2n -spectrum. More

generally when H is a subgroup of G, we define a norm functor NG
H from

the category of H-spectra to that of G-spectra; see Definition 9.7.3. Roughly
speaking for, an H-spectrum E, the G-spectrum NG

HE is E^|G{H| with G

permuting the H-invariant factors. A recent theorem of Jeremy Hahn and
XiaoLin Danny Shi [HS17] implies that there is a map NC2n

C2
MUR Ñ E2n�1

which is equivariant with respect to the action of C2n as a subgroup of S2n�1 .
Classically there is a way to derive Atiyah’s real K-theory spectrum KR

from MUR, and the former is 8-periodic, meaning that πiKR and its equiv-
ariant variants only depend on the congruence class of i modulo 8. It is a
retract of a mapping telescope obtained from MUR by inverting a certain
element in its equivariant homotopy group.
There are similar spectra KH and KO that are retracts of telescopes related

to NC4

C2
MUR and NC8

C2
MUR which are respectively 32 and 256-periodic. The

use of the symbols H and O here is purely a matter of convenience as these
spectra have very little to do with the quaternions or octonions. The spectrum
KH is studied extensively in [HHR17c], where it and KO are denoted by Kr2s

and Kr3s.
There is a similar telescope associated with NC2n

C2
MUR for each n ¥ 1.

It is obtained by inverting an element D specified for the case n � 3 in
Corollary 13.3.25. Theorem 13.3.23 shows that it has periodicity 2n�1�2n�1 .
Passing from the telescope to its retract Krns simplifies explicit calculations
of homotopy groups, but is not needed for our current purposes.

1.1C The spectrum Ξ

The fixed point spectrum Ξ (denoted by Ω in [HHR16]) of the telescope for
NC8

C2
MUR, which we denote by ΞO, is the central object in the solution to the
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Kervaire invariant problem. It is a nonconnective ring spectrum with a unit
map S0 Ñ Ξ. It has the following properties:

Key properties of the C8 fixed point spectrum Ξ.

(i) Detection Theorem. It has an Adams-Novikov spectral sequence (which
is a device for calculating homotopy groups) in which the image of each θj
is nontrivial. This means that if θj exists, we will see its image in
π�pΞq. es

(ii) Periodicity Theorem. It is 256-periodic, meaning that πkpΞq depends
only on the reduction of k modulo 256. As in the case of Bott periodicity,
we have a stable equivalence Ω256Ξ � Ξ.

(iii) Gap Theorem. πkpΞq � 0 for �4   k   0.

These will be proved in Chapter 13, after developing the necessary machin-
ery in the intervening eleven chapters. We will identify Ξ in Definition 13.3.27.
Property (iii) is our zinger. Its proof involves a new tool we call the slice
spectral sequence.
If θ7 P π254pS0q exists, (i) implies it has a nontrivial image in π254pΞq. On

the other hand, (ii) and (iii) imply that π254pΞq � 0, so θ7 cannot exist. The
argument for θj for larger j is similar, since |θj | � 2j�1 � 2 � �2 mod 256

for j ¥ 7. (Historical note: the third author spent part of his undergraduate
career living in a rented room at 254 Elm Street near Oberlin College. It was
there that he first became acquainted with homotopy theory, but at that time
he did not appreciate the significance his street number. In 2002, he lived in
a rented house at 62 Eden Street in Cambridge, UK.)
At the present time, the three theorems listed above are just about all we

know about Ξ, which is just enough to prove the main theorem. If we could
show that π126Ξ � 0, we would know that θ6 does not exist. This appears to
be a daunting calculation. We computed π�K

C4

H in [HHR17c] as a warmup
exercise for it.
The reader may wonder why we chose the group C8. Briefly, the argu-

ment for the Detection Theorem §1.1C(i) would break down were we to use
C2 or C4. We will say more about this in §13.4, specifically in Remark 13.4.17.
It would go through for any larger cyclic 2-group, but the period would be
greater, which would lead to a weaker theorem. For C16 the period is 8192,
so the resulting theorem would say that θj does not exist for j ¥ 12 rather
than for j ¥ 7. The Gap Theorem holds for any cyclic 2-group.
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1.2 Background and history

1.2A Pontryagin’s early work on homotopy groups of spheres
The Arf-Kervaire invariant problem has its origins in the early work of Lev
Pontryagin (1908–1988) on a geometric approach to the homotopy groups of
spheres, [Pon38], [Pon50] and [Pon55].
Pontryagin’s approach to maps f : Sn�k Ñ Sn is to assume that f is smooth

and that the base point y0 of the target is a regular value. (Any continuous f
can be continuously deformed to a map with this property.) This means that
f�1py0q is a closed smooth k-manifoldM in Sn�k. Let Dn be the closure of an
open ball around y0. If it is sufficiently small, then V n�k � f�1pDnq � Sn�k is
an pn�kq-manifold homeomorphic to M �Dn with boundary homeomorphic
to M � Sn�1. It is also a tubular neighborhood of Mk and comes equipped
with a map p : V n�k Ñ Mk sending each point to the nearest point in M .
For each x P M , p�1pxq is homeomorphic to a closed n-ball Bn. The pair
pp, f |V n�kq defines an explicit homeomorphism

V n�k
pp,f |V n�kq

≈
// Mk �Dn

This structure on Mk is called a framing, and M is said to be framed in
Rn�k. A choice of basis of the tangent space at y0 P Sn pulls back to a set
of linearly independent normal vector fields on M � Rn�k. These will be
indicated in Figures 1.2–1.3 below.
Conversely, suppose we have a closed sub-k-manifold M � Rn�k with a

closed tubular neighborhood V and a homeomorphism h toM�Dn as above.
This is called a framed sub-k-manifold of Rn�k. Some remarks are in order
here.

 The existence of a framing puts some restrictions on the topology ofM . All
of its characteristic classes must vanish. In particular it must be orientable.

 A framing can be twisted by a map g :M Ñ SOpnq, where SOpnq denotes
the group of orthogonal n� n matrices with determinant 1. Such matrices
act on Dn in an obvious way. The twisted framing is the composite

V
h // Mk �Dn // Mk �Dn

pm,xq � // pm, gpmqpxqq.

When Mk � Sk, this leads to the Hopf-Whitehead J-homomorphism of
Remark 1.2.2 below.

 If we drop the assumption thatM is framed, then the tubular neighborhood
V is a (possibly nontrivial) disk bundle overM . The map M Ñ y0 needs to
be replaced by a map to the classifying space for such bundles, BOpnq. This
leads to unoriented bordism theory, which was analyzed by René Thom
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(1923–2002) in [Tho54]. Two helpful references for this material are the
books by Milnor-Stasheff [MS74] and Robert Stong (1936–2008) [Sto68a].

Pontryagin constructs a map P pM,hq : Sn�k Ñ Sn as follows. We re-
gard Sn�k as the one point compactification of Rn�k and Sn as the quotient
Dn{BDn. This leads to a diagram

pV, BV q� _
��

h // M � pDn, BDnq p2 // pDn, BDnq

��
pRn�k,Rn�k � intV q // pSn�k, Sn�k � intV q P pM,hq // pSn, t8uq

The map P pM,hq is the extension of p2h obtained by sending the compliment
of V in Sn�k to the point at infinity in Sn. For n ¡ k, the choice of the
embedding (but not the choice of framing) of M into the Euclidean space is
irrelevant. Any two embeddings (with suitably chosen framings) lead to the
same map P pM,hq up to continuous deformation.
To proceed further, we need to be more precise about what we mean by

continuous deformation. Two maps f1, f2 : X Ñ Y are homotopic if there is
a continuous map h : X � r0, 1s Ñ Y (called a homotopy between f1 and
f2) such that

hpx, 0q � f1pxq and hpx, 1q � f2pxq.

Now suppose X � Sn�k, Y � Sn, and the map h (and hence f1 and f2) is
smooth with y0 as a regular value. Then h�1py0q is a framed pk�1q-manifoldN
whose boundary is the disjoint union ofM1 � f�1py0q andM2 � g�1py0q. This
N is called a framed cobordism between M1 and M2, and when it exists
the two closed manifolds are said to be framed cobordant. An example is
shown in Figure 1.2.
Let Ωfr

k,n denote the cobordism group of framed k-manifolds in Rn�k. The
above construction leads to Pontryagin’s isomorphism

Ωfr
k,n

≈ // πn�kpSnq.

First consider the case k � 0. Here the 0-dimensional manifoldM is a finite
set of points in Rn. Each comes with a framing which can be obtained from a
standard one by an element in the orthogonal group Opnq. We attach a sign
to each point corresponding to the sign of the associated determinant. With
these signs we can count the points algebraically and get an integer called the
degree of f . Two framed 0-manifolds are cobordant iff they have the same
degree.
Now consider the case k � 1.M is a closed 1-manifold, i.e., a disjoint union

of circles. Two framings on a single circle differ by a map from S1 to the group
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Figure 1.2 A framed cobordism between M1 � S1²S1 � R2 and M2 �
S1 � R3 with N � r0, 1s �R2. The normal framings on the circles can be
chosen so they extend over N .

SOpnq, and it is known that

π1pSOpnqq �
$&%

0 for n � 1

Z for n � 2

Z{2 for n ¡ 2.

It turns out that any disjoint union of framed circles is cobordant to a single
framed circle. This can be used to show that

πn�1pSnq �
$&%

0 for n � 1

Z for n � 2

Z{2 for n ¡ 2.

The case k � 2 is more subtle. As in the 1-dimensional case we have a com-
plete classification of closed 2-manifolds, and it is only necessary to consider
path connected ones. The existence of a framing implies that the surface is
orientable, so it is characterized by its genus.
If the genus is zero, namely ifM � S2, then there is a framing which extends

to a 3-dimensional ball. This makes M cobordant to the empty set, which
means that the map is null homotopic (or, more briefly, null), meaning
that it is homotopic to a constant map. Any two framings on S2 differ by an
element in π2pSOpnqq. This group is known to vanish, so any two framings on
S2 are equivalent, and the map f : Sn�2 Ñ Sn is null.
Now suppose the genus is one, as shown in Figure 1.3. Suppose we can find

an embedded arc as shown on which the framing extends to a disk. Then there
is a cobordism which effectively cuts along the arc and attaches two disks as
shown. This process is called framed surgery. If we can do this, then we have
converted the torus to a 2-sphere and shown that the map f : Sn�2 Ñ Sn is
null.
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Figure 1.3 The case k � 2 and genus 1. If the framing on the embedded
arc extends to a disk, then there is a cobordism (called a framed surgery)
that converts the torus to a 2-sphere as shown.

When can we find such a closed curve in M? It must represent a generator
of H1pMq and carry a trivial framing. This leads to a map

ϕ : H1pM ;Z{2q Ñ Z{2 (1.2.1)

defined as follows. Each class in H1 can be represented by a closed curve which
is framed either trivially or nontrivially. It can be shown that homologous
curves have the same framing invariant, so ϕ is well defined. At this point
Pontryagin made a famous mistake which went undedected for over a decade:
he assumed that ϕ was a homomorphism. We now know this is not the
case, and we will say more about it below in §1.2C.
On that basis he argued that ϕ must have a nontrivial kernel, since the

source group is pZ{2q2. Therefore there is a closed curve along which we can
do the surgery shown in Figure 1.3. It follows that M can be surgered into
a 2-sphere, leading to the erroneous conclusion that πn�2pSnq � 0 for all n.
Freudenthal [Fre38] and later George Whitehead [Whi50] both proved that it
is Z{2 for n ¥ 2. Pontryagin corrected his mistake in [Pon50], and in [Pon55]
he gave a complete account of the relation between framed cobordism and
homotopy groups of spheres.

Remark 1.2.2. The Hopf-Whitehead J-homomorphism.
Suppose our framed manifold is Sk with a framing that extends to a Dk�1.

This will lead to the trivial element in πn�kpSnq, but twisting the framing can
lead to nontrivial elements. The twist is determined up to homotopy by an
element in πkpSOpnqq. Pontryagin’s construction thus leads to the homomor-
phism

πkpSOpnqq J // πn�kpSnq
introduced by Hopf [Hop35] and Whitehead [Whi42]. Both source and target
known to be independent of n for n ¡ k � 1.

In this case the source group for each k (denoted simply by πkpSOq since
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n is irrelevant) was determined by Bott [Bot59] in his remarkable periodicity
theorem. He showed

πkpSOq �
$&%

Z for k � 3 or 7 mod 8
Z{2 for k � 0 or 1 mod 8
0 otherwise.

Here is a table showing these groups for k ¤ 10.

k 1 2 3 4 5 6 7 8 9 10

πkpSOq Z{2 0 Z 0 0 0 Z Z{2 Z{2 0

In each case where the group is nontrivial, the image under J of its generator
is known to generate a direct summand; see [Ada66, Theorems 1.1, 1.3, 1.5
and 1.6]. In the jth case we denote this image by βj and its dimension by
φpjq, which is roughly 2j. (They will figure in Hypothesis 1.2.4 below.) The
first three of these are the Hopf maps η P πS1 , ν P πS3 and σ P πS7 . After that
we have β4 P πS8 , β5 P πS9 , β6 P πS11, and so on.

For the case π4m�1pSOq � Z, the image under J is known to be a cyclic
group whose order am is the denominator of Bm{4m, where Bm is the mth
Bernoulli number. Details can be found in [Ada66, Theorems 1.5 and 1.6] and
[MS74, Appendix B]. Here is a table showing these values for m ¤ 8.

m 1 2 3 4 5 6 7 8

am 24 240 504 480 264 65,520 24 16,320

1.2B Our main result
Our main theorem can be stated in three different but equivalent ways:

 Manifold formulation: It says that a certain geometrically defined in-
variant ΦpMq (the Arf-Kervaire invariant, to be defined later) on certain
manifolds M is always zero.

 Stable homotopy theoretic formulation: It says that certain long sought
hypothetical maps between high dimensional spheres do not exist.

 Unstable homotopy theoretic formulation: It says something about
the EHP sequence (to be defined below), which has to do with unstable
homotopy groups of spheres.

The problem solved by our theorem is nearly 50 years old. There were
several unsuccessful attempts to solve it in the 1970s. They were all aimed at
proving the opposite of what we have proved.
Here again is the stable homotopy theoretic formulation.
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Main Theorem. The Arf-Kervaire elements θj P πS2j�1�2 do not exist for
j ¥ 7.

1.2C The manifold formulation

Let λ be a nonsingular anti-symmetric bilinear form on a free abelian group
H of rank 2n with mod 2 reduction H. It is known that H has a basis of the
form tai, bi : 1 ¤ i ¤ nu with

λpai, ai1q � 0 λpbj , bj1q � 0 and λpai, bjq � δi,j .

In other words, H has a basis for which the bilinear form’s matrix has the
symplectic form ������������

0 1

1 0

0 1

1 0
. . .

0 1

1 0

������������
.

A quadratic refinement of λ is a map q : H Ñ Z{2 satisfying

qpx� yq � qpxq � qpyq � λpx, yq
Its Arf invariant is

Arfpqq �
ņ

i�1

qpaiqqpbiq P Z{2.

In 1941 Cahit Arf (1910–1997)[Arf41] proved that this invariant (along with
the number n) determines the isomorphism type of q.
An equivalent definition is the “democratic invariant” of Browder. The el-

ements of H “vote” for either 0 or 1 by the function q. The winner of the
election (which never ends in a tie) is Arfpqq. Here is a table illustrating this
for three possible refinements q, q1 and q2 when H has rank 2.

x 0 a b a� b Arf invariant

qpxq 0 0 0 1 0
q1pxq 0 1 1 1 1
q2pxq 0 1 0 0 0

The value each refinement on a� b is determined by those on a and b, and q2
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is isomorphic to q. Thus the vote is three to one in each case. When H has
rank 4, it is 10 to 6.

Let M be a 2m-connected smooth closed manifold of dimension 4m � 2

with a framed embedding in R4m�2�n. We saw above that this leads to a
map f : Sn�4m�2 Ñ Sn and hence an element in πn�4m�2pSnq.
Let H � H2m�1pM ;Zq, the homology group in the middle dimension. Each

x P H is represented by an immersion ix : S2m�1 í M with a stably trivial-
ized normal bundle. H has an antisymmetric bilinear form λ defined in terms
of intersection numbers.
In 1960 Michel Kervaire (1927–2007) [Ker60] defined a quadratic refinement

q on its mod 2 reduction in terms of the trivialization of each sphere’s normal
bundle. The Kervaire invariant ΦpMq is defined to be the Arf invariant of
q. In the case m � 0, when the dimension of the manifold is 2, Kervaire’s q is
Pontryagin’s map ϕ of (3.2.11).
What can we say about ΦpMq?

 Kervaire [Ker60] showed it must vanish when k � 2. This enabled him
to construct the first example of a topological manifold (of dimension 10)
without a smooth structure. This is illustrated in Figure 1.4. N is a smooth
10-manifold with boundary given as the union of two copies of the tang-
nent disk bundle of S5. The boundary is homeomorphic to S9. Thus we can
get a closed topological manifold X by gluing on a 10-ball along its com-
mon boundary with n, or equivalently collapsing BN to a point. X then
has nontrivial Kervaire invariant. On the other hand, Kervaire proved that
any smooth framed manifold must have trivial Kervaire invariant. There-
fore the topological framed manifold X cannot have a smooth structure.
Equivalently, the boundary BN cannot be diffeomorphic to S9. It must be
an exotic 9-sphere.

 For k � 0 there is a framing on the torus S1 � S1 � R4 with nontrivial
Kervaire invariant. Pontryagin used it in [Pon50] (after some false starts in
the 30s) to show πn�2pSnq � Z{2 for all n ¥ 2.

 There are similar constructions for k � 1 and k � 3, where the framed
manifolds are S3 � S3 and S7 � S7 respectively. Like S1, S3 and S7 are
both parallelizable, meaning that their trivial tangent bundles are trivial.
The framings can be twisted in such a way as to yield a nontrivial Kervaire
invariant.

 Edgar Brown and Frank Peterson (1930–2000) [BP66] showed that it van-
ishes for all positive even k. This means that apart from the 2-dimensioanl
case, any smooth framed manifold with nontrivail Kervaire invariant must
a dimension congruent to 6 modulo 8.

 William Browder [Bro69] showed that it can be nontrivial only if k � 2j�1�
1 for some positive integer j. This happens iff the element h2j is a permanent
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Figure 1.4 Kervaire’s example. N is a smooth framed p4k � 2q-manifold
whose boundary is homeomorphic to S4k�1. The tubular neighbohood of
each S2k�1 is homeomorphic to its tangent bundle. If BN is diffeomorphic to
S4k�1, then X is a closed smooth framed p4k� 2q-manifold with nontrivial
Kervaire invariant. We now know this is the case only when k � 0, 1, 3,
7, 15 and possibly 31. Otherwise BN is an exotic p4k � 1q-sphere that is a
framed boundary, and collapsing its boundary to a point gives a topological
manifold without a smoothness structure. The case k � 2 was Kervaire’s
original example.

cycle in the Adams spectral sequence, which was originally introduced in
[Ada58]. (More information about it can be found in [Rav86] and[Rav04].)
The corresponding element in πSn�2j�1�2 is θj , the subject of our theorem.
This is the stable homotopy theoretic formulation of the problem.

 θj is known to exist for 1 ¤ j ¤ 3, i.e., in dimensions 2, 6, and 14. In these
cases the relevant framed manifold is S2j�1�S2j�1 with a twisted framing
as discussed above. The framings on S2j�1 represent the elements hj in
the Adams spectral sequence. The Hopf invariant one theorem of Adams
[Ada60] says that for j ¡ 3, hj is not a permanent cycle in the Adams
spectral sequence because it supports a nontrivial differential. (His original
proof was not written in this language, but had to do with secondary co-
homlogy operations.) This means that for j ¡ 3, a smooth framed manifold
representing θj (i.e., having a nontrivial Kervaire invariant) cannot have
the form S2j�1 � S2j�1.

 θj is also known to exist for j � 4 and j � 5, i.e., in dimensions 30 and 62.
In both cases the existence was first established by purely homotopy the-
oretic means, without constructing a suitable framed manifold. For j � 4

this was done by Barratt, Mahowald and Tangora in [MT67] and [BMT70].
A framed 30-manifold with nontrivial Kervaire invariant was later con-
structed by Jones [Jon78]. For j � 5 the homotopy theory was done in 1985
by Barratt-Jones-Mahowald in [BJM84]. Their construction was simplified
substantially by Zhouli Xu in [Xu16].
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 Our theorem says θj does not exist for j ¥ 7. The case j � 6 is still open.

Figure 1.4 illustrates Kervaire’s construction of a framed p4k� 2q-manifold
with nontrivial Kervaire invariant. In all cases except k � 0, 1 or 3, any
framing of this manifold will do because the tangent bundle of S2k�1 is non-
trivial and leads to a nontrivial invariant. What the picture does not tell us is
whether the bounding sphere S4k�1 is diffeomorphic to the standard sphere.
If it is, then attaching a p4k � 2q-disk to it will produce a smooth framed
manifold with nontrival Kervaire invariant. If it is not, then we have an exotic
p4k�1q-sphere bounding a framed manifold and hence not detected by framed
cobordism.

1.2D The unstable formulation

Assume all spaces in sight are localized and the prime 2. For each n ¡ 0

there is a fiber sequence due to Ioan James, [Jam55], [Jam56a], [Jam56b] and
[Jam57]

Sn
E // ΩSn�1 H // ΩS2n�1. (1.2.3)

Here ΩX � Ω1X where ΩkX denotes the space of continuous base point
preserving maps to X from the k-sphere Sk, known as the kth loop space of
X. This leads to a long exact sequence of homotopy groups

. . . // πm�npSnq E // πm�n�1pSn�1q H // πm�n�1pS2n�1q P // πm�n�1pSnq // . . .

Here

 E stands for Einhängung, the German word for suspension.
 H stands for Hopf invariant.
 P stands for Whitehead product.

Assembling these for fixed m and various n leads to a diagram

πm�n�1pS2n�1q
P��

πm�n�2pS2n�1q
P��

πm�n�3pS2n�3q
P��

. . .
E // πm�n�1pSn�1q E //

H��

πm�npSnq E //

H��

πm�n�1pSn�1q E //
H��

. . .

πm�n�1pS2n�3q πm�npS2n�1q πm�n�1pS2n�1q
where

 Sequences of arrows labeled H, P , E, H (or any subset thereof) in that
order are exact.

 The groups in the top and bottom rows are inductively known, and we can
compute those in the middle row by induction on n.
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 The groups in the top and bottom rows vanish for large n, making E an
isomorphism.

 An element in the middle row has trivial suspension (is killed by E) iff it
is in the image of P .

 It desusupends (is in the image of E) iff its Hopf invariant (image under
H) is trivial.

When m � n� 1 this diagram is

π2n�1pSn�1q
H
��

π2npS2n�1q
P��

Z

P��

0

P��
� � � E // π2n�2pSn�1q E //

H��

π2n�1pSnq E //

H
��

π2npSn�1q E //

H
��

� � �

π2n�2pS2n�3q Z 0

The image under P of the generator of the upper Z is called the Whitehead
square, denoted by wn P π2n�1pSnq.
 When n is even, Hpwnq � 2 and wn has infinite order.
 wn is trivial for n � 1, 3 and 7. In those cases the generator of the upper
Z is the Hopf invariant (image under H ) of one of the three Hopf maps in
π2n�1pSn�1q,

S3 η // S2, S7 ν // S4 and S15 σ // S8.

 For other odd values of n, twice the generator of the upper Z is Hpwn�1q,
so wn has order 2.

 It turns out that wn is divisible by 2 iff n � 2j�1�1 and θj exists, in which
case wn � 2θj .

 Each Whitehead square w2n�1 P π4n�1pS2n�1q (except the cases n � 0, 1
and 3) desuspends to a lower sphere until we get an element with a nontrivial
Hopf invariant, which is always some βj as in Remark 1.2.2. More precisely
we have

Hpwp2s�1q2j�1q � βj

for each j ¡ 0 and s ¥ 0. This result is essentially Adams’ 1962 solution to
the vector field problem [Ada62].

Recall the EHP sequence

. . . // πm�npSnq E // πm�n�1pSn�1q H // πm�n�1pS2n�1q P // πm�n�1pSnq // . . .

Given some βj P πφpjq�2n�1pS2n�1q for φpjq   2n, one can ask about the
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Hopf invariant of its image under P , which vanishes when βj is in the image of
H. In most cases the answer is known and is due to Mahowald, [Mah67] and
[Mah82]. They are also discussed in [Rav86, §1.5, especially Theorem 1.5.23].
The remaining cases have to do with θj . The answer that he had hoped for

is the following, which can be found in [Mah67]. To our knowledge, Mahowald
never referred to this as the World Without End Hypothesis. We chose that
term to emphasize its contrast with the Doomsday Hypothesis.

World Without End Hypothesis (Mahowald 1967) 1.2.4.

(i) The Arf-Kervaire element θj P πS2j�1�2 exists for all j ¡ 0.
(ii) It desuspends to S2j�1�1�φpjq and its Hopf invariant is βj.

(iii) Let j, s ¡ 0 and suppose that m � 2j�2ps� 1q � 4� φpjq and
n � 2j�1ps� 1q � 2� φpjq. Then P pβjq has Hopf invariant θj.

This describes the systematic behavior in the EHP sequence of elements
related to the image of J , and the θj are an essential part of the picture.
Because of our theorem, we now know that this hypothesis is incorrect.

Remark 1.2.5. The Doomsday Hypothesis. In the 1970s, Michael Bar-
ratt (1927–2015) wanted very much for Hypothesis 1.2.4 to be true. Thus he
gave the name Doomsday Hypothesis to the statement (originally conjectured
by Joel Cohen in [Coh70]) that in the Adams spectral sequence only a finite
number of elements in each filtration were permanent cycles.
4/7/19. Check Joel Cohen’s book and look up Milgram’s list of problems at
the 1970 AMS Symposium in Madison.

This was already known to be true for filtration 1. It had been known since
roughly 1960 that E1,�

2 (the 1-line of the Adams E2-term) was spanned by the
elements

hj P E1,2j

2 for j ¥ 0.

In [Ada60] Adams had shown that

d2phj�1q � h0h
2
j for j ¥ 3,

meaning that h0, h1, h2 and h3 are the only surviving elements in filtration
1. They correspond respectively to the degree 2 map and the three Hopf maps

η : S3 Ñ S2, ν : S7 Ñ S4 and σ : S15 Ñ S8.

If it were also true in filtration 2, then only a finite number of the θjs would
exist. In [Mah77] Mahowald showed that h1hj survives for all j ¥ 3. This
provides a counter example to the hypothesis stated above but says nothing
about the fate of the θjs.
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In 1995 Minami in [Min95, page 966] proposed a modified form of the
statement having to do with the homomorphism

Sq0 : Es,t2 Ñ Es,2t2 ,

which is known to send hj and h2j respectively to hj�1 and h2j�1. His New
Doomsday Conjecture is that for each s there is an n such that no element
in Es,�2 in the image of pSq0qn survives. In particular, h2j survives for only
finitely many j.

On the other hand, Mahowald’s elements ηj � h1hj are not related to each
other in this way since Sq0ph1hjq � h2hj�1.

1.2E Questions raised by our theorem

EHP sequence formulation. Hypothesis 1.2.4 was the nicest possible
statement of its kind given all that was known prior to our theorem. Now we
know it cannot be true since θj does not exist for j ¥ 7. This means the
behavior of the indicated elements P pβjq for j ¥ 7 is a mystery.

Adams spectral sequence formulation. We now know that the h2j for
j ¥ 7 are not permanent cycles, so they have to support nontrivial differen-
tials. We have no idea what their targets are.

Manifold formulation. Here we are not aware of any new questions raised
by our result. It appears to be the final page in the story.

Our method of proof offers a new tool for studying the stable homotopy
groups of spheres. We look forward to learning more with it in the future.

1.3 The foundational material in this book

The topics covered in this volume are presented in the most logical order
possible. This approach differs from the “computation precedes theory” pre-
sentation in [HHR16] in which the logical foundations of the calculation were
described in two lengthy appendices after the description of the calculation
itself. A similar approach was used by Aldridge “Pete” Bousfield and Daniel
Kan (1928–2013) in the “yellow monster” [BK72], Phillip Hirschhorn’s book
on model categories [Hir03], and the third author’s previous books [Rav86] and
[Rav92]. The present approach means that the next five chapters will intro-
duce the requisite tools from category theory including a lengthy description
of Quillen model categories and Bousfield localization.
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These chapters are designed to present the required tools as clearly as possi-
ble. They are not intended to be rigorously self contained. Whenever a lengthy
proof is available elsewhere in the literature, we will omit it but tell the reader
exactly where she can find it. They are also not intended to be comprehensive
introductions to the topics in question. Our choice of definitions and results
stated, which may strike some readers as idiosyncratic, is dictated by the needs
of the subsequent chapters. We have chosen to ignore some recent develop-
ments in these areas, such as the theory of 8-categories, because we do not
need them. On the other hand we have chosen to embrace enriched category
theory, the subject of Chapter 3, since it provides the cleanest framework for
the definition of equivariant spectra in Chapter 9.
Equivariant homotopy theory, the arena in which our computation is done,

first appears in Chapter 8, and our star player, the spectrum MUR, is con-
structed in Chapter 12. Our main computational tool, the slice spectral se-
quence, first appears in Chapter 11.
The inexperienced reader may well wonder why we need to devote over two

hundred pages to category theory before we even step into the pool of ho-
motopy theory. The answer is that the tools it provides enable us to proceed
with far more elegance and rigor than we could without them. This “categori-
fication of algebraic topology” is most apparent in the twenty-first century
approach to spectra, the fundamental objects of study in stable homotopy
theory.
Spectra were first introduced in print [Lim59] in 1959 by Elon Lima (1929–2017),

then a student of Edwin Spanier (1921–1996) at the University of Chicago,
and later a prominent mathematical educator in Brazil. A spectrum E was
defined to be a sequence of pointed spaces En for nonnegative integers n, with
structure maps

εn : ΣEn Ñ En�1.

In the first examples En was pn� 1q-connected, but this was not a formal re-
quirement. The motivation for this definition was the observation that pn�1q-
connected spaces behave very nicely in dimensions less than roughly
2n. The first theorem in this direction may have been the Freudenthal Sus-
pension Theorem [Fre38] of 1938; see [Rav86, Theorem 1.1.4].

1.3A The hare and the tortoise
Spectra were defined to create a world where n could be arbitrarily large so we
could enjoy this nice behavior in all dimensions. Perhaps the first extensive
account of this new world was a course given by Adams at UC Berkeley in
1961 and published as [Ada64]. In it (pages 22–23), he said the following.

I want to go ahead and construct a stable category. Now I should warn you that
the proper definitions here are still a matter for much pleasurable argumentation
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among the experts. The debate is between two attitudes, which I’ll personify as
the tortoise and the hare. The hare is an idealist: his preferred position is one of
elegant and all embracing generality. He wants to build a new heaven and a new
earth and no half-measures. If he had to construct the real numbers he’d begin by
taking all sequences of rationals, and only introduce that tiresome condition about
convergence when he was absolutely forced to.

The tortoise, on the other hand, takes a much more restrictive view. He says that
his modest aim is to make a cleaner statement of known theorems, and he’d like
to put a lot of restrictions on his stable objects so as to be sure that his category
has all the good properties he may need. Of course, the tortoise tends to put on
more restrictions than are necessary, but the truth is that the restrictions give him
confidence.

You can decide which side you’re on by contemplating the Spanier-Whitehead
dual of an Eilenberg-Mac Lane object. This is a “complex” with “cells” in all stable
dimensions from �8 to �n. According to the hare, Eilenberg-Mac Lane objects are
good, Spanier-Whitehead duality is good, therefore this is a good object: And if the
negative dimensions worry you, he leaves you to decide whether you are a tortoise or
a chicken. According to the tortoise, on the other hand, the first theorem in stable
homotopy theory is the Hurewicz Isomorphism Theorem, and this object has no
dimension at all where that theorem is applicable, and he doesn’t mind the hare
introducing this object as long as he is allowed to exclude it. Take the nasty thing
away!

The resulting homotopy theoretical paradise was described very nicely by
Boardman-Vogt in [BV73] about a decade later, but there were some serious
technical problems, especially in connection with smash products. For a fur-
ther account of the adventures of the hare and the tortoise with an assessment
of Boardman’s work, see [May99b].
It is safe to say now, over half a century later, that the hare has prevailed.

The technical problems that vexed stable homotopy theorists for a generation
have been vanquished. The increasingly sophisticated use of category theory
has been instrumental in this triumph. Many of the advances that led to
this happy state of affairs occured in the 1990s, the decade following Adams’
untimely death in a car crash.

1.3B A letter to Adams
The third author has tried to imagine what it would be like to relate these
developments to him.

Dear Frank,
Stable homotopy theory is in much better shape now than when you left us.

The definitions are much cleaner and we have a smash product with all of the nice
features you could ask for. As you can probably guess, Peter May has been pounding
away at this for decades, but you did not live long enough to see just how much
success he and his coauthors have had.

Along with Tony Elmendorf, his former student, and Igor Kriz, a Czech immigrant
(you may also be interested to know that the Berlin Wall came down, the Soviet
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Union collapsed and the Cold War ended, all within three years of your death),
he used a lemma due to the second author [EKMM97, Lemma I.5.4] to define a
smash product on a certain category of spectra that is strictly associative and
commutative in 1993. You heard me right, I said strictly, not just up to homotopy
(higher or otherwise) or some other convoluted equivalence relation, but pointwise,
on the nose! In 1997 (with a fourth coauthor, Mike Mandell, another former student)
they published a book about it, [EKMM97].

That construction is complicated and I do not fully understand it. Fortunately
Jeff Smith, with help from Mark Hovey and Brooke Shipley, found a simpler way to
do it, which they described in their account of symmetric spectra, [HSS00]. May and
Mandell used a similar approach in their account of equivariant orthogonal spectra,
[MM02]. This one I do understand. It uses a wonderful construction called the
Day convolution, originally discovered in 1970 [Day70] by the Australian category
theorist Brian Day (1945–2012). It is a purely categorical result that happens to be
exactly what is needed to define the smash product of spectra. This means the proof
that said smash product is strictly commutative and associative is “purely formal.”
Ironically, Day’s first job out of graduate school was a postdoctoral position at the
University of Chicago, presumably at the behest of Saunders Mac Lane. As far as I
can tell, Brian and Peter did not interact mathematically.

So how do Mandell and May do it? As you know, a spectrum E was originally
defined to be a sequence of pointed spaces En, one for each integer n ¥ 0, along with
pointed structure maps εn : ΣEn Ñ En�1. For them a spectrum is a functor
from a certain small category J (the Mandell-May category of Definition 8.9.24)
to the category T of pointed topological spaces. Since J is small, such a functor
could be regarded as a diagram of pointed spaces, although it would not be a
diagram you could actually draw because it would be infinite. This point of view is
developed further in the companion paper to [MM02], [MMSS01] by Mandell, May,
Stefan Schwede and Brooke Shipley.

The objects of J are finite dimensional real orthogonal vector spaces. Since such
a vector space is determined up to isomorphism by its dimension, a T -valued functor
E on J gives us a sequence of spaces En, as in the orginal definition, but with some
additional structure. In order to spell out the additional structure, I need to tell you
about the morphisms in J. This is where things start to get tricky.

I said the objects of J are certain vector spaces, but I did not say that J is
the category of such vector spaces and inner product preserving maps as usually
defined. In order to describe J we need to generalize what we mean by a category,
because J is not a category in the usual sense. Instead it is an enriched category;
see Chapter 3. Such things were first studied by Samuel Eilenberg (1913—1998) and
Max Kelly (1930–2007) [EK66], and were the subject of Kelly’s book [Kel82].

In an ordinary category C one has a collection (possibly a set) of objects, and for
each pair of objects X and Y a set CpX,Y q (possibly empty) of morphisms X Ñ Y .
Of course every object has an identity morphism, and given a third object Z we
have a map

CpY,Zq � CpX,Y q Ñ CpX,Zq (1.1)

that tells us how to compose morphisms. This map is itself a morphism with suitable
properties in Set, the category of sets.

In an enriched category, one has objects as before, but CpX,Y q is no longer a set
or even a class. Instead it is an object in a second category V, which need not be
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Set at all. We say then that C is enriched over V. By this definition, an ordinary
category is enriched over Set.

This auxiliary category V has to have a structure that enables to make sense of
the source of the morphism in (1.1). In other words it needs a binary operation,
analogous to Cartesian product in Set, that allows us to combine two objects into
a third. This binary operation must have a unit analogous to the one element set.
A category so endowed is said to be symmetric monoidal; see § 2.6 for more
information. The relevant example for us is T , the category of pointed topological
spaces. Its binary operation is the smash product, for which the unit object is S0.

Having said what an enriched category is, I can tell you more about the Mandell-
May category J, which is enriched over T . This means that for finite dimensional
real orthogonal vector spaces V and W , the morphism object JpV,W q is a pointed
topological space, which is defined as follows.

Let OpV,W q denote the (possibly empty) space (also known as a Stiefel manifold,
named after Eduard Stiefel (1909–1978)) of orthogonal embeddings of V into W .
For each such embedding τ , let W�τpV q denote the orthogonal compliment of τpV q
in W . We can regard it as the fiber of a vector bundle over OpV,W q, and we define
JpV,W q to be its Thom space.

When the dimension of V exceeds that of W , the embedding space OpV,W q is
empty, which means the Thom space JpV,W q is a point. When V and W have
the same dimension, the vector bundle has zero dimensional fibers, so JpV,W q �
OpV q�, the orthogonal group with a disjoint base point. When the dimension of
W exceeds that of V , we can think of JpV,W q as a wedge of copies of SW�τpV q

parametrized by the space of embeddings OpV,W q.
Given a third such vector space U , the analog of (1.1) is a suitable map

JpV,W q ^JpU, V q Ñ JpU,W q. (1.2)

It is induced by composition of orthogonal embeddings, i.e., by a map

OpV,W q �OpU, V q Ñ OpU,W q.

It is not necessary to think of points in JpV,W q as maps from V to W . The
space JpV,W q is not a topologized set of ordinary morphisms, but a replacement
of the usual morphism set by a morphism object in T . The map of (1.2) tells us how
the replacement of composition works.

Mandell-May define an orthogonal spectrum E (Definition 9.0.2) to be a func-
tor from J to T , which happens to be enriched over itself. Since an object of J

is a finite dimensional vector space, which is determined up to isomorphism by its
dimension, we denote the image of the functor on Rn by En, as in the orginal
definition. Functoriality implies that we have structure maps

εn,n�k : JpRn,Rn�kq ^ En Ñ En�k. (1.3)

for all n, k ¥ 0.
For k � 0 this amounts to a left action on the space En of the orthogonal group

Opnq. That group also acts on JpRn,Rn�kq on the right by precomposition. These
two actions lead to one on the smash product in (1.3) with εn,n�k factoring through
the orbit space. For k � 1 that orbit space is ΣE, so we have the map

εn � εn,n�1 : ΣEn Ñ En�1

as in the orginal definition. The difference is that now the map does not depend
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on the choice of orthogonal embedding of Rn into Rn�1 as it did in the classical
case. This coordinate free definition is technically convenient.

We can define the suspension spectra Σ8X for a pointed space X by

pΣ8Xqn � ΣnX

with the evident structure maps. More generally we can define the smash product
of a pointed space K with a spectrum E by pK^Eqn � K^En. We can also define
a spectrum EK (maps from K to E) by

pEKqn � T pK,Enq.

Since spectra are functors, maps between them are natural transformations. This
means a map f : E Ñ F of spectra is a collection of continuous pointed maps
fn : En Ñ Fn compatible with the structure maps. This is analogous to what you
called a function in [Ada74b, page 140].

As you pointed out on [Ada74b, page 141], there is no function f : Σ8S1 Ñ Σ8S0

for which f2 : S3 Ñ S2 is the Hopf map η. Since we all love the Hopf map, we would
like to have such a function. The fix you suggested is to replace the source spectrum
E � Σ8S1 by a spectrum E1 defined by

E1
n �

"
� for n � 0, 1
Sn�1 otherwise

Then there is an obvious function g : E1 Ñ E for which gn is an isomorphism for
n ¥ 2, and a function f 1 : E1 Ñ Σ8S0 with f 12 � η. You defined a map E Ñ F
[Ada74b, page 142] to be an equivalence class of composites of the form f 1 � fg as
above.

You also defined a homotopy between two functions E Ñ F [Ada74b, page 144]
in terms of a map I 
E Ñ F , a homotopy between maps, in similar terms. Finally,
you defined a morphism in your category [Ada74b, page 143] to be a homotopy
class of such maps.

Thus you made a distinction between functions, maps and morphisms. Subsequent
experience has led us to approach these issues a little differently. We have learned
that the framework provided by Quillen’s theory of model categories, the subject of
Chapters 4–6 of this book, is very helpful. Among other things, it tells us there are
two categories one should consider here. The first is the category of spectra Sp in
which the objects are the functors J Ñ T described above, and the morphisms are
natural transformations between them, what you called “functions.”

Before describing the second category, we need to define stable homotopy groups
of spectra and weak equivalences between spectra. This can be done as you did in
[Ada74b, §III.3]. Then one gets a homotopy category HoSp (see Definition 4.3.16)
having the same objects as Sp in which weak equivalences are invertible. Your “mor-
phisms” are morphisms in this category. Your “maps” are equivalence classes of
“functions” precomposed with weak equivalences.

Now, at last, I can tell you about smash products. You defined the smash product
of two spectra in [Ada74b, §III.4] and spent 30 pages showing that it has the desired
properties (commutativity and associativity with the sphere spectrum as unit) up
to homotopy, that is up to coherent natural weak equivalence. Another way of
saying this is that we get a symmetric monoidal structure in the homotopy category
HoSp. The Mandell-May smash product (Definition 9.1.21), which is based on a
very insightful observation by Jeff Smith, leads to such a structure in Sp itself. This
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smash product has the desired properties up to coherent natural isomorphism.
Not only is this a huge improvement, it has a much shorter and more elegant proof.

If we have two spectra X and Y , each of which is a functor J Ñ T , then together
they give us a functor from J�J to T � T . Now consider the diagram

pRm,Rnq
� // pXm, Ynq

� // Xm ^ Yn

J�J
X�Y //

` ''OO
OOO

OOO
OOO

T � T ^ // T

pX ^ Y qm�n

J

X^Y

66nnnnnnnn

Rm�n

-

66mmmmmm

(1.4)

The smash product we are looking for is a yet to be defined functor

X ^ Y : J Ñ T

with suitable properties. We are not hoping for the diagram of (1.4) to commute.
That would mean

Xm ^ Yn � pX ^ Y qm�n

in all cases, which is not a reasonable thing to expect. On the other hand, we do
expect to have maps

ηm,n : Xm ^ Yn Ñ pX ^ Y qm�n. (1.5)

They should be induced by a natural transformation η from the composite functor
J�J Ñ T on the top of the triangle in (1.4) to the one on the bottom.

It turns out that the right way to define X^Y involves a universal property of this
natural transformation. In order to state it, we will replace (1.4) with the following
diagram, which will be discussed further in §2.5. Suppose we have categories C, D
and E , with functors F and K as in

C F //

K $$JJ
JJ

JJJ
JJ E

ó η

D
L

::ttttt

We wish to extend the functor F along K to a new functor

L : D Ñ E

with a natural transformation η : F ñ LK. The composite functor LK need not be
the same as F . Instead we want L and η to have the following universal property:
given another such extension G with a natural transformation γ : F ñ GK as in
the diagram

C F //

K $$II
III

III
I E

ó γ

D,$$
G

::uuuuu

there is a unique natural transformation α : L ñ G with

γ � pαKqη
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as in the following diagram.

C F //

K

  B
BB

BB
BB

BB
B E

η ó

D
G

KK

f l
|

�
�L

22

�
�

|
l f

D!uα

If such an L exists, it is unique and is called the left Kan extension of F along
K. It is so named because such functors were first studied by Dan Kan in [Kan58a];
see §2.5. The bottom line is that such an L exists when the categories C and D are
small and the category E is closed under colimits. These conditions are met by the
categories of (1.4).

There is also an explicit formula for L under these conditions that is described
below in § 2.5B. In the case at hand, where L � X ^ Y , it is as follows. Define
pointed spaces

Wn �
ª

0¤i¤n

Xi ^ Yn�i

and
W 1

n �
ª

0¤i¤n�1

Xi ^ S1 ^ Yn�1�i.

Then the maps ηi,n�i of (1.5) determine a map

Wn Ñ pX ^ Y qn.

The two maps

Xi ^ S1 ^ Yj

Xi^εj,j�1

((QQ
QQQ

QQQ
QQεi,i�1^Yj

vvmmmm
mmm

mmm

Xi�1 ^ Yj Xi ^ Yj�1

lead to two maps α, β : W 1
n Ñ Wn. Then pX ^ Y qn is the coequalizer of these

two maps, meaning the quotient of the space Wn obtained by identifying the two
images of W 1

n with each other. This is similar in spirit but not identical to
the double telescope you described in [Ada74b, pages 173–176].

How do we know that this smash product has the properties adver-
tized? This is the subject of the Day Convolution Theorem 3.3.5. Suppose that
D is a small symmetric monoidal category (such as J) enriched over a cocomplete
(Definition 2.3.25) closed symmetric monoidal category (Definition 2.6.33) V such as
T . Then we can define a binary operation on the category rD,Vs (Definition 3.2.18)
of functors D Ñ V (the category Sp of orthogonal spectra in our case) using a left
Kan extension as in (1.4). The theorem says that this binary operation makes the
functor category itself a closed symmetric monoidal category. Its unit is defined in
a certain way in terms of the unit objects of D and V. In the present case this unit
is the sphere spectrum as expected.

I hope you agree this is a big improvement over the state of affairs of forty years
ago.

In closing I have two additional comments for you.
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(i) It is not difficult to adapt this setup to the equivariant case. This is the main
point of [MM02]. For a finite group G, let TG be the category of pointed G-
spaces and continuous (but not necessarily equivariant) pointed maps. Then the
mapping space TGpX,Y q has a pointed G-action of its own, for which the fixed
point set, TGpX,Y qG, is the space of all equivariant maps. Hence TG is enriched
over itself. See Chapter 8 for more discussion.

However, if we want to do homotopy theory, we must limit ourselves to equiv-
ariant maps. The reason is that the fiber or cofiber of a map between G-spaces
has a well defined G-action only when the map is equivariant. We denote the
corresponding category, which is enriched over T , by T G.

The category JG (Definition 8.9.24) has finite dimensional orthogonal represen-
tations V of G as objects. The morphism space JGpV,W q is the same Thom
space as in the nonequivariant case, but now it has a G-action based on the ones
on V and W . Hence JG is enriched over TG. We define a G-spectrum E to
be an enriched functor JG Ñ TG, and we denote the image of V by EV and
the resulting category by SpG. The Day Convolution Theorem still applies, so
we get a nice smash product as before.

As in the case of spaces, in order to do homotopy theory we must limit ourselves
to equivariant maps. We denote the corresponding category by SpG.

(ii) You might worry that orthogonal spectra are rarer than spectra as originally
defined since they appear to have more structure. Fortunately this is not the case.
It is shown by Mandell et al in [MMSS01] (see Remark 7.2.34) that every ordinary
(meaning as defined by Lima) spectrum can be described as an orthogonal one
with the help of a left Kan extension. Better yet, all of the computations done
with ordinary spectra, in particular everything you did in [Ada64], are still valid
in the new category of orthogonal spectra, as well as in various others that have
been proposed and studied in recent years. Remarkably, the shifting theoretical
foundations of our subject have had no impact on the calculations we actually
want to do. Computation precedes theory. Our intuition about spectra
was right all along.

Thanks for reading, and best of luck in your future travels,

Doug

1.4 Highlights of later chapters

The remaining chapters of this book are written in an order that is logical but
not necessarily in the order most convenient for the reader. Our approach dif-
fers from that of (in chronological order) [BK72], [Rav86], [Rav92], [Hir03] and
[HHR16]. In each of these works the material of greatest interest to the authors
was presented first, followed by later chapters or appendices on foundational
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material needed in the opening chapters. Here we spell out the foundational
material before treating “the good stuff.”
The proofs of the three statements in §1.1C, and hence of the main the-

orem, do not appear until the final chapter. Equivariant homotopy theory
and orthogonal G-spectra are not discussed until Chapter 8 and Chapter 9
respectively. The star of our show, the real cobordism spectrum MUR, is not
introduced until Chapter 12.
Part ONE comprises the next five chapters. Here we collect the relevant

definitions from ordinary category theory (Chapter 2), enriched category the-
ory (Chapter 3) and the theory of model categories (Chapter 4, Chapter 5
and Chapter 6). This part of the book should be thought of as a tool box
for our study of equivariant stable homotopy theory, which formally begins in
Chapter 7. Our choice of topics in these chapters may seem eclectic, but they
are dictated by the needs of later chapters. In most cases proofs are provided
only when they are not in the literature; when they are, we indicate precisely
where they can be found.
Very little in these five chapters is original, and experts are advised to skip

them on first reading, only referring back to them when necessary. We include
them for the convenience of those who are not experts in these matters, par-
ticularly graduate students. Such readers will hopefully find all of the category
theoretic definitions and statements needed later in the book here in one
place.
In Part TWO we use these categorical tools to set up equivariant stable

homotopy theory. Some readers may find our approach old fashioned in that
no use is made here of 8-categories. We go to a lot of trouble in Chapter 9,
specifically Theorem 9.2.13, to define the model structure on SpG, the cate-
gory of orthogonal G-spectra, that suits our purposes. We have heard claims
that the theory of 8-categories could eliminate the need for such effort. How-
ever, at the time of this writing we have yet to see anything close to a detailed
account of such a shortcut.
We also make no use of operads here.
The fun really begins in Part THREE. In Chapter 11 we introduce the slice

filtration in the category SpG of orthogonal G-spectra for a finite group G. It
is an equivariant generalization of the connectivity filtration in the nonequiv-
ariant case. The latter leads to the Postnikov tower (originally due to Mikhail
Postnikov (1927–2004)) in which the “layers” are Eilenberg-MacLane spec-
tra, that is spectra having a single nontrivial homotopy group. In a similar
way the slice filtration leads to a slice tower in which the layers, which we
call slices, are G-spectra underlain by Eilenberg-MacLane spectra. However
their equivariant homotopy groups are not concentrated in a single dimen-
sion. They form the input for the slice spectral sequence converging to
the equivariant homotopy groups of the spectrum we started with. It is our
main computational tool.
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In Chapter 12 we construct the star of our show, the real cobordism spec-
trum MUR. It can be thought of as the complex cobordism spectrum MU

equipped with an action of the group C2 induced by complex conjugation.
We have a construction called the norm that enables us to promote it to a
G-spectrum for any group G conaining C2. We denote it by NG

C2
MU , and we

find that its slice tower has remarkably pleasant properties. Our spectrum Ξ

is the fixed point set of a certain telescope associated with NC8

C2
MU .

In the climactic Chapter 13 we prove that Ξ satisfies the Gap, Periodicity
and Detection Theorems of §1.1C. The Main theorem follows.

1.4A Ordinary category theory
The contents of Chapter 2, which is about ordinary category theory, are listed
in its opening paragraphs. They include adjoint functors, limits and colimits,
ends and coends, left and right Kan extensions, symmetric monoidal categories
and Grothendieck fibrations.
The definitions of categories, functors and natural transformations are given

in §2.1. We assume for now that the reader is familiar with them.
Informally there are two types of categories. First there are categories of

objects that are of interest for reasons not having to do with category theory.
These include the categories of sets, of topological spaces, of groups, and so on.
One might say these categories occur in nature, as nature is understood
by mathematicians. The collections of objects in these categories tend to be
proper classes, that is they are too large to be sets. We will refer to them for
now as large categories; this term does not appear in the literature as far
as we know.
Then there are synthetic categories (also a term not in the literature)

invented by mathematicians primarily for the purpose of studying large cat-
egories. They tend to be small (this term is used in the literature), meaning
their collections of objects are sets rather than proper classes. Commutative
diagrams in a large category C can be interpreted as C-valued functors on a
small category J . The main objects of interest in this book, G-spectra for a
finite group G, are best viewed from this perspective.

Isomorphism and equivalence of categories. An isomorphism between
categories C and D is exactly what one would expect. There are functors
F : C Ñ D and G : D Ñ C such that the composites FG and GF are each
identities.
A more interesting notion is that of categorical equivalence. For each object

c in C, we do not require equality with GF pcq, but only a natural isomorphism.
In other words, we require a natural equivalence (meaning a natural transfor-
mation inducing an isomorphism between the images of each obect under the
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two functors) between GF and the identity functor on C. We also require a
natural equivalence between FG and the identity functor on D.
Categories that are wildly different at first glance sometimes turn out to

be equivalent. For example the category of topological spaces is known to be
equivalent to that of simplicial sets; see Proposition 3.4.10.

The Yoneda lemma and the Yoneda embedding. For an object A in
a category C we define the Yoneda functor, denoted by HA, to be CpA, �q.
The symbol H is the Japanese hiragana character “yo,” the first syllable of
Yoneda’s name. Its use was suggested to us by Eric Peterson, but we have
not seen it elsewhere in the literature. In any case it is a covariant Set-valued
functor on C. The Yoneda Lemma 2.2.10 says that the set of natural trans-
formations from H

A to any other such functor F is naturally isomorphic to
the set F pAq. There is a similar statement about the co-Yoneda functor
HB � Cp� , Bq.
The Yoneda embedding is a contravariant functor from C to rC,Sets

(the category of Set-valued functors on C) that sends A to HA. There is a
covariant version, a functor from C to rCop,Sets (also known as the ctageory
of presheaves on C) sending B to HB . Both embeddings can be derived from
the functor Cop � C Ñ Set given by pA,Bq ÞÑ CpA,Bq.

Adjoint functors. Suppose C and D are categories with functors F : C Ñ
D and U : D Ñ C. For example, C could be Set, the category of sets, and
D could be Ab, the category of abelian groups. F could be the free abelian
group functor, which sends a set X to the free abelian group generated by
X, and U could be the forgetful functor that sends an abelian group A to its
underlying set.
Then we know that for any set X and abelian group A, there is an isomor-

phism

AbpF pXq, Aq � SetpX,UpAqq. (1.4.1)

A homomorphism from a free abelian group generated by a set is determined
by its values on the elements of that set, which may be arbitrary elements
in the target group. Furthermore, this isomorphism is natural in both X and
A. In this case we say that F is the left adjoint of U and U is the right
adjoint of F . The terms “left” and “right” refer to the fact that the domain
(which by convention is written on the left) in the left side of (1.4.1) is a value
of F while the codomain on the right is a value of U . The notation for this
state of affairs is

F % U,

the symbol % having been used by Dan Kan in his 1958 paper [Kan58a].
An arbitrary functor may or may not have a left or right adjoint, but when
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either of the latter exists, it is known to be unique up to natural isomorphism.
The textbook example above is one of many that we will encounter in this
book.

Limits and colimits. Now suppose C is a category, J is a small category,
and

D � CJ ,

the category of functors from J to C, that is the category of commutative
J-shaped diagrams in C. Then there is a diagonal functor

∆ : C Ñ D

that sends an object X to the constant X-valued diagram. Depending on C,
∆ may or may not have a left or a right adjoint, that is there may or
may not be functors that assign to each diagram D in C (i.e., object in D)
objects in C having a certain universal properties spelled out in §2.3C. When
they exist, these two objects are respectively the colimit and limit of the
diagram D.
The simplest nontrivial examples are coequalizers and equalizers, which are

colimits and limits of diagrams consisting of the middle two objects in

W
f //_____ X

α //
β

// Y
g //_____ Z

The coequalizer is an object Z with a morphism g : Y Ñ Z such that gα � gβ

and any other morphism g1 : Y Ñ Z 1 with g1α � g1β factors uniquely through
g. The equalizerW is dually defined. It turns out (Theorem 2.3.28) that every
colimit (respectively limit) is a coequalizer (equalizer).
The category C is said to be cocomplete (respectively complete) if col-

imits (limits) exist for all diagrams (that is, C-valued functors) for all small
categories J . It is bicomplete if it has both properties. Such categories come
equipped with initial and terminal objects; see Example 2.3.35(ii). They are
respectively the colimit and limit of the empty diagram, which is the unique
C-valued functor on the empty category.
The categories of sets, topological spaces (with or without base points),

groups and abelian groups are each known to be bicomplete.

Symmetric monoidal categories. A monoidal structure on a category
C is a functor b : C � C with certain properties listed in Definition 2.6.1. It
assigns to each pair px, yq of objects in C a third object xb y, so it is a binary
operation on the class of objects. It is required to be associative, unital, and
possibly commutatative. Examples include Cartesian product and disjoint
union in the categories of sets and of topological spaces, and direct sum and
tensor product in the category of abelian groups.
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For each object y in a monoidal category C, we get a functor p� qby from C
to itself. It may or may not have a right adjoint, which we denote by Cpy, �q.
If this functor exists, the adjunction isomorphism is

Cpx, Cpy, zqq � Cpxb y, zq,
which is natural in all three variables. When such a right adjoint exists, we
say that the monoidal category C is closed and that Cp� , �q is its internal
hom functor. It has similar formal properties to those of the morphism set
Cpx, yq, but instead of being a set it is an object in C. See Definition 2.6.33
for more details.

Two variable adjunctions. Adjunct functors have the following useful
generalization, which is the subject of §2.6C. Suppose we have three categories
C, D and E , along with a functor

F : C �D Ñ E .

Hence F is a functor of two variables, one lying in C and one lying in D. We
could ask for a right adjoint G : E Ñ C�D, but it is more interesting to think
of it as follows.
For each object c in C, the left variable of F , we have a functor Fc : D Ñ E

that sends an object d in D to F pc, dq. Suppose that for each c this func-
tor has a right adjoint Gc : E Ñ D. It turns out that these functors vary
contravariantly with c, so collectively they leads to a functor

G1 : Cop � E Ñ D.

Here the subscript 1 refers to the first variable of F .
Similarly, by fixing the second variable d in D, we get a functor Fd : C Ñ E

for which we require a right adjoint Gd : E Ñ C. These vary contravariantly
with d, so collectively they lead to a functor

G2 : Dop � E Ñ C.

The functors F , G1 and G2, along with isomorphisms

Dpd,G1pc, eqq � EpF pc, dq, eq � Cpc,G2pd, eqq, (1.4.2)

constitute a two variable adjunction, the subject of Definition 2.6.26.
An important example is the case where the three categories are the same

and F : C� C Ñ C is a symmetric monoidal structure, which we denote by b.
Symmetry implies that the functors G1 and G2 are the same up isomorphism,
and we denote it by C. Then the isomorphisms of (1.4.2) read

Cpy, Cpx, zqq � Cpxb y, zq � Cpx, Cpy, zqq,
for objects x, y and z in C. Then the functor C satisfies the definition of the
internal hom functor in a closed symmetric monoidal category.
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Ends and coends. Let C be a cocomplete category and J a small category.
Instead of a C-valued functor on J , we have a functor

H : Jop � J Ñ C,

that is a C-valued functor on two variables in J which is contravariant in the
first and covariant in the second. For each morphism f : j Ñ j1 in J we get a
diagram

Hpj1, jq f� //

f�

��

Hpj1, j1q

Hpj, jq.
in C. Taking the coproduct over all morphisms in J leads toº

f :jÑj1

Hpj1, jq ϕ� //

ϕ�

��

º
j1

Hpj1, j1q

º
j

Hpj, jq.

It is a coequalizer diagram in C since the codomains of the morphisms ϕ� and
ϕ� (which are defined in §2.4) are the same. The resulting coequalizer, which
exists because C is cocomplete, is the coend of H, denoted by»

J

Hpj, jq.

When C is complete, there is a dual notion of the end of H, denoted by» J
Hpj, jq.

Our use of subscripts and superscripts here is the reverse of that in
[ML71, pages 222–223] and most other works on category theory,
but follows that of Jacob Lurie in [Lur09]. See §2.4.

Kan extensions. Suppose we have a cocomplete category C, small cate-
gories J and K and functors F : J Ñ C and λ : J Ñ K, as in the diagram of
categories and functors

J
F //

λ %%KK
KKK

KKK
KKK

C

K.

G

99ssssss
(1.4.3)

We are looking for a functor G such that there is a natural transformation
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from F to the composite Gλ with a certain universal property spelled out in
§2.5. It is most easily explained in terms of functor categories. Let CJ and CK
denoted the categories of C-valued functors on J and K. Then precomposition
with λ defines a functor

CK λ� // CJ (1.4.4)

We are seeking its left adjoint, which we denote by

CJ λ! // CK .

If it exists, its value on F (which is by definition an object in CJ) is the desired
functor G in (1.4.3), the left Kan extension of F along λ. We will see in
§2.5B that the cocompleteness of C leads to a formula for λ!F as a coend,
namely for each object k in K

pλ!F qpkq �
»
jPJ

Kpλpjq, kq � F pjq.

Note here that Kpλpjq, kq is a set, namely that of morphisms in K from λpjq
to k. The integrand is the coproduct in C of the object F pjq indexed by this
set.
Dually, when C is complete, the precomposition functor λ� of (1.4.4) has a

right adjoint λ� and there is a formula for λ�f , the the right Kan extension
of F along λ, as a certain end. In this case the natural transformation in
(1.4.3) goes the other way, from Gλ to F .

Indexed monoidal products. The chapter ends with a more technical
discussion of indexed monoidal products. Some constructions there may be
new and are needed later in the book. For us the motivating example of an
indexed monoidal product is a wedge or smash product of pointed G-spaces
(for a finite group G) for which the indexing set itself has an action of G.
Such a wedge or smash product then has a G-action which differs from that
on the wedge or smash product indexed by the same set with trivial G-action.
For example, given a subgroup H � G and a pointed H-space X, we can
define a G-space

NG
HX :�

©
G{H

X,

the norm of X. The underlying pointed H-space is X^|G{H|, the |G{H|-fold
smash power of X. The larger group G acts on it by permuting the factors.
There is an analogous construction on spectra which is pivotal in this book
and which is discussed in detail in §9.7.
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1.4B Enriched category theory
Chapter 3 concerns enriched category theory. In an ordinary category C, for
any two objects X and Y one has a set of morphisms which we denote by
CpX,Y q. Given morphisms f : X Ñ Y and g : Y Ñ Z, one gets a composite
morphism gf : X Ñ Z. Thus one has a map of sets

CpY, Zq � CpX,Y q Ñ CpX,Zq
with suitable properties. Its domain is the Cartesian product of the indicated
two morphism sets. The Cartesian product itself is an example of a symmetric
monoidal structure (see §2.6) on Set, the category of sets.
In an enriched category C, the category Set is replaced by a possibly differ-

ent symmetric monoidal category V, say the category of widgets. (For those
unfamiliar with the term “widget,” it is not a mathematical notion. It can
mean whatever you want it to mean.) Then instead of morphism sets in C,
we have morphism widgets. Then we say that C is enriched over V.
Two familiar examples are the category Ab of abelian groups, in which each
morphism set has a natural abelian group structure, and the category T op
of topological spaces in which each morphism set has a natural topology. In
both cases the categories C and V are the same, i.e., Ab and T op happen to be
symmetric monoidal categories that are enriched over themselves. In general
C may be different from V, and it need not be symmetric mondoidal.
Many constructions in ordinary category theory have enriched analogs.

These include limits and colimits, ends and coends, and left and right Kan
extensions.

The Day convolution. Suppose we have a cocomplete closed symmetric
monoidal category pV,^, Sq over which a small symmetric monoidal category
pJ,`,0q (which need not be closed) is enriched. Now consider the category
rJ,Vs of enriched V-valued functors on J . Its objects are functors and its
morphisms are natural transformations between them. We will denote the
value of such a functor X on an object j in J by Xj .
Then the Day Convolution Theorem 3.3.5, proved in 1970 by the Australian

category theorist Brian Day, says that this functor category is also closed
symmetric monoidal. We will use the same symbol for its binary operation
as the one for that on V. Hence for such functors X and Y , we denote their
product by X^Y . It can be defined as a Kan extension. Consider the diagram

J � J
X�Y //

`
''PP

PPP
PPP

PPP
PP

V � V ^ // V

J

X^Y

88qqqqqqq

Thus X^Y is the left Kan extension of the composite functor ^pX�Y q along
`. There is an explicit formula (3.3.3) for pX ^ Y qj as an enriched coend.
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This result is pivotal for stable homotopy theory. As we will explain in
Chapter 7 and Chapter 9, spectra can be regarded as such functors, where
the target is the category T of pointed topological spaces or some variant
thereof. The indexing category J can be one of several defined in §7.2A.
It turns out that the indexing category associated with the original defini-

tion of spectra is monoidal but not symmetric. See Remark 7.2.11 for details.
This is counterintuitive since the object set is the natural numbers and the
monoidal structure is related to addition, which is of course commutative.
This lack of symmetry means that Day’s hypotheses are not met, and the

original category of spectra does not have a convenient smash product. This
was a major headache in the subject for decades.
The first construction of a stable homotopy category with a pointwise sym-

metric monoidal structure was made by Elmendorf, Kriz and May in 1993
and later published as [EKMM97]. Their smash product was defined by other
more complicated means.
The first use of a left Kan extension to define the smash product of spectra

is likely due to Jeff Smith in the same decade. His insight led to the publication
of [HSS00] with Mark Hovey and Brooke Shipley. The first work in homotopy
theory to cite Day’s paper [Day70] was [MMSS01].

Simplicial sets and related notions are introduced in §3.4, but relatively
little use is made of them in the rest of the book. We prefer topological spaces
to simplicial sets because equivariant homotopy theory does not play nicely
with the latter. In Corollary 5.6.16 we will see that every topological category
is equivalent to a simplicial one. In developing the theory of spectra in §7.2
we need to assume that we are working over a model category (see below)
in which every object is fibrant. This is the case for various categories of
topological spaces but not for simplicial sets.

1.4C Model categories
The next three chapters concern model categories, Daniel Quillen’s (1940–2011)
brilliant axiomatization of homotopy theory introduced in [Qui67]. Chapter 4
is an account of the theory roughly as Quillen developed it. Chapter 5 cov-
ers some material developed since Quillen’s work, and the short Chapter 6
describes the best construction in the subject, that of Bousfield localization.
On this last topic the third author has a confession to make. Earlier in his

career he made substantial use of it to develope chromatic homotopy theory;
see [Rav84], [Rav92] and the references in the latter. During this time he
treated Bousfield’s construction as a black box and had no understanding of
how it actually works. He has since corrected this deficiency. We will return
to this topic below.
Quillen defined a model category to be a bicomplete (meaning it has all
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limits and colimits) category equipped with three classes of morphisms called
weak equivalences, fibrations and cofibrations. Each of them contains
all isomorphisms and is closed under retracts. They are required to satisfy
certain axioms listed in Definition 4.1.1. Of these the most demanding is the
factorization axiom, which says that every morphism can be factored as a
cofibration followed by a fibration, either one of which can be required to be
a weak equivalence as well. These two factorizations need not be unique and
almost never are, but they can be made functorially.
The most widely used axiom concerns liftings. It says that for any commu-

tative diagram of the form

A

i
��

α // X

p

��
B

β
//

h

99ssssss
Y

(1.4.5)

in which i is a cofibration, p is a fibration and one of them is a weak equiv-
alence, there is a lifting h with hi � α and ph � β. We say that i has
the left lifting property with respect to p and p has the right lifting
property with respect to i. Furthermore, one can characterize fibrations
and cofibrations, trivial or not, in terms of their lifting properties. We denote
this by im p, where the symbol m (which we learned from [MP12, Definition
14.1.5]) was chosen for its resemblance to the diagram of (1.4.5).
In the literature there are two adjectives for a fibration or cofibration which

is also a weak equivalence: “trivial” and “acyclic.” Quillen used the former in
[Qui67], as we do here (but not in [HHR16]). He changed to the latter in
[Qui70]. It is also used by Bill Dwyer and Jan Spalinksi in [DS95], which we
recommend as a very friendly introduction to the subject. (We are not alone
in this endorsement of that paper; it is by far the most widely cited one in
[Jam95].)
An object in a model category is cofibrant if the unique map to it from

the inital object (which exists since the category is cocomplete) is a cofib-
ration. Fibrant objects are dually defined. The factorization axiom impies
that each object admits a weak equivalence both from a cofibrant one and
to a fibrant one. These are called cofibrant and fibrant approximations.
Since the relevant factorizations can be made functorial, we have cofibrant
and fibrant replacement functors.
Generally speaking the best behaved maps in a model category are those

from a cofibrant object to a fibrant one.
In the category of topological spaces (with or without base points), the

cofibrant objects are the CW complexes, and all objects are fibrant. Thus
experience with this category gives one the feeling that cofibrant objects are
the easiest ones to deal with, but it gives us no insight about fibrant ones.
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For fibrancy there is a spectacular example due to Bousfield and Friedlander
[BF78]. They defined the first model structure on the category of spectra. In
it the fibrant objects are the Ω-spectra!

Classical examples. Quillen defined model structures on the categories
of topological spaces (with or without base points) and simplicial sets, and
on certain categories of chain complexes. These are described in § 4.2. The
definitions of the morphism classes are familiar in the topological case. Weak
equivalences are maps inducing isomorphisms of all homotopy groups. Cofib-
rations include the inclusion maps

in : Sn�1 Ñ Dn for all n ¥ 0. (1.4.6)

All other cofibrations are derived from these by certain operations, namely
retractions, coproducts (meaning disjoint union in the unpointed case and
wedges in the pointed case), pushouts and transfinite compositions. It follows
that if a map has the right lifting property with respect to the maps of (1.4.6),
it has it with resepct to all cofibrations which makes it a trivial fibration.
Similarly trivial cofibrations include the inclusion maps

jn : In Ñ In�1 for all n ¥ 0, (1.4.7)

and a map is a fibration iff it has the right lifting property with respect to
these maps. Indeed that is how Serre fibrations were defined long before we
had model categories. We will sometimes refer to this as the Quillen model
structure.

Functors between model categories. It turns out that nearly all such
functors worth studying are either left or right adjoints. A left adjoint is a left
Quillen functor if in addition it preserves cofibrations and trivial cofibra-
tions. Such functors are not required to preserve weak equivalences,
but they are known to preserve weak equivalences between cofibrant objects.
Right Quillen functors are dually defined, and there is a notion of a Quillen
adjunction, also known as a Quillen pair. See Definition 4.5.1. There is also
a notion of Quillen equivalence in which isomoprhisms are replaced by weak
equivalences; see Definition 4.5.14.

Cofibrant generation. When a model category has morphism sets such
as those of (1.4.6) and (1.4.7) that generate all cofibrations and trivial cofib-
rations, we say it is cofibranty generated. This property is very convenient,
and nearly all of the model catgories we will study in this book have it. In
each case we will describe the two sets explicitly.
Suppose we have a bicomplete category N for which weak equivalences have

been defined. The question of when two morphism sets can lead to a model
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structure as above is the subject of the Dwyer-Hirschhorn-Kan Recognition
Theorem 5.2.24.
Given such a category N , suppose we have a cofibrantly generated model

categoryM and a left adjoint functor F : MÑ N with right adjoint U : N Ñ
M. Then we can ask if N has a cofibrantly generated model structure related
the one on M. This is the subject of the Crans-Kan Transfer Theorem 5.2.27.

Lack of symmetry. Quillen set up the theory to be entirely self dual. The
opposite of a model category (meaning the category having the same objects
with all arrows reversed) is also a model category. Many theorems have left
and right versions with dual proofs.
However in practice the theory is not entirely symmetric in this sense. For

example we saw above that cofibrantly generated model categories are conve-
nient and hence widely studied. In theory one could make similar statements
about fibrantly generated model categories, meaning ones in which fibrations
and trivial fibrations are generated by morphism sets similar to those of (1.4.6)
and (1.4.7). To our knowledge this has never been done due to lack of practical
motivation.

The functor category MJ is the subject of §5.4. Given in model category
M and a small category J , we can define the projective model structure
on the functor category MJ as follows. A morphism f : X Ñ Y in it is a
weak equivalence or fibration if the map fj : Xj Ñ Yj is one for each object
j in J . Cofibrations in MJ are defined in terms of lifting properties. While
it is true that for a cofibration i : A Ñ B in MJ , each map ij : Aj Ñ Bj
is a cofibration in M, this necessary condition is not sufficient. When M is
cofibrantly generated, so is MJ , and we can describe its generating sets in
terms of those of M. The description involves Yoneda functors Hj on J ; see
Theorem 5.4.10.

An induced model structure. Now suppose K is a full subcatgory of
J with inclusion functor α. Then we have the projective model structure on
MK , a precomposition functor α� : MJ Ñ MK and a left Kan extension
α! : MK Ñ MJ . These satisfy the hypotheses of the Crans-Kan Transfer
Theorem 5.2.27, giving us a induced model structure on MJ . In it a
map f is a weak equivalence or a fibration if fk is one for each object k in
K. This condition is weaker than that for the projective model structure.
It follows that the induced model structure has more weak equivalences and
fibrations and hence fewer cofibrations that the projective one. In the extreme
case where K is empty, all maps are weak equivalences and fibrations, and
the cofibrations are the isomorphisms. See Theorem 5.4.21.
This type of induction is one of three methods we have of altering the

model structure on a functor category. They are summarized in Table 6.1. We
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need all three to construct the model structure we need on the category of
orthogonal G-spectra for a finite group G. See (7.1) and Theorem 9.2.13.
The other two work for more general model categories than functor cate-

gories.

Enlarging the class of cofibrations in a model category is the subject
of Theorem 5.2.34. We have two cofibrantly generated model categories M1

and M with an adjunction

M1
F

K
//
M

U
oo

that need not be a Quillen pair. Then we consider the composite adjunction

pX,X 1q � // pX,FX 1q � // X > FX 1

M�M1
M�F

K
//
M�M

M�U
oo

>

K
//
M

∆
oo

pY, UY q pY, Y q�oo Y.
�oo

We use this to transfer the given model structure on M �M1 to get a new
one on M. It has the same weak equivalences but more cofibrations (including
the images of cofibrations in M1 under F ) and hence fewer fibrations than
the original one.

Bousfield localization is the subject of Chapter 6. In it we want to modify
a model category M by enlarging the class W of weak equivalences while
leaving the class C of cofibrations unchanged. We will denote the new model
category (if it exists) by M1. It has the same underlying category as M. It
has has the same class of cofibrations and therefore the same class of trivial
fibrations as M, even though the meaning of triviality is different in M1. On
the other hand, more of its cofibrations are trivial since there are more weak
equivalences. This means that is has fewer fibrations than M and therefore
a more interesting fibrant replacement functor.
The hardest part of showing that M1 is indeed a model category is verifying

the factorization axiom. Recall that it says any morphism can be factored as a
cofibration followed by a trivial fibration, and as a trivial cofibration followed
by a fibration. The first of these is the same as the corresponding factorization
in M since the classes of cofibrations and trivial fibrations are unaltered. The
second is far more delicate and its proof involves some set theory, the bane of
almost every homotopy theorist, with the notable exception of Pete Bousfield.
There are theorems in §6.3 saying thatM1 is a model category ifM satisfies

certain technical hypotheses that are met in all cases of interest to us. These
theorems do not place any restrictions on how we enlarge W.
We can expand the class W of weak equivalences by adding a little as a single
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morphism f : X Ñ Y to it. Typically we do so by specifying a countable set
of such morphisms. If f is a weak equivalence in the new model structure,
so are its composites on both sides with old weak equivalences, and retracts
thereof. We get many new weak equivalences for the price of a few.

Example 1.4.8. Some instances of Bousfield localization.

(i) Bousfield’s original example in [Bou75]. Given a generalized homology
theory h�, define a map of spaces to be a weak equivalence if it induces an
isomorphism in h�p� q. Then the fibrant objects spaces Y such that for each
h�-equivalence f : AÑ B, the induced map f� :MappB, Y q ÑMappA, Y q
is an ordinary weak equivalence. Bousfield calls such spaces h�-local. Every
space is h�-equivalent to an h�-local space that is unique up to ordinary
weak equivalence.

The same can be done in the category of spectra as explained in [Bou79].
For examples of this relevant to chromatic homotopy theory, see [Rav84]
and [Rav92].

(ii) Dror Farjoun localization. Localizations of the category of topological
spaces obtained by adding a single map f : X Ñ Y to the class of weak
equivalences were studied in [Far96a]. Consider the case where the map is
Sn�1 Ñ � for for some integer n ¥ 0. (The map � Ñ Sn�1 would work
just as well.) In the resulting model structure, weak equivalences are maps
inducing isomorphissms in πk for k ¤ n. Fibrant objects are spaces Y with
πiY � 0 for all i ¡ n. The fibrant replacement functor is the nth Postnikov
section Pnp� q, meaning that PnX is the space obtained from X by killing
all homotopy groups above dimension n.

(iii) Stabilization as Bousfield localization, the most important example
for us, is discussed in Chapter 7.

(iv) Localizing subcategories τ of a topological model category M are the
subject of Definition 6.3.12. An instructive example is the category of spaces
or spectra satisfying a connectivity condition. Another is the smallest sub-
category of M that contains a specified set of objects and is closed under
weak equivalence, cofibers, extensions and arbitrary wedges. Given such a
subcategory, we can localize by expanding the set of weak equivalences to
include all maps T Ñ � for objects T in τ . When M � T and τ is the sub-
category generated by Sn�1, then the resulting fibrant replacement functor
is Pn as in (ii). The slice filtration of SpG, the subject of Chapter 11, is
based on an equivariant generalization of this functor.

1.4D The theory of spectra
In Chapter 7 we will study spectra from the model category theoretic point of
view. For the moment we will use the original definition of a spectrum X as a
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sequence of pointed spaces (or simplicial sets) Xm for m ¥ 0 with structure
maps εXm : ΣXm Ñ Xm�1. These have adjoints

ηXm : Xm Ñ ΩXm�1, (1.4.9)

the costructure maps. The induced map of homotopy groups leads to a
diagram

πkX0 Ñ πk�1X1 Ñ πk�2X2 Ñ � � � ,

and we define

πkX � colim
m

πk�mXm, (1.4.10)

the kth stable homotopy group of the spectrum X. Note that this group
is defined for all integers k, not just nonnegative ones. For i   0 we define
πiK to be 0 for any pointed space K. For each k the homotopy groups on the
right above are positively indexed for sufficiently large m.
Let T denote the category of pointed topological spaces with the Quillen

model structure. We will see in § 7.2 that spectra as defined above can be
regarded as T -valued functors on a certain small pointed topological category
(that is a category enriched over T ) J

N
S1 whose object set is the natural

numbers; see Definition 7.2.4. We will abbreviate it here by J
N. Its morphism

spaces are

J
Npm,nq �

"
Sn�m for n ¥ m

� otherwise.

Functoriality means that the structure maps εXm : ΣXm Ñ Xm�1 exist, as do
more general maps

εXm,k : ΣkXm Ñ Xm�k

with appropriate properties.
The category of such enriched functors,

SpN � rJN, T s

has some convenient properties:

 It is bitensored (as in Definition 3.1.31) over T . This means that for a
spectrum X and a pointed space K we can define spectra X ^K and XK

by

pX ^Kqm � Xm ^K and pXKqm � pXmqK � T pK,Xmq.

In other words tensors and cotensors are defined objectwise.
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 It is bicomplete as in Definition 2.3.25. For a small category J and a functor
F : J Ñ SpN (meaning a J-shaped diagram of spectra in which we denote
the image of an object j in J by Fj), we have

plim
J
F qm � lim

J
pFjqm and pcolim

J
F qm � colim

J
pFjqm.

In other words limits and colimits are also defined objectwise.

SpN also has a projective model structure in which a map f : X Ñ Y is a
weak equivalence or a fibration if fm is one for each m ¥ 0. We know that it
is cofibrantly generated since T is. We can describe its generating sets using
the results of §5.4; see Proposition 7.1.33.

Stabilization. Experience has shown that this notion of weak equivalence
is too rigid, and it is better to define a stable equivalence to be a map induc-
ing an isomorphism in the stable homotopy groups of (1.4.10). Thus we are
enlarging the class of weak equivalences as we do in Bousfirled localization.
In §7.3A we will see that this process can be described in terms of adding
certain morphisms (which we call stabilizing maps) to the class of weak
equivalences.
We will describe these maps. For each integer m ¥ 0, let S�m and S�m�1^

S1 be the spectra given by

pS�mqk � J
Npm,kq �

"
Sk�m for k ¥ m

� otherwise (1.4.11)

and

pS�m�1 ^ S1qk � J
Npm� 1,kq ^ S1 �

"
Sk�m for k ¥ m� 1

� otherwise,

along with obvious structure maps. These two sets of components are the
same for each value of k except k � m. The mth stabilizing map sm has
the form

sm : S�m�1 ^ S1 Ñ S�m, (1.4.12)

which is the identity in each degree except themth, where it is the unique base
point preserving map � Ñ S0. One sees easily that it induces an isomorphism
of stable homotopy groups. See ?? for more discussion.

Remark 1.4.13. Notation for the sphere spectrum. In the notation
of (1.4.11), S�0 denotes the sphere spectrum. To our knowledge, this
notation is new. In early literature it was sometimes denoted by S0, which
was potentially confusing since S0 also denotes 0-sphere. More recently it has
been denoted simply by S, possibly written in some fancy font. The symbol
S�0 has the advantages of being unambiguous and easy to write by hand.
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The spectrum S�m of (1.4.11) is an instance of the enriched Yoneda
functor Hm as in the Enriched Yoneda Lemma 3.1.29. For this reason we
call it a Yoneda spectrum; see Definition 7.1.30. The Enriched Yoneda
Lemma 3.1.29 tells us that for an arbitrary spectrum X,

SpNpS�m, Xq � Xm.

In other words, S�m represents the evaluation functor that sends a spectrum
to its mth component. It follows that

SpNpS�m�1 ^ S1, Xq � SpNpS�m�1,ΩXq � ΩXm�1.

The stable model structure on SpN is the Bousfield localization of
the projective one obtained by requiring the maps sm of (1.4.12) for all
m ¥ 0 to be weak equivalences. In it the fibrant objects turn out to be
spectra X for which the maps of (1.4.9) are weak equivalences in T for all n.
In other words, they are the Ω-spectra. This remarkable observation is due to
Bousfield and Friedlander [BF78].

Cofibrant generation of the stable model structure. The stable
model structure on the category of spectra is cofibrantly generated and it
would be nice to have an explicit description of its generating sets. Since it
has the same cofibrations as the projective structure, we can use the same
set of generating cofibrations. On the other hand it has more trivial cofibra-
tions, so we need a larger generating set of trivial cofibrations than in the
projective model structure. At present there is no general theory about how
to describe such a set for the Bousfield localization of cofibrantly generated
model category. Fortunately we have such a description for the case at hand
in Theorem 7.3.36. The additional trivial cofibrations that it contains are de-
scribed in terms of generating (nontrivial) cofibrations of T and the stabilizing
maps sm of (1.4.12).

The positive projective and positive stable model structures. Both
the projective and stable model structure on SpN can be “positivized” as
follows. In the positive projective model structure, we say that a map f :

X Ñ Y is a fibrationor weak equivalence if fn : Xn Ñ Yn is one for all n ¡ 0;
we ignore the map f0. Thus we have more such maps than in the projective
case, so we have fewer cofibrations and fewer cofibrant objects. If i : AÑ B is
a cofibration in this new model structure, it must have the left lifting property
with respect to all trivial fibrations f . Since f0 can be arbitrary„ i0 must be
an isomorphism. Surprisingly, it turns out that the sphere spectrum S�0 is
not positive cofibrant.
The theory behind this modification of the projective model structure is

the subject of §5.4C, specifically Theorem 5.4.21, and Theorem 5.6.38 in the
enriched case.



44 Introduction

Thus we have four model structures on SpN the original category of spec-
tra. The projective one can be stabilized, positivized, or both. Why do we
positivize? Doing it in the original case (where the smash product is prob-
lematic) is a warmup for doing it in the symmetric, orthogonal and equivariant
cases where, as we will see below, we have a good smash product and can talk
about commutative ring objects. We will need to give the category of such
commutative ring spectra a model structure of its own. For reasons to be ex-
plained in Chapter 10, this can only be done if we replace the projective and
stable model structures with their positive analogs. For more discussion, see
Remark 7.0.7(ii).

The smash product problem. The original category of spectra SpN suf-
fers from a defect that was a major headache for decades: it lacks a conve-
nient smash product. With hindsight, we now know that the origin of this
problem lies in the indexing category J

N. It is monoidal (under addition),
but surprisingly (given that addition is commutative) it is not symmetric
monoidal as in Definition 2.6.1. See Remark 7.2.11 for an explanation.
Roughly speaking, JN is not symmetric monoidal because it does not have

enough morphisms. We can solve this problem by replacing it with a category
having the same set of objects, but bigger morphism spaces, that is symmet-
ric monoidal. We offer two such indexing categories, J

Σ and J
O, in Defini-

tion 7.2.4. They lead to the categories of symmetric spectra originally studied
by Hovey, Shipley and Smith in [HSS00], and orthogonal spectra studied by
Mandell, May, Schwede and Shipley in [MMSS01] and further by Mandell and
May in [MM02]. These are defined in Definition 7.2.33. Each of these cate-
gories comes with its own Yoneda spectra, given in Definition 7.2.52, which
are important theoretical tools.
A fourth type of indexing category, usually having having more objects, is

given in Definition 7.2.19. It is also symmetric monoidal, and it will be needed
for the orthogonal G-spectra of [MM02] and Chapter 9. We call spectra as-
sociated with this type of indexing category extraorthogonal. In each case
(other than the original one) the Day Convolution Theorem 3.3.5 implies that
there is a smash product that makes the category closed symmetric monoidal.
We refer to the three flavors (symmetric, orthogonal and extraorthogonal) of
spectra with symmetric monoidal indexing categories collectively as smash-
able spectra, referring to the fact that they have convenient smash products.
In each of these categories there is a projective and a stable model structure
with positive analogs. Cofibrant generating sets for these are identified in
Theorem 7.4.52.
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1.4E Equivariant homotopy theory
In Chapter 8 we introduce some tools from the homotopy theory of G-spaces
for a finite group G that we will need later to study G-spectra. These include
the Burnside ring (Definition 8.1.3), Mackey functors (Definition 8.2.3 and
Definition 8.2.5) and G-CW complexes (Definition 8.4.13).
When a finite group G acts continuously on a space X, for each subgroup

H � G we have a fixed point space

XH � tx P X : ηpxq � x for all η P Hu ,

which is the same as the space of equivariant maps to X from the orbit G{H,
T opGpG{H,Xq. This data depends only on the conjugacy class of H. T opG
denotes the category of G-spaces and equivariant maps, and T G denotes its
pointed analog. Theorem 8.4.18, due to Glen Bredon (1932–2000), says that an
equivariant map f : X Ñ Y of G-CW complexes is an equivariant homotopy
equivalence (meaning a homotopy equivalence in which both maps and both
homotopies are equivariant) iff the induced maps fH : XH Ñ Y H or ordinary
homotopy equivalences for all H.
The orbits G{H form a full subcategory of T opG which we denote by OG,

the orbit category of G. For subgroups K � H � G, there is a surjective
map of G-sets G{K Ñ G{H that sends the K-coset γK (for γ P G) to the
H-coset γH. There is also an inclusion map XH Ñ XK since any point fixed
by H is also fixed by its subgroup K. Note the change of variance. This means
we have a functor

O
op
G Ñ T op given by G{H ÞÑ XH . (1.4.14)

This functor can be composed with any of the usual algebraic functors on
T op, such as homotopy and homology. An abelian group valued functor on
O
op
G is called a coefficient system; see Definition 8.6.24. One example is

equivariant homotopy group

πH� X :� π�X
H (1.4.15)

for each subgroup H � G.
In the introduction to Chapter 8 we will explain how the suspension spec-

trum Σ8G{H� is equivariantly self dual. This means that in addition to the
maps Σ8G{K� Ñ Σ8G{H� induced by the map of spaces G{K� Ñ G{H�,
there is map

Σ8G{H� Ñ Σ8G{K�

going the other way. This means that in the stable analog of (1.4.14) we
need to replace O

op
G by a category with more morphisms. An abelian group

valued functor on it is called a Mackey functor, the subject of §8.2. For a
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G-spectrum X (to be defined in Chapter 9) one has the homotopy Mackey
functor π�X given by

π�XpG{Hq :� πH� X as in (1.4.15).

The homology of a G-space X can be made into a Mackey functor since

H�X � H�Σ
8X � π�HZ^X,

where HZ denotes the integer Eilenberg-MacLane spectrum.

Remark 1.4.16. Warning. The homology Mackey functor H�X for a G-
space Xis not defined by H�XpG{Hq � H�X

H as one might expect by analogy
with the homotopy Mackey functor. Instead we have

H�XpG{Hq :� H�pΣ8XqH � π�pHZ^XqH .
The fixed point functor in the stable category behaves badly with respect to
both the infinite suspension functor and smash products. The fixed points of
a suspension spectrum pΣ8XqH is not the same as the suspension spectrum
of the fixed point space, Σ8pXHq. Given two spectra A and B, or a spectrum
A and a space B, the fixed points of the smash product pA^ BqH is not the
same as the smash product of the fixed point sets AH ^BH .

Fortunately there is an alternative to the stable fixed point functor which
does not suffer from these defects. It is the geometric fixed point functor
ΦG, the subject of §9.11.

There are four different topological categories associated with G-actions:

 T opG, the category of G-spaces (which are assumed to compactly generated
and weak Hausdorff as in Definition 2.1.46) and continuous equivariant
maps. The morphism objects T opGpX,Y q are topological spaces.

 T opG, the category of G-spaces and all continuous maps, not just the equiv-
ariant ones. The morphisms object T opGpX,Y q has a G-action spelled out
in Definition 3.1.59. The fixed point set is T opGpX,Y q.

 T G, the category of pointed G-spaces and pointed equivariant maps. The
basepoint is always fixed by G. The morphism object T GpX,Y q is a pointed
topological space whose base point in the constant base point valued map
X Ñ Y .

 TG, the category of pointed G-spaces and all continuous maps. Morphism
objects are pointed G-spaces.

In Definition 8.3.8 we describe four spaces associated with a G-space X,
with or without a base point: The orbit space XG, the fixed point space
XG and their homotopy analogs XhG (also known as the Borel construc-
tion) and XhG.
G-CW complexes are the subject of §8.4. They are defined in such a way the

group action permutes cells rather than rotating them; see Definition 8.4.13.
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Each G-CW complex has a cellular chain complex of modules over the group
ring ZrGs. There is an algebraic procedure (Definition 8.5.1) for converting
it into a chain complex of Mackey functors. Some illustrative examples are
given in §8.5.
Model structures for T opG and T G are discussed in §8.6. An equivariant

map f : X Ñ Y of G-spaces is a weak equivalence or a fibration if fH : XH Ñ
Y H is one for each subgroup H � G.
The Mandell-May category JG is introduced in § 8.9C. It is the index-

ing category for the orthogonal G-spectra of Chapter 9. Its objects are finite
dimensional representations of G and its morphism objects JG are certain ex-
plicitly defined pointed G-spaces. For representations V andW , the morphism
space JGpV,W q (defined as a certain Thom space in Definition 8.9.22) is a
subspace of the pointed G-space TGpSV , SW q having to do with affine isomet-
ric embeddings of V into W , as explained in the proof of Proposition 8.9.27.

1.4F Orthogonal G-spectra
In Chapter 9, after more than 500 pages of preparation, we introduce our main
objects of study, orthogonal G-spectra. They are smashable spectra as in Def-
inition 7.2.33. This means they are functors with values in a closed symmetric
monoidal topological model category from a small symmetric monoidal cate-
gory (the indexing category) that is enriched over the same model category.
In this case the model category is T G, the category of pointed G-spaces and
equivariant pointed maps, with the Bredon model structure of Definition 8.6.1.
The indexing category is the Mandell-May category JG introduced in §8.9C,
which is enriched over T G. Its objects are finite dimensional representations
(actual rather than virtual) V of G and its morphism objects are certain
pointed G-spaces described in Definition 8.9.22.
This means that a lot (but not all) of what we need to know about them is

a special case of the general theory of spectra developed in Chapter 7. They
have a smash product defined using the Day Convolution Theorem 3.3.5. It
makes the category SpG of such spectra closed symmetric monoidal. It has a
positive stable model structure as in Theorem 7.4.52.
The meaning of “positive” here is a less than obvious generalization of

its meaning in the nonequivariant case. In the latter the indexing categories
J

N, J
Σ and J

O each have the natural numbers as objects. In the positive
projective model structure on the category of enriched T -valued functors one
any of them, and map f : X Ñ Y is a fibration or a weak equivalence of
fn : Xn Ñ Yn is one for each n ¡ 0.
In the G-equivariant case for a finite group G, we are looking at T G-valued

functors on the Mandell-May category JG of Definition 8.9.24. Its objects
are finite dimensional orthogonal representations of G as in § 8.9B. Such a
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representation V is defined to be positive (see Definition 8.9.10(v)) if the
invariant subspace V G is nontrivial.
The features of SpG that are not derived from the general theory of smash-

able spectra have to do with the interplay between the subgroups of G and
their fixed point sets. We get an ROpGq-graded Mackey functor worth of ho-
motopy groups spelled out in Definition 9.1.1. A map of G-spectra f : X Ñ Y

is said to be a stable equivalence if it induces an isomorphism of Z-graded
Mackey functor homotopy groups; see Proposition 9.1.4.
For each subgroup H � G we have a restriction functor iGH : SpG Ñ SpH .

It has a left adjoint

X ÞÑ G

H
X, (1.4.17)

and there is a similar adjunction between T H and T G. We call these change
of group adjunctions. The one between T H and T G is a Quillen adjunction
with respect to the Bredon model structure of Definition 8.6.1, meaning among
other things the left adjoint functor sends cofibrations of pointed H-spaces
to cofibrations of pointed H-spaces. When a model structure on a category
of equivariant objects has a similar property, we say it is equifibrant; see
Remark 8.6.19.
We need to modify the four previously defined model structures on SpG, and

the corresponding ones on SpH for each H � G, to make them equifibrant.
This condition is needed for the use of wedges and smash products indexed
by G-sets, such as the norm functor of §9.7. The general theory of indexed
monoidal products is the subject of §2.9.
As it stands, our four model structures on SpG are not equifibrant. In partic-

ular the functor of (1.4.17) does not send cofibrations in SpH to cofibrations
in SpG for H � G. To fix this we need to enlarge the class of cofibrations
in SpG so that it includes morphisms induced up from cofibrations in SpH . We
can do so without altering the class of weak equivalences. The model category
theoretic tool for this enlargement is Theorem 5.2.34.
The resulting eight model structures in SpG and their cofibrant generating

sets are spelled out in Theorem 9.2.13. They involve three different modifi-
cations of the projective model structure, stabilization (a form of Bousfield
localization), positivization and equifibrant enht (more generally enht of the
class of cofibrations), which can be done in any combination. Their properties
are summarized in Table 6.1.

1.4G Multiplicative properties of G-spectra
In Chapter 10 we discuss indexed smash products (including the norm) and
related constructions of orthogonal G-spectra. We will need some of them
to show that the slice spectral sequence, our main computational tool and
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the subject of Chapter 11, has the expected multiplicative properties. We
will need them again in Chapter 12 where we construct and study the real
cobordism spectrum MUR (a C2-spectrum) along with its norms to larger
cyclic 2-groups.
The category of interest here is SpBTG, that of functors to orthogonal spec-

tra from the category BTG, the groupoid associated with a finite G-set T . The
first four sections concern indexed smash products, which we get by varying
the G-set T . They are not homotopical in general, but we will show in Theo-
rem 10.4.7 that they are on cofibrant objects.
In the next five sections we study indexed symmetric smash powers, which

are needed to construct a model strcuture on the category CommG of G-
commutative ring spectra. Here there is a surprising technical difficulty that
is illustrated in Example 10.5.2. It means that cofibrant objects in CommG

(such as the sphere spectrum) are almost never cofibrant after applying the
forgetful functor. This means we cannot use Theorem 10.4.7 to work out the
homotopy type of their norms. This problem is addressed by Corollary 10.9.10.
In the last section we define and study twisted monoid rings. These are

associative algebras that are weakly equivalent to wedges of spheres, and which
are needed for some constructions in Chapter 12.

1.4H The slice filtration and slice spectral sequence
In Chapter 11 we introduce our main computational tool, the slice spectral
sequence. It is based on the slice filtration, which is an equivariant general-
ization of the Postnikov filtration. For an ordinary space or spectrum X, one
forms the nth Postnikov section PnX by attaching cells to kill the homotopy
groups of X above dimension n. The resulting map X Ñ PnX is a cofibration
whose homotopy theoretic fiber is the n-connected cover Pn�1X. We also get
a diagram

� � � Ñ Pn�1X Ñ PnX Ñ Pn�1X Ñ � � � , (1.4.18)

the Postnikov tower of X. Its limit and colimit are X and � respectively.
The fiber PnnX of the map PnX Ñ Pn�1X, the nth Postnikov layer, is an
Eilenberg-MacLane space or spectrum capturing the nth homotopy group of
X.
This construction can be interpreted model theoretically in two different

ways.

(i) We are expanding the class of weak equivalences in T or Sp by defining a
weak equivalence to be a map inducing an isomorphism in homotopy groups
in dimensions ¤ n, rather than in all dimensions. We can use Bousfield
localization, the subject of Chapter 6, to get a new model structure on T
or Sp in which fibrant replacement is the functor Pn.
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(ii) We can define localizing subcategories (as in Definition 6.3.12) τn�1T or
τn�1Sp, to be the ones generated by the spheres Sm or S�0 ^ Sm for
m ¡ n. These are the categories of n-connected spaces or spectra. They
lead to localization functors obtained by adding the maps Sm Ñ � for
m ¡ n to the class of weak equivalences. This is the same as the localization
described above. In the case of spectra we can define subcategories τnSp
for all integers n.

In the G-equivariant case for a finite group G, we replace the ordinary
spheres by the objects

pSpm,Hq � G

H
SmρH , (1.4.19)

where ρH denotes the regular representation of the subgroup H � G. See the
paragraph following Definition 11.1.1 for more details. We call these objects
slice spheres. pSpm,Hq is underlain by a wedge of |G{H| copies of Sm|H|,
so we say that its dimension is m|H|. We can define the localizing sub-
category τn�1SpG to be the one generated by all slice spheres of dimension
greater than n. This leads to a fibrant replacement functor PnG, the nth slice
section, and a diagram analogous to (and underlain by) (1.4.18),

� � � Ñ Pn�1
G X Ñ PnGX Ñ Pn�1

G X Ñ � � � ,

the slice tower of X. We denote its nth layer, the fiber of the map PnGX Ñ
Pn�1
G X, by GPnnX. It is underlain by the nth Postnikov layer PnnX, but its

equivariant homotopy groups are not concentrated in a single dimension.
In the very favorable cases of interest in this book, these groups are com-

putable. They form the input for the slice spectral sequence described in
§ 11.2. We say a G-spectrum is pure (Definition 11.3.14) if all of its slices
are wedges of spectra of the form pSpm,Hq ^ HZ, where pSpm,Hq is as in
(1.4.19) with the subgroup H � G being nontrivial, and HZ denotes the inte-
ger Eilenberg-MacLane spectrum. The equivariant homotopy groups of these
slices can be computed by methods described in §9.9. One thing we learn from
these computations is that the H-equivariant groups for nontivial H always
vanish in dimensions strictly between -4 and 0. This fact is behind the Gap
Theorem of §1.1C(iii).
For a G-spectrum X, we denote by πu�X the homotopy groups of the or-

dinary underlying spectrum. When πudX is free abelian, we can find a map
cud :Wd Ñ X, whereWd is a wedge of d-spheres, that induces an isomorphism
in πud . In Definition 11.3.19 we say a refinement of πudX is an equivariant
map cd : xWd Ñ X in which xWd is a wedge of slice spheres of dimension d,
with the property that the map πudxWd Ñ πudX is an isomorphism. When πu�X
is free abelian in all dimensions, we can define a refinement of it to be an
equivariant map c : xW Ñ X in which xW is a wedge of slice spheres of vary-



1.4 Highlights of later chapters 51

ing dimensions, such that for each d the restriction of c to the d-dimensional
summands of xW is a refinement of πudX.
In §11.4 we specialize to the case where X is a connective commutative ring

spectrum R. With the help of various technical results from Chapter 10, we
show in Theorem 11.4.13 that each slice section PnGR inherits a unique com-
mutative multiplication from R. This means that its slice spectral sequence
is one of algebras in which the differentials are derivations. This fact is cru-
cial for the calculations of §13.3, where we prove the Periodicity Theorem of
§1.1C(ii).

1.4I The construction of MUR, the star of our show
In Chapter 12 we construct a C2-equivariant commutative ring spectrum
MUR admitting the canonical homotopy presentation (see §7.4F)

MUR � hocolimS�nρ2 ^MUpnq,

where ρ2 denotes the regular representation of C2, and MUpnq is the Thom
complex of the universal bundle over BUpnq, the classifying space of the group
Upnq of n�n unitary matrices, with a C2 action given by complex conjugation.
Its image under the forgetful functor to ordinary spectra is MU , the usual
complex cobordism spectrum.
Happily the slice tower for MUR is completely accessible and is strikingly

similar to the ordinary Postnikov tower forMU . The latter is concentrated in
even degrees. Its p2nqth layer is a wedge of copies of Σ2nHZ with a summand
for each partition of n. The p2nqth slice ofMUR is a wedge of the same number
of copies of SnρC2 ^HZ. Thus we have a refinement (as described above and
in Definition 11.3.19) of π�MU , and MUR is pure as in Definition 11.3.14.
The refinement is easy to construct, but the statement about the slice tower
is more delicate. Its proof is the subject of §12.4.
Now let G � C2n�1 and consider the spectrum

MU ppGqq � NG
C2
MUR,

the norm ofMUR as in Definition 9.7.3. It is underlain byMU^2n . The group
G acts by cyclically permuting the factors. Its subgroup of order two leaves
each factor invariant and acts on it by complex conjugation. We can analyze
the slice tower ofMU ppGqq and show that it is also pure with contractible slices
of odd degree. This remarkable property makes the computations of
Chapter 13 and the proof of the main theorem possible.



52 Introduction

1.4J The proofs of the Gap, Periodicity and Detection
Theorems

Chapter 13 is the payoff, the reason for developing all the machinery of the
previous eleven chapters. We will prove (in reverse order) the three theorems
listed in §1.1C.
As noted above our spectrum Ξ is the C8-fixed point spectrum of a telescope

ΞO formed by inverting a certain element

D P πC8
19ρC8

NC8

C2
MUR.

The reason for choosing an element in this degree is spelled out in §13.3. The
methods of §12.4 enable us to describe the slices of ΞO. The methods of §9.9
show that each slice has πC8

�2 � 0, which implies the Gap Theorem.
The computations of § 13.3 show that there is an invertible element in

πC8
256ΞO, which implies the Periodicity Theorem.
This leaves the Detection Theorem, the subject of §13.4. It requires a de-

tailed look at the Adams-Novikov spectral sequence and some computations
related to the formal group associated with complex cobordism. We need to
consider a certain formal A-module (see Definition 13.4.4) specified in (13.4.5)
where A is the extension of the 2-adic integers Z2 obtained by adjoining an
eighth root of unity ζ8. This section includes an explanation of why we need
to norm up MUR to a C8-spectrum. The Detection Theorem fails if we do a
similar construction for C2 or C4.
For each of the three theorems the proof is computational in nature, and

we did the computations before we developed the theoretical frame-
work for them. This is not the first time, and surely will not be the last, that
an advance in homotopy theory has been made in this way. Computation
precedes theory!
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Some categorical tools

Such a consideration of vector spaces and their linear transformations is
but one example of many similar mathematical situations; for instance, we
may deal with groups and their homomorphisms, with topological spaces
and their continuous mappings, with simplicial complexes and their
simplicial transformations, with ordered sets and their order preserving
transformations. In order to deal in a general way with such situations, we
introduce the concept of a category. Thus a category A will consist of
abstract elements of two types: the objects A (for example, vector spaces,
groups) and the mappings α (for example, linear transformations,
homomorphisms). For some pairs of mappings in the category there is
defined a product (in the examples, the product is the usual composite of
two transformations). Certain of these mappings act as identities with
respect to this product, and there is a one-to-one correspondence between
the objects of the category and these identities. A category is subject to
certain simple axioms, so formulated as to include all examples of the
character described above.

Samuel Eilenberg and Saunders Mac Lane, [EM45, page 235]

This chapter is a light and leisurely introduction to some category theoretic
tools that are useful in stable homotopy theory. The object is to save the
reader the trouble of looking up these concepts elsewhere to know what they
mean, but not to give a textbook introduction to them. Our treatment will be
short on proofs and long on examples. Our favorite references for this material
are [ML98] and [Rie14], which the reader should consult for a more rigorous
treatment. Most of our examples are lifted shamelessly from them. See also
[May96, Chapter V].
In § 2.1, after spelling out some notational conventions, we discuss (very

briefly) compactly generated weak Hausdorff spaces (Remark 2.1.47) and de-
fine the comma category and related constructions in Definition 2.1.51. The
fun really begins in §2.2 where we state and prove the Yoneda Lemma 2.2.10
and define the Yoneda embedding H (Definition 2.2.12). The symbol H is the
Japanese character “yo,” the first syllable (in hiragana) of Yoneda’s name.
The Yoneda Lemma, due to Nobuo Yoneda (1930–1996), was communicated

privately to Saunders Mac Lane (1909–2004) around 1954. They had a lengthy
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discussion about it at a café in the Gare du Nord in Paris while Yoneda was
waiting for a train [Kin96]. Mac Lane followed Yoneda onto his coach (without
having a ticket himself) to continue the conversation. It is not known whether
he got off the train before it left the station. He subsequently promoted the
lemma, noting in [ML98, page 77] that “with time, its importance has grown.”
It was used extensively by Grothendieck in the 1960s. It was not mentioned
in [Yon54], contrary to a claim in Wikipedia.
In §2.2D we introduce adjoint functors, which were first defined by Kan in

his landmark 1958 paper [Kan58a], where he also introduced limits and colim-
its (which he called inverse and direct limits, see §2.3C) and Kan extensions
(see §2.5). These are followed by monads in §2.2E. They were first studied
by Eilenberg and John Moore (1923–2016) in [EM65], where they were called
triples. Mac Lane later wrote in [ML98, page 138], “The frequent but unfor-
tunate use of the term triple in this sense has caused a maximum of needless
confusion …”
Limits and colimits are discussed in § 2.3C. Special cases include pull-

backs/pushouts, fixed point/orbit spaces of group actions, and equalizers/co-
equalizers. The closely related notion of pushout and pullback corner map is
given in Definition 2.3.9. We will see them again in §6.3B and repeatedly in
Chapter 7 and Chapter 10. The cordial relationship between limits/colimits
and adjoint functors is the subject of Proposition 2.3.36. Reflexive coequalizers
are the subject of §2.3F followed by filtered and sifted colimits in §2.3G.
Ends and coends, very powerful notational devices involving the integral

sign from calculus, are the subject of §2.4. Kan extensions are discussed in
§2.5. In [ML98, X.7] Mac Lane wrote

The notion of Kan extensions subsumes all the other fundamental
concepts of category theory.

In favorable cases left and right Kan extensions can be described explicitly as
coends and ends. This is the subject of §2.5B.
Symmetric monoidal categories are the subject of §2.6. These are categories

equipped with associative, commutative and unitary binary operations on
their object sets. Given such a category C with binary operation b, we can
define a monoid R to be an object R equipped with a morphism RbRÑ R

with suitable properties (Definition 2.6.58) and a left or right R-moduleM to
be an object equipped with a morphism to it from RbM orMbR. When R is
commutative, it is possible to define M bR N (Lemma 2.6.61) for R-modules
M and N . The extremely useful two variable adjunction is introduced in
Definition 2.6.26.
In § 2.7 we discuss 2-categories and in § 2.8 we introduce Grothendieck

fibrations and opfibrations.
The next section, §2.9 on indexed monoidal products, is more technical. We

need it for the constructions of Chapter 10 on G-spectra. To our knowledge,
most of this material is new apart from its briefer treatment in [HHR16].
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For the moment, suppose we have a symmetric monoidal category C with
binary operation b in which every object has an action by a fixed finite group
G. Since b is associative, we can define the product XbT of a collection of
objects Xt in C indexed by a finite set T . When T itself has a G-action, there
is a way to incorporate it into the structure of XbT , which we call an indexed
monoidal product.
It is convenient to take a more abstract perspective and replace the finite

G-set T by a small category K and consider the category CK of functors
K Ñ C, meaning K-shaped diagrams in C. Then certain functors p : rK Ñ K

between small categories, namely the covering categories of Definition 2.8.1,
lead to functors pb� : C�K Ñ CK called indexed monoidal products along
p spelled out in Definition 2.9.6.
When C has two binary operations b and ` related by a distributive law,

then a product of sums gets identified with a certain sum of products. When
the original product and sums are indexed, so are the new sum and products.
This is given by the indexed distributive law of Proposition 2.9.20.
When we have a pushout diagram in CA for an ordinary set A with push-

out object Z, we get a technically useful filtration of ZbA, the target ex-
ponent filtration, defined in Definition 2.9.34 and made more explicit in
Lemma 2.9.39. We also discuss commutative algebras (§2.9F) and monomial
ideals (§2.9G) in this setting.

2.1 Basic definitions and notational conventions

2.1A Notational conventions
We will usually denote a category C by a symbol in script (\mathscr) or
calligraphic (\mathcal) font. For us a small category, which will usually be
denoted by a Roman letter, is one in which the collection of objects is a set
rather than a proper class. The value of a functor F on an object j in a small
category J will often be denoted by Fj rather than F pjq.
The collections of objects and arrows (i.e., morphisms) in C will be denoted

by Ob C and Arr C. As is common practice, we will sometimes abuse no-
tation by writing c P C instead of c P Ob C and c Ñ c1 P C instead of
cÑ c1 P Arr C.
The identity morphism on an object X, when it appears in a commutative

diagram, will often be denoted simply by X. This is sometimes called the
Princeton convention, and is likely due to John Moore.
We will often discuss statements about categories that have dual analogs.

We will sometimes make both a statement and its dual at the same time,
instead of making two separate statements, with the help of parentheses. For
example, instead of writing

fibrations preserve widgets, and cofibrations preserve cowidgets,
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we will write
fibrations (cofibrations) preserve widgets (cowidgets).

We will do the same with categorical notions that have pointed analogs. In-
stead of saying

widgets have bridges, and pointed widgets have pointed bridges,

we will say
(pointed) widgets have (pointed) bridges.

2.1B Categories
Definition 2.1.1. A category C consists of

(i) A collection Ob C of objects. This collection could be a proper class rather
than a set. When it is a set we say the category is small.

(ii) For each ordered pair pX,Y q of objects a set CpX,Y q of morphisms f :

X Ñ Y , also known as arrows. The collection of all arrows in a category
C is denoted by Arr C.

We denote the collection of all morphisms in C by Arr C. For a morphism
f : X Ñ Y , we say that its source or domain is X � Dom f , and its target
or codomain is Y � Cod f . Some authors allow CpX,Y q to be a class rather
than a set and call a category locally small if CpX,Y q is always a set. In
this book all categories are understood to be locally small.

Each object X has an identity morphism 1X P CpX,Xq. For each ordered
triple of objects pX,Y, Zq one has a composition pairing

cX,Y,Z : CpY, Zq � CpX,Y q Ñ CpX,Zq (2.1.2)

and the image of pg, fq is denoted by gf , the composite of f and g. Com-
position of morphisms is associative, meaning that phgqf � hpgfq for

pf, g, hq P CpW,Xq � CpX,Y q � CpY, Zq
Composition of f P CpX,Y q with identity morphisms behaves as expected,
namely

f1X � f � 1Y f.

Definition 2.1.3. For a category C, the opposite category Cop has the same
object collection as C with morphism sets defined by CoppX,Y q � CpY,Xq.
Thus Cop is C with its arrows reversed.

Definition 2.1.4. A subcategory C1 of C is a category whose object col-
lection and morphisms sets are contained in those of C. It is full if for each
pair of objects X and Y in C1, C1pX,Y q � CpX,Y q. It is wide (or lluf) if it
contains all objects of C.
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The structure of a category C is determined by its collection ArrC of mor-
phisms and its composition law, since one could recover the identity mor-
phisms and hence the objects of C from the latter.

Definition 2.1.5. The product and coproduct of two categories. For
categories C1 and C2, their product C � C1 � C2 is the category with

Ob C � Ob C1 �Ob C2 and Arr C � Arr C1 �Arr C2

and composition of morphisms defined by

pg1, g2qpf1, f2q � pg1f1, g2f2q.
Their coproduct C1 � C1 > C2 is the category with

Ob C1 � Ob C1 >Ob C2 and Arr C1 � Arr C1 >Arr C2.

There are no morphisms between objects in different summands, so composi-
tion in C1 is determined by that in C1 and C2.

Definition 2.1.6. Two 2-object categories. Let 2 denote the category p1Ñ
2q, sometimes called the walking arrow category or interval category,
and sometimes denoted by ∆r1s or I. (We will reserve the symbol I for the
closed unit interval r0, 1s.)

Let Eq denote the equalizer category p1 Ñ 2q with two objects and two
morphisms from the first object to the second one.

Definition 2.1.7. For a set A, the corresponding discrete category Adisc is
the small category with object set A in which the only morphisms are identity
morphisms. For a small category J , we denote the discrete category associated
with its object set by Jdisc or |J |. In general a category is discrete if all
of its morphisms are isomorphisms and any two morphisms having the same
domain and codomain are equal. In particular all of its automorphisms are
identities.

Example 2.1.8. The product of a discrete category with the walking
arrow category. For a set A, the product (as in Definition 2.1.5) C �
Adisc� 2 (see Definition 2.1.7 and Definition 2.1.6) has the disjoint union of
two copies of A as its object set. For each a P A, denote by a1 and a2 the two
corresponding objects in Ob C. For each such a, there is a morphism a1 Ñ a2
in C, and these are the only nonidentity morphisms in C.

Definition 2.1.9. A category C is concrete if it admits a faithful functor to
Set, the category of sets. This means the objects of C can be regarded as sets
possibily with additional structure that morphisms are required to preserve.

Many familiar categories, such as those of groups, rings and topological
spaces, are concrete.
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Definition 2.1.10. Special morphisms. A morphism f : A Ñ B in a
category C is monic (or an monomorphism) if two morphisms a1, a2 :

X Ñ A are equal iff fa1 � fa2, or equivalently if it is the equalizer (see
Definition 2.3.27 below) of the pair of natural inclusions B Ñ B YA B. It is
split monic if there is a morphism r : B Ñ A, called a retraction, such
that rf � 1A.

It is epi (or an epimorphism) if two morphisms B1, B2 : B Ñ Y are
equal iff b1f � b2f . It is split epi if there a morphism s : B Ñ A, called a
secction, such that fs � 1B.

It is an isomorphism if there is a morphism g : B Ñ A such that gf � 1A
and fg � 1B.

Proposition 2.1.11. Split monic/epi duality. With notation as above, if
the retraction r : B Ñ A exists, it is split epi with section f . If the section
s : AÑ B exists it is split monic with retraction f .

In a concrete category (Definition 2.1.9) such as Set, a monomorphism
(epimorphism) is a map that one to one (onto). The class of monomorphisms
(epimorphisms) is closed under composition.

2.1C Functors
Definition 2.1.12. Given two categories C and D, a functor F : C Ñ D
consists of

(i) A function F : Ob C Ñ ObD. The image of an object X will be denoted by
F pXq, FX or (when C is small) by FX .

(ii) For each pair pX,Y q of objects in C a function

FX,Y : CpX,Y q Ñ DpF pXq, F pY qq.
It is common practice to drop the subscripts above, using the same symbol for
the functor and the two functions associated with it. The image under F of a
morphism f : X Ñ Y in C is usually denoted by F pfq : FX Ñ FY .

The morphism function is required to satisfy the rules F p1Xq � 1F pXq (it
sends identity morphisms to identity morphisms) and F pgfq � F pgqF pfq (it
preserves composition of morphisms).

There is an identity functor 1C for which the two functions are identities.
Given functors F : C Ñ D and G : D Ñ E, one defined a composite functor
GF : C Ñ E by composing the object and morphism functions.

The functor F is faithful if it sends distinct objects in C to distinct objects
in D and distinct morphisms in C to distinct morphisms in D. It is full for
each pair pX,Y q of objects in C, the map FX,Y is onto. It is fully faithful if
in addition its image is a full subcategory of D, making FX,Y an isomorphism.

Functors defined in this way are said to be covariant, meaning they preserve
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the direction of arrows. In a contravariant functor F the morphism function
above is replaced by one of the form

F : CpX,Y q Ñ DpF pY q, F pXqq;
a contravariant functor reverses the direction of arrows. A contravariant func-
tor C Ñ D is the same thing as a covariant functor Cop Ñ D.

Finally, we denote the collection of functors C Ñ D by FunpC,Dq,
CAT pC,Dq or CatpC,Dq; see Definition 2.1.14 below. It is likely to be a proper
class unless C and D are both small.

Proposition 2.1.13. Morphisms as functors from the walking arrow
category. For any category C, a functor F : 2Ñ C defines a morphism in C,
namely F pαq : F p1q Ñ F p2q, where α denotes the nonidentity morphism in 2.

All functors between categories are assumed to be covariant unless stated
otherwise. A contravariant functor F : C Ñ D is the same thing as a covariant
functor F : Cop Ñ D, where Cop, the opposite category of C, has the same
objects as C with all arrows reversed.

Definition 2.1.14. We will denote the category of categories by CAT and
the category of small categories by Cat. In both cases the objects are categories
and the morphisms are functors.

Thus CAT pC,Dq denotes the collection of functors F : C Ñ D, which may
fail to be a set. In most cases we will consider, the source category C is
small, and there are no set theoretic difficulties. For small categories C and
D, CatpC.Dq is always a set.

Definition 2.1.15. Functor categories. For categories C and D, CD or
rD, Cs denotes the category whose objects are functors D Ñ C and whose
functors are natural transformations. When D is a small category J , then CJ
is the category of J-shaped diagrams in C.

An enriched analog of this will be given in Definition 3.2.18.
The third key notion of category theory, that of a natural transforma-

tion, is the subject of Definition 2.2.1 below.

2.1D Sets
The category of sets, which we denote by Set, is often the first category
one should think of when trying to understand a new categorical concept.
On the other hand, some of its most elementary features are not enjoyed by
categories in general. Among these are the following.

Example 2.1.16. Some sets.
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(i) The empty set ∅ is characterized by the property that there is a unique
morphism from it to any set, including itself. An object in a general cat-
egory C with this property is called an initial object. If such an object
exists, it is necessarily unique up to unique isomorphism.

(ii) The one point set � is characterized by the property that there is a unique
morphism to it to any set, including itself. An object in a general category
C with this property is called a terminal object. If such an object exists,
it is also necessarily unique up to unique isomorphism.

(iii) Cartesian products. Given sets A and B, we have a third set A � B.
In a general category C one cannot combine two objects to get a third one.
This would require additional structure, namely a functor

C � C Ñ C,

where C�C denotes the category whose objects are ordered pairs of objects in
C, with morphisms similarly defined. Such a functor with suitable properties
is called a monoidal structure and is the subject of Definition 2.6.1 below.

Another property of the Cartesian product is that forn any set X, a map
X Ñ A � B is the same thing as a pair of maps X Ñ A and X Ñ B. In
a general category C one could ask the following question:

Given two objects A and B, is there a third object C (their product)
equipped with morphisms

p1 : C Ñ A and p2 : C Ñ B

such that a morphism f : X Ñ C from any other object X is
uniqely determined by the composites p1f and p2f?

When the answer is affirmative, we say that C has products.
(iv) Disjoint unions. Given sets A and B, we have a third set A

²
B, their

disjoint union. This is another monoidal structure on Set. The analogous
question for a general category C is

Given two objects A and B, is there a third object C (their coprod-
uct) equipped with morphisms

i1 : A Ñ C and i2 : B Ñ C

such that a morphism f : C Ñ X to any other object X is uniqely
determined by the composites fi1 and fi2?

This question is the same as the one for products, but with the three arrows
reversed, hence the term “coproduct.” When the answer is affirmative, we
say that C has coproducts.

(v) The evaluation map.
Given two sets X and Y , the set of maps f : X Ñ Y is SetpX,Y q by

definition. This means there is an evaluation map

Ev : X � SetpX,Y q Ñ Y



2.1 Basic definitions and notational conventions 65

sending px, fq to fpxq. We will sometimes write the domain as SetpX,Y q�
X.

(vi) The constant multiplication map. Given sets A, X and Y let

µA,X,Y : A� SetpX,Y q Ñ SetpX,A� Y q

be defined by

µA,X,Y pa, fqpxq � pa, fpxqq P A� Y

for a P A, x P X and f : X Ñ Y . More generally, X and Y could be objects
in a cocomplete category C. This means that sets and their products with
objects in C are also objects in C. Let

µA,X,Y : A� CpX,Y q Ñ CpX,A� Y q

be defined as follows. For a P A and f P CpX,Y q, the morphism µA,X,Y pa, fq :
X Ñ A � Y is determined by its compositions with the projections pA :

A � Y Ñ A and pY : A � Y Ñ Y . Then pAµA,X,Y pa, fq is the constant
a-valued function on X, and pY µA,X,Y pa, fq � f .

(vii) The Cartesian product map of morphism sets. Given sets A, A1, B
and B1, there is map

ΠA,A1,B,B1 : SetpA,Bq � SetpA1, B1q Ñ SetpA�A1, B �B1q

defined as follows. As in (vi), a map to the product B � B1 is determined
by its compositions with the projections

pB : B �B1 Ñ B and pB1 : B �B1 Ñ B1,

and these compositions may be arbitrary. Given maps f : A Ñ B and
f 1 : A1 Ñ B1, and pa, a1q P A�A1, we have

pBΠA,A1,B,B1pf, f 1qpa, a1q � fpaq

and

pB1ΠA,A1,B,B1pf, f 1qpa, a1q � f 1pa1q.

More briefly, ΠA,A1,B,B1 sends pf, f 1q to f � f 1. This definition will be
generalized below in Definition 2.6.50.

The constant multiplication map of (vi) is a special case of the Cartesian
product map. When A � �, the set with one element, then SetpA,Bq � B

and A�A1 � A1, so we have

Π�,A1,B,B1 � µA1,B,B1 : B � SetpA1, B1q Ñ SetpA1, B �B1q.
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2.1E Groupoids
Historically the motivating example of a groupoid (at least for topologists),
and the rationale for several of the related terms we will define, is the funda-
mental groupoid πpXq of a topological space X described in Definition 2.1.19
below. See [Bro06] and [Bro87] for much more discussion, [Hig71] for an early
treatment of this subject, and [Mil17] for a contemporary one.

Definition 2.1.17. A groupoid G is a small category in which every mor-
phism is invertible, that is for each morphism f : x Ñ y there is a unique
morphism g : y Ñ x such that gf � 1x.

Equivalently a group is a pair of sets G0 and G1 (the sets of objects and
morphisms in the category G) with structure maps

(i) s, t : G1 Ñ G0, sending each morphism f : x Ñ y to its source spfq � x

and target tpfq � y,
(ii) e : G0 Ñ G1 sending each object x to its identity morphism 1x,

(iii) i : G1 Ñ G1 sending each morphism f to its inverse f�1 and
(iv) m : C Ñ G1, where C is the pullback in

C //

��

G1

s

��
G1

t // G0,

that is the set of composable morphism pairs

C � tpg, fq P G1 � G1 : tpfq � spgqu ,
the set of composable pairs of morphisms in G, and mpg, fq is the composite
morphism gf .

These are required to satisfy certain axioms which we leave to the reader.
In particular, for each object x the set Gpx, xq is a group under composition.
We abbreviate it by Gpxq, the automorphism group of x.

Remark 2.1.18. A Hopf algebroid over a commutative ring K is a cogroupoid
object in (or a copgroupoid internal to as in Definition 2.3.46 below) the cat-
egory of (graded or bigraded) commutative K-algebras; see [Rav86, Definition
A1.1.1]. There is a notion of split (see Definition 2.1.31 below) Hopf algebroid
given in [Rav86, Definition A1.1.21], of which MU�pMUq is an example. The
Hopf algebroid BP�pBP q is not split. See [Rav86, A2.1] for more discussion.

Definition 2.1.19. The fundamental groupoid πpXq of a topological
space X is the category whose objects are the points of X and whose mor-
phisms are homotopy classes of paths from the domain point to the codomain
point. This groupoid is functorial on X and a covering p : rX Ñ X induces
a covering of groupoids as in Definition 2.1.23 below. The space X is path
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connected iff πpXq is connected as in Definition 2.1.21 below. Each path con-
nected component of X is simply connected iff πpXq is 1-connected. For each
point x0 P X, the group πpXqpx0q is the fundamental group π1pX,x0q.

In order to define notions in groupoids similar to those in topology, we start
with the following.

Definition 2.1.20. The star StGγ of an object γ in a groupoid G is the set

StGγ �
¤
γ1

Gpγ, γ1q

of all morphisms in G with domain γ.

Definition 2.1.21. Connected groupoids. A groupoid G is connected if
the morphism set Gpγ, γ1q is nonemepty for each pair of objects γ, γ1 in G. A
connected component of a groupoid is a maximal connected subgroupoid.

A groupoid G is 1-connected if each morphism set Gpγ, γ1q has at most
one element. In particular the automorphism group Gpγ, γq for each object γ
is trivial.

The following is an exercise for the reader.

Proposition 2.1.22. Automorphism groups in a connected groupoid.
If x and y are objects in the same connected component of a groupoid G, then
for any α P Gpx, yq, we get a group isomorphism Gpxq Ñ Gpyq given by
γ ÞÑ αγα�1, so the groups Gpxq and Gpyq are isomorphic.

Definition 2.1.23. Coverings of groupoids. A functor p : rG Ñ G between
groupoids is a covering if for each object rγ in rG the map of stars (as in
Definition 2.1.20)

p : St rGrγ Ñ StGpprγq
is a bijection. In other words, for each morphism f : ppγq Ñ γ1 in G, there is
a unique morphism in rG from rγ that maps to it. We say that p is connected
if both rG and G are connected as in Definition 2.1.21.

A covering functor p : rG Ñ G need not be surjective on objects if the target
is not connected. It is surjective onto each connected component containing
pprγq for some object rγ of rG.
The lifts of two morphisms pprγq Ñ γ1 in G to morphisms from rγ in rG need

not have the same target even though their images in G do. The image of the
group rGprγq is a subgroup of Gppprγqq.
The following is proved by Ronald Brown in [Bro06, §10.2].

Proposition 2.1.24. Properties of groupoid coverings.
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(i) Let p : rG Ñ G be a groupoid covering with G connected as in Defini-
tion 2.1.21. Then for any two objects α and β in G, the cardinalities of
p�1pαq and p�1pβq are the same.

(ii) Let r : K Ñ H, q : H Ñ G be morphisms of groupoids. If q and r are
covering morphisms, so is qr. If q and qr are covering morphisms, then
r is on. If r and qr are covering morphisms, then q is a one when r is
surjective on objects

The following is proved as [Bro06, 10.3.3].

Proposition 2.1.25. Lifting to a groupoid covering. Suppose we have
a diagram of pointed groupoids (meaning groupoids with specified objects pre-
served by the functors in question)

prG, rγq
p

��
pF , φq f //

rf 88pppppp
pG, γq

where p is a covering and F is connected. Then the indicated lifting rf exists
iff the group Fpφq maps monomorphically to pprGprγqq, and if it exists it is
unique.

Corollary 2.1.26. Relations between connected groupoid coverings.
Suppose that in the diagram of Proposition 2.1.25, the covering p is con-
nected and that f is also a covering. Then the lifting exists iff the subgroup
fpFpφqq � Gpγq is contained in pprGprγqq. In particular it exists if F is 1-
connected, meaning that the group Fpφq is trivial.

This result suggests the following definition.

Definition 2.1.27. A connected covering of a connected groupoid is uni-
versal if it is 1-connected. The unversal cover of a general groupoid is the
coproduct (as in Definition 2.1.5) of the universal covers of its connected
components.

The existence of a unversal covering groupoid follows from the next result
where we see that a pointed connected groupoid pG, γq has a covering for
any subgroup H � Gpγq, including the trivial one. It is proved by Brown as
[Bro06, 10.4.3].

Proposition 2.1.28. A covering groupoid for each subgroup of Gpγq.
Let γ be an object a connected groupoid G and let H � Gpγq be a subgroup.
Let

X � tfH � StGγu
be the set of left cosets of H, meaning equivalence classes of morhisms with
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domain γ where two such morphisms are equivalent if they differ by precompo-
sition with an element of H. Let w : X Ñ G0 be given by wpfH � fpγqq, and
let G act on X by post composition. Then the evident map p : X �G Ñ G is a
groupoid covering, the action of G on X is transitive, and p�1pγq � Gpγq{H.

Definition 2.1.29. G-sets.

(i) For a group G, a G-set T is a set equipped with an action of G, that is a
map µ : G� T Ñ T such that the diagram

G�G� T
G�µ //

m�T

��

G� T

µ

��
G� T

µ // T,

(2.1.30)

where m : G�GÑ G denotes the multiplication in G. We also require that
the composite

T // G� T
µ // T

t � // pe, tq � // t,

i.e., the identity element e P G acts as the identity map on T . We will
usually write µpγ, tq as γptq or γt. The commutativity of (2.1.30) means
that

γ1pγ2ptqq � pγ1γ2qt for γ1, γ2 P G and t P T.
We will sometimes refer to µ as a left action of G on T and denote it by

µL to emphasize that it is acting on the left. Right actions can be similarly
defined.

(ii) Given a G-set T , one has the fixed point set

TG � tt P T : γptq � t for all γ P Gu .
For each t P T , the orbit of t is the set

Gt �
¤
γPG

tγptqu .

Being in the same orbit defines an equivalence relation on T , and the set
of equivalence classes in the orbit set TG.

Associated to each element t P T is the isotropy group (also called the
stabilizer group)

Gt � tγ P G : γptq � tu ,
the subgroup of elements fixing t. One can show that elements in the same
orbit have conjugate isotropy groups. The orbit of t is isomorphic to G{Gt
as a G-set.
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The action of G on T is free if the isotropy subgroup of every element
is trivial. In that case each orbit is isomorphic to G (or G{e) as a G-set.

A subset S � T is invariant if it is a union of orbits, or equivalently if
it is preserved by the action of G. Its isotropy subgroup is

GS � tγ P G : γpsq � s for all s P Su .
In particular GT is the subgroup fixing all of T .

For each subgroup H � G, TH , TH and Ht are similarly defined, with
T e and Te each being T .

(iii) A map f : T Ñ T 1 of G-sets is equivariant if it is compatible with the
G-actions on T and T 1, that is if the diagram

G� T
G�f //

µ

��

G� T 1

µ1

��
T

f // T 1

commutes, where µ1 : G� T 1 Ñ T 1 defines the action of G on T 1.
(iv) We denote the category of G-sets and equivariant maps by SetG, and we

denote the category of G-sets and all maps by SetG. For an arbitrary map
f : T Ñ T 1 and an element γ P G, the diagram

T
f //

γ�1

��

T 1

T
f // T 1

γ

OO

need not commute. This means we get an action of G on the morphism set
SetGpT, T 1q defined by γpfq � γfγ�1.

(v) For any subgroup H � G, a G-set is also an H-set. We denote the forgetful
functors SetG Ñ SetH and SetG Ñ SetH both by iGH . When H is the
trivial group, we denote them by iGe .

Later in this book we will make similar definitions in other categories, such
as those of G-spaces and G-spectra.

Definition 2.1.31. Groupoids associated with a group G. A group G

can be regarded as a groupoid with one object in which the morphism set is
isomorphic to G. We will denote this category by BG.

For a G-set T let BTG denote the small category with object set T with
a morphism a Ñ γpaq for each pa, γq P T � G. Such a category is called a
split groupoid, a translation groupoid, a transformation groupoid
or an action groupoid. The object sets of its connected components (as in
Definition 2.1.21) are the orbits of T .

For a subgroup H � G, the category BTH (strictly speaking BiGHTH where
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iGH denotes the forgetful functor from G-sets to H-sets) is a wide (as in Def-
inition 2.1.4) subcategory of BTG. We will denote the inclusion functor by
jGH .

Example 2.1.32. Not all finite groupoids are split. Let G have three
objects, a, b and c, with an invertible morphism aÑ b and a single morphism
cÑ c. The set T � ta, b, cu has an action of the group C2 in which the non-
trivial element permutes a and b while fixing c. The split groupoid associated
with it has the same object set as G. Unlike G, it has two morphisms from c

to c. Hence G is not split.

We learned the following from Todd Trimble.

Proposition 2.1.33. A characterization of finite connected groupoids.
Let G and G1 be finite connected groupoids having the same number of ob-
jects and isomorphic automorphism groups. Then G and G1 are isomorphic as
groupoids.

In particular, suppose that G and G1 are finite groups having the same order
and each having a subgroup isomorphic toH. Then the split groupoids BG{HG
and BG1{HG1 are isomorphic even if the groups G and G1 are distinct.
When H is trivial, the two groupoids are 1-connected as in Definition 2.1.21
and have the same number of objects. Thus the category BG{eG does not
remember the group structure of G, only its cardinality. We invite the
reader to compare the groupoids for C4{C2 and pC2 � C2q{C2, or those for
C6{C2 and Σ3{C2.

Proof Let F : G Ñ G1 be a bijection of object sets, choose an object x0 in
G and a group isomorphims φ : Gpx0, x0q Ñ G1pF px0q, F px0qq. We will show
that F can be made into a functor that is the desired isomorphims by defining
it on morphisms in G.
Let the object set of G be tx0, x1, . . . xnu. Choose morphisms gj : x0 Ñ xj

and g1j : F px0q Ñ F pxjq for 1 ¤ j ¤ n. Then define F pgjq � g1j . We know
that each morphism f : xi Ñ xj in G can be written uniquely as giαg�1

j for
some α P Gpx0, x0q. Hence we can define

F pfq � g1iφpαqpg1jq�1.

This makes F the desired isomorphism of groupoids.

Remark 2.1.34. The independence of the groupoid BG{HG of the
group structure of G implied by Proposition 2.1.33 is surprising. Recall
the description of the small category BTG of Definition 2.1.31 for a G-set
T . Its object set is T and its morphism set is identified with G� T ; for each
pγ, tq P G�T there is a unique morphism tÑ γptq. This identification, which
associates an element of G to each morphism, is extracategorical in that it
more information than is needed to describe BTG as a category.
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We have an equivalence relation on the object set of G in which two objects
are equivalent iff there is a morphism between them. The equivalence classes
then give us full subcategories which are the connected components of G. It
follows from Proposition 2.1.33 that the connected component containg an
object γ is isomorphic to the split groupoid BGγ{Hγ

Gγ as in Definition 2.1.31,
where Gγ is any group of the appropriate order having Hγ � Gpγ, γq as a
subgroup. This category is known to be equivalent (but not isomorphic) to
BHγ by Proposition 2.1.38. The groupoid G is split iff there is a single
group G that fits this description for each connected component.
We can generalize the notion of a group G acting on a sets as in Defini-

tion 2.1.29 to a groupoid action as follows.

Definition 2.1.35. The action of a groupoid on a set. For a groupoid
G, a G-set X is a set equipped with a map w : X � X0 Ñ G0 with

X0

w0�w

��

X1
t1 //s1oo

w1

��

X0

w0

��
G0 G1

t //soo G0

Here the pullback on the left means that X1 is the set

X1 � tpx, γ : wpxq Ñ yq P X � G1u

of pairs consisting of an element x P X and a morphism γ with domain
wpxq P G0, and s1 sends such a pair to x. The map t1 sends it to an element
in w�1pyq, which makes the right square a pullback as well. We will refer to
the map t1 as the action of G on X and denote t1px, γq by γpxq. This action
should be compatible with identity morphisms and composition of morphisms
in G. Details can be found in [Bro06, §10.4].

The automorphism group Gx of x (Brown calls it the group of stabil-
ity) is

Gx � tγ P Gpwpxqq : γpxq � γu ,

and we say that such a γ fixes x.
The action of G on X is transitive if G is connected and for all a, b P G0,

x P w�1paq and y P w�1pbq, there is a morphims γ P Gpa, bq such that γpxq � y.

Example 2.1.36. Some G-sets.

(i) For a group G, a G-set X as in Definition 2.1.29 is also a BG-set, where
BG is the one object groupoid of Definition 2.1.31.

(ii) If p : rG Ñ G is a groupoid covering as in Definition 2.1.23, then rG0 is a
G-set, with the diagram of Definition 2.1.35 being
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rG0

p0

��

rG1
rt //rsoo

p1

��

rG0

p0

��
G0 G1

t //soo G0

The following is essentially [Bro06, 10.4.2]. Brown calls the groupoid asso-
ciated with the G-set X the semidirect product X � G.

Proposition 2.1.37. Every G-set is a groupoid. For a G-set X as in
Definition 2.1.35, the sets X0 and X1 are the object and morphism sets of a
groupoid for which the source and target maps are s1 and t1, and the map w

induced a groupoid covering. In other words, the diagram of Definition 2.1.35
always has the form of Example 2.1.36(ii). This groupoid is connected iff the
action of G on X is transitive. For x P X, the automorphism group pX�Gqpxq
of Definition 2.1.17 is the automorphism group Gx of Definition 2.1.35.

We record the following for future reference. For an H-set T , we have a
G-set G�H T . Its elements are pairs pγ, tq for γ P G and t P T , subject to the
relation pγη, tq � pγ, ηtq for η P H.

Proposition 2.1.38. The equivalence between BG�HTG and BTH. Let
H � G be finite groups and let T be a finite H-set. Let j : BTH Ñ BG�HTG be
the inclusion functor sending t P T to the equivalence class of pe, tq in G�H T .
It is an equivalence of categories as in Definition 2.2.4 below. In particular
(the case T � H{H), BH is equivalent to BG{HG.

Proof Choose a representative pα, tq P G � T for each element of G �H T

such that pe, tq represents jptq. Define a functor k : BG�HTG Ñ BTH by
pα, tq ÞÑ t. To describe its effect on morphisms, let γ1 P G and suppose the
chosen representative of pγ1α0, t0q is pα1, t1q. This means that t1 � η1t0 for
some η1 P H with α1η1 � γ1α0. Since pγ1α0, t0q � pα1, η1t0q, we find that
η1 � α�1

1 γ1α0.
Hence our functor k sends the morphism γ1 : pα0, t0q Ñ pα1, t1q in BG�HTG

to the morphism η1 � α�1
1 γ1α0 : t0 Ñ t1 in BTH. Similarly it sends the

morphism γ2 : pα1, t1q Ñ pα2, t2q to η2 � α�1
2 γ2α1 : t1 Ñ t2. Thus we have a

diagram

pα0, t0q γ1 //
_

��

pα1, t1q γ2 //
_

��

pα2, t2q_

��
t0

α�1
1 γ1α0 // t1

α�1
2 γ2α1 // t2

where the top row is in BG�HTG and the bottom row is in BTH. The com-
posite of the two morphisms in the bottom row is

α�1
2 γ2α1 � α�1

1 γ1α0 � α�1
2 γ2γ1α0,
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which is the image under k of the composite of the morphisms in the top row.
This means our functor k is well defined.
Then kj is the identity functor on BTH, and we need a natural transfor-

mation θ : jk ñ 1BG�HTG. Note that jkpα, tq � pe, tq, so we can define θ
by

θpα,tq � α : pe, tq Ñ pα, tq. (2.1.39)

We leave the remaining details to the reader.

Note that the equivalence above is not unique. It depends on the choice of
an element in G� T representing each element of the quotient G�H T .

Corollary 2.1.40. The equivalence between CBG�HTG and CBTH . Let
H � G be finite groups, let T be a finite H-set and let C be any category. Then
the functor categories CBG�HTG and CBTH (for example CBG{HG and CBH) are
equivalent.

The following discussion will be used in the proof of Proposition 2.2.31 and
taken up again following Proposition 9.3.16.

Example 2.1.41. The equivalence of the categories BH and BG{HG for
a subgroup H � G, and those of C-valued functors on them. Consider
the case of Proposition 2.1.38 and Corollary 2.1.40 where T � H{H, so
G �H T � G{H. Then the category BTH � BH has a single object, so the
functor k : BG{HGÑ BH is uniquely determined on objects. The choice made
in the proof of Proposition 2.1.38 is of an element α P G in each coset γH.
The functor k depends on this choice.

To describe the effect of k on morphisms in BG{HG, each of which is deter-
mined by its domain and an element of G, consider the one with domain α0

and associated with γ1 P G. Suppose that γ1α0 lies in the coset represented by
α1. The image of this morphism under k is a morphism in BH, which is to
say an element of H, namely α�1

1 γ1α0.
The morphism set of BG{HG is G{H � G, while that of BH is H. The

calculation above shows that kpα0, γ1q � α�1
1 γ1α0, where α1 is the chosen

representative of the coset containing γ1α0.
Now we look at categories of C-valued functors on BG{HG and BH. The

diagram of categories and functors

BH
j
// BG{HG

koo

leads to

CBH k� // CBG{HG.
j�

oo (2.1.42)
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The category CBH is that of objects X in C equipped with an action of the
group H. An object Y in CBG{HG is a collection of objects YγH in C indexed
by the cosets in G{H, each having an action of H and isomorphisms with
other such objects induced by elements of G. When C is complete (cocomplete)
as in Definition 2.3.25 below, the product (coproduct) of these objects has a
G-action permuting the factors, each of which is invariant under and acted
on by the subgroup H.

The functor j� sends a collection tYγHu as above to the H-object YeH .
The functor k� sends an H-object X to a collection of isomorphic copies of X
indexed by G{H with suitable isomorphisms between them induced by elements
of G.

This means the composite j�k� is the identity functor on CBH , but k�j� is
not the identity functor on CBG{HG. It sends the collection tYγHu to the one
in which each component is YeH . Our choice of representatives of the cosets
of H leads to a natural transformation between k�j� and the identity functor
on CBG{HG.

Example 2.1.43. A case of Corollary 2.1.40 where the subgroup is
trivial. A functor BG{eGÑ C consists of a collection of objects in C indexed
by the elements of G and an isomorphism from each one to every other. The
category of such collections is equivalent to C itself. In this case the equivalence
of Proposition 2.1.38 is unique because each coset to the trivial group has a
single element.

Example 2.1.44. G-sets as groupoids. If K is the category BTG associated
with a finite G-set T as in Definition 2.1.31, then its equivalence classes are
its orbits and each group Gk is isomorphic to G. The subgroups Hk may vary,
even up to conjugacy, from orbit to orbit.

This implies the following.

Proposition 2.1.45. Functors from a finite groupoid. Let K be a finite
groupoid decomposing as above into a finite union of orbits BGk{Hk

Gk. Then
for any category C,

CK �
¹
k

CBGk{Hk
Gk �

¹
k

CBHk by Corollary 2.1.40.

For each k P K, the Yoneda embedding (Definition 2.2.12)

H : pBGk{Hk
Gkqop Ñ SetBGk{Hk

Gk

sends each object, i.e., each coset, γsHk (for γs P Gk) to the functor which
assigns to each object γtHk the set γtHkγ

�1
s .
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2.1F Topological spaces
There are some technical difficulties associated with T op (respectively T ),
the category of (pointed) topological spaces. It turns out that for arbitrary
(pointed) spaces X and Y , the sets T oppX,Y q and T pX,Y q do not have
natural topologies with the desired properties. This problem is discussed in
detail in [Rie14, 6.1] and in [Hov99, Definition 2.4.21 and Proposition 2.4.22].
One can get around it by making some mild assumptions on the topological
spaces one considers. One replaces T op and T by certain full subcategories
(compactly generated weak Hausdorff spaces, first introduced in [McC69] and
described more recently in [Str09]) known to have the desired properties and
to include nearly all of the spaces (such as CW complexes and manifolds) a
homotopy theorist would ever want to think about.

Definition 2.1.46. A topological space X is weak Hausdorff if the image
of any map K Ñ X from a compact Hausdorff space K is closed in X. X is
compactly generated if every closed subspace of X is a union of compact
subspaces.

In particular, in such a space each point is closed.

Remark 2.1.47. Working with compactly generated weak Hausdorff spaces
has many benefits, but it does create some technical problems. Colimits are
computed by forming the colimit in topological spaces, replacing the topology
by the compactly generated topology, and then forming the universal quotient
which is weak Hausdorff; see [Str09, Corollary 2.23]. This last step can alter
the underlying point set since a colimit of weak Hausdorff need not be weak
Hausdorff; see Example 2.3.65 below. It does not, however, in the case of
pushouts along closed inclusions, meaning contiuous monomorphism whose
images are clased subsest of the codomain. More precisely, given a pushout
diagram

A //

��

X

��
B // Y

of topological spaces in which A Ñ X is a closed inclusion, if A, X, and B

are compactly generated and weak Hausdorff then so is Y . This follows from
[McC69, Proposition 2.5] and the remark about adjunction spaces immediately
preceding its statement, and from [Str09, Proposition 2.35]. Among other
things this means that the smash product of two compactly generated weak
Hausdorff spaces can be computed as the smash product of the underlying
compactly generated spaces.

Definition 2.1.48. The categories T op and T are the category of com-
pactly generated weak Hausdorff spaces and its pointed analog.
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We will use the term “compactly generated” with a different meaning in
connection with model categories below in Definition 5.2.6.
In [Hov99] these categories are denoted by T and T� respectively. He uses

the notation Top and Top� for the categories of topological and pointed
topological spaces with no additional conditions.

Definition 2.1.49. Smash products and half smash products. Let A
and B be topological spaces with base points a0 and b0. Their smash product
is the topological quotient

A^B :� pA�Bq{pA� ta0u Y ta0u �Bq,
where the base point is the image of the contracted subspace A�ta0uYta0u�B.

For an unpointed space X, let X� denote its union with a disjoint base
point. Then the left and right half smash products are

X 
B :� X� ^B � X �B{X � tb0u ,
and A�X :� A^X� � A�X{ ta0u �X,

where the base points are the images of the contracted subspaces X �tb0u and
ta0u �X. Note that the two sided half smash product is

X ' Y :� X� ^ Y� � X 
 Y� � X� � Y � pX � Y q�.
The following is an easy exercise.

Proposition 2.1.50. Connectivities of the smash and half smash
products. Suppose A and B are respectively pm� 1q- and pn� 1q-connected.
Then A ^ B, A � B and A 
 B are respectively pm � n � 1q-, pm � 1q- and
pn� 1q-connected.

2.1G Miscellaneous definitions
Definition 2.1.51. The comma category and related constructions.
Suppose we have functors S : AÑ C (the source) and T : B Ñ C (the target).
The associated comma category pSÓT q or SÓT (also denoted by pS{T q and
originally by pS, T q, hence the name) has as objects triples of the form pα, f, βq
where α and β are objects in A and B with f : Spαq Ñ T pβq a morphism in
C. A morphism from pα, f, βq to pα1, f 1, β1q is a pair of morphisms g : αÑ α1

in A and h : β Ñ β1 in B such that the following diagram commutes in C.

Spαq Spgq //

f

��

Spα1q
f 1

��
T pβq

T phq
// T pβ1q.

This construction has several interesting special cases.
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(i) Let B be the category 1 with a single object and a single identity morphism.
Then the functor T identifies an object c in C and the resulting category is
denoted by pSÓcq, the category of objects of A over c, also known as
the overcategory of c. Its objects are pairs pα, ωαq where α is an object
in A and ωα : Spαq Ñ c is a morphism in C. A morphism from pα, ωαq
to pα1, ωα1q is a morphism g : α Ñ α1 in A such that following diagram
commutes in C.

Spαq Spgq //

ωα

!!C
CC

CC
CC

C
Spα1q

ωα1

||yy
yy
yy
yy

c

(2.1.52)

(ii) Dually, let A � 1, so S identifies an object c in C. The resulting category is
denoted by pcÓT q, the category of objects of B under c also known as
the undercategory of c. Its objects are pairs pα, ωαq where α is an object
in A and ωα : Spαq Ñ c is a morphism in C. A morphism from pα, ωαq
to pα1, ωα1q is a morphism g : α Ñ α1 in A such that following diagram
commutes in C. . Its objects are pairs pυβ , βq where β is an object in B and
υβ : cÑ T pβq is a morphism in C. A morphism from pυβ , βq to pυβ1 , β1q is
a morphism h : β Ñ β1 in B such that following diagram commutes in C.

c
υβ

}}{{
{{
{{
{{ υβ1

""E
EE

EE
EE

E

T pβq T phq // T pβ1q
(2.1.53)

(iii) Now assume B � 1, A � C and S is the identity functor. Then the resulting
category pCÓcq is called the slice category or overcategory of objects over
c. Dually, the coslice category or undercategory pcÓCq is obtained by
making T the identity functor and A � 1.

(iv) When C has a terminal object �, then p�ÓCq is the category of pointed
objects in C.

(v) when A � C � B, and both S and T are the identity functor, we get
the arrow category Arr C, which we will sometimes denote by C1,
whose objects are morphisms in C. Given morphisms f : A Ñ B and
g : X Ñ Y in C, which are also objects in C1, a morphism f Ñ g in C1 is
a commutative diagram

A
f //

a

��

B

b
��

X
g // Y

(2.1.54)
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for arbitrary morphisms a and b. We will sometimes denote the set
of such diagrams by 3pf, gq.

(vi) There are forgetful functors from pSÓT q to A, B and C1, known as the
domain, codomain and arrow functors, sending pα, f, βq to α, β and
f respectively.

Definition 2.1.55. Connected categories. A category C is connected
if for any pair of objects X and Y there is a finite sequence of morphisms
connecting them,

X // � �oo // � � � Y.oo

Note that the first and/or last morphisms in the diagram of Definition 2.1.55
could be identity maps, so X and/or Y could be a target (rather than a source)
in the chain of morphisms.

Definition 2.1.56. Retracts. An object X in a category C is a retract of
an object Y if there are morphisms i : X Ñ Y (the section) and r : Y Ñ X

(the retraction) such that ri � 1X . A morphism f : X Ñ X 1 is a retract
of a morphism g : Y Ñ Y 1 if there is a commutative diagram

X
i //

f
��

Y
r //

g

��

X

f
��

X 1 i1 // Y 1 r1 // X 1

where ri � 1X and r1i1 � 1X1 .

Remark 2.1.57. The idempotent associated with a retraction. The
composite e � ir : Y Ñ Y is idempotent, meaning that e2 � e. See Ex-
ample 2.3.35(vii) below for a description of a retract as a coequalizer as in
Definition 2.3.27 below.

Definition 2.1.58. A small category D is direct if there there is a function
d assigning to each object X a natural number |X| called its degree, such
that there are no morphisms that lower degree, and the only degree preserving
morphisms are identities. A category C is inverse if Dop is direct.

A generalized direct category D is one equipped with such a function
in which degree preserving morphisms need not be identities but instead need
to be invertible.

The degree of an object in a direct category is sometimes defined to be
a more general type of ordinal, but the above notion is adequate for our
purposes. Later in this book we will study the category of functors from
a generalized direct category D to a model category M that has a monoidal
structure as in Definition 5.5.9 and D is enriched overM. See Definition 5.6.31
below.
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2.2 Natural transformations, adjoint functors and
monads

2.2A Natural transformations and equivalences
Definition 2.2.1. Given two functors F,G : C Ñ D, a natural transfor-
mation θ : F ñ G is a function assigning to each object X in C a morphism
θX : F pXq Ñ GpXq in D such that for each morphism f : X Ñ Y in C the
following diagram commutes in D.

F pXq
F pfq

��

θX // GpXq
Gpfq

��
F pY q θY // GpY q

(2.2.2)

We denote the set of such natural transformations by NatpF,Gq.
Such a θ : F ñ F is the identity natural transformation if each θX is

the identity morphism on F pXq.
Such a θ is a natural equivalence if each θX is an isomorphism. In this

case there is a natural transformation θ�1 : Gñ F such that θ�1θ and θθ�1

are the identity natural transformations on F and G respectively.

In [ML98] Mac Lane used the symbol .ÝÑ to denote a natural transformation.

Proposition 2.2.3. Composition of functors with a natural transfor-
mation. With notation as in Definition 2.2.1, suppose we also have functors
K : B Ñ C and L : D Ñ E. Thus we have the following diagram of categories
and functors.

B K // C
F

**
óθ

G

44 D
L // E

Then we can define natural transformations

 L�θ : LF ñ LG by requiring that for each object X in C, the morphism
pL�θqX : LF pXq Ñ LGpXq in E is the image of the morphism θX in D
under the functor L,

 K�θ : FK ñ GK by requiring that for each object W in K, the morphism
pK�θqW : FKpW q Ñ GKpW q in D is θKpW q, and

 L�K
�θ � K�L�θ : LFK ñ LGK by requiring that for each object W in

K, the morphism pL�K�θqW : LFKpW q Ñ LGKpW q in E is the image of
θKpW q under L.

Thus we have the following commutative diagram of sets of natural transfor-
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mations and maps between them.

NatpF,Gq L� //

K�

��

NatpLF,LGq
K�

��
NatpFK,GKq L� // NatpLFK,LGKq

Proof For L�θ we need to verify that for each morphism f : X Ñ Y in C the
following diagram commutes in E .

LF pXq
LF pfq

��

pL�θqX // LGpXq
LGpfq

��
LF pY q pL�θqY // LGpY q

It does because it is the image of (2.2.2) under L.
The arguments for K�θ and L�K�θ are similar.

Definition 2.2.4. Two categories C and D are equivalent if there are func-
tors F : C Ñ D and G : D Ñ C and natural equivalences η : 1C ñ GF and
ε : FGñ 1D. We will sometimes denote this state of affairs by C � D

Example 2.2.5. The category of finite dimensional vector spaces. Let
k be a field and let Vectk be the category of finite dimensional vector spaces over
k and linear maps between them. Let Vect1k be the full subcategory consisting
of the vector spaces kn for all nonnegative integers n. Let F : Vect1k Ñ Vectk
be the inclusion functor, and let G : Vectk Ñ Vect1k be the functor that
sends each vector space V to kdimV . To define the natural transformation
ε : FG ñ 1Vectk , choose an isomorphism εV : V Ñ kdimV for each V , with
εkn the identity map on kn for each n. Having made this choice, given a linear
map f : V ÑW , we can define Gpfq to be the unique linear map making the
following diagram commute.

V
εV //

f

��

kdimV

Gpfq
��

W
εW // kdimW .

The other composite functor, GF , is the identity on Vect1k, so we can define η
to be the identity natural transformation. Since ηkn and εV are isomorphisms
in each case, we have an equivalence of categories.

Note that the equivalence above is not canonical. It depends on the choice
of an isomorphism between V and kdimV for each V . For another example
with a similar flavor, see Proposition 2.1.38 below.
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Definition 2.2.6. Composition and precomposition as natural trans-
formations. Let

H : Setop � SetÑ Set

be a functor. (Such a functor could depend on just one of the two variables.
Hence we can treat covariant and contravariant functors of a single variable
simultaneously.) For a fixed set Y , consider another such functor

Setop � Set HY // Set

pX,Zq � // SetpY, Zq �HpX,Y q

Then we define a natural transformation θY : HY ùñ H as follows. For an
object pX,Zq in Setop � Set, the map

HY pX,Zq � SetpY, Zq �HpX,Y q �
º

g:YÑZ

HpX,Y q
θYpX,Zq // HpX,Zq

on the gth copy of HpX,Y q is g� : HpX,Y q Ñ HpX,Zq. We call this com-
position at Y . In particular, let F � HpX, �q. Then we have

θXpY,Zq : SetpY, Zq � F pY q Ñ F pZq.

Similarly, for a set X consider the functor

Setop � Set HX
// Set

pW,Y q � // HpX,Y q � SetpW,Xq

and define κX : HX ùñ H, precomposition at X, as follows. For an
object pW,Y q in Setop � Set, the map

HXpW,Y q � HpX,Y q � SetpW,Xq �
º

f :WÑX

HpX,Y q
κX
pW,Y q // HpW,Y q

on the f th copy of HpX,Y q is f� : HpX,Y q Ñ HpW,Y q. In particular, let G
be the contravariant functor Hp� , Y q. Then we have

κYpW,Xq : GpXq � SetpW,Xq Ñ GpW q.

Threefold composition W Ñ X Ñ Y Ñ Z in Set leads to a commutative
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diagram

SetpY, Zq �HpX,Y q � SetpW,Xq

SetpY,Zq�κX
pW,Y q

((QQ
QQQ

QQQ
QQQ

QQQ

θYpX,Zq�SetpW,Xq
vvmmm

mmm
mmm

mmm
mm

HpX,Zq � SetpW,Xq

κX
pW,Zq ((QQ

QQQ
QQQ

QQQ
QQQ

SetpY, Zq �HpW,Y q

θYpW,Zqvvnnn
nnn

nnn
nnn

nn

HpW,Zq.

(2.2.7)

An alternate approach to composition and precomposition will be given
below in Definition 2.2.24. A generalization to enriched categories will be
given in Definition 3.1.40.

Definition 2.2.8. Augmented and coaugmented functors. An aug-
mented functor pF, εq (coaugmented functor pF, ηq) on a category C
is an endofunctor F : C Ñ C with a natural transformation ε : F ñ 1C
(η : 1C ñ F ). For each object X, the map εX : F pXq Ñ X in the aug-
mented case (ηX : X Ñ F pXq in the coaugmented case) is the augmentation
(coaugmentation).

2.2B Functorial factorizations
Let r0s, r1s and r2s denote the small categories t0u, t0Ñ 1u and t0Ñ 1Ñ 2u.
For a category C, we denote the categories of C-valued functors on r1s and r2s
by Cr1s and Cr2s; the category Cr0s is C itself. Hence an object X in Cr1s is a
morphism X0 Ñ X1 and an object Y in Cr2s is a composable morphism pair
Y0 Ñ Y1 Ñ Y2. For 0 ¤ j ¤ 2 there is a functor dj : r1s Ñ r2s (the face maps
of §3.4 below) defined to be the order preserving maps of objects for which
j is not in the image. We also have d0, d1 : r0s Ñ r1s defined similarly. These
induce functors δj : Cr2s Ñ Cr1s sending Y0 Ñ Y1 Ñ Y2 to the morphisms
Y1 Ñ Y2, Y0 Ñ Y2 and Y0 Ñ Y1 respectively. The functors δ0, δ1 : Cr1s Ñ C
send a morphism X0 Ñ X1 to its target and source respectively.
The following is needed for the study of model categories starting in Chap-

ter 4 below.

Definition 2.2.9. A functorial factorization in C is a functor (meaning
a natural transformation )

F : Cr1s Ñ Cr2s

such that δ1F � 1Cr1s . We denote its image on f : X0 Ñ X1 by

X0
δ2F pfq // X1{2

δ0F pfq // X1.
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2.2C The Yoneda lemma
We turn now to a fundamental result originally due to Yoneda. We will see
other formulations of the Yoneda lemma below in Proposition 2.4.20, the
Enriched Yoneda Lemma 3.1.29 and Proposition 3.1.70.

Yoneda Lemma 2.2.10. For an object A in a category C, consider the
covariant Set valued functor HA � CpA,�q (the Yoneda functor) on C.
(The symbol H is the Japanese hiragana character yo, the first syllable of
Yoneda’s name.) Let F be another such functor. Then there is a bijection

κ : NatpHA, F q Ñ F pAq

sending a natural transformation θ to the image of 1A P HApAq under θA.

Proof Let θ P NatpHA, F q be such a natural transformation. Then for any
morphism f : AÑ X in C the following diagram commutes.

1A_

��

H
ApAq

H
A
pfq
��

θA // F pAq
F pfq

��

κpθq
_

��
f H

ApXq θX // F pXq θXpfq � F pfqpκpθqq

If there are no morphisms from A to X, then the set HApXq is empty and
θX is uniquely determined. It follows that θX is determined by κpθq, so κ is a
bijection as claimed.

The following can be derived from the Yoneda Lemma 2.2.10 by replacing
C with Cop.

co-Yoneda Lemma 2.2.11. For an object B in a category C, consider the
functor HB � Cp� , Bq : Cop Ñ Set, the co-Yoneda functor, and let G be
another Set-valued functor on Cop. Then there is a bijection

κ : NatpHB , Gq Ñ GpBq

sending a natural transformation θ to the image of 1B P HBpBq under θB.

Definition 2.2.12. The Yoneda embedding H is the functor from Cop to
the category rC,Sets of set valued functors (and natural transformations) on
C given by A ÞÑ H

A � CpA, �q. Dually, one has the covariant Yoneda
embedding of C into rCop,Sets (the category of presheaves on C) given by
B ÞÑ HB � Cp� , Bq.

Both functors can be extended (fattened up) to the product of the domain
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category with Set as in the diagram

Cop � Set
HB�Set // Set C � Set

H
A
�Setoo

pB,Xq � // HBpAq �X

CpA,Bq �X

H
ApBq �X pA,Xq.�oo

Here we fix an object A in Cop (B in C) for the functor on the left (right).
The one on the left is the tensored Yoneda functor.

In [Hir03, 11.5.7] the tensored Yoneda functor is called the free C-diagram
at A, FA� . A free C-diagram of sets is a coproduct of diagrams of this form.
The tensored Yoneda functor is denoted by FD� .
In [MMSS01, 1.3] a certain enriched analog of it is called the shift desuspen-

sion functor because of the role it plays in the theory of spectra. For us it is the
generalized suspension spectrum of Definition 7.1.30 and Definition 7.2.52.
Both embeddings of Definition 2.2.12 can be derived from the functor Cop�

C Ñ Set given by pA,Bq ÞÑ CpA,Bq. It follows from the Yoneda Lemma 2.2.10
that for each object A in C and each functor F in rC,Sets,

rC,SetspHA, F q � F pAq.

2.2D Adjoint functors
Definition 2.2.13. A pair pF,Gq of functors F : C Ñ D and G : D Ñ C is
an adjoint pair if there is a natural isomorphism of sets

ϕX,Y : DpFX, Y q �ÝÑ CpX,UY q
for each object X in C and Y in D. We say that G is the right adjoint of
F , F is the left adjoint of G, and ϕ is the adjunction isomorphism. We
abbreviate this situation by

F % G.

When in addition G % F , we say that F and G are two sided adjoints.
We sometimes indicate the data for F % G as a triple pF,G, ϕq, which we

call an adjunction. When the isomorphism ϕ sends a morphism f : FX Ñ Y

in D to a morphism g : X Ñ GY in C, we say that f is the left adjoint of g
and g is the right adjoint of f . Thus we can speak of adjoint morphisms
as well as adjoint functors.

Remark 2.2.14. Notation for adjoint functors. When writing an adjoint
pair as a pair of arrows as above, we will almost always write the source of
the left adjoint functor F on the left and that of the right adjoint G on
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the right. However the reader is warned that not all authors follow this
convention. Moreover when adjoint functors occur in a complicated diagram,
it may be impossible to follow it.

Fortunately it is possible to rotate Kan’s symbol % (sometimes called the
turnstile), and it is common practice to have the dash, that is the line whose
endpoint intersects the midpoint of the other line, always pointing toward the
left adjoint, even if it is above, below or to the right. For example, F $ G

means that G is the left adjoint and F is the right one.
We will often denote the situation of Definition 2.2.13 by

C
F

K
//
D

G
oo or F : C K

//
D : G.oo

In this case Kan’s turnstile coincides with the “perp” symbol commony used
to denote perpendicularity, such as the orthogonal complement V K of a vector
space V � W . We will also see it in Definition 6.3.12 in connection with
localizing subcategories.

For some extravagant use of the rotating turnstile, see (5.4.30) and (6.2.17)
below.

Remark 2.2.15. Existence of adjoints. A given functor may or may not
have a left or right adjoint in general.

Proposition 2.2.16. Adjunctions for opposite categories. Suppose we
have and adjunction pF,G, ϕq for categories C and D as in Definition 2.2.13,
so F % G. Let F op : Cop Ñ Dop and Gop : Dop Ñ Cop be the corresponding
functors between opposite categories. Then Gop % F op and conversely.

Proof If for each object X in C and Y in D.

DpFX, Y q � CpX,GY q,
then

DoppY, F opXq � CoppGopY,Xq,
so Gop % F op.

The following was proved in [ML98, page 85] and [Kan58a, Theorems 3.2
and 3.2*].

Proposition 2.2.17. Uniqueness of adjoint functors. Any two left or
right adjoints of a given functor have a unique natural equivalence (Defini-
tion 2.2.1) between them.

Proposition 2.2.18. Products of adjoints. Suppose we have adjunctions

Ci
Fi

K
//
Di

Gi

oo for i � 1, 2.
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Then

C1 � C2
F1�F2

K
//
D1 �D2,

G1�G2

oo

where the product categories C1 � C2 and D1 �D2 are as in Definition 2.1.5.

Proof This follows easily from the fact that

pC1 � C2qppX1, X2q, pY1, Y2qq � C1pX1, Y1q � C2pX2, Y2q
and similarly for D1 �D2.

Proposition 2.2.19. Adjunctions are composable and satisfy the two
out of three condition. Suppose we have functors

C
F1

K
//
D

F2 //

G1

oo E
G2

Koo

with adjunction isomorphisms ϕ1 and ϕ2 respectively. Then F2F1 % G1G2,
and the corresponding adjunction isomorphism ϕ12 is ϕ1ϕ2.

For functors Fi and Gi as above, if F2F1 % G1G2, then F1 % G1 iff F2 % G2.

Proof Let X P C, Y P D and Z P E . Then

EpF2F1X,Zq � DpF1X,G2Zq � CpX,G1G2Zq.
If ϕ12 and ϕ1 exist, then we can define ϕ2 to be ϕ�1

1 ϕ12. Similarly ϕ1 exists
if ϕ12 and ϕ2 exist.

Definition 2.2.20. The unit and counit of an adjunction. Suppose we
have a pair of adjoint functors

F : C K
//
D : Goo

so we have the isomorphism

CpX,GY q � DpFX, Y q, (2.2.21)

that is natural in both X and Y , which are objects in C and D respectively.
For Y � FX this reads

CpX,GFXq � DpFX,FXq.
Hence we get a morphism ηX : X Ñ GFX in C corresponding to the identity
morphism on FX in D. This leads to a natural transformation η : 1C ñ GF

called the unit of the adjunction.
Similarly setting X � GY in (2.2.21) leads to a morphism εY : FGY Ñ

Y and a natural transformation ε : FG ñ 1D called the counit of the
adjunction.
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Note the similarity of the above with Definition 2.2.4, in which the natural
transformations η and ε are required to be natural equivalences. It is also
similar to Definition 2.2.8 in which the symbols are used in connection with
a functor equipped with a natural transformation from or to the identity
functor.
Note that for each object Y in D, pηGqY � ηGpY q as morphisms in C

from GpY q to GFGpY q, and for each object X in C, and pFηqX � F pηXq
as morphisms in D from F pXq to FGF pXq, as indicated in the following
diagram, in which the objects on the left and right are in the categories in the
corresponding row of the center column.

YN

����
��
��
��
��
��
��
s

��3
33

33
33

33
33

33
33

D
G��

C

GF

��

1C

��

XN

����
��
��
��
��
��
��
� s

��3
33

33
33

33
33

33
33

η ñ

GpY q pηGqY �ηGpY q // GFGpY q C
F��

D F pXq pFηqX�F pηXq// FGF pXq
Dually, pεF qX � εF pXq and pGεqY � GpεY q as in the following.

C
F��

XM

��






t

��4
44

44
44

44
44

44
4

YN

����
��
��
��
��
��
��
s

��3
33

33
33

33
33

33
33

D

FG

��

1D

��

ð ε

D
G��

F pXq FGF pXqpεF qX�εF pXqoo

GpY q GFGpY qpGεqY �GpεY qoo C

The functor T � GF : C Ñ C is an example of a monad on C; see Defini-
tion 2.2.40 below. Dually, FG : D Ñ D is a comonad on D.

Theorem 2.2.22. Characterization of adjoint functors in terms of
unit and counit. An adjunction between a pair of funtors

F : C K
//
D : Goo

is determined by natural transformations η : 1C ñ GF and ε : FG ñ 1D for
which the composities

G
ηG +3 GFG

Gε +3 G and F
Fη +3 FGF

εF +3 F
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are each the identity.

The following was proved as [ML98, Theorem IV.3.1] and stated as [Rie17,
Lemma 4.5.13].

Theorem 2.2.23. Relation between the right (left) adjoint and the
counit (unit). Let

F : C K
//
D : Goo

be an adjunction as in Theorem 2.2.22. Then

(i) The right adjoint G is faithful as in Definition 2.1.12 iff every component
of the counit ε : FGñ 1D is epi as in Definition 2.1.10.

(ii) The right adjoint G is full iff each component of ε is split monic.

Hence G is fully faithful iff each component of ε is an isomorphism. Dually,

(i 1) The left adjoint F is faithful iff every component of the unit η : 1C ñ GF

is monic.
(ii 1) The left adjoint F is full iff each component of η is split epi.

Hence F is fully faithful iff each component of η is an isomorphism.

Here is another way to approach the maps of Definition 2.2.6.

Definition 2.2.24. Composition and precomposition as counits of
adjunctions. Fix a set Y and consider the isomorphism in Set,

SetpX � Y, Zq � SetpX,SetpY, Zqq,
which says that the functor p� � Y q is left adjoint to SetpY, �q. One sees
easily that this isomorphism is natural in all three variables. Its counit as in
Definition 2.2.20 gives a family of maps

εZ : SetpY, Zq � Y Ñ Z.

sending pf, yq (for f : Y Ñ Z and y P Y ) to fpyq P Z.
For a fixed set Z we have

SetpX,SetpY, Zqq � SetpY,SetpX,Zqq � SetoppSetpX,Zq, Y q.

Definition 2.2.25. The change of group adjunction for G-sets. Let
H � G be a subgroup and let iGH : SetG Ñ SetH be the forgetful or restriction
functor. Let

G�
H
T for an H-set T

be the orbit set of G� T under the diagonal action of H with H acting on G

by right multiplication. It is a G-set via left multiplication on G.
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The left adjoint of iGH is given by

T ÞÑ G�
H
T, the induction functor.

We will refer to this as the change of group adjunction, and similar
adjunctions will appear several times in this book; see Remark 8.6.19 below.
In particular when H is the trivial group, it sends an ordinary set T to the
free G-set G � T . For a G-set S and an H-set T , the counit and unit of the
adjunction (see Definition 2.2.20) give natural maps

µGH � εS : G�
H
iGHS Ñ S and ψGH � ηT : T Ñ iGH

�
G�
H
T



(2.2.26)

in SetG and SetH respectively, given by

µGHpγ, sq � γpsq and ψGHptq � pe, tq
for γ P G, s P S and t P T . We will call these the relative action and
relative coaction maps respectively.

When S is induced up from an H-set R, the extended action map

µ̂GH : G�
H
iGH

�
G�
H
R



�

�
G�
H
G



�
H
RÑ G�

H
R (2.2.27)

is given by

pγ1h1, γ2h2, rq � pγ1, h1γ2, h2prqq ÞÑ pγ1h1γ2, h2prqq � pγ1h1γ2h2, rq
for γ1, γ2 P G, h1, h2 P H and r P R.

When T is the restriction of a G-set U , the coaction map

ψGH : iGHU Ñ iGH

�
G�
H
iGHU



is the image under iGH of rψGH : U Ñ G�

H
iGHU, (2.2.28)

the lifted coaction given as before by u ÞÑ pe, uq, which is a map of G-sets.
The functor iGH sends rψGH to ψGH .

When H is the trivial group, we will call them simply the action and
coaction maps. We will sometimes omit the indices when they are clear from
the context.

Definition 2.2.29. The second change of group adjunction. For S and
T as in Definition 2.2.25, the right adjoint of iGH is given by T ÞÑ SetHpG,T q,
the coinduction functor. The action of G on the target is by procomposition
with multiplication in G. The target is underlain by the Cartesian product
T |G{H|. In particular when H is the trivial group, the right adjoint sends an
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ordinary set T to the Cartesian power TG, the set of T -valued functions on
G. The unit and counit maps are

µ� : S Ñ SetHpG, iGHSq and ψ� : iGHSetHpG,T q Ñ T.

given by µ�psqpγq � µpγ, sq for γ P G and s P S, and ψ�pfq � fpeq for
f : GÑ T .

Example 2.2.30. Some other adjunctions.

(i) The free forgetful adjunction. Let U : AbÑ Set be the forgetful functor
from the category of abelian groups to the category of sets. Its left adjoint
F is the functor that assigns to a set S the free abelian group on S.

F : Set K
//
Ab : Uoo

The unit of the adjunction η induces the canonical map from a set S to the
set underlying the free abelian group generated by S. The counit ε induces
the canonical homomorphism to an abelian group A from the free abelian
group generated by its underlying set.

Similar adjunctions can be defined with Set replaced by a more general
category C and Ab replaced by the category of objects in C with a specified
additional structure. Examples include the Eilenberg-Moore adjunction of
Theorem 2.2.47, the adjunctions for associative and commutative algberas
of Lemma 2.6.66 and the change of group adjunction of Proposition 8.3.19.

(ii) The cylinder path space adjunction. Let F : T op Ñ T op be the
functor that assigns to a space X the Cartesian product I�X, a cylinder,
where I denotes the unit interval r0, 1s. Its right adjoint G is the path
space functor X ÞÑ XI , where XI � T oppI,Xq. The adjunction is the
identity

T oppI �X,Y q � T oppX,Y Iq � T oppX, T oppI, Y qq.

This example is in [Kan58a]. For a pointed analog, see Example 5.6.12
below. We can generalize it by replacing I by any compactly generated weak
Housdorff space A. The adjunction isomorphism is then

T oppA�X,Y q � T oppX, T oppA, Y qq.

The counit ε : GF ñ 1T op assigns to a space X the evaluation map

Ev : A� T oppA,Xq Ñ X

defined by Evpa, pq :� ppaq for a P A and p : AÑ X. The unit η : 1T op ñ GF

assigns to X the map X Ñ T oppA,A � Xq sending x P X to the map
p : A Ñ A �X defined by ppaq � pa, xq. For a pointed analog, see Exam-
ple 5.6.12 below.
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(iii) The orbit and fixed point adjunctions. Let G be a group and let SetG
denote the category of G-sets and equivariant maps. Let ∆ : SetÑ SetG be
the functor assigning to each set T the same set with trivial G-action. Then
its left and right adjoints are the functors T ÞÑ TG and T ÞÑ TG sending
a G-set T to its orbit and fixed point sets respectively. We will sometimes
denote the orbit set by T {G.

(iv) The Yoneda adjunction. Recall that for categories C and D, rC,Ds
denotes the category whose objects are functors from C to D and whose
morphisms are natural transformations, C �D denotes the category whose
objects and morphisms are the evident ordered pairs. For a fixed category
C we define functors F and G from the category of categories to itself by
F p� q � Cop � p� q and Gp� q � rCop,�s. Then F % G, meaning that for
all categories A and B, there is a natural isomorphism

rCop �A,Bs � rA, rCop,Bss.

In particular for A � C and B � Set, we have

rCop � C,Sets � rC, rCop,Setss.

An object on the left is the Set-valued functor Cp� , �q. The corresponding
object on the right is the Yoneda embedding H of Definition 2.2.12, that is
the functor sending an obect C of C to the contravaraint set valued functor
Cp�, Cq.

If we replace C by its opposite, and let B � Set, we have a natural
isomorphism

rCop � C,Sets � rCop, rC,Setss,

sending Cp� , �q to the other form of the Yoneda embedding.
(v) The object set adjunction. Let p� qdisc : Set Ñ Cat (see Defini-

tion 2.1.7 and Definition 2.1.14) be the functor that converts a set into
the corresponding discrete category. It is left adjoint to the functor Ob :

CatÑ Set that sends a small category to its object set.
(vi) The arrow adjunction. The functor p� qdisc � 2 : Set Ñ Cat (see Ex-

ample 5.4.16) is the left adjoint of the functor Arr : CatÑ Set that sends
a small category to its morphism set.

The next example requires a proof.

Proposition 2.2.31. Adjunctions related to groupoids.

(i) The functors

j : BTH Ñ BG�HTG and k : BG�HTGÑ BTH

of Proposition 2.1.38 are two sided adjoints.
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(ii) The functors

j� : CBG�HTG Ñ CBTH and k� : CBTH Ñ CBG�HTG

of Corollary 2.1.40 are two sided adjoints.

Proof (i) Both categories are self-dual, so j % k iff k % j. Consider first
the case where T has a single orbit H{K for a subgroup K � H. Then the
categories are

BH{KH and BG�HH{KG � BG{KG.

Let α � ηK P BH{KH for η P H and β � γK P BG{K for γ P G. Then
BG{KGpjα, βq � BG{KGpηK, γKq � η�1γKγ�1η � K

as sets. The functor k depends on a choice of representatives in G�H{K of
each element in G{K. Let the representative of γK be pγ1, η1Kq, so kpγKq �
η1K.

BH{KHpα, kβq � BH{KHpηK, kpγKqq � BH{KHpηK, η1Kq � η�1η1Kη
�1
1 η � K

and the two sets are naturally isomorphic.
For the general case, both sets are empty unless α and β lie in subcategories

corresponding to the same orbit in T , in which case the isomorphism follows
from the single orbit case.
(ii) The decomposition of T as a union of single orbits leads to product

decompositions of the two functor categories which are respected by the func-
tors j� and k�. This means it suffices to treat the case T � H{K, for which
our functor categories are

CBH{KH and CBG{KG.

Objects in these categories were described in Example 2.1.41. An object X
in CBH{KH is a collection of objects XηK in C indexed by the cosets in H{K,
each having an action of K and isomorphisms with other such objects induced
by elements of H.
Similarly an object Y in CBG{KG is a collection of objects YγK in C indexed

by the cosets in G{K, each having an action of K and isomorphisms with
other such objects induced by elements of G. Its image under j� is obtained
by ignoring all components not having subscripts contained in H.
There are adjoint functors

j0 : BK Ñ BH{KH and k0 : BH{KH Ñ BK,

where k0 depends on a choice of a representative in H of each coset of K.
This leads to a diagram like the one of (2.1.42), namely

CBK
k�0 // CBH{KH

j�0

oo
k� // CBG{KG.
j�

oo
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We will show that j�0 is the two sided adjoint of k�0 and j�0 j� is the two sided
adjoint of k�k�0 . This will imoply that j� is the two sided adjoint of k� by
Proposition 2.2.19.
An object W in CBK is a single object in C, which we also denote by W ,

equipped with an action of the group K. The image of Y under the composite
functor j�0 j� is the object YeK . Hence

CBKpW, j�0 j�Y q � CpW,YeKqG,
the set of K-equivariant morphisms from W to YeK . The choices made in
defining k0 and k lead to a choice of representtaive in G for each coset of K.
It follows that

CBG{KGpk�k�0W,Y q
has the same description. Hence k�k�0 % j�0 j

�.
Similar computations show that

j�0 j
� % k�k�0 , k�0 % j�0 and j�0 % k�0 .

The result follows.

Definition 2.2.32. The endomorphism category EndA of an object A in
C is the full subcategory of C with a single object A. The set EndApA,Aq �
CpA,Aq is a monoid under composition. Its right action on CpA,Bq by pre-
composition is denoted by

µR : CpA,Bq � CpA,Aq Ñ CpA,Bq.
The left action of EndBpB,Bq � CpB,Bq by postcomposition is denoted by

µL : CpB,Bq � CpA,Bq Ñ CpA,Bq.
We denote the inclusion functor EndA Ñ C by iA. It induces a restriction

functor
i�A : rC, Es Ñ rEndA, Es.

Similarly the automorphism category AutA of an object A in C is the
(less than full) subcategory of C with a single object A in which AutApA,Aq �
CpA,Aq is the set of invertible endomorphisms of A. This set is a group
under composition, which we abbreviate by Aut pAq.
Definition 2.2.33. Coevaluation. For a cocomplete category E and an ob-
ject A in C, the coevaluation functor

FA : E Ñ rC, Es,
sends an object E to the functor CpA,�q�E from C to E. This functor sends
an object C in C to the product of E with the set CpA,Cq, which is defined
since E is cocomplete.
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Definition 2.2.34. Corestriction. For a cocomplete category E, the core-
striction functor

GA : rEndA, Es Ñ rC, Es,

where EndA is as in Definition 2.2.32, is given by

X ÞÑ H
Ap� q �

CpA,Aq
X � CpA,�q �

CpA,Aq
X,

where HA is as in Definition 2.2.12. The functor X : EndA Ñ E is the same
thing as an object XA in E equipped with a left action of the endomorphism
monoid of A, meaning a map

µL : CpA,Aq �X Ñ X

with suitable properties. We also have a right action map

µR : HAp� q � CpA,Aq Ñ H
Ap� q

defined in terms of precomposition. The functor HAp� q �
CpA,Aq

X is the co-

equalizer (see Definition 2.3.27 below) of

H
Ap� q � CpA,Aq �X

H
A
p� q�µL

��
µR�X

��
H
Ap� q �X

���
�
�

H
Ap� q �

CpA,Aq
X.

Remark 2.2.35. The terms coevaluation and corestriction. We use
the term coevaluation because FA as in Definition 2.2.33 is the left adjoint
of the evaluation functor

EvA : rC, Es Ñ E (2.2.36)

(for a cocomplete category E) given by F ÞÑ F pAq, while the corestriction
functor GA of Definition 2.2.34 is the left adjoint of the restriction functor

i�A : rC, Es Ñ rEndA, Es.

We will refer to the adjunctions FA % EvA, GA % i�A and others like them as
Yoneda adjunctions. To our limited knowledge, this terminology is new.

Definition 2.2.37. The global evaluation functor. For each object A in
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a category C we have the functor EvA : rC, Es Ñ E of (2.2.36). These can be
assembled into a functor

Ev : rC, Es � C Ñ E

given by pF,Aq ÞÑ F pAq.
We will use the following in §9.6.

Lemma 2.2.38. Suppose that U : D Ñ C is a functor with a left adjoint L and
right adjoint R, and that τ : L ñ R is a natural transformation. We denote
the units and counits of the two adjunctions by η1 : 1D ñ RU , ε1 : URñ 1C,
η2 : 1C ñ UL and ε2 : LU ñ 1D.

If the composition

1C
η2 +3 UL

Uτ +3 UR
ε1 +3 1C (2.2.39)

is the identity, then τ : Lñ R is a retract of τUR : LURñ RUR.

Proof We apply Lñ R on the left to the composition (2.2.39) to get

L
Lη2 +3

τ

��

LUL
LUτ +3

τUL
��

LUR
Lε1 +3

τUR
��

L

τ

��
R

Rη2

+3 RUL
RUτ

+3 RUR
Rε1

+3 R,

which displays the desired retraction since the composite of both rows is the
identity.

2.2E Monads
For more discussion on the following, see [ML98, Chapter VI].

Definition 2.2.40. A monad (also known as a triple) on a category C is a
functor T : C Ñ C equipped with natural transformations η : 1C ñ T (making
it a coaugmented functor as in Definition 2.2.8) and µ : T 2 ñ T such that

 µ � Tµ � µ � µT as natural transformations T 3 ñ T and
 µ � Tη � µ � ηT � 1T as natural transformations T ñ T .

Equivalently the following diagrams commute.

T 3 Tµ +3

µT
��

T 2

µ

��
T 2

µ
+3 T

and T
ηT +3

Tη
�� KKK

KKK
KKK

KK

KKK
KKK

KKK
KK T 2

µ

��
T 2

µ
+3 T.

When µ is a natural equivalence, we say that the monad T is idempotent.
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A comonad (or cotriple) on C is a monad on Cop, namely a functor
U : C Ñ C with natural transformations ε : U ñ 1C (making it an augmented
functor) and ν : U ñ U2 with diagrams dual to the ones above. When ν is a
natural equivalence, we say that the comonad U is idempotent.

Example 2.2.41. Adjunctions as monads. As noted above (see Defini-
tion 2.2.20), given adjoint functors

F : C K
//
D : G,oo

we get a monad pT, η, µq on C defined by T � GF with η being the unit of the
adjunction and µ � εF , where ε is the counit of the adjunction.

Definition 2.2.42. Given a monad pT, η, µq on a category C, a T -algebra
pX,hq consists of an object X in C and a structure map h : T pXq Ñ X

such that the following diagrams commute.

T pT pXqq T phq //

µX

��

T pXq
h

��
T pXq h // X

and X
ηX //

1X
&&MM

MMM
MMM

MMM
M T pXq

h

��
X

These correspond to the usual associativity and unit laws in the examples
below. We denote the category of T -algebras by T -alg or CT .

Remark 2.2.43. The notation CT . Given a category C and a small category
J , we will often denote the category of functors J Ñ C (the category of J-
shaped diagrams in C) by CJ . It should be clear from the context whether the
exponent is a small category J or an endofunctor T .

Example 2.2.44. Groups. Let C � Set and let T be the functor that assigns
to a set X the set underlying free group generated by X. Define η by letting
ηX be the usual embedding of X into the free group generated by it, and
define µ by letting µX be the map underlying the evident group homomorphism
T pT pXqq Ñ T pXq. Then pT, η, µq is a monad on Set and a T -algebra on a
set X is a group structure on it.

Example 2.2.45. Group actions on sets. Let C � Set and let G be a
group with identity element e. Define the monad pT, η, µq by T pXq � G �X

with η and µ given by

x ÞÑ pe, xq and pg1, pg2, xqq ÞÑ pg1g2, xq
for x P X and g1, g2 P G. Then a T -algebra on X is a G-action.

Example 2.2.46. R-modules. Let C � Ab and let R be a ring with unit. De-
fine a monad pT, η, µq by T pAq � RbA, ηpaq � p1, aq and µpr1pr2, aqq � pr1r2, aq
for A an abelian group, a P A and r1, r2 P R. Then a T -algebra on A is an
R-module structure.
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The following is due to [EM65]. It is illustrated by each of the three ex-
amples above, and is itself an example of a free forgetful adjunction as in
Example 2.2.30(i).

Theorem 2.2.47. The Eilenberg-Moore adjunction. Let pT, η, µq be a
monad on a category C as in Definition 2.2.40, and let CT denote the category
of T -algebras. Then the forgetful functor U : CT Ñ C has a left adjoint
F : C Ñ CT that assigns to each object X the free T -algebra generated by it.
The monad associated with this adjunction (see Example 2.2.41) is T itself.

If

F 1 : C K
//
D : Goo

is another adjunction whose monad is pT, η, µq, then there is a unique functor
K : D Ñ CT with F � KF 1 and UK � G.

Definition 2.2.48. A subcategory D of C is replete if any object in C isomor-
phic to an object in D is also in D. The repletion of an arbitrary subcategory
D of C is the smallest replete subcategory containing it. Its objects are all
objects in C that are isomorphic to objects in D, and its morphisms are all
composites of morphisms in D with isomorphisms in C.

The following terminology is taken from [ML98, IV.3, page 91].

Definition 2.2.49. Reflective and coreflective subcategories. A subcat-
egory A � B is reflective (coreflective) if the inclusion functor K : AÑ B
has a left adjoint F : B Ñ A (right adjoint F : B Ñ A), which is called a
reflector (coreflector). The corresponding adjunction is called a reflection
(coreflection) of B in its subcategory A.

The term “reflective” here is not to be confused with “reflexive,” to be
introduced in §2.3F below.
For Mac Lane [ML71] the inclusion functor was faithful but not necessarily

full, but more recent authors, such as Kelly in [Kel82, page 25] and Riehl in
[Rie17, Definition 4.5.12], assume that the subcategory is full, making each
component of the unit (counit) an isomorphism. In [Rie17, Example 4.5.14] she
gives an interesting list of examples of reflexive full subcategories, including
that of abelian groups in the category of all groups. In that case the left
adjoint of the inclusion functor is the abelianization functor.

Definition 2.2.50. Bireflective subcategories. A reflective (coreflective)
full subcategory A � B as in Definition 2.2.49 is bireflective if the left (right)
adjoint F of the inclusion functor is also a right (left) adjoint. In this case
there are two inclusion functors, KR and KL, the right and left adjoints of F .

The following is an exercise for the reader.
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Proposition 2.2.51. Products of bireflective subcategories. Suppose
A � B and A1 � B1 are bireflective subcategories as in Definition 2.2.50.
Then A�A1 is a bireflective subcategory of B � B1.

The following is proved by Mac Lane and Ieke Moerdijk as [MLM94, Lemma
7.4.1]. We learned it from Emily Riehl.

Proposition 2.2.52. Fully faithful functors. In the situation of Defini-
tion 2.2.50, with KL % F % KR, the inclusion functor KL is fully faithful iff
KR is. The unit ηL : 1D ñ α�α! of the adjunction KL % F is an isomorphism
iff the counit εR : α�α� ñ 1D of F % KR is.

Remark 2.2.53. Related terms. The pair of adjunctions KL % F % KR is
called an adjoint cylinder by William Lawvere in [Law94]. It is also known
as a fully faithful adjoint triple.

Category theorists (for example [EBV02]) have also considered the situation
in which the inclusion functor K : D Ñ C of a full subcategory has both left
and right adjoints, so we have L % K % R for functors R,L : C Ñ D. Thus
D is simultaneously reflective and coreflective as a subcategory C.

Example 2.2.54. Left and right Kan extensions. Let C be a bicomplete
category and let α : K Ñ J be a fully faithful functor of small categories
usch as the inclusion of a full subcategory. We will see in §2.5 below that the
precomposition functor α� : CJ Ñ CK has both left and right adjoints α! and
α� called Kan extensions. Thus we have a diagram

CK
α!

K
//
CJ

α�
oo

α�

K
//
CK

α�
oo

making CK a bireflective subcategory of CJ . Are both composite endofunctors
of CK the identity functor? See Proposition 2.5.15.

The following is a consequence of Theorem 2.2.23.

Proposition 2.2.55. The (co)monad of a (co)reflective subcategory. If
A � B is a reflective subcategory as in Definition 2.2.49, then every component
of the counit

ε : FK ñ 1A

is epi as in Definition 2.1.10. If in addition A is a full subcategory of B,
then every component of the counit is an isomorphism, and T � KF is an
idempotent monad as in Definition 2.2.40. When the subcategory A is replete
as in Definition 2.2.48, we can choose the left adjoint F so that FK � 1A,
and hence T 2 � T .

In the coreflective case, every component of the unit η : 1A ñ GK is monic.
When A is a full subcategory of B, each component of η is an isomorphism
and U � KG is an idempotent comonad.
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2.3 Limits and colimits as adjoint functors

2.3A Pushouts and pullbacks

The pushout (if it exists) of a diagram

B

A

b
>>~~~~~

c   @
@@

@@

C

(2.3.1)

in a category C is an object D receiving morphisms from B and D making
the diagram

B
f

  A
AA

AA

A

b
>>~~~~~

c   @
@@

@@
D

C
g

>>}}}}}

commute and having the following universal property. Given another such
object D1, there is a unique morphism h : D Ñ D1 making the following
diagram commute.

B

f ��@
@@

@@
@@

f 1

**TTT
TTTT

TTTT
TTTT

TTTT

A

b

??�������

c ��@
@@

@@
@@

D
h //______ D1

C

g
??~~~~~~~ g1

55jjjjjjjjjjjjjjjjjjj

(2.3.2)

For example if C � Set and the morphisms b and c are one-to-one, the pushout
is the union B YA C. A pushout is also called a cobase change. When
a property of the map b implies the same for g, we say that such maps are
closed under cobase change. The data consisting of the objectD1 in (2.3.2)
and the morphisms to it is called a cone under the diagram (2.3.1), with D
being called the universal cone under (2.3.1). The notion of a cone will be
formalized in Definition 2.3.21 below.
By reversing all the arrows above, we get the dual notion of a pullback of
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the diagram

B
b

  A
AA

AA

A

C,
c

>>~~~~~

(2.3.3)

which is an object D having the universal property indicated by the diagram

B
b

  @
@@

@@
@@

D1

f 1
44jjjjjjjjjjjjjjjjjjjj

g1

**TTT
TTTT

TTTT
TTTT

TTTT
h //______ D

f

>>}}}}}}}

g

  A
AA

AA
AA

A

C.

c

>>~~~~~~~

(2.3.4)

For example the pullback in Set when A has one element is the Cartesian
product B�C. A pullback is also called a base change. When a property of
the map b implies the same for g, we say that such maps are closed under
base change. The data consisting of the object D1 in (2.3.4) and the mor-
phisms from it is called a cone over the diagram (2.3.3), with D being called
the universal cone over (2.3.3).
Most of our pushout and pullback diagrams will have arrows that are hor-

izontal and vertical, rather than the diagonal arrows shown above. We will
sometimes write a pullback or pushout diagram as

A //

��

B

��
C // D

or A //

��

B

��
C // D.

When necessary we will rotate the symbol as required. Some authors reverse
the meanings of these two symbols, placing our pushout symbol in the upper
left corner of a pullback diagram and vice versa.

Proposition 2.3.5. The morphism set in the arrow category as a
pullback. For morphisms f : A Ñ B and g : X Ñ Y in a category C, and
notation as in Definition 2.1.51(v), the following is a pullback diagram.

3pf, gq a //

b

��

CpA,Xq
g�

��
CpB, Y q f� // CpA, Y q,

where a and b correspond to the maps of the same names in (2.1.54) associated
with each element of the set 3pf, gq.
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We will prove a homotopy analog of the following in Proposition 5.8.48
below.

Proposition 2.3.6. Composition of pullbacks and of pushouts. Sup-
pose we have commutative diagrams

A0
a0 //

f0
��

p q
A1

f1
��

B0
b0 // B1

and A1
a1 //

f1
��

p q
A2

f2
��

B1
b1 // B2

(2.3.7)

in a cocomplete (complete) category C. If both of them are pushouts (pullbacks),
so is the composite diagram

A0
a1a0 //

f0
��

p q

A2

f2
��

B0
b1b0 // B2.

(2.3.8)

Conversely, if (2.3.8) and the first (second) square of (2.3.7) are pushouts
(pullbacks), then B2 (A0) is the pushout (pullback) of the second (first) square
of (2.3.7).

Proof We will prove the statements about pullbacks, leaving the dual state-
ments about pushouts to the reader. For the first one consider a commutative
diagram

X

((

��9
99

99
99

99
99

99
99

9

''%%
A0

a0 //

f0
��

A1
a1 //

f1
��

A2

f1
��

B0
b0 // B1

b1 // B2.

Since X maps compatibly (over B2) to B1 and A2, those two maps factor
uniquely through the second pullback A1. Now we have maps from X to B0

and A1 that are compatible over B1, so they factor uniquely through the first
pullback A0. This means that A0 is the pullback of (2.3.8) as claimed.
The second statement is proved by a diagram chase that can be found in

[Hir03, Proposition 7.2.14].

Definition 2.3.9. Corner maps. If the pushout D of the diagram (2.3.1)
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exists and we have a commutative diagram of the form

B
f 1

  B
BB

BB

A

b
??�����

c ��?
??

??
D1,

C
g1

>>|||||

the resulting map h : D Ñ D1 is called the pushout corner map or simply
corner map of the diagram above. The pullback corner map from A to
the pullback of f 1 and g1 (if it exists) is similarly defined.

We will make similar definitions below in Definition 2.3.57, Definition 2.6.12
and Definition 2.9.29.

2.3B Liftings
Definition 2.3.10. Right and left lifting properties. Suppose we have a
commutative diagram in a category C of the form

A
a //

i
��

X

p

��
B

b //

h

99ssssss
Y.

(2.3.11)

This is a lifting diagram. A morphism h satisfying hi � a and ph � b (which
may or may not exist in general) is a lifting for the diagram. If it exists for
any a and b making the diagram commute, we say that i has the left lifting
property with respect to p, p has the right lifting property with
respect to i, and pi, pq is a lifting pair. We will sometimes denote this state
of affairs by im p.

Given a class of morphisms X in a category C, let

X -inj � Xm � tp P Arr C : xm p @x P X u ,
the class of morphisms having the right lifting property with respect to each
morphism in X , also called the X -injectives, and

X -proj �mX � ti P Arr C : im x @x P X u ,
the class of morphisms having the left lifting property with respect to each
morphism in X , also called the X -projectives. Let

cofibpX q �mpXmq and fibpX q � pmX qm, (2.3.12)

the X -cofibrations and the X -fibrations. For two morphism classes X and
Y, we will write X m Y when X � mY and Xm � Y.
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We learned this use of the symbol m from [MP12, Definition 14.1.5]. May
and Ponto presumably chose it for its resemblance to the diagram of (2.3.11).
We will see many such diagrams in this book.
In the context of model categories (see Chapter 4 below, specifically Defini-

tion 4.1.10 and Example 4.1.11), the class Xm is called the class of X -injectives
and denoted by X -inj by [DHK97, 7.2], [SS00, §2], [HSS00, Definition 3.2.7],
[Hov99, Definition 2.1.7], and [Hir03, Definition 10.5.2]. The classes of (2.3.12)
have to do with cofibrations and fibrations.
The two lifting properties mentioned above are equivalent. The following is

proved by Riehl as [Rie14, Lemma 11.1.5].

Proposition 2.3.13. Liftings and adjunctions. Suppose we have an ad-
junction

C
F

K
//
D

G
oo

and morphism classes L in C and R in D. Then

FLmR if and only if LmGR.

Definition 2.3.14. The lifting test map. Let i : A Ñ B and p : X Ñ Y

be morphisms in a category C. This leads to a diagram of sets

CpB,Xq p� //

i�

��

CpB, Y q
i�

��
CpA,Xq p� // CpA, Y q

(2.3.15)

We denote by C3pi, pq the resulting from CpB,Xq to the pullback set of Propo-
sition 2.3.5,

3pi, pq � CpB, Y q �
CpA,Y q

CpA,Xq.

Remark 2.3.16. Notation for the lifting test map. In the context of
simplicial model categories, Quillen denoted this map by pi�, p�q in [Qui67,
Definition II.2.2]. In the context of model categories, this map is denoted by
Cpi�, p�q in [MMSS01, (5.11)] and by Clpi, pq in [HSS00, Definition 3.3.6].
We are using the symbol above because in Definition 2.6.12 below we will use
l and 3 to denote pushout and pullback corner maps respectively.

Proposition 2.3.17. Special cases of the lifting test map. With notation
as in Definition 2.3.14,

(i) If C has an initial object ∅ and A � ∅, then

C3pi, pq � p� : CpB,Xq Ñ CpB, Y q.
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(ii) If C has a terminal object � and Y � �, then

C3pi, pq � i� : CpB,Xq Ñ CpA,Xq.
Proof In the first case, the two bottom sets in (2.3.15) are singletons, so
the pullback is CpB, Y q. In the second case, the two right sets in (2.3.15) are
singletons, so the pullback is CpA,Xq.
We call C3pi, pq the lifting test map because of the following.

Proposition 2.3.18. The surjectivity of C3pi, pq and the existence of
liftings. In the commutative diagram (2.3.11), i m p, that is there exists a
map h (a lifting) with hi � a and ph � b for any a and b iff the lifting test
map C3pi, pq of Definition 2.3.14 is onto, or equivalently iff it has a section,
that is a map s : 3pi, pq Ñ CpB,Xq with C3pi, pqs � 13pi,pq.

The following definition is essentially due to Bousfield, [Bou77, Definition
2.1]. See also [JT07, Definition 7.1] and [MP12, Definition 14.1.11].

Definition 2.3.19. A weak factorization system in a category C is a pair
of morphism classes pL,Rq such that

(i) Any morphism in C can be factored as a morphism in L followed by one in
R.

(ii) LmR as in Definition 2.3.10, that is all maps in L have the right lifting
property with respect to all maps in R and vice versa.

We say that L is the left class and R is the right class.

The term “weak” is used above because the factorization is not required to
be unique or functorial.

Proposition 2.3.20. Properties of left and right classes. The left and
right classes in any weak factorization system are closed under composition
and include all isomorphisms.

2.3C Limits and colimits
Pushouts and pullbacks are examples of colimits and limits respectively. Both
can be reinterpreted and generalized as follows.
The diagram (2.3.1) is the same thing as a functor K Ñ C, where the

indexing category K ( Ð  Ñ ) has three objects and a single nonidentity
morphism from the first object to each of the other two. The category CK of
such functors is the category of diagrams in C that look like (2.3.1).
There is a diagonal functor ∆ : C Ñ CK that assigns to each object X

in C the constant X-valued diagram. If pushouts exist in C (they do in Set
and in T op, the category of topological spaces), they are defined by a functor
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colimK : CK Ñ C which is the left adjoint of ∆. The functor ∆ also has a
less interesting right adjoint that assigns the object A to the diagram (2.3.1).
Similarly the diagram (2.3.3) is the same thing as a functorKop Ñ C. Again

we have the diagonal functor ∆ : C Ñ CKop . If pullbacks exist in C (as they do
in Set and in T op), they are defined by a functor limKop : CKop Ñ C which
is the right adjoint of ∆. In this case there is a less interesting left adjoint
whose value on (2.3.3) is A.
That was the reinterpretation; now for the generalization. We can replaceK

or Kop by an arbitrary small category J . Then CJ is the category of J-shaped
diagrams in C. We still have the diagonal functor ∆ : C Ñ CJ that sends each
object X to the constant X-valued diagram. We can ask for its right and left
adjoints limJ and colimJ .
The following can be found in [Rie17, Definition 3.1.2] and is originally due

to [ML98, page 67].

Definition 2.3.21. Cones. Let X : J Ñ C be a functor from a small category
J , and denote its value on an object j or morphism f : j Ñ j1 in J by Xj or
Xf : Xj Ñ Xj1 . A cone over (under) X with summit or apex (nadir)
C is a natural transformation λ to (from) X from (to) the constant C-valued
functor on J . More explicitly in the “over” case, it is a collection of morphisms
λj : C Ñ Xj with Xfλj � λj1 for all morphisms f in J . The morphisms λj
are the legs of the cone.

Definition 2.3.22. Let X : J Ñ C be as in Definition 2.3.21. Its colimit
colim
J

X, if it exists, is a cone W under X that admits a unique natural
transformation to any other cone under X. In other words it is an object W
in C with a morphism wj : Xj ÑW for each j such that

(i) for each morphism f : j Ñ j1, wj � wj1Xf and
(ii) given any other object Y in C with morphisms yj : Xj Ñ Y satisfying

yj � yj1Xf in all cases, there is a unique morphism p : W Ñ Y with
yj � pwj for all j.

These are shown in the following diagram for each morphism f : j Ñ j1 in J .

Xj

Xf

��

wj
))RR

RRR
RRR

RRR
RRR

RR yj

((colim
J

X
D!p //________ Y.

Xj1

wj1

55llllllllllllllll yj1

66 (2.3.23)

Its limit lim
J
X, if it exists, is a cone L over X that admits a unique natural
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transformation from any other cone over X. In other words it is an object L
in C with morphisms `j : LÑ Xj for all j such that

(i) for each morphism f : j Ñ j1, `j1 � Xf `j and
(ii) given any other object K in C with morphisms kj : K Ñ Xj satisfying

kj1 � Xfkj in all cases, there is a unique morphism q : K Ñ L with
kj � `jq for all j.

These are shown in the following diagram for each morphism f : j Ñ j1 in J .

Xj

Xf

��

K

kj
//

kj1 //

D!q //________ lim
J
X

`j

66llllllllllllllll

`j1

((RR
RRR

RRR
RRR

RRR
RR

Xj1 .

We will sometimes drop the subscript J when it is clear from the context.
The following is an immediate consequence of the definitions.

Proposition 2.3.24. Limits and colimits as adjoint functors. For a
small category J and an arbitrary category C, each object of the functor cate-
gory CJ . i.e., each J-shaped diagram in C, has a colimit (limit) iff the diagonal
functor ∆ : C Ñ CJ has a left (right) adjoint, which we denote by colim

J
(lim
J

).

Definition 2.3.25. A category C is complete (cocomplete) if all diagrams
in C, i.e., all functors to C from small categories, have limits (colimits). C is
bicomplete if both conditions hold.

The following is well known and could be an exercise for the reader.

Theorem 2.3.26. Bicompleteness of familiar categories. The categories
Set, T op, T , Ab, Cat (the category of small categories) and Grp (the category
of groups) are bicomplete.

Definition 2.3.27. Equalizers and coequalizers. Let Eq be the equalizer
category of Definition 2.1.6. Hence on object in CEq is a pair of morphisms
having the same source and target. Its limit (colimit) is called its equalizer
(coequalizer).

See Definition 2.3.60 for a related concept.
The following was proved by Mac Lane in [ML98, Theorem V.2.2].

Theorem 2.3.28. Every limit (colimit) is an equalizer (coequalizer).
Let J be a small category, let C be a complete one, and let X : J Ñ C be a
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functor, that is a J-shaped diagram in C. Then there are morphisms f and g
in C such that the limit of X is the equalizer (as in Definition 2.3.27) of

¹
jPOb J

Xj

f //
g

//
¹

pu:jÑkqPArr J

Xk. (2.3.29)

Since f and g are morphisms to a product indexed over the set of morphisms u
in J , they are determined by their composites with the projections pu, namely
puf � pk and pug � Xupj, where Xu denotes the image of the morphism u

under the functor X.
Colimits can be described dually as coequalizers. For a functor X : J Ñ C

from a small category J to a cocomplete category C, we have maps

º
pu:jÑkqPArr J

Xj

f 1 //
g1

//
º

jPOb J
Xj (2.3.30)

Since f 1 and g1 are morphisms from a coproduct indexed over the set of
morphisms u in J , they are determined by their composites with the inclusions
iu, namely f 1iu � ij and g1iu � Xuij.

The following can be used to simplify certain coequalizers and equalizers.

Proposition 2.3.31. A cancellation rule for equalizers and coequal-
izers. Suppose we have a commutative diagram in a cocomplete category

A
f1 //
f2

//

iA
��

C
g //______

iC
��

Z

��
A
²
B

iCf1
²
k1 //

iCf2
²
k2

// C
²
D

h //_____

g
²
D

��

E

�

���
�
�

B
f 11 //
f 12

//

iB

OO

Z
²
D

h1 //_____ E1

(2.3.32)

in which iA, iB and iC are the evident inclusions, k1 and k2 are morphisms
from B to C

²
D, and each object in the third column is the coequalizer of the

two maps in the same row on the left. The maps f 11 and f 12 are the indicated
composites.

Then there is an isomorphism E Ñ E1 that makes the lower right square
commute. In other words, we can use the bottom row to find the coequalizer
of the middle row.
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Dually, suppose we have a commutative diagram in a complete category

A C
f1oo
f2

oo Z
goo_ _ _ _ _ _

A�B

pA

OO

pB

��

C �D
f1pC�k1oo
f2pC�k2
oo

pC

OO

E
hoo_ _ _ _ _

OO

B Z �D
f 11oo
f 12

oo

g�D

OO

E1
h1oo_ _ _ _ _

�

OO�
�
�

(2.3.33)

where the maps pA, pB and pC are coordinate projections, k1 and k2 and maps
from D to A � B, and each object in the third coloum is the equalizer of the
two maps in the same row on the left. The maps f 11 and f 12 are the indicated
composites.

Then there is an isomorphism E1 Ñ E that makes the lower right square
commute. In other words, we can use the bottom row to find the equalizer of
the middle row.

Proof We prove the statement about coequalizers only. Consider the larger
diagram in which the third object in each row is a coequalizer.

A
f1 //
f2

// C
g //_______

iC
��

Z

iZ
��

A
f1 //
f2

//

iA
��

C
²
D

g
²
D //_____ Z

²
D

��
A
²
B

iCf1
²
k1 //

iCf2
²
k2

// C
²
D

h //______

g
²
D

��

E

�

���
�
�

A
²
B

f21 //
f22

// Z
²
D

h2
//______

h3

77ooooooo
E2

B
f 11 //
f 12

//

iB

OO

Z
²
D

h1
//______ E1

z1

OO

Then we have
f21 iA � gf1iA � gf2iA � f22 iA.

This means the summand A has no effect on the value of E2, so z1 is an
isomorphism. The composite pz1q�1z : E Ñ E1 is the map we are claiming is
an isomorphism.
Since hf1 � hf2, hf1iA � hf2iA, so h factors through Z

²
D as indicated.

This means that h3 factors through E2 by the universal property of the
coequalizer. It follows that z is an isomorphism.



110 Some categorical tools

The following is proved by Ando, the second author, and Strickland in
[AHS90, Proposition 11.11].

Proposition 2.3.34. The pullback as an equalizer. Given a pullback
diagram as in (2.3.3) in a complete category,

B
b

  A
AA

AA

A

C,
c

>>~~~~~

we have two maps

B � C
bp1 //
cp2

// A,

where p1 : B � C Ñ B and p2 : B � C Ñ C are projections onto the two
factors. Their equalizer is the pullback, which we denote by

B �A C.
Example 2.3.35. More limits and colimits.

(i) If C is an object in a cocomplete category C and A is a set, we can define
an object A � C in C to be the colimit of the constant C-valued functor
on the discrete category of A as in Definition 2.1.7. Equivalently it is the
coproduct of copies of C indexed by A. Similarly for C complete we can
define CA, the product of copies of C indexed by the set A, to be the limit
of the same functor. See Definition 3.1.31 and Example 3.1.49 below.

(ii) Let J be the empty category. Then CJ has one object, the empty diagram.
Its limit and colimit, if they exist, are the terminal and initial objects
respectively of C. In the cases of Set and T op these are the empty set and
a point. For this reason we denote them by ∅ and � in general.

(iii) Let G be a group and let J � BG be the associated one object category having
an invertible morphism for each element of G as in Definition 2.1.31. Let
C be Set or T op. Then an element in CJ is a G-action on a set or space
X. Its limit and colimit are the fixed point and orbit sets or spaces XG

and XG (or X{G). Compare with Example 2.2.30(iii). It follows that
passage to fixed points (orbit spaces) commutes with other limits
(colimits), and more generally with other right (left) adjoints
(Proposition 2.3.36).

(iv) In particular for J � BG for a group G and C � Set, the diagram (2.3.29)
for a G-set X reads

X
∆ //
ψ

// X |G|
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where ∆ is the diagonal embedding, and for γ P G the γth coordinate of
ψpxq is γpxq. The equalizer is the subset of X on which the two maps agree,
namely the fixed point set XG. The dual diagram is

G�X
∇ //
µ

// X

where ∇pγ, xq � x and µpγ, xq � γpxq. The coequalizer is the quotient of
X obtained by identifying x wth γpxq in all cases, namely the orbit set XG.

(v) If J has an initial (terminal) object, then the limit (colimit) of a functor
J Ñ C is its value on that object. This generalizes the uninteresting cases
above.

(vi) Suppose J has an initial (terminal) object j0 and that the only nonidentity
morphisms in J are from (to) j0. Suppose further that the functor J Ñ C
sends j0 to the initial (terminal) object of C. Then its colimit (limit) is the
coproduct (product) in C of the images of the other objects in J . When C
is Set or T op, these are the disjoint union and Cartesian product of the
objects in question.

(vii) Let X be a retract of Y as in Definition 2.1.56. Then X is both the equalizer
and the coequalizer of

Y
e�ir //
1Y

// Y.

The following was proved by Kan in [Kan58a] as Theorems 12.1, 12.4 and
12.4*.

Proposition 2.3.36. Left (right) adjoints preserve colimits (limits).
Let J be a small category and suppose we have a pair of adjoint functors

F : C K
//
D : G.oo

Then we have an adjunction of functor categories

F� : CJ K
//
DJ : G�.oo

If C and D are cocomplete, F preserves colimits, meaning that for a functor
X in CJ , the map colim

J
F�X Ñ F colim

J
X in D is a natural isomorphism.

If C and D are complete, G preserves limits.

Proof The adjunction between F� and G� can be verified objectwise.
The next two statements are dual to each other, so we only treat the colimit

case. Consider the diagram of adjunctions
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CJ
F�

K
//

colim$

��

DJ

G�

oo

colim$

��
C

F

K
//

∆

OO

D
G

oo

∆

OO

For objects X in CJ and Y in D we have

CJpX,G�∆Y q � DJpF�X,∆Y q � DpcolimF�X,Y q

so colimF� % G�∆, and similarly F colim % ∆G. It is obvious thatG�∆ � ∆G,
so the map colimF� Ñ F colim is as claimed by Proposition 2.2.17.

Example 2.3.37. Left (right) adjoints need not preserves limits (col-
imits). Consider the free forgetful adjunction

F : Set K
//
Ab : Uoo

of Example 2.2.30(i). The image under the free abelian group functor F of the
Cartesian product of two sets S1 and S2, which is a kind of limit, is not the
product (direct product) of the free abelian groups F pS1q and F pS2q. Similarly,
the image under the forgetful functor U of the coproduct (direct sum) of two
abelian groups A1 and B2, which is a kind of colimit, is not the coproduct
(disjoint union) of the underlying sets UpA1q and UpA2q.
Proposition 2.3.38. Pullbacks in the category of small categories.
Let A, B, C and D be small categories and let

A
F //

P
��

B

Q

��
C

G // D

(2.3.39)

be a commutative diagram of categories and functors. It is a pullback diagram
iff the two diagrams in Set

ObA F //

P
��

ObB

Q

��
ObC G // ObD

and ArrA F //

P
��

ArrB

Q
��

ArrC G // ArrD

(2.3.40)

are also pullbacks.

Proof We know that the functors Ob and Arr are right adjoints by Ex-
ample 2.2.30(v) and Example 2.2.30(vi), so they preserve limits and hence
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pullbacks by Proposition 2.3.36. This means that if (2.3.39) is a pullback
diagram, so are the diagrams of (2.3.40).
For the converse we use the description of the pullback of Proposition 2.3.34,

which in this case reads

A � C �D B.

The product category C �B is as in Definition 2.1.5, so we have

Ob pC �Bq � ObC �ObB and Arr pC �Bq � ArrC �ArrB,

which implies that

Ob pC�DBq � ObC�ObDObB and Arr pC�DBq � ArrC�ArrDArrB.

This means that if the diagrams of (2.3.40) are pullbacks, then A has the
structure required of a pullback.

Proposition 2.3.41. Colimits (limits) commute with each other. Let
J and J 1 be small categories, let the category C by cocomplete (complete), and
let F : J � J 1 Ñ C by a functor. Then we have functors

J 1
FJ // CJ J

FJ1 // CJ 1

j1
� // F p� , j1q j

� // F pj, �q.

In the cocomplete case there are isomorphisms

colim
J�J 1

F � colim
J

pcolim
J 1

FJq � colim
J 1

pcolim
J

FJ 1q.

Equivalently the following diagram of categories and functors commutes.

CJ�J 1
colim

J //

colim
J1

��

CJ 1

colim
J1

��

F � //
_

��

colim
J

FJ 1
_

��
colim
J 1

FJ
� // colim

J�J 1
F

CJ
colim

J

// C

There are similar statements about limits in the complete case.

Proof By Proposition 2.3.24, each functor in the diagram is the left adjoint
of a suitable diagonal functor, and left adjoints preserve colimits by Proposi-
tion 2.3.36. The proof of the dual statement is similar.
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Example 2.3.42. The failure of limits to commute with colimits. It
is not true in general that limits commute with colimits. For a bicomplete
category C with functors as in Proposition 2.3.41, there is a map

colim
J

lim
J 1
FJ Ñ lim

J 1
colim
J

FJ 1 . (2.3.43)

Let C � Ab, the category of ableian groups. Let J be the sequential colimit
category N of Definition 2.3.63 below, and let J 1 � Jop. Let F : J � J 1 Ñ Ab
be the functor that sends each object to Zppq and each generating morphism
to multiplication by a fixed prime p. The resulting diagram is

...
p

��

...
p

��
Zppq

p //

p
��

Zppq
p //

p
��

� � �

Zppq
p // Zppq

p // � � �

The limit of each column is trivial while the colimit of each row is Q. This
means that the domain of the map of (2.3.43) is trivialbut the codomain is
not.

2.3D Categories internal to another category
Recall that a category J is small as in Definition 2.1.1 if its collection of
objects J0 � Ob J is a set. It follows that its morphism collection J1 � Arr J
is also a set. The structure of J is determined by maps

 s, t : J1 Ñ J0 sending a morphism to its source and target,
 e : J0 Ñ J1 sending an object to the corresponding identity morphism, and
 c : J1�

J0
J1 Ñ Arr J sending a suitable pair of morphisms to their composite.

Here J1 �
J0
J1 is the pullback in the diagram

J1 �
J0
J1

p2 //

p1

��

J1

t

��
J1

s // J0,

(2.3.44)

namely the set of morphism pairs

tpg, fq P J1 � J1 : Dom pgq � Cod pfqu

for which the composite gf is defined. We are using the calculus convention
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in which gf denotes the composite

Dom f
f // Cod f � Dom g

g // Cod g.

The small category J is a groupoid if there is also a map i : J1 Ñ J1 sending
a morphism to its inverse. The maps s, t, e, and c ( and i in the case of a
groupoid) need to satisfy certain conditions whose formulation we leave to the
reader.
Now J0 and J1 are objects in Set, and the maps s, t, e and c are morphisms

in Set. We could make a similar definition in which Set is replaced by
an arbitrary category C, provided it has enough pullbacks to make
sense of (2.3.44).
Pullbacks were discussed in §2.3A. Recall that the set J1 �

J0
J1 of (2.3.44)

has a the following universal property. For any set X equipped with maps to
s1, t1 : X Ñ J1 with ss1 � tt1, there is a unique map h : X Ñ J1 �

J0
J1, defined

by hpxq � ps1pxq, t1pxqq, such that the following diagram commutes.

X

h

&&MM
MMM

MMM
MMM

M

s1

""

t1

((
J1 �

J0
J1 p2

//

p1

��

J1

t

��
J1

s // J0.

(2.3.45)

In a general category C with objects J0 and J1 and morphisms s, t : J1 Ñ J0,
there may or may not be an object having the properties of J1 �

J0
J1 above.

We found the following in [Lin13, Appendix A].

Definition 2.3.46. Categories internal to C. Let C be a category with
objects J0 and J1 and morphisms s, t : J1 Ñ J0, such that there is an object
J1 �

J0
J1 with the universal property of (2.3.45).

A category J internal to a category C consists of the objects J0 and J1
in C, its object and morphism objects, with morphisms s, t, e and c as above
such that the following diagrams commute in C.

 Source and target of identity maps:

J0
e //

J0 %%KK
KKK

KKK
KKK

J1

s

��
t

��
J0
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 Source and target of composites:

J1

s

��

J1 �
J0
J1

c

��

p1oo p2 // J1

t

��
J0 J1

soo t // J0

Here J1 �
J0
J1 denotes the pullback as in (2.3.44).

 Associativity of composition:

J1 �
J0
J1 �

J0
J1

c�J1

��

J1�c // J1 �
J0
J1

c

��
J1 �

J0
J1

c // J1

 Left and right composition with identity maps:

J0 �
J0
J1

e�J1 //

p2

''OO
OOO

OOO
OOO

OO
J1 �

J0
J1

c

��

J1 �
J0
J0

J1�eoo

p1

wwooo
ooo

ooo
ooo

o

J1

A groupoid internal to a category C is a category J internal to C that
is equipped with an inverse morphism i : J1 Ñ J1 with ii � J1 such that the
following diagrams commute in C.

 Reversal of source and target:

J1

i

��

s

**TTT
TTTT

TTTt

ttjjjj
jjjj

jj

J0 J0

J1
t

44jjjjjjjjjjs

jjTTTTTTTTTT

 In the following we need to consider pullbacks similar to that of (2.3.44)
but with other combinations of maps J1 Ñ J0, namely

J1 �
s,s
J1

p2 //

p1

��

J1

s

��
J1

s // J0

, J1 �
t,t
J1

p2 //

p1

��

J1

t

��
J1

t // J0

and J1 �
t,s
J1

p2 //

p1

��

J1

s

��
J1

t // J0.

The first two receive a diagonal map ∆ from J1 while the third supports an
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opposite composition map c to J1, and we have

J1 �
t,s
J1

c

��

J1 �
s,s
J1

i�J1
44jjjjjjjjjj

J1 �
t,t
J1

J1�i
jjTTTTTTTTTT

J1

J1

∆

OO

t

++WWWW
WWWWW

WWWWW J1

∆

OO

s

ssggggg
ggggg

gggg

J0.

e

OO

When C has a terminal object � as in Example 2.1.16(ii), a group internal
to C (also known as a group object in C) is a groupoid J as above in which
J0 � �.

A cocategory internal to C is a category internal to Cop. Cogroupoids
and cogroups internal to C are similarly defined.

Remark 2.3.47. The existence of J1�
J0
J1 could be guaranteed by requiring

C to be complete as in Definition 2.3.25, or just to have finite limits, but
we can get by with less. On the other hand, the most common case we will
consider is C � T op, which is complete.

Example 2.3.48. A group internal to T op is a topological group. A group
internal to the category of smooth manifilds is a Lie group.

Example 2.3.49. A cogroupoid internal to the category of commutative al-
gebras over a commutative ring K is a Hopf algebroid over K.

Note that J1 and J0 are both objects over J0 � J0 via the maps

ps, tq : J1 Ñ J0 � J0 and ∆ : J0 Ñ J0 � J0.

When C has a terminal object � as in Example 2.1.16(ii), we can think of an
object on J as a morphism x : � Ñ J0. Given two “objects” x, y : � Ñ J0, we
can define a “morphism object” Jpx, yq to be the pullback in the diagram

Jpx, yq

��

// J1

ps,tq

��
�

px,yq
// J0 � J0

(2.3.50)

This coincides with the usual morphism set Jpx, yq when J is a small category
and C � Set. In Chapter 3 below we will discuss enriched categories, in which
morphisms sets are replaced by morphism objects in a ground category with
suitable structure. See Remark 3.1.8.
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Definition 2.3.51. Left and right J-modules. Let J be a category internal
to C as in Definition 2.3.46. For objects A and B in C over J0, let A�

J
B be

the pullback

A�
J
B

p1

��

p2 // B

��
A // J0.

A left (right) J-module is an object X in C with a morphism t : X Ñ J0
(s : X Ñ J0) and an action map

λ : J1 �
J
X Ñ X pρ : X �

J
J1 Ñ Xq

that is associative and unital. In the left case this means the diagrams

J1 �
J
J1 �

J
X

J1�λ //

c�X

��

J1 �
J
X

λ

��
J1 �

J
X

λ // X

and J0 �
J
X

e�X //

OOO
OOO

OOO
OOO

O

OOO
OOO

OOO
OOO

O
J1 �

J
X

λ

��
X

both commute.

Example 2.3.52. X could be J1 equipped with the target morphism t (source
morphism s) and λ (ρ) could be the composition morphism c. Hence J1 is both
a left and a right J-module.

The same is true of the object

J1 �
J0
J1 �

J0
� � � �

J0
J1

with n factors for some positive integer n. When C � Set, this is the set of
diagrams in J of the form

j0 Ñ j1 Ñ � � � Ñ jn.

When C � T op, it is the space of such diagrams suitably topologized.

2.3E n-Cartesian diagrams
We will use the following result for |S| � 3 in the proof of Proposition 3.1.53
below. We leave its proof as an exercise for the reader. A proof of the statement
for the case where the target category is T op can be found in [MV15, Lemmas
5.2.8 and 5.6.7]. Further discussion of such diagrams can be found in [ACB14,
§2].
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Proposition 2.3.53. Limits and colimits of n-Cartesian diagrams. Let
S be a finite set with n elements for n ¥ 2. Let PpSq, P0pSq and P1pSq be the
categories of subsets, nonempty subsets and proper subsets of S respectively,
each with inclusion maps as morphisms. For each s P S let Ss denote the
complement of tsu and define fully faithful functors As, Bs : PpSsq Ñ PpSq
where the image of As (Bs) is the subcategory of all subsets of S containing
(not containing) s.

Let F be a functor from PpSq to a complete category C, i.e., a diagram in
C shaped like an n-cube. Then the n-fold pullback lim

P0pSq
F can be described

as a simple (2-fold) pullback in n different ways. For each s it is the limit of
the diagram

F ptsuq � lim
PpSsq

FAs // lim
P0pSsq

FAs lim
P0pSsq

FBsoo

where the arrow on the left is induced by the inclusion functor of P0pSsq into
PpSsq, and the one on the right is induced by the functor

AsP0pSsq Ñ BsP0pSsq

given by sending a set S properly containing tiu to the nonempty set obtained
by removing s from S.

Dually, let G be a functor from PpSq to a cocomplete category D. Then
for each s, the n-fold pushout colim

P1pSq
G is the simple (2-fold) pushout of the

diagram

GpSsq � colim
PpSsq

GBs colim
P1pSsq

GBs //oo colim
P1pSsq

GAs. (2.3.54)

where the arrow on the left is induced by the inclusion of P1pSsq into PpSsq,
and the one on the right is induced by the functor BsP1pSsq Ñ AsP1pSsq
given by sending a set S not containing s and at least one other element to
the proper subset obtained by adding s to S.

Remark 2.3.55. The case n � 2 of Proposition 2.3.53. For n � 2 the
two specified simple pullbacks (pushouts) are the same. For the pullback case,
the functor FAi (for either i) sends the single object of P0p1q to F p2q. Since
Pp1q has an initial object, the value of lim

Pp1q
FAi is F ptiuq. The right hand

limit is the value of F on the unique singleton not containing i.

For 0 ¤ i ¤ j ¤ n, let P
j
i pSq denote the subcategory of PpSq consisting

of subsets T with i ¤ |T | ¤ j. In particular PpSq � P
n
0 pSq, P0pSq �

P
n
1 pSq and P1pSq � P

n�1
0 pSq. We leave the proof of the following, and the

formulation of the dual statement, as an exercise for the reader.
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Proposition 2.3.56. The n-fold pushout as a coequalizer. With no-
tation as above, let G be a functor from PpSq to a cocomplete category D.
Then

colim
P1pSq

G � colim
P

n�1
n�2pSq

G.

Then colimit on the right is the coequalizer inº
|T |�n�2

GT Ñ
º

|T 1|�n�1

GT 1 Ñ colim
P1pSq

G,

where for each subset T with n�2 elements, the two maps from GT are induced
by the two inclusions of T into a subset T 1 with n� 1 elements.

Here is a illustration of Proposition 2.3.56 for S � 3 � t1, 2, 3u. Consider
the following diagram in D.

Gt1u //

$$I
II

II
II

II
I

Gt1,2u

%%KK
KKK

KKK
KKK

G∅ //

##G
GG

GG
GG

GG
G

;;wwwwwwwww
Gt2u

xxxxx

99rrrr

GG
GG

%%LL
LLL

Gt1,3u // colim
P1p3q

G

Gt3u //

::uuuuuuuuuu
Gt2,3u

99ssssssssss

Each map to the colimit (the 3-fold pushout) factors through an object in the
third column. If we have a set of maps from the objects in the third column
such that the two composite maps from each object in the second column
agree, then the six composite maps from G∅ will also agree. This means we
could omit the first column without changing the value of the colimit.
The following is a generalization of Definition 2.3.9.

Definition 2.3.57. Boundaries and corner maps. Let G : PpSq Ñ D for
a finite set S and a cocomplete category D with X � GS. Then the boundary
of X with respect to G is

BGX :� colim
P1pSq

G,

and the corner map of G is the map BGX Ñ X induced by the inclusion
functor P1pSq Ñ PpSq.
We will make closely related definitions below in Definition 2.6.12 and Def-

inition 2.9.29. This terminology is motivated by the following.

Example 2.3.58. Manifolds with corners. Let D � T op, let S be a finite
set and define a functor G : PpSq Ñ T op as follows. For each s P S, let Ms
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be a manifold with boundary. For each T � S, let

GT �
¹
tPT

Mt �
¹
tRT

BMt.

Then GS � ±
sPSMs �: X, the boundary of the manifold X is BGX as in

Definition 2.3.57, and the corner map of G is the inclusion map BX Ñ X.

Remark 2.3.59. The category PpSqop. Note that the category PpSq is
self dual with P0pSqop isomorphic to P1pSq and vice versa. Thus a functor
F : P0pSqop Ñ D for cocomplete D has a colimit which is an n-fold pushout,
where n is the cardinality of S. Hence it can be described as an ordinary
pushout in n different ways as in Proposition 2.3.53 and as a coequalizer as
in Proposition 2.3.56.

2.3F Reflexive coequalizers
Definition 2.3.60. A reflexive coequalizer is the colimit of a functor to
a cocomplete category from the category J̃ having two objects A and B and
morphisms

A

f

))

g

55 B,
soo

where fs � gs � 1B; there is no condition on sf and sg. We will refer to s

as the section since it splits the morphisms f and g. Dually, a coreflexive
equalizer is the limit of a functor to a complete category from J̃op.

The term “reflexive” here is not to be confused with “reflective,” as in
Definition 2.2.49.
The category J̃ has two subcategories of interest.

(i) Let EndA � J̃ be the full subcategory having a single object A and hence
two morphisms sf and sg which need not be the identity morphism on
A, and let F : EndA Ñ J̃ be the inclusion functor. Then for a functor
X : J̃ Ñ C to a cocomplete category C, colimXF is the coequalizer of the
maps Xsf and Xsg from XA to itself.

(ii) Let J � J̃ be the subcategory obtained by omitting the section s (as in
Example 2.3.35(iii)), and let G : J Ñ J̃ be the inclusion functor. Then for a
functor X : J̃ Ñ C to a cocomplete category C, colimXG is the coequalizer
of the maps Xf and Xg.

We will show that the colimits of X, XF and XG are all the same. The
fact that colimXF is the coequalizer of two self-maps of A is the origin of the
term “reflexive” coequalizer.
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Proposition 2.3.61. Reflexive coequalizers are ordinary coequaliz-
ers. Let F : EndA Ñ J̃ and G : J Ñ J̃ be as above and let C be a cocomplete
category. Then for any functor X : J̃ Ñ C, the objects colimX, colimXF and
colimXG in C are all the same.

Proof Applying the functor X to the diagram of Definition 2.3.60 gives

XA

Xf

''

Xg

55 XB ,
Xsoo

where
XfXs � XgXs � 1XB

.

The ordinary coequalizers colimXF and colimXG support unique maps λ1

and λ to the reflexive coequalizer colimX with appropriate properties by the
universal property of colimits. We have maps

colimXF

λ1

&&MM
MMM

MMM
MMM

MMM
MMM

MMM
MMM

MMM
MM

XA

Xf

))

Xg

33
α1oo

α
&&MM

MMM
MMM

MMM
MM

rα

��<
<<

<<
<<

<<
<<

<<
<<

<<
<<

< XB
Xsoo

β1

xx

β
xxqqq

qqq
qqq

qqq
q

rβ

����
��
��
��
��
��
��
��
��
��

colimXG

λ

��
colimX

The maps to colimX are required to satisfy

rα � β̃Xf � β̃Xg and rαXs � β̃.

The map α1 to colimXF is required to satisfy

α1Xsf � α1Xsg

and we denote the composite α1Xs by β1. Hence we have

β1Xf � β1Xg � α1,

which are the same conditions required of rα and β̃, so colimX � colimXF .
The maps to colimXG are required to satisfy

α � βXf � βXg,
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which implies
αXs � βXfXs � βXgXs � β1XB

� β.

These are the same properties satisfied by rα and β̃, so colimX � colimXG.

Remark 2.3.62. Functors between indexing categories may alter col-
imits. The previous result is equivalent to the commutativity of the following
diagram of categories and functors.

CJ

colim
J

""E
EE

EE
EE

EE
EE

EE
CJ̃

colim
J̃

��

F�oo G� // CEndA

colim
EndA

{{vv
vv
vv
vv
vv
vv
vv

C

Lest the reader get the wrong idea, such diagrams do not commute in general.
For example let D be the discrete category (Definition 2.1.7) having the same
set of objects as an arbitrary small category J and let K : D Ñ J be the
inclusion functor. Then for a cocomplete category C, a functor X : J Ñ C, K
induces a map

colim
D

XK Ñ colim
J

X.

Here the source is the coproduct of the objects Xj for j P J , so the map need
not be an isomorphism. We will discuss this more below in §2.3H.

2.3G Filtered and sifted limits and colimits
Definition 2.3.63. A small category J is filtered if

(i) for each pair of objects j1 and j2 in J , there is a third object j3 with
morphisms j1 Ñ j3 and j2 Ñ j3 and

(ii) for each pair of morphisms f, g : j1 Ñ j2 in J there is an object j3 and
morphism h : j2 Ñ j3 such that hf � hg.

A filtered colimit is a colimit indexed by a filtered category. A sequential
colimit is the colimit of a diagram of the form

X0 Ñ X1 Ñ X2 Ñ X3 Ñ � � � . (2.3.64)

We will denote the corresponding indexing category by N , the sequential
colimit category. Its objects are natural numbers n ¥ 0 and it has a unique
morphism mÑ n whenever m ¤ n.

An object A in a cocomplete category C is finitely presented or finite
if the Yoneda functor (Definition 2.2.33) HA � CpA, �q preserves sequential
colimits.
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A small category J is cofiltered if Jop is filtered. A cofiltered limit is
a limit indexed by a cofiltered category. A sequential limit is the limit of a
diagram of the form

X0 Ð X1 Ð X2 Ð X3 Ð � � � .

Its indexing category is Nop, the sequential limit category.

Example 2.3.65. A curious sequential colimit of topological spaces.
Let X0 be the disjoint union of two copies of the real line, ta, bu � R. For
n ¡ 0 let Xn be the quotient of X0, obtained by identifying pa, xq with pb, xq
for |x| ¥ 1{n. Hence each Xn for n ¡ 0 has the homotopy type of S1 and
each map xn : Xn Ñ Xn�1 (which preserves the real coordinate and is not
a closed inclusion) is a homotopy equivalence. However the colimit (in the
category of arbitrary topological spaces) is the quotient of ta, bu�R obtained
by identifying pa, xq with pb, xq for x � 0. It is not Hausdorff because the
distinct points pa, 0q and pb, 0q do not have disjoint neighborhoods. It is not
weak Hausdorff (see Definition 2.1.46) because the closure of any neighborhood
of pa, 0q contains pb, 0q, but there is a map from I whose image contains pa, 0q
but not pb, 0q.

In the category of compactly generated weak Hausdorff spaces, this colimit
is simply R. It has the “wrong” homotopy type in that it is homotopically
distinct from each Xn.

If we choose a base point in X0 and replace each space in sight by its loop
space, then we get a colimit which does not preserve π0.

Now suppose we replace the map xn : Xn Ñ Xn�1 for n ¡ 0 above by x1n
defined by

x1npε, xq �
�
ε,

nx

n� 1



.

It is a homeomorphism that is homotopic to xn. It follows that the correspond-
ing colimit is homeomorphic to X1 and thus homotopy equivalent to S1. Thus
we see that the homotopy type of a colimit is not determined by the homotopy
classes of the maps in the diagram.

Example 2.3.66. A curious sequential limit of topological spaces. For
each integer n ¥ 0, let Yn be the quotient of ta, bu�R obtained by identifying
pa, xq with pb, xq for |x| ¥ n, and let pn : ta, bu�RÑ Yn be the projection map.
Let yn : Yn Ñ Yn�1 be the evident surjection preserving the real coordinate,
so ynpn � pn�1. As in Example 2.3.65, each Yn for n ¡ 0 has the homotopy
type of S1 and each map yn�1 is a homotopy equivalence.

However the limit is ta, bu �R, the disjoint union of two copies of R. It
has the “wrong” homotopy type in that it is homotopically distinct from each
Yn. It is not path connected even though each Yn is.
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If we replace yn by the homotopic map y1n defined by

y1npε, yq �
�
ε,
pn� 1qy

n



.

Like x1n in Example 2.3.65, it is a homeomorphism. The corresponding limit
is homeomorphic to Y1 and thus homotopically equivalent to S1. Thus we see
that the homotopy type of a limit is not determined by the homotopy classes
of the maps in the diagram.

Example 2.3.67. Sequential limits as equalizers. Recall that every limit
is an equalizer by Theorem 2.3.28. In the case of a sequential limit, (2.3.29)
reads ¹

n¥0

Xn

f //
g

//
¹

n¥m¥0

Xm,

where pm,nf � pm and pm,ng � sn,mpn, where sn,m is is the morphism
Xn Ñ Xm. In this case the product on the right can be replaced by the smaller
one in which we only have factors for which n � m� 1 so we have¹

n¥0

Xn

f //
g

//
¹
n¥0

Xn, (2.3.68)

where pnf � pn, so f is the identity map, and png � sn�1,npn�1, so g is a
shift map. If each Xn is a set, then this equalizer is#

px0, x1, . . . q P
¹
n¥0

Xn : xm � sm�1,mpxm�1q
+
,

the set of sequences of xis compatible under the maps in the diagram X.
There is a similar description of a sequential colimit as a coequalizer which

we leave to the reader.

The above and the following will be repeated below in Definition 4.8.8.

Definition 2.3.69. Relative finiteness. An object A in a cocomplete cate-
gory C is finitely presented (or finite) relative to a subcategory D if the
Yoneda functor (Yoneda Lemma 2.2.10) HA � CpA, �q preserves sequential
colimits when the diagram of (2.3.64) is in D.

Proposition 2.3.70. Morphisms from finitely presented objects to
sequential colimits. If an object A in a cocomplete category C is finitely
presented realative to a subcategory D (which could be all of C), then any
morphism AÑ colim

N
X factors through some Xn.

Proof Since A is finitely presented, the map

colim
N

CpA,Xnq Ñ CpA, colim
N

Xnq
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is an isomorphism. Each element in the set on the left is the image of a
morphism A Ñ Xn for some n, so the same is true for each morphism A Ñ
colim
N

Xn.

The following example is due to [Hov99, page 49], and is discussed further
in [Hov01a].

Example 2.3.71. A two point space which is not finitely presented.
Let A � t0, 1u with the trivial topology, meaning that the only nonempty open
subset is A. It is not a weak Hausdorff space since its points are not closed.

Let Xn � rn,8q � A be topologized as follows. The collection of nonempty
open subsets is

tprn,8q � t0uq Y prx,8q � t1uq : x ¥ nu .

This means a continuous map A Ñ Xn must send both points of A to the
subset rn,8q � t0u, or to the same point in rn,8q � t1u. The mapping space
MappA,Xnq is the disjoint union of rn,8q2 and rn,8q with the trivial topology
on each component.

We define a continuous map Xn Ñ Xn�1 by

px, εq ÞÑ
" pn� 1, εq for n ¤ x ¤ n� 1

px, εq otherwise.

Then colim
N

Xn � A, but the identity map to it from A does not factor through
any Xn.

Example 2.3.72. Finitely generated abelian groups. In Ab, the category
of abelian groups, the finitely presented objects are finitely generated groups.
Consider the infinitely generated group Q. It is the colimit of the sequential
diagram

Z
1 // Z

2 // Z
3 // � � �

The image of the nth group is the additive subgroup generated by 1{n!. Any
homomorphism to Q from a finitely generated abelian group A factors through
one of these subgroups. However the identity morphism, whose domain is not
finitely presented, does not factor through any of them.

There is a similar notion for an enriched category that is the subject of
Definition 3.2.6 and Proposition 3.2.7 below.
It follows that for J filtered, any functor D Ñ J from a finite category D

extends to D�, the category obtained from D by adjoining a terminal object.

Definition 2.3.73. A small category J is sifted if colimits of sets indexed by
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J commute with finite products, i.e., for every finite discrete category (Defi-
nition 2.1.7) S and every functor F : J � S Ñ Set, the canonical morphism

colim
jPJ

¹
sPS

F pj, sq Ñ
¹
sPS

colim
jPJ

F pj, sq

is an isomorphism. A sifted colimit is a colimit indexed by a sifted category.

Every filtered category is sifted since filtered colimits commute with finite
products in Set, the category of sets. The latter was proved by Mac Lane in
[ML98, Theorem IX.2.1].
We learned the following from https://ncatlab.org/nlab/show/filtered+limit,

which was contributed by John Baez.

Remark 2.3.74. Warning. It is not true that sifted colimits and finite
limits commute in any category in which they are defined, such as a bicomplete
category. Here is a counterexample.

Let pN0 be the one point compactification of the discretely topologized natural
numbers N0. In it the neighborhoods of the point 8 are complements of finite
subsets of N0. The closed subspaces of pN0 are the finite subsets of N0 and all
subsets containing 8.

Let C be the poset of closed subspaces of pN0, meaning the category whose
object are such closed subspaces and whose morphisms are inclusion maps. It
has terminal and initial objects, namely pN0 and ∅. This means the categorical
Cartesian product and coproduct in C are respectively the intersection of the
closed subspaces and the closure of their union. Thus C has arbitrary products
and coproducts.

Now consider the product (meaning intersection) of t8u with the coproduct
of all the finite subsets Bα of N0. The latter is a colimit indexed by a sifted
category. This coproduct, being the closure of N0, is the entire space, so its
intersection with t8u is t8u again. On the other hand, the intersection of t8u
with each finite Bα is empty, so the closure of the union of these intersections
is also empty. Hence

t8u � t8u X colimBα � colim pt8u XBαq � ∅.

The following characterization is due to [GU71, 15.2.c] and can also be
found (in English) in [ARV11, Theorem 2.15].

Theorem 2.3.75. The diagonal map of a sifted category. A nonempty
small category J is sifted iff the diagonal functor ∆ : J Ñ J � J is final,
meaning that it induces an isomorphism of colimits for any functor from
J � J to a cocomplete category.

Final functors are more explicitly defined below in Definition 2.3.80 and are
the subject of Theorem 2.3.82.
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Example 2.3.76. A sifted category that is not filtered. Let J̃ be the
category of Definition 2.3.60. It is not filtered because there is no morphism
coequalizing f and g. See [ARV10, Example 2.2] for a proof that it is sifted.

We record the following observation for future use.

Proposition 2.3.77. Some sifted colimits. Reflexive coequalizers and fil-
tered colimits are both sifted colimits.

In some sense, these two types of colimits generate sifted ones. See [ARV10]
and [ARV11] for more discussion.

2.3H Changing the indexing category
The discussion here applies to both limits and colimits. We will treat colimits
only, leaving the dual statements about limits to the reader.
Suppose we have small categories J and K, a cocomplete category C, and

functors

J
α // K

X // C.

Then we have a diagram

CJ

colim
J %%KK

KKK
KKK

KKK
CKα�oo

colim
Kyysss

sss
sss

ss

C

(2.3.78)

and thus a morphism

φα : colim
J

XαÑ colim
K

X (2.3.79)

in C. As noted in Remark 2.3.62, the diagram (2.3.78) does not commute in
general.
However there are some cases in which φα is an isomorphism. For example,

K could be the category whose objects are pairs of natural numbers pm,nq
with a single morphism pm,nq Ñ pm1, n1q whenever m ¤ m1 and n ¤ n1,
and J could be the subcategory of pairs pm,mq. In that case the two colimits
are the same. We know that for each pair of elements of the larger category
K there is one in the subcategory J and theta they both map uniquely to.
Therefore J has enough information to determine the colimit. This situation
is discussed in [ML98, §IX.3] and [Dug17, §I.6.1].

Definition 2.3.80. Final functors. For small categories J and K, a functor
α : J Ñ K is final (or terminal, or left cofinal) if for each object k P K
the undercategory pkÓαq as in Definition 2.1.51 is non-empty and connected
as in Definition 2.1.55. When α is the inclusion of a subcategory, we say that
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J is final in K. A cofinal or initial functor J Ñ K is one that induces a
final functor Jop Ñ Kop.

For more details, see [KS06, §2.5], where the term “co-cofinal” is used for
final.
The nonemptiness of pkÓαq means that for each object k in K there is an

object j in J such that there is a morphism k Ñ αpjq. Its connectivity means
that for any two such js there is a finite commutative diagram in K of the
form

k

yyttt
ttt

ttt
t

��











�� &&NN
NNN

NNN
NNN

αpj0q // � �oo // � � � αpjnq.oo

(2.3.81)

where the morphisms in the bottom row are in the image of α, and the left
and right morphisms from k are given.
The following was proved by Mac Lane as [ML98, Theorem IX.3.1].

Theorem 2.3.82. Colimit maps induced by final functors. For a final
functor α : J Ñ K as in Definition 2.3.80, if X : K Ñ C is a functor for
which colim

J
Xα exists, then colim

K
X also exists and the induced map φα of

(2.3.79) is an isomorphism.

Corollary 2.3.83. Colimits indexed by categories with terminal ob-
jects. Suppose the small category K has a terminal object k as in Exam-
ple 2.1.16(ii) and X : K Ñ C is a functor. Then colim

K
X exists and is equal

to the value of X on k.

Proof Let J be the trivial category and let α : J Ñ K send its one object to
k. This functor is easily seen to be final as in Definition 2.3.80, so the result
is a special case of Theorem 2.3.82.

2.4 Ends and coends

Yoneda originally introduced ends and coends in the context of functors en-
riched (see §3.1 below) over Ab in [Yon60, §4, page 545]. He called them the
“integration” and “cointegration” and denoted them by»

J

H and
» �
J

H

or a functor H : Jop � J Ñ C from a small category J to a complete or
cocomplete category C. In this book we will denote the end and coend by» J

H and
»
J

H
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respectively. We will use a superscript for an end and a subscript
for a coend. This differs from the notation of [ML71, pages 222–223] and
most other works in category theory, where the opposite convention is used.
However it agrees with the notation used for coends by Jacob Lurie in [Lur09,
Chapter 2 and Appendix A], and in some papers on factorization homology
such as [AF19].
Thus H is a functor of two variables in J , contravariant in the first and

covariant in the second. For example we could have C � Set and Hpj, j1q :�
Jpj, j1q, the set of morphisms j Ñ j1.
Given such a functor H, for each morphism f : j Ñ j1 in J we have a

diagram in C,

Hpj, jq
f�
��

Hpj1, j1q f� // Hpj, j1q.

which has a limit (the pullback) when C is complete. We use the Yoneda’s
symbol » J

Hpj, jq,

now called an end, to denote the limit obtained by considering such diagrams
for all morphisms f in J , assuming that the target category is complete. More
explicitly, for each morphism f P Arr J we get a morphism

HpDom f,Dom fq f� // HpDom f,Cod fq

in C. Hence we get a morphism to the product of such sets over all f having
domain j,

Hpj, jq φ� //
¹

fPArr J
Dom f�j

Hpj,Cod fq.

given by pfφ� � f�, where pf denotes the projection of the product onto the
factor corresponding to f . Now we take the product of these morphisms over
all objects j in J and get¹

jPOb J
Hpj, jq φ� //

¹
fPArr J

HpDom f,Cod fq. (2.4.1)

In a similar fashion the morphism

HpCod f,Cod fq f� // HpDom f,Cod fq
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leads to ¹
jPOb J

Hpj, jq φ� //
¹

fPArr J
HpDom f,Cod fq. (2.4.2)

In other words, we have the following diagram in which the products on
the right are over all objects or all morphisms in J .

Hpj, jq

f�

��

¹
j

Hpj, jq

φ�
��

///o/o/o/o/o/o

Hpj1, j1q f� // Hpj, j1q
¹
j1

Hpj1, j1q φ� //
¹

f :jÑj1

Hpj, j1q.

(2.4.3)

Dually, when C is cocomplete, we have a similar diagram with coproducts
over all objects or all morphisms in J .

Hpj1, jq f� //

f�

��

Hpj1, j1q
º

f :jÑj1

Hpj1, jq ϕ� //

ϕ�

��

º
j1

Hpj1, j1q

///o/o/o/o/o/o

Hpj, jq
º
j

Hpj, jq

(2.4.4)

Definition 2.4.5. For a functor H : Jop � J Ñ C for a small category J to
a complete category C, the end » J

Hpj, jq

is the equalizer of» J
Hpj, jq //_____

¹
jPOb J

Hpj, jq
φ� //
φ�

//
¹

fPArr J
HpDom f,Cod fq.

for φ� and φ� as in (2.4.1) and (2.4.2).
For a similar functor to a cocomplete category C, the coend»

J

Hpj, jq

is the coequalizer ofº
fPArr J

HpCod f,Dom fq
ϕ� //
ϕ�
//
º

jPOb J
Hpj, jq //___

»
J

Hpj, jq, (2.4.6)

with ϕ� and ϕ� as in (2.4.4).
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In both cases the “variable of integration” j appears twice in the “integrand”
and could be replaced by any other symbol for an object in J .

Alternatively, for each morphism f : j Ñ j1 in J , we have a diagram in C,

Hpj1, jq f� //

f�

��

Hpj, jq
f�

��
Hpj1, j1q f� // Hpj, j1q.

Suppose for the moment that C is bicomplete. For a fixed pair of objects
pj, j1q in J we could combine the above for all morphisms j Ñ j1 and getº

Jpj,j1q

Hpj1, jq ϕ� //

ϕ�

��

Hpj, jq

φ�

��
Hpj1, j1q φ� //

¹
Jpj,j1q

Hpj, j1q.

(2.4.7)

For cocomplete C this leads to a coequalizer diagramº
fPArr J

Hpj1, jq
ϕ� //
ϕ�

//
º

kPOb J
Hpk, kq //_____

»
J

Hpk, kq,

and for complete C we have an equalizer diagram» J
Hpk, kq //_____

¹
kPOb J

Hpk, kq
φ� //
φ�

//
¹

fPArr J
Hpj, j1q.

Proposition 2.4.8. Ends and coends on the walking arrow category.
Let J be walking arrow category p0 Ñ 1q as in Definition 2.1.6, let C be a
cocomplete category and let : H : Jop � J Ñ C be a functor. Then»

J

Hpj, jq � Hp0, 0q >
Hp1,0q

Hp1, 1q,

the pushout of the diagram

Hp1, 0q
α�

xxrrr
rrr α�

&&MM
MMM

M

Hp0, 0q Hp1, 1q,
(2.4.9)

where α : 0Ñ 1 denotes the unique nonidentity morphism in J .
Dually, for complete C,» J

Jpc, cq � Hp0, 0q �
Hp0,1q

Hp1, 1q,
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the pullback of the diagram

Hp0, 0q
α� &&MM
MMM

M
Hp1, 1q

α�xxqqq
qqq

Hp0, 1q.

Proof The diagram of (2.4.6) is

Hp0, 0q >Hp1, 0q >Hp1, 1q
ϕ���

ϕ�
��

Hp0, 0q >Hp1, 1q
���
�»

J

Hpj, jq.

The restrictions of both ϕ� and ϕ� to Hp0, 0q send it identically to Hp0, 0q,
and similarly for their restrictions to H1,1. This means that they contribute
nothing to the coend, which is therefore the pushout of (2.4.9).
The dual case is similar.

For a related result, see Proposition 2.4.18 below.
The following are immediate consequences of the definitions.

Proposition 2.4.10. Functoriality of ends and coends. Given two func-
tors H,H 1 : Jop � J Ñ C, a natural transformation θ : H ñ H 1 induces
morphisms »

J

θ :

»
J

H Ñ
»
J

H 1 and
» J

θ :

» J
H Ñ

» J
H 1

with composition of natural transformations inducing composition of such
morphisms.

Proposition 2.4.11. Limits (colimits) as ends (coends). When the func-
tor H is constant on the first variable, then its end (coend) is the usual limit
(colimit) of H as a functor of the second variable for complete (cocomplete)
C.

Remark 2.4.12. Ends (coends) as limits (colimits). Every end (coend) is
a limit (colimit) since it an equalizer (coequalizer) by definition. The statement
at hand concerns the case when an end (coend) over a small category J is
also an ordinary limit (colimit) over J .

Proof This follows from the definitions and the calculation of Example 2.3.35(iii).
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Given a functor H : Jop � J Ñ C and objects X and Y in C, there are
Set-valued functors on Jop � J ,

Jop � J
t // J � Jop

Hop
// Cop

Cp� ,Y q // Set (2.4.13)

and

J � Jop
H // C

CpX,�q // Set. (2.4.14)

The following is immediate from the definitions.

Proposition 2.4.15. End/coend duality. Given a functor H from Jop�J
(for a small category J) to a cocomplete category C, and an object Y in C,
there is a natural isomorphism

C
�»

J

H,Y



�

» J
CpH,Y q,

where the expression on the left is the set of morphisms from the indicated
coend to Y , and the expression on the right is the end of the Set-valued functor
of (2.4.13).

For an object X in C, there is a natural isomorphism

C

�
X,

» J
H

�
�

» J
CpX,Hq,

where the expression on the left is the set of morphisms from X to the indicated
end, and that on the right is the end for the functor of (2.4.14).

An enriched version of the above is Proposition 3.2.16 below.
There is a converse to Proposition 2.4.11. It is taken from [ML98, IX.5]

where it is stated for ends and limits. We will construct a new small category
J§ (Mac Lane’s notation for the opposite category is J§) such that the coend
of Definition 2.4.5 is the colimit of a certain C-valued functor on J§.

Definition 2.4.16. The cosubdivision category of a small category.
For a small category J , let J§ be the category whose objects are symbols j§
and f§ for objects j and arrows f in J . Note that j§ and p1jq§ are different
objects. The only nonidentity morphisms are arrows

j§ Ð f§ Ñ j1§

for each arrow f : j Ñ j1 in J .
Given a functor H : Jop � J Ñ C, let H§ : J§ Ñ C be the functor indicated

by the following diagram.

j§_

��

_

��

f§_

��

//oo _

��

j1§_

��
Hpj, jq Hpj1, jq

f�
oo

f�

// Hpj1, j1q
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Dually, let the subdivision category of J be J§ � pJ§qop. We denote the
corresponding objects in it by j§ and f§, and the only nonidentity morphisms
are arrows

j§ Ñ f§ Ð pj1q§

for each arrow f : j Ñ j1 in J . The functor H§ : J§ Ñ C is indicated by

j§_

��

//_

��

f§_

��

_

��

pj1q§
_

��

oo

Hpj, jq
f�

// Hpj, j1q Hpj1, j1q.
f�

oo

The following is stated for coends only. Its proof and that of its dual can
be found in [ML98, IX.8]

Proposition 2.4.17. Fubini theorem for coends. Let

H : Jop1 � Jop2 � J1 � J2 Ñ C

for small categories J1 and J2 and a cocomplete category C. Then for any pair
pa, bq P Jop1 � J1, we have the functor

Hpa,�, b, �q : Jop2 � J2 Ñ C,

and its coend »
J2

Hpa, c, b, cq

is a functor on Jop1 � J1, so the double coend»
J1

»
J2

Hpa, c, a, cq

is defined. Similarly we can define the double coend»
J2

»
J1

Hpa, c, a, cq.

We can also define the coend on the product category»
J1�J2

Hpa, c, a, cq.

These three objects in C are naturally isomorphic.

Note that if the functor H above is constant on the contravariant variables,
then Proposition 2.4.17 reduces to the statement that colimits over different
diagrams commute with each other. The corresponding result about ends
reduces to the commuting of limits.
The following is the double coend version of Proposition 2.4.8.
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Proposition 2.4.18. Double coends on the walking arrow category.
Let J1 and J2 each be the walking arrow category J � p0 Ñ 1q of Defini-
tion 2.1.6, and let

H : Jop1 � Jop2 � J1 � J2 Ñ C

be a functor to a cocomplete category C.
For each pa, bq P Jop � J , let

P pa, bq �
»
cPJ

Hpa, c, b, cq,

which was identified as a certain pushout in Proposition 2.4.8. Then»
J�J

Hpa, c, a, cq �
»
J

P pa, aq � P p0, 0q >
P p1,0q

P p1, 1q.

The following are special cases.

(i) When the value of H is nontrivial (meaning not equal to ∅) only when both
contravariant variables are 0, then the double coend is Hp0, 0, 0, 0q.

(ii) When the value of H is trivial when both contravariant variables are 1,
then the double coend is the pushout of the diagram

Hp0, 1, 0, 0q
Hp0,1,0,αq

||xx
xx
xx
xx
xx

Hp0,α,0,0q

""F
FF

FF
FF

FF
F

Hp1, 0, 0, 0q

Hpα,0,0,0q

||xx
xx
xx
xx
xx

Hp1,0,α,0q

##F
FF

FF
FF

FF
F

Hp0, 1, 0, 1q Hp0, 0, 0, 0q Hp1, 0, 1, 0q.

(iii) When the functor H is independent of the contravariant variables, then the
double coend is Hp� ,�, 1, 1, q.

Proof Using Proposition 2.4.17, we have»
pa,cqPJ�J

Hpa, c, a, cq �
»
aPJ

»
cPJ

Hpa, c, a, cq

�
»
aPJ

P pa, aq

� P p0, 0q >
P p1,0q

P p1, 1q.

For (i), »
J

Hp0, 0, b, 0q � Hp0, 0, 0, 0q >
Hp0,0,1,0q

∅

� Hp0, 0, 0, 0q
so »

J�J

Hpa, c, a, cq � Hp0, 0, 0, 0q.
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For (ii), since

P pa, bq � Hpa, 0, b, 0q >
Hpa,1,b,0q

Hpa, 1, b, 1q,

we have

P p1, 1q � Hp1, 0, 1, 0q >
Hp1,1,1,0q

Hp1, 1, 1, 1q

� Hp1, 0, 1, 0q >
∅
∅ � Hp1, 0, 1, 0q,

P p1, 0q � Hp1, 0, 0, 0q >
Hp1,1,0,0q

Hp1, 1, 0, 1q � Hp1, 0, 0, 0q

and P p0, 0q � Hp0, 0, 0, 0q >
Hp0,1,0,0q

Hp0, 1, 0, 1q

� Hp0, 1, 0, 1q >
Hp0,1,0,0q

Hp0, 0, 0, 0q.

It follows that the double coend is

P p0, 0q >
P p1,0q

P p1, 1q

�
�
Hp0, 1, 0, 1q >

Hp0,1,0,0q
Hp0, 0, 0, 0q



>

Hp1,0,0,0q
Hp1, 0, 1, 0q

� Hp0, 1, 0, 1q >
Hp0,1,0,0q

Hp0, 0, 0, 0q >
Hp1,0,0,0q

Hp1, 0, 1, 0q,

which is the indicated pushout.
For (iii), when the functor H of Proposition 2.4.17 is independent of the

contravariant variables, the coend is an ordinary colimit by Proposition 2.4.11.
Since J�J has terminal object p1, 1q, the coend in this case is Hp� ,�, 1, 1, q.

Proposition 2.4.19. The set of natural transformations as an end.
Suppose we have two functors F,G : J Ñ E where J is small and E is complete.
Let H : Jop � J Ñ Set be

HpC,C 1q � EpF pCq, GpC 1qq.
Then the end » J

HpC,Cq �
» J

EpF pCq, GpCqq

is the set of natural transformations from F to G,

NatpF,Gq � rJ, EspF,Gq.
Proof By Definition 2.4.5 the end is the equalizer of two morphisms from
the product ¹

XPJ

EpF pXq, GpXqq.
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A natural transformation θ : F Ñ G assigns to each object X of J a mor-
phism θX P EpF pXq, GpXqq, so θ defines an element in the same product. The
requirement that the diagrams (2.2.2) all commute is equivalent to requiring
this element to be in the equalizer.

When E � Set and F � HA, Proposition 2.4.19 reads» BPJ
SetpHApBq, GpBqq �

» BPJ
SetpJpA,Bq, GpBqq � NatpHA, Gq.

The right hand side is GpAq by the Yoneda Lemma 2.2.10, so we have the
following.

Proposition 2.4.20. The Yoneda reduction. Let J be a small category
and F : J Ñ Set. Then for each object A of J ,» BPJ

SetpJpA,Bq, F pBqq � F pAq.

Now

SetpJpA,Bq, F pBqq � F pBqJpA,Bq,

the Cartesian power of the set F pBq indexed by the set JpA,Bq. The right
hand side is defined more generally for a functor F with valued in a complete
category E , and Proposition 2.4.20 has the following generalization.

Proposition 2.4.21. The generalized Yoneda reduction. Let F : J Ñ E
be a functor from a small category J to a complete category E. Then for each
object A of J , » BPJ

F pBqJpA,Bq � F pAq.

Proof For each f P JpA,Bq we get a map F pfq : F pAq Ñ F pBq. Collecting
these for all f gives an evaluation map

iB : F pAq Ñ F pBqJpA,Bq. (2.4.22)

Collecting these for all objects B in the small category J defines a map

i : F pAq ÝÑ
¹
BPJ

F pBqJpA,Bq.

The end in question also supports a morphism to this product. It is by Defi-
nition 2.4.5 the equalizer of

¹
BPOb J

F pBqJpA,Bq
φ� //
φ�

//
¹

h:BÑB1

F pB1qJpA,Bq.
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The equalizer is F pAq because for each morphism h : B Ñ B1 in J , the
following diagram commutes:

F pB1qJpA,B1q F pB1qh�

,,YYYYY
YYYY

F pAq
iB1 33fffffffff

iB
++XXXXX

XXXXX F pB1qJpA,Bq.
F pBqJpA,Bq F phqJpA,Bq

22eeeeeeeeee
(2.4.23)

There is a dual formula for coends, which is sometimes called the co-
Yoneda lemma. We will formulate and prove it simultaneously by dualizing
the proof of Proposition 2.4.21.
For a Set-valued functor F , map iB of (2.4.22) is adjoint to

jA : JpA,Bq � F pAq Ñ F pBq.

The Cartesian product on the left, the disjoint union of copies of F pAq indexed
by the set JpA,Bq, is defined whenever F takes values in a cocomplete
category E . We can take the coproduct of such things over all objects A of J
and get a map

j :
º
APJ

JpA,Bq � F pAq Ñ F pBq.

Then for each morphism g : A1 Ñ A in J , following diagram, which is dual to
(2.4.23), commutes:

JpA1, Bq � F pA1q
jA1

rrffffff
ffffff

f

F pBq JpA,Bq � F pA1q
g��F pA1qllYYYYYYYYYYYY

JpA,Bq�F pgqrreeeeeee
eeeee

JpA,Bq � F pAqjA

llXXXXXXXXXXXXX

This means that F pBq can be described as a coend, and we have proved the
following.

Proposition 2.4.24. The generalized Yoneda coreduction. Let F : J Ñ
E be a functor from small category J to a cocomplete category E. Then for
each object B of J , »

APJ

JpA,Bq � F pAq � F pBq.

We will describe another approach to this for Set-valued functors below in
Example 2.5.14.
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Remark 2.4.25. The case of a bicomplete category E. By interchanging
A and B, we can rewrite Proposition 2.4.21 as

F pBq �
» APJ

F pAqJpB,Aq,

while Proposition 2.4.24 gives

F pBq �
»
APJ

JpA,Bq � F pAq.

Note that the first formula for F pBq involves JpB,Aq while the second involves
JpA,Bq. It has to be this way because both expressions must be covariant in
B, which JpA,Bq is. The expression in the end is contravariant in JpB,Aq,
which itself is contravariant in B.

2.5 Kan extensions

The notion of Kan extensions subsumes all the other fundamental
concepts of category theory.

Saunders Mac Lane, [ML98, X.7]

2.5A Definitions and examples
Suppose we have functors F and K as in the diagram

C F //

K

��:
::

::
::

::
: E

ó η

D

L

AA�
�

�
�

�

(2.5.1)

and we wish to extend the functor F alongK to a new functor L : D Ñ E with
a natural transformation η : F ñ LK. We do not require L to be an actual
extension of F , meaing we do not require that LK � F , We only require that
the two be related by the natural transformation η : F ñ LK. We want it
to have the following universal property: given another such extension G and
natural transformation γ : F ñ GK

C F //

K

��:
::

::
::

::
::

E

ó γ

D,

G

AA�����������
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there is a unique natural transformation λ : L ñ G with γ � pλKqη. If such
an L exists, it is unique and is called the left Kan extension of F along
K. We will denote it from now on by pLanKF, ηq or simply LanKF .
One can also define the right Kan extension of F along K, pRanKF, εq

in a similar way with the direction of the natural transformations (but not
the functors) reversed. We will see in §2.5B that for small C and cocomplete
(complete) E , LanKF (RanKF ) exists and can be expressed as a certain
coend (end).
Equivalently, K induces a precomposition functor (natural transformation)

ED K�
// EC (2.5.2)

for which we are seeking left and right adjoints LanK and RanK that could
be applied to any F .
Given a right Kan extension as above, one can ask if it is preserved by a

functor out of E , that is (in the right case), given a functor G : E Ñ F , if the
following diagram commutes:

C E F

ò ε

D

F

K

G

R
an

K
F

Ra
nK
GF

where the natural transformation associated with RanKGF is G�ε as in
Proposition 2.2.3. The following definition is taken from [Rie14, 1.3.4].

Definition 2.5.3. Pointwise Kan extensions. For locally small E the right
Kan extension RanKF is a pointwise right Kan extension if it is preserved
by all representable functors He : E Ñ Set, namely the functors given by
e1 ÞÑ Epe, e1q for some object e of E. Dually, the left Kan extension LanKF

is a pointwise left Kan extension if it is preserved by all corepresentable
functors He1 : E Ñ Setop, namely the functors given by e ÞÑ Epe, e1q for some
object e1 of E.

The following is an immediate consequence of the definitions.

Proposition 2.5.4. Kan extensions as adjoints to precomposition.
The left (right) Kan extension LanK (RanK) induces a functor

K! : EC Ñ ED pK� : EC Ñ EDq
which is the left (right) adjoint of the precomposition functor K� of (2.5.2).

Some authors (for example [Lur17, Construction 6.1.6.4]) denote the right
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adjoint above by K�. We prefer to use that notation for a covariant functor
induced by K, such as K� : CJ Ñ DJ .
All of the Kan extensions we will consider in this book are pointwise Kan

extensions. The name comes from the fact that they can be computed on any
element d of D as the limit or colimit of the functor

pdÓCq U // C F // E , (2.5.5)

where pdÓCq is as in Definition 2.1.51 and U is the codomain functor. This
means the objects of pdÓCq are pairs pf, cq with c an object in C and f :

Kpcq Ñ d a morphism in D. The functor FU sends such an object to F pcq.
The following converse was proved by Mac Lane as [ML98, X.5.3].

Theorem 2.5.6. Pointwise Kan extensions as limits or colimits. The
right (left) Kan extension of F along K is a pointwise Kan extension iff its
value on each object d of D is the limit (colimit) of the functor FU of (2.5.5),
in which case, in particular, this limit (colimit) exists.

In the following examples we will often refer to the diagrams

C F //

K

��:
::

::
::

::
: E

ó η

D

LanKF

AA�
�

�
�

�

and C F //

K

��:
::

::
::

::
: E

ò ε

D.

RanKF

BB�
�

�
�

�

(2.5.7)

Example 2.5.8. Some Kan extensions.

(i) Suppose that E � C and F is the identity functor 1C. Then its left (right)
Kan extension along K is the left adjoint L (right adjoint R) of K with
unit η (counit ε).

(ii) Suppose C is small and D is the terminal category, meaning it has just
one object and one morphism. Hence the right and left Kan extension of
F along the constant functor K are choices of an object in E with suitable
properties. They are the limit and colimit of the diagram in E defined by
F .

(iii) For each object d let Cd � K�1d, the subcategory of C whose objects map
to d under K, and let Fd � F |Cd, the restriction of F to that subcategory.
Then the value of the left (right) Kan extension on d is the colimit (limit)
of Fd.

(iv) Let E be the category of vector spaces over a field k. It is bicomplete. Let D
and C be the one object categories corresponding to a group G and a subgroup
H, and let K : C Ñ D be the inclusion functor. Then a functor V : C Ñ E
is a representation of H over k. Equivalently it is a krHs-module, where
krHs denotes the group ring of H over k. Its left Kan extension LanKV is
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the induced representation

IndGHV :� krGs bkrHs V.
Its right Kan extension is known as the coinduced representation of G,
defined to be the krGs-module

CoindGHV :� HomkrHspkrGs, V q.
(v) Let φ : G̃ Ñ G be a surjective group homomorphism with kernel N , and

let C be a cocomplete category. The φ induces a precomposition functor
φ� : CG Ñ CG̃. Its left adjoint i! : CG̃ Ñ CG sends a G̃-object X to its orbit
object X{N with the residual G-action. To see this let Y denote a G-object.
Then the adjunction means that there is an isomorphism

CG̃pX,φ�Y q � CGpi!X,Y q (2.5.9)

The subgroup N acts trivially on φ�Y , so any G̃-equivariant map to it
from X factors uniquely through the orbit object X{N , which means that
the latter is i!X.

In particular if G is trivial and G̃ � N , then the functor φ� is the
functor ∆ of Example 2.2.30(iii), which endows an object in C with the
trivial N -action, and (2.5.9) is the orbit adjunction.

2.5B A formula for Kan extensions
Before giving the formula for a Kan extension below, we offer the following.

Example 2.5.10. A cautionary toy example. Suppose E is the category
with two objects a and b and two nonidentity morphisms aÑ b. It is neither
complete nor cocomplete because there is no equalizer or coequalizer for the
pair of morphisms, and it has no initial or terminal object.

Let C be the empty category and let D be the trivial category, meaning
it has one object with only an identity morphism. Thus functors from C to
E and natural transformations between them are vacuous, while a functor
D Ñ E amounts to a choice of object in E. This means that a left (right) Kan
extension is an initial (terminal) object in E. Since E has neither, the two
Kan extensions do not exist.

We now give a formula for the left (right) Kan extension for small C and
cocomplete (complete) E as a coend (end). In the former case for each object
d in D the formula is (see [ML98, X.4.1-2])

LanKF pdq �
»
C
DpKpcq, dq � F pcq. (2.5.11)

Some explanation is in order. Part of the “integrand” is DpKpcq, dq, the set
of morphisms in D from Kpcq to d. As a set valued functor it is contravariant
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in c. This set gets “multiplied” by the object F pcq in the cocomplete cate-
gory E . This means we take the coproduct of F pcq with itself indexed by the
set DpKpcq, dq. This is a tensor product in the sense of Example 3.1.49 be-
low. When the set is empty, this coproduct is the terminal object of E . The
integrand is thus the E-valued functor

DpKp� q, dq � F p� q
evaluated on the object pc, cq of Cop � C. Hence we are describing LanKF pdq
as a certain colimit in E , namely that of the functor (2.5.5).
Similarly for small C and complete E the formula for the right Kan extension

is

RanKF pdq �
» C

F pcqDpd,Kpcqq. (2.5.12)

Here “multiplication” is the product in E . We take the product of the object
F pcq with itself indexed by the set Dpd,Kpcqq, which we write as F pcqDpd,Kpcqq
as in Definition 3.1.31 below. This end is the limit in E of the functor FU of
(2.5.5).
We will give enriched analogs of (2.5.11) and (2.5.12) below in Proposi-

tion 3.2.35.

Example 2.5.13. Adjoints, limits and colimits. Applying this formula to
the first two cases of Example 2.5.8, we find that

Lpdq �
»
C
DpKpcq, dq � c

Rpdq �
» C

DpKpcq, dq � c

colimF �
»
C
F pcq

limF �
» C
F pcq.

Example 2.5.14. The Yoneda reduction and coreduction again. In
the diagrams of (2.5.7), let D � C with K � 1C, and let E � Set. Then
Ran1CF � F , so (2.5.12) reads

F pdq �
» C

SetpCpd, cq, F pcqq �
» C

SetpHdpcq, F pcqq � NatpHd, F q

Thus we recover the Yoneda Reduction of Proposition 2.4.20.
We also have Lan1CF � F , so (2.5.11) reads

F pdq �
»
C
Cpc, dq � F pcq.

This is the Yoneda coreduction of Proposition 2.4.24.
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The following can be found in [MMSS01, Proposition 3.2, proved in §23]
and in [Kel82, Proposition 4.23].

Proposition 2.5.15. Kan extensions along fully faithful functors. Let
α : K Ñ J be a fully faithful functor between small categories, and let C be
a cocomplete (complete) category. Let α� : CJ Ñ CK be the precomposition
functor as in (2.5.2), and let α! : CK Ñ CJ (α� : CK Ñ CJ) be the functor
induced by left (right) Kan extension as in Proposition 2.5.4. Then the unit
η : 1CK ñ α�α! (counit ε : α�α� ñ 1CK ) of the adjunction of Proposition 2.5.4
is a natural equivalence.

More precisely, for any object k in K and any functor F : K Ñ C, we have

pα�α!F qk � Fk ppα�α�F qk � Fkq
with the unit (counit) of the adjunction inducing the identity map. Thus CK
is a full coreflective (reflective) subcategory of CJ as in Definition 2.2.49.

If in addition C is bicomplete, then right (left) adjoint α� is also a left
(right) adjoint, namely that of the right (left) Kan extension, and CK is a
bireflective subcategory of CJ as in Definition 2.2.50.

We will use this in the proof of Theorem 5.4.21 below.

Proof We will prove this in the cocomplete case, the proof of the dual state-
ment being similar. Given an object in CK , meaning a functor F : K Ñ C,
and an object j in J , we have

pα!F qj �
»
kPK

Jpαpkq, jq � Fk by (2.5.11).

It follows that for an object k1 in K,

pα�α!F qk1 �
»
kPK

Jpαpkq, αpk1qq � Fk

�
»
kPK

Kpk, k1q � Fk since α is fully faithful

� Fk1 by Proposition 2.4.24,

so the functors α�α!F and F are naturally isomorphic.

2.6 Monoidal and symmetric monoidal categories

2.6A Basic definitions
A monoidal category is a monoid object in the category of categories. More
explicitly, we have the following, which is taken from [ML98, VII.1].
The symbol l below is meant to denote a generic binary operation. Hence

it could be replaced by symbols such as b, `, ^ and _, which could refer to
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specific binary operations in certain categories. We will also use the symbol
l for a specific binary operation in Definition 2.6.12 below.

Definition 2.6.1. A category C is monoidal if it has a binary operation
l : C � C Ñ C (called a monoidal structure) and a unit object 1 with natural
isomorphisms

pX l Y ql Z
aX,Y,Z

�
// X l pY l Zq ,

X l 1
ρX

�
// X , and 1lX

λX

�
// X

for all objects X, Y and Z, called the associator, right unitor and left
unitor. They are required to satisfy the following coherence conditions:

(i) The isomorphisms λ1 and ρ1 from 1l 1 to 1 are the same.
(ii) For all objects X and Y the following diagram commutes.

X l p1l Y q aX,1,Y //

X lλY %%LL
LLL

LLL
L

pX l 1ql Y

ρX lYyyrrr
rrr

rrr

X l Y

(iii) For all objects W , X, Y and Z the following diagram (the Stasheff pen-
tagon) of isomorphisms commutes. Here we omit the symbol l in object
names to save space.

pWXqpY Zq
aWX,Y,Z

))RRR
RRR

RRR
RRR

R

W pXpY Zqq

aW,X,Y Z

55lllllllllllll

W l aX,Y,Z

��6
66

66
66

66
66

66
ppWXqY qZ

W ppXY qZq aW,XY,Z // pW pXY qqZ

aW,X,Y lZ

DD�������������

While the isomorphisms and coherence diagrams are part of the structure,
they are typically omitted from the notation, the monoidal category in question
being denoted by pC,l,1q. A monoidal category that is also complete (cocom-
plete) is said to be Cartesian (coCartesian) if l is the categorical product
(coproduct) and 1 is the terminal (initial) object.

The category C is symmetric monoidal if it also has a natural isomor-
phism

X l Y
τX,Y

�
// Y lX, (2.6.2)
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the twist isomorphism, with τY,X � pτX,Y q�1 such that the following dia-
grams commute for all X, Y and Z: the triangle identity

1lX
τ1,X //

λX   A
AA

AA
AA

X l 1

ρX~~}}
}}
}}
}

X

and the first hexagon identity

pX l Y ql Z
aX,Y,Z //

τX,Y lZ

��

X l pY l Zq τX,Y lZ // pY l ZqlX

aY,Z,X

��
pY lXql Z

aY,X,Z // Y l pX l Zq Y l τX,Z // Y l pZ lXq.
(2.6.3)

We will often omit the subscripts of τ .
Equivalently there is a natural transformation τ between the two functors

pX,Y q � // X l Y

C � C //// C

pX,Y q � // Y lX

with suitable properties.

There is a weaker notion of a braided monoidal category in which there
is a twist isomorphism, but τY,XτX,Y is not required to be the identity on
X l Y . Its definition requires a second hexagon identity, namely (2.6.3)
with X and Y reversed.

Definition 2.6.4. A monoidal category C as in Definition 2.6.1, symmetric
or not, is strict (or strictly monoidal) if the isomorphisms aX,Y,Z , ρX and
λX are identity morphisms in all cases.

In a strict symmetric monoidal category, we do not requite the twist iso-
morphism τX,Y of (2.6.2) to be an identity morphism.

Remark 2.6.5. Natural equivalences. The natural isomorphisms aX,Y,Z ,
ρX , λX and τX,Y in the above definitions are components of natural equiva-
lences between the relevant functors. We leave this formulation as an exercise
for the reader.

Definition 2.6.6. Addition functors and morphisms. Let pC,`,0q be
a symmetric monoidal category, so ` : C � C Ñ C is a functor with two
covariant variables. By setting one of them equal to an object A in C we get
two addition functors

αA � A` p� q : C Ñ C given by X ÞÑ A`X
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and ωA � p� q `A : C Ñ C given by X ÞÑ X `A.

These functors are naturally isomorphic to each other but not identical. When
the objects A `X and X ` A are not merely isomorphic, but equal, the two
functors induce the same maps on objects but not necessarily on morphisms.

For each pair of objects X and Y in C, these functors induce an addition
morphisms of morphism sets

αA,X,Y : CpX,Y q Ñ CpA`X,A` Y q
and ωA,X,Y : CpX,Y q Ñ CpX `A, Y `Aq

given by f ÞÑ αApfq and f ÞÑ ωApfq respectively.

The following is an immediate consequence of this definition.

Proposition 2.6.7. Relations between α and ω. Let C as in Defini-
tion 2.6.6, and let U , V and W be any three objects in C. Then the following
diagrams of sets commute.

Cp0,W q ωU,0,W //

αV,0,W

��

Cp0` U,W ` Uq
αV,0`U,W`U

��
CpV ` 0, V `W q ωU,V`0,V`W // CpV ` 0` U, V `W ` Uq

and

Cp0,W q � CpU, V ` Uq τ //

ωV`U,0,W�α0,U,V`U

��

CpU, V ` Uq � Cp0,W q
αW,U,V`U�ωU,0,W

��
Cp0` V ` U,W ` V ` Uq

�
Cp0` U,0` V ` Uq

j1

%%LL
LLL

LLL
L

CpW ` U,W ` V ` Uq
�

Cp0` U,W ` Uq

j2

zzttt
ttt

ttt

Cp0` U,W ` V ` Uq,

where τ permutes the two factors, and j1 and j2 are composition morphisms.

Proof Let f : 0 Ñ W be a morphism in C. Chasing it around the first
diagram, we have

f
� //

_

��

f ` U_

��
V ` f � // V ` f ` U

Now let g : U Ñ V `U be a second morphism in C. The chasing pf, gq around
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the second diagram gives

pf, gq � //
_

��

pg, fq
_

��
pf ` V ` U,0` gq

�

''NN
NNN

NNN
NN

pW ` g, f ` Uq1

xxqqq
qqq

qqq
q

f ` g.

Proposition 2.6.7 also holds in the enriched case after suitable reinterpre-
tation. See Remark 3.1.52 below.

Remark 2.6.8. Isomorphic objects need not be equal. Note that we
have taken care not to equate A`B with B `A and A with either A` 0 or
0`A. In a general symmetric monoidal category they are naturally isomorphic
but not equal. When working in a strict symmetric monoidal category as in
Definition 2.6.4, we may identity A`0 and 0`A with A. See Remark 7.2.13
below.

Definition 2.6.9. Ideals in a symmetric monoidal category. Let pC,`,0q
be a symmetric monoidal category. An ideal in C is a full subcategory D such
that for any object c in C and d in D, c`d is also in D. The principal ideal
Cd generated by an object d in C consists of all objects of the isomorphic to
c` d for some object c.

Without symmetry, one could speak of left, right and two sided ideals, but
we will not need such notions here.

Example 2.6.10. The category rC, Cs of endofunctors of a category C is
the category whose objects are endofunctors E : C Ñ C and whose morphisms
are natural transformations between such functors. It is monoidal (but not
symmetric monoidal) under composition with the identity functor as unit.

Proposition 2.6.11. A coend reduction for small monoidal cate-
gories. Let pD,`,0q be a small monoidal category. Then for any two objects
X and Y of D, »

D
DpW `X,Y q �Dp0,W q � DpX,Y q.

Proof The argument is similar to to that of Proposition 2.4.24. Given

pf, gq P DpW `X,Y q �Dp0,W q,
we have

X � 0`X
g`X // W `X

f // Y.
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Hence for each object W in D we have a map

DpW `X,Y q �Dp0,W q Ñ DpX,Y q

and therefore a mapº
WPD

DpW `X,Y q �Dp0,W q Ñ DpX,Y q.

To show that the target is the desired coequalizer it suffices to observe that
for every morphism β :W ÑW 1, f 1 :W 1 `X Ñ Y and g : 0ÑW in D, the
following diagram commutes.

pf 1pβ `Xq, gq
�

��

DpW `X,Y q
�Dp0,W q

��=
==

==
==

==
==

==

pf 1, gq
U

66

i

((

DpW 1 `X,Y q
�Dp0,W q

pβ`Xq��Dp0,W q

>>|||||||||||||

DpW 1`X,Y q�β�

  B
BB

BB
BB

BB
BB

BB
DpX,Y q f 1pβ `Xqpg `Xq

� f 1pβg `Xq

DpW 1 `X,Y q
�Dp0,W 1q

@@�������������

pf 1, βgq
,

II

The following should be compared with Definition 2.3.9.

Definition 2.6.12. Pushout and pullback corner maps. Let C, D and E
categories with a functor b : C �D Ñ E where E is cocomplete. In particular
we could have C � D � E, a monoidal category with pushouts.

(i) Let f : A Ñ B and g : X Ñ Y be morphisms in C and D respectively.
Consider the diagram in E
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Ab Y

""E
EE

EE
EE

EE
EE

E

fbY

**UUU
UUUU

UUUU
UUUU

UUUU
UUUU

UUU

AbX

Abg

::uuuuuuuuuuuuu

fbX

$$I
II

II
II

II
II

II
P

f l g // B b Y,

B bX

<<yyyyyyyyyyyy
Bbg

44iiiiiiiiiiiiiiiiiiiiiiiiii

where P is the pushout of Abg and fbX, and flg is the canonical map
from it to BbY . Then f l g is the pushout corner map formed by
tensoring f and g, also known as the pushout product of f with
g.

(ii) Given sets of maps I in C and I 1 in D, define a set of maps I l I 1 in
E by

I l I 1 �  
f l g : f P I, g P I 1

(
. (2.6.13)

Compare this with the corner map of Definition 2.3.57.

(iii) More generally suppose we have an n-fold product functor

â
: C1 � C2 � � � � Cn Ñ E

and morphisms fi : Ai Ñ Bi in Ci for 1 ¤ i ¤ n. Tensoring these maps
together leads to a functor F : Ppnq Ñ E for Ppnq the poset category of
Proposition 2.3.53. When E is cocomplete, we get a canonical map from
the n-fold pushout colim

P1pnq
G (which is described as a simple pushout in

n different ways for n ¡ 2 in Proposition 2.3.53) to the tensor product
of all the Bi. This is the n-fold pushout corner map denoted by
f1 l � � �l fn. Again compare this with Definition 2.3.57.

When the maps fi are all the same map f : A Ñ B, we denote this
map by fln, the nth pushout power of f . The symmetric group Σn
acts on both its domain and codomain, and the map is equivariant. We
denote the induced map on orbit objects by fln{Σn.
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(iv) Dually, suppose that E is complete and consider the diagram

Ab Y

$$I
II

II
II

II
II

II

fbY

$$I
II

II
II

II
II

II

AbX

Abg

44iiiiiiiiiiiiiiiiiiiiiiiiii

fbX

**UUU
UUUU

UUUU
UUUU

UUUU
UUUU

UUU
f3 g // R

<<yyyyyyyyyyyy

""E
EE

EE
EE

EE
EE

E B b Y,

B bX

::uuuuuuuuuuuu
Bbg

::uuuuuuuuuuuu

where R is the pullback of B b g and f b Y , and f3 g is the canonical
map to it to A bX. Then f3 g, the pullback corner map formed
by tensoring f and g, also known as the pullback product of f
with g.

(v) When E is complete, there is a canonical map to the n-fold pullback

lim
P0pnq

G

(which is described as a simple pullback in n different ways for n ¡ 2

in Proposition 2.3.53) from the tensor product of all the Ai. This is the
n-fold pullback corner map denoted by f1 3 � � �3 fn.

Example 2.6.14. The pushout (pullback) product with the map from
(to) the initial (terminal) object, and with an identity map. Suppose
that the category C in Definition 2.6.12 has an initial object ∅ and that f is
the map ∅Ñ B. Then then the map f l g is the map Bb g. Dually, if C has
a terminal object � and f is the map AÑ �, then f3 g � Ab g.

If f � 1B is an identity morphism, and g : X Ñ Y , then f l g � 1BbY and
f3 g � 1BbX .

Definition 2.6.15. Pushout corner maps and horns. In T op, let I 1 in
(2.6.13) consist of a single map f : AÑ B, and let

I �  
in : Sn�1 � BDn Ñ Dn : n ¥ 0

(
When f is a closed inclusion, in l f is the map

Dn �AYSn�1�A S
n�1 �B Ñ Dn �B.

In T (the pointed analog), let I 1 in (2.6.13) consist of a single pointed map
f : pA, a0q Ñ pB, b0q, and let

I� �
 
in� : Sn�1

� Ñ Dn
� : n ¥ 0

(
where X� denotes the space X with a disjoint base point. When f is a closed
pointed inclusion, in� l f is the map

Dn 
AYSn�1
A S
n�1 
B Ñ Dn 
B,
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where X 
 Y is the left half smash product of Definition 2.1.49. Note here
that for a pointed space pY, y0q,

X 
 Y � pX � Y q{pX � ty0uq, (2.6.16)

where the base point on the right is the image of X � ty0u.
In both cases the set I l tfu is called the set of horns on f , denoted by

Λ tfu, in [Hir03, Definition 1.3.2].

See Definition 6.3.8 below for a generalization of the above.

Example 2.6.17. The pushout corner formed by the Cartesian prod-
uct of two boundary inclusions. For C � D � E � T op with b the
Cartesian product, let in : Sn�1 Ñ Dn be the inclusion of the boundary. Then
im l in � im�n.

More generally if M and N are manifolds with boundaries, and with in-
clusion maps iM : BM Ñ M and iN : BN Ñ N , then iM l iN � iM�N :

BpM �Nq ÑM �N .
Compare this with Example 2.3.58.

Remark 2.6.18. Associativity of the pushout product. The map flg is
called the pushout product of f and g in [Hov99, 4.2.1]. When C � D � E
is a cocomplete monoidal category, l is a binary operation on the category
Arr C of morphisms (and commutative squares) in C. It gives Arr C itself a
monoidal structure in which the unit object is the morphism from the initial
object to the unit object of C. We will say more about it below in § 2.6F.
Similarly when C � D � E is a complete monoidal category, 3 is a binary
operation on the category Arr C of morphisms in C with similar properties.

We will use this definition below in Proposition 3.1.53, Definition 5.5.3,
Definition 5.5.9 and Definition 6.3.8. We invite the reader to generalize it
further, replacing the n variable functor b by one which is covariant in some
of the variables and contravariant in others. The map of Definition 2.3.14 is
an example where C � D, E � Set, and the mixed functor C � C Ñ E is
the morphism set Cp� , �q, which is contravariant in the first variable and
covariant in the second.

2.6B Functors between monoidal categories
Definition 2.6.19. Let pC,`,0q and pD,b,1q be (symmetric) monoidal cat-
egories. A lax (symmetric) monoidal functor

F : pC,`,0q Ñ pD,b,1q
is a functor F equipped with a natural transformation

µ : F p� q b F p� q ñ F p� ` �q
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of functors C � C Ñ D and a morphism ι : F p0q Ñ 1 in D satisfying the
following conditions:

 For all objects X,Y, Z in C, the following diagram commutes in D.

pF pXq b F pY qq b F pZq aF pXq,F pY q,F pZq //

µX,Y bF pZq

��

F pXq b pF pY q b F pZqq
F pXqbµY,Z

��
F pX ` Y q b F pZq
µX`Y,Z

��

F pXq b F pY ` Zq
µX,Y`Z

��
F ppX ` Y q ` Zq

F paX,Y,Zq
// F pX ` pY ` Zqq

 For each object X of C, the following diagrams commute in D.

F pXq b 1
ρD //

F pXqbι

��

F pXq

F pXq b F p0q
µX,0

// F pX b 0q
F pρCq

OO
and 1b F pXq λD //

ιbF pXq

��

F pXq

F p0q b F pXq
µ0,X

// F p0bXq.
F pλCq

OO

 In the symmetric case the following diagram commutes for all objects X
and Y in C.

F pXq b F pY q τF pXq,F pY q //

µX,Y

��

F pY q b F pXq
µY,X

��
F pX ` Y q F pτX,Y q // F pY `Xq.

F is oplax if the arrows µ and ι are reversed and the coherence diagrams
modified accordingly.

Definition 2.6.20. A functor F : C Ñ D as in Definition 2.6.19 is strong
(symmetric) monoidal if ι is an isomorphism and µX,Y is a natural iso-
morphism. F is strictly (symmetric) monoidal, or simply (symmetric)
monoidal, if ι and µX,Y are identity morphisms. Then we say that D is a
C-algebra.

Recall that a ring homomorphism RÑ S makes S into an R-algebra.
Note that a strong monoidal functor is both lax and oplax. Some authors

use the term “lax comonoidal” instead of “oplax monoidal.”

Proposition 2.6.21. Monoidal adjoints. Let C and D be (symmetric)
monoidal categories and let

F : C K
//
D : Goo

be a pair of adjoint functors. Then F is oplax (symmetric) monoidal iff G is
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lax (symmetric) monoidal. In particular G is lax monoidal when F is strong
monoidal, and F is oplax monoidal when G is strong monoidal.

Proof Suppose G is lax monoidal, so for each pair of objects D1 and D2 in
D we have a morphism

µ : GpD1q `GpD2q Ñ GpD1 bD2q
in C, which is adjoint to a morphism

µ1 : F pGpD1q `GpD2qq Ñ D1 bD2

in D. Now suppose each Di is F pCiq for an object Ci in C, so we have

µ1 : F pGF pC1q `GF pC2qq Ñ F pC1q b F pC2q.
We can precompose this with F pηp� q ` ηp� qq, where η is the unit of the
adjunction as in Definition 2.2.20.
Thus we get a morphism

µ2 : F pC1 ` C2q Ñ F pC1q b F pC2q.
This is an instance of the natural transformation required for F to be an oplax
monoidal functor. We leave the remaining details to the reader.
A dual argument shows that G is lax monoidal when F is oplax monoidal.

For more discussion of the following, see [JK02].

Definition 2.6.22. A module category over a monoidal category V or
V-module is a category C with a strong monoidal functor (Definition 2.6.19)
A : V Ñ rC, Cs, where rC, Cs is the endofunctor category of Example 2.6.10.
Given objects V and C in V and C, we get an object V C :� ApV qpCq, and
hence an action of V on C.

Example 2.6.23. Cocomplete categories as Set-modules. A cocomplete
category C as in Definition 2.3.25 is a module over pSet,�, �q, i.e., for an
object C in C and a set V , we can make sense of A � C and there is an
endofunctor A of C given by ApCq � V � C.

Remark 2.6.24. The word “module.” This is our first use to the word
“module” to denote something other than an object M in a monoidal cat-
egory with a map R b M Ñ M or M b R Ñ M where R is a “ring” or
“monoid,” an object in the same category equipped with a map R b R Ñ R;
see Definition 2.6.58 and Example 3.1.67 below.

Here a module is itself a category with suitable properties in relation to an-
other category with a monoidal structure of its own. The word will be used in
a similar way below in Definition 2.6.42, where we define a closed V-module,
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which has more structure than a V-module as above. We will define a corre-
sponding notion (Quillen modules over a Quillen ring) for model categories
in Definition 5.5.17 below.

The following is straightforward.

Proposition 2.6.25. Functors into a (symmetric) monoidal category.
Let J be a small category and pC,b,1q a (symmetric) monoidal categry.

(i) The functor category CJ is also a (symmetric) monoidal category in which
the product operation is defined objectwise and the unit is the constant
1-valued functor on J .

(ii) A functor F : J Ñ K to a second small category K induces a functor
F� : CK Ñ CJ which is (symmetric) monoidal (Definition 2.6.19).

(iii) CJ is tensored over C (see Definition 3.1.31 below), meaning that for a
functor H : J Ñ C and an object X in C, we can define a functor H bX

by pH bXqpjq � Hpjq bX.

When J is also symmetric monoidal and enriched over the symmetric mon-
oidal category C, the functor category has an additional symmetric monoidal
structure called the Day convolution, which is the subject of §3.3.

2.6C Two variable adjunctions
The following is taken from [Hov99, Definition 4.1.12] and was originally given
in [Kan58a, §4.3]. See also [Shu06, Definition 14.2].

Definition 2.6.26. For categories C, D and E, a two variable adjunction
is a quintuple pb,Hom`,Homr, ϕ`, ϕrq, where

b : C �D Ñ E , Hom` : Cop � E Ñ D and Homr : Dop � E Ñ C

are functors, and ϕ` and ϕr are natural isomorphisms

DpD,Hom`pC,Eqq EpC bD,Eqϕ`

�
oo ϕr

�
// CpC,HomrpD,Eqq

for objects C, D and E in the categories C, D and E respectively. We will
sometimes drop the isomorphisms from the notation and write it as

pb,Hom`,Homrq : C �D Ñ E .

A closed symmetric monoidal category as in Definition 2.6.33 below is a
category C equipped with a two variable adjunction in which C � D � E .
Thus we have two ordinary adjunctions,

pC b�q % Hom`pC, �q (2.6.27)
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as functors between D and E for each C in C, and

p� bDq % HomrpD, �q (2.6.28)

as functors between C and E for each D in D.
For each object E in E we have functors

Hom`p� , Eq : Cop Ñ D and Homrp� , Eq : Dop Ñ C (2.6.29)

and therefore

Homop
` pE, �q : C Ñ Dop and Homop

r pE, �q : D Ñ Cop. (2.6.30)

These lead to two more equivalent ordinary adjunctions, in addition to those
of (2.6.27) and (2.6.28). We have not seen them in the literature, but we will
use them below in Proposition 5.5.8, Proposition 5.5.21 and Lemma 5.8.51.

Proposition 2.6.31. Two more equivalent adjunctions. Let C, D and
E be as in Definition 2.6.26. Then for each object E of E, the functors of
(2.6.29) and (2.6.30) form equivalent adjunctions

Homop
` pE, �q % Homrp� , Eq and Homop

r pE, �q % Hom`p� , Eq.

Proof For the first of these we have

DoppHomop
` pE,Cq, Dq

� // DpD,Hom`pC,Eqq
ϕrϕ

�1
` // CpC,HomrpD,Eqq,

so this composite is the desired adjunction isomorphism. The second adjunc-
tion is similar. The two are equivalent by Proposition 2.2.16.

The following result is immediate.

Proposition 2.6.32. Naturality of two variable adjunctions. Let

pb,Hom`,Homr, ϕ`, ϕrq

be as in Definition 2.6.26, and suppose there is an adjunction

F : D1
K
//
D : G.oo

Then pb1,Hom1
`,Hom1

r, ϕ
1
`, ϕ

1
rq is a two variable adjunction in which D is

replaced by D1 and for objects C, D1 and E in the three categories,

C b1 D1 :� C b F pD1q in E
Hom1

`pC,Eq :� GpHom`pC,Eqq in D1

Hom1
rpD1, Eq :� HomrpF pD1q, Eq in C
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and the isomorphisms ϕ1` and ϕ1r are given by the diagram

DpF pD1q,Hom`pC,Eqq
� ��

EpC b F pD1q, Eqϕ`

�
oo ϕr

�
// CpC,HomrpF pD1q, Eqq

D1pD1, GpHom`pC,Eqqq

D1pD1,Hom1
`pC,Eqq EpC b1 D1, Eqϕ1`

�
oo ϕ1r

�
// CpC,Hom1

rpD1, Eqq.

Conversely given a two variable adjunction pb1,Hom1
`,Hom1

r, ϕ
1
`, ϕ

1
rq for C,

D1 and E and an adjunction F % G as above, there is a two variable adjunction
pb,Hom`,Homr, ϕ`, ϕrq for C, D and E in which, for objects C, D and E in
the three categories,

C bD :� C b1 GpDq in E
Hom`pC,Eq :� F pHom1

`pC,Eqq in D
HomrpD,Eq :� Hom1

rpGpDq, Eq in C

and the isomorphisms ϕ` and ϕr are determined by ϕ1` and ϕ1r in a similar
way.

There are similar statements for an adjunction

F : C1 K
//
C : G.oo

2.6D Closed monoidal categories
The simplest example of a closed symmetric monoidal category (to be defined
momentarily) is the category Set of sets, for which the binary operation is
Cartesian product. Here we have the identity

SetpX � Y, Zq � SetpX,SetpY, Zqq,
meaning that a map from the Cartesian product X � Y is the same thing a
family of maps from Y parametrized by X. Equivalently the functor p�� Y q
has a right adjoint, SetpY, �q. In a general symmetric monoidal category
pC,b,1q, the functor �b Y may or may not have a right adjoint.

Definition 2.6.33. A monoidal category (symmetric or not) pC,b,1q is
closed, if for each object Y in C, the functor p� q b Y : C Ñ C has a
right adjoint denoted by p� qY or CpY, �q, the internal Hom functor with

Cp1, CpY, Zqq � CpY, Zq.
and more generally

CpX, CpY, Zqq � CpX b Y, Zq (2.6.34)

with the isomorphism being natural in all three variables.
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Equivalently pC,b,1q is closed if there is a two variable adjunction as in
Definition 2.6.26) with C � D � E, Homr � Hom` � C, and ϕr � ϕ` is the
isomorphism above with appropriate conditions on the binary operation b.

Remark 2.6.35. Notation for the internal Hom functor. We will often
denote the internal Hom functor by Cp� , �q rather than CpX,Y q. We will
use the latter notation only when we need to make a distinction between the
morphism set and the morphism object. In most cases the latter will be some
sort of topological space, and we will have no need to consider its underlying
set.

Some authors, such as Morten Brun, Bjørn Dundas and Martin Stolz
[BDS16], denote the internal Hom functor by HomCp� , �q. [Kel82, §1.5]
denotes it by r�,�s (where the variables are objects in C), the same symbol
he used for enriched functor categories, where the variables are V-categories.

The following is proved in [BDS16, Lemma 5.1.8] and by Riehl in [Rie14,
Proposition 3.7.10].

Proposition 2.6.36. The adjunction relating tensor product and in-
ternal hom. In a closed monoidal category pC,b,1q there is a natural iso-
morphism

κX,Y,Z : CpX b Y, Zq � CpX, CpY, Zqq,

the closed monoidal adjunction isomorphism, and for each object Y in
C,

p� b Y q % CpY, �q (2.6.37)

as endofunctors on C.
If in addition C is symmetric, then there are also natural isomorphisms

CpY,CpX,Zqq � CpY bX,Zq � CpX b Y, Zq � CpX, CpY, Zqq, (2.6.38)

so

pY b �q % CpY, �q. (2.6.39)

We will see variants of this below in Definition 3.1.31 and Proposition 3.2.23.

Corollary 2.6.40. The unit and the internal Hom functor.

(i) For any objects Y and Z in a closed symmetric monoidal category pC,b,1q,
there are natural isomorphisms

CpY, Zq � Cp1, CpY, Zqq � CpY, Cp1, Zqq.
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(ii) Suppose we have a morphism f : Y Ñ 1. Then the following diagram
commutes up to natural isomorphism.

Cp1, CpY, Zqq � //

f� ))SSS
SSSS

SSSS
SSS

CpY, Cp1, Zqq

CpY,f�quukkkk
kkkk

kkkk
kk

CpY, CpY, Zqq.

Proof (i) For the first of these isomorphisms we have

CpY, Zq � Cp1b Y, Zq � Cp1, CpY, Zqq,
the second isomorphism being κ1,Y,Z . The second stated isomorphism is (2.6.38)
for X � 1.
(ii) This follows from the naturality of the isomorphism of (2.6.38).

Example 2.6.41. Some symmetric monoidal categories that are not
closed. The category of vector spaces over a field k and linear embeddings is
symmetric monoidal under direct sum, but it has no internal Hom functor.
The same goes for the symmetric monoidal categories J

Σ
K of Definition 7.2.4,

and JG and IG of Definition 8.9.24.

The following is taken from [Shu06, Definition 14.3].

Definition 2.6.42. Closed modules over a closed symmetric monoidal
category. Let V � pV0,l,1q be a closed symmetric monoidal category as in
Definition 2.6.33. A closed V-module C consists of a category C0 with

(i) a two variable adjunction (Definition 2.6.26)

pb, t�,�u ,Homp� , �qq : V0 � C0 Ñ C0,

where tX,Nu denotes the cotensor product NX (see Definition 3.1.31 be-
low) and HompM,Nq P V0 for M,N P C0 (the functor Hom being con-
travariant in the first variable),

(ii) a natural isomorphism a : K b pLbMq Ñ pK l Lq bM and
(iii) a natural isomorphism ` : 1bM ÑM

such that the diagrams corresponding to the three conditions listed in Defini-
tion 2.6.1 each commute. In particular C is a module category over V as in
Definition 2.6.22 with additional structure.

A closed topological category is a closed V-module for V � pT op,�, �q,
the category of topological spaces under Cartesian product. A pointed closed
topological category is a closed V-module for V � pT ,^, S0q, the category
of pointed topological spaces under smash product.

The model category analog of the above is Definition 5.5.17 below.



2.6 Monoidal and symmetric monoidal categories 161

Remark 2.6.43. The word “closed”. The use of that word in Defini-
tion 2.6.33 and Definition 2.6.42 is different from its use in topology. When
we say “closed topological category,” we are using the word in the monoidal
sense rather then the topological one.

The following should be compared with Example 2.6.23.

Example 2.6.44. Bicomplete categories as closed Set-modules. Let
V � pSet,�, �q in the above definition. Then any bicomplete (Definition 2.3.25)
category C0 has the indicated structure, where KbX and XK are the coprod-
uct and product indexed by the set K and HompM,Nq � C0pM,Nq is the
usual set of morphisms.

For general V, the coherence diagrams require the Hom functor to have a
“composition” morphism

vM,M 1,M2 : HompM 1,M2qlHompM,M 1q Ñ HompM,M2q,
with the expected properties. Thus HompM,Nq can be thought of as an object
in V0 substituting for the morphism set C0pM,Nq. This idea leads to the
theory of enriched categories, the subject of Chapter 3. A V-category is
one equipped with such a Hom functor, but not necessarily with the other
parts of the two variable adjunction of Definition 2.6.26. It is the subject of
Definition 3.1.1. In this sense an ordinary category is a Set-category. The
other two functors of Definition 2.6.42 are the subject of Definition 3.1.31.
The two variable adjunction above reappears in Proposition 3.1.47.
For more discussion about the following, see [GM11, §3].

Proposition 2.6.45. Changing symmetric monoidal categories. Let C
be a closed V-module as in Definition 2.6.42. Suppose there is another closed
symmetric monoidal category V 1 with an adjunction

F : pV 10,l1,11q � V 1 K
//
V � pV0,l,1q : Goo

in which F is strong symmetric monoidal as in Definition 2.6.19. Then C is
also a closed V 1-module.

Note that the roles of V and V 1 are not interchangeable here, unlike the
statement of Proposition 2.6.32. The closed symmetric monoidal category V
that we start with has to be on the right and the functor F to it has to be
strong symmetric monoidal, while the functor G from it need only be lax
symmetric monoidal.

Proof We use Proposition 2.6.32 to replace the two variable adjunction of
Definition 2.6.42 (i) with one of the form

pb1,Hom1p� , �qq, t�,�u : C0 � V 10 Ñ C0.
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Our assumption about F means there are isomorphisms ι1 : F p11q Ñ 1 and
µ1 : F pK 1ql F pL1q Ñ F pK 1 l1 L1q in V0 for objects K 1 and L1 in V 10.
We need to verify the existence of natural isomorphisms

r1 :M b1 11 ÑM

and

a1 : pM b1 K 1q b1 L1 ÑM b1 pK 1 l1 L1q
in C0 for objects K 1 and L1 in V 10 and M in C0.
For r1 we have

M b1 11 �M b F p11q
by definition, so we can define r1 � rpM b ι1q.
For a1 we have

pM b1 K 1q b1 L1 � pM b F pK 1qq b F pL1q
by definition, so we can define a1 to be pM b µ1qa since in that case

a1ppM b1 K 1q b1 L1q � pM b µ1qappM b F pK 1qq b F pL1qq
� pM b µ1qpM b pF pK 1ql F pL1qq
�M b F pK 1 l1 L1q
�M b1 pK 1 l1 L1q.

The following was noted by Shulman as [Shu06, Proposition 14.4]. See
[Hov99, Definition 4.1.14] for an alternate definition of a closed V-functor.

Proposition 2.6.46. Closed V-functors. Let C and D be closed V-modules
as in Definition 2.6.42, and let F0 : C0 Ñ D0 be an ordinary functor. Then
the following are equivalent.

(i) A V-functor (meaning a functor between V-modules preserving all structure
in sight) F : C Ñ D underlain by F0.

(ii) A natural transformation m : p� b F0p� qq ñ F0p� b �q of functors
V0 � C0 Ñ D0 that is associative and unital.

(iii) A natural transformation n : F0pt�,�uq ñ t�, F0p� qu of functors Vop0 �
C0 Ñ D0 that is associative and unital.

The collection of C-modules, C-module functors and C-module natural trans-
formations forms a 2-category; see §2.7.

2.6E Duality in a closed symmetric monoidal category
The material in taken from [LMSM86, Chapter III.1]. Later in the book (§8.0B
and §8.0C) we will apply the ideas here to categories of spectra in which the
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duality is that of Spanier-Whitehead, hence the notation for the unit S and
monoidal operation ^.
Before proceeding, we should warn the reader that the theory discussed here

is valid in any closed symmetric monoidal category, but it is not always
interesting. For example, let C be the category of topological spaces T op
under Cartesian product. Then the unit object is a point and the dual (as in
Definition 2.6.47(iii)) of any space X is a point. It follows that the only space
X for which DDX � X, that is the only finite object as in Definition 2.6.54
below, is a single point.

Definition 2.6.47. Evaluation, coevaluation, duality and related maps.
Let pC,^, Sq be a closed symmetric monoidal category.

(i) The evaluation map (compare with Example 2.1.16(v)) map is the counit
(see Definition 2.2.20) of the adjunction of (2.6.37), namely

εX,Y : CpX,Y q ^X Ñ Y.

(ii) The coevaluation map is the unit,

ηX,Y : X Ñ CpY,X ^ Y q.
(iii) The duality functor D : Cop Ñ C is given by

DX :� CpX,Sq,
and DX is the dual of X. We also will denote the opposite functor
Dop : C Ñ Cop abusively by D.

(iv) The natural transformation ρ : 1C ñ DD has X-component the double
dual map

ρX : X Ñ CpDX,Sq � DDX,

which is the adjoint of

εX,SτX,DX : X ^DX Ñ S.

Thus we have

ε̃X :� εX,S : DX ^X Ñ S. (2.6.48)

Note also that

CpDY,DXq � CpDY, CpX,Sqq � CpDY ^X,Sq
� CpX ^DY, Sq � CpY, CpDX,Sqq
� CpY,DDXq,

so we have a map

pρXq� : CpY,Xq Ñ CpY,DDXqq � CpDY,DXq
which is an isomorphism iff ρX is one.
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Proposition 2.6.49. The maps εS,X and ηS,X are isomorphisms in-
verse to each other, namely

εS,X : CpS,Xq ^ S � CpS,Xq Ñ X

and
ηX,S : X Ñ CpS,X ^ Sq � CpS,Xq.

Definition 2.6.50. The Cartesian product map for a closed monoidal
category. For objects X, X 1, Y and Y 1 in a closed monoidal category C �
pC0,^, Sq, there is a natural (in all four variables) morphism

ΠX,X1,Y,Y 1 : CpX,Y q ^ CpX 1, Y 1q Ñ CpX ^X 1, Y ^ Y 1q
generalizing that of Example 2.1.16(vii). It is a component of a natural trans-
foramtion between two C-valued functors on Cop � Cop � C � C. We leave the
details to the reader.

In particular there is a map from the smash product of two dual to the dual
of the smash product,

ΠX,X1,S,S : DX ^DX 1 Ñ DpX ^X 1q.
The self-duality map δX,Y is the composite

DY ^X

τDY,X

��

δX,Y // DpDX ^ Y q

X ^DY
ρX^DY // DDX ^DY.

ΠDX,Y,S,S

OO
(2.6.51)

The internal Hom product map νX,Y,Z is the composite

CpX,Y q ^ Z

CpX,Y q^ηS,Z

""E
EE

EE
EE

EE
EE

�

""E
EE

EE
EE

EE
EE

νX,Y,Z // CpX,Y ^ Zq.

CpX,Y q ^ CpS,Zq

ΠX,S,Y,Z

<<yyyyyyyyyyy

Proposition 2.6.52. The adjoint of the Cartesian product map ΠX,X1,Y,Y 1

is the composite

CpX,Y q ^ CpX 1, Y 1q ^X ^X 1

CpX,Y q^τCpX1,Y 1q,X^X
1

��
CpX,Y q ^X ^ CpX 1, Y 1q ^X 1

εX,Y ^εX1,Y 1

��
Y ^ Y 1.
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Example 2.6.53. Some closed monoidal categories. The symmetric
monoidal categories pSet,�, �q and pVectk,b, kq are closed. In Set one can
define ZY to be SetpY, Zq since the latter is a set by definition. In Vectk the
set VectkpY, Zq has a natural structure as a vector space over k, which we can
take as the definition of VectkpY, Zq.

The duality functor D is the usual linear dual, and we know that the map
ρV : V Ñ DDV as in Definition 2.6.47(iv) from a vector space to its double
dual is an isomophism iff V is finite dimensional.

We also know that for finite dimensional V there is a map k Ñ DV b V

whose composite with εV,k is multiplication by the dimension of V .

The special properties of finite dimensional vector spaces suggests there may
be similar objects in a closed symmetric monoidal category. The following is
similar to [LMSM86, Definition III.1.1]. In the category of spectra, the objects
that are finite in this sense are spectra that are finite in the usual sense, such
as in Remark 7.1.31 below.

Definition 2.6.54. Finite objects in a closed symmetric monoidal
category. An object X of C is finite or strongly dualizable if there is a
map η̃X : S Ñ X ^DX such that the diagram

S
η̃X //

ηS,X

��

X ^DX

τX,DX

��
CpX,Xq DX ^X

νX,S,Xoo

commutes.

2.6F The category of arrows in a closed symmetric monoidal
category

Given a bicomplete closed symmetric monoidal category pC,^, Sq, its mor-
phism category C1 is the same as the category of functors to C from the
bicomplete category p0 Ñ 1q with two objects and a single nonidentity mor-
phism. Hence C1 is also bicomplete, with limits and colimits defined objectwise.
We have two functors C1 Ñ C that send a morphism to its source and target,

C C1
Ev1 //Ev0oo C

X0 pf : X0 Ñ X1q � //�oo X1.

They have left and right adjoints Li and Ri given by

L0pXq � R1pXq � 1X , L1pXq � p∅Ñ Xq and R0pXq � pX Ñ �q.
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There are at least two ways to define a closed symmetric monoidal structure
on its morphism category C1.

Definition 2.6.55. Two closed symmetric monoidal structures on the
arrow category C1. For a closed symmetric monoidal category pC,^, Sq, the
tensor product monoidal structure on C1 is given by

f b g � f ^ g : X0 ^ Y0 Ñ X1 ^ Y1

for f : X0 Ñ X1 and g : Y0 Ñ Y1. The unit is the map 1S and the closed
structure is such that pC1qbpf, gq is the upper horizotal arrow in the pullback
diagram

CpX0, Y0q ^CpX0,Y1q CpX1, Y1q //

��

CpX1, Y1q

f�

��
CpX0, Y0q

g� // CpX0, Y1q.

(2.6.56)

The pushout product monoidal structure on C1 is the operation l of
Definition 2.6.12. The unit is ∅ Ñ S and the closed structure is given by
defining pC1qlpf, gq to be the morphism

CpX1, Y0q Ñ CpX0, Y0q ^CpX0,Y1q CpX1, Y1q.

associated with (2.6.56).

See Theorem 3.3.6 below for an alternate description of these two structures.

Remark 2.6.57. Internal and categorical homs.

(i) If we replace the internal hom objects in (2.6.56) by categorical hom sets,
then the pullback set CpX0, Y0q �

CpX0,Y1q
CpX1, Y1q is the set of commutative

diagrams of the form

X0
//

f

��

Y0

g

��
X1

// Y1,

which is pC1qbpf, gq by definition.
(ii) The object pC1qlpf, gq is similar to the pullback corner map of Defini-

tion 2.6.12. When C is concrete (Definition 2.1.9), its underlying map of
sets is the lifting test map C3pf, gq of Definition 2.3.14.

One has to verify that these two structures have the required properties.
The hardest part is showing that pf l gql h � f l pg l hq for h : Z0 Ñ Z1.
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Using the notation of Proposition 2.3.53, both can be shown to be the triple
corner map

colim
P23

F Ñ colim
P3

F � X1 ^ Y1 ^ Z1

where F is the cubical diagram in C obtained by smashing the maps f , g and
h.

2.6G Monoids, modules and algebras in a (symmetric)
monoidal category

The following material is discussed further in [ML98, Chapter VII].

Definition 2.6.58. A monoid in a monoidal category pC,b,1q is an object R
equipped with an associative multiplication m : RbRÑ R and unit η : 1Ñ R

with appropriate properties spelled out in [ML98, VII.3]. A left or right R-
module is an object M equipped with a morphism RbM ÑM or MbRÑM

with suitable properties. A commutative monoid in a symmetric monoidal
category pC,b,1q is a monoid in which the multiplication is commutative. We
denote the categories of such objects by Assoc C and Comm C.

The following follows immediately from the definitions.

Proposition 2.6.59. Completeness in Assoc C and Comm C. If the mon-
oidal category pC,b,1q is complete (cocomplete) and the binary operation b
preserves limits (colimits) in both variables, then the categories Assoc C and
Comm C are complete (cocomplete).

Example 2.6.60. Some categorical monoids. A monoid in pSet,�, �q is
an ordinary monoid. A monoid in pAb,b,Zq is an ordinary ring. A monoid
in the category of K-modules for a ring K is a K-algebra.

The following is proved by Brun-Dundas-Stolz in [BDS16, Lemma 5.1.15].

Lemma 2.6.61. The category of modules over a commutative monoid
R. Let R be a commutative monoid in a closed symmetric monoidal category
pC,b,1q which is bicomplete. Then the category pCR,bR, Rq of R-modules (as
in Definition 2.6.58) is also a closed symmetric monoidal category in which
the unit is R, the product M bR N is the coequalizer of

M bRbN ÑM bN ÑM bR N
where the two maps are the actions of R on M and N , and the internal Hom
functor is the equalizer of

CRpM,Nq Ñ CpM,NqÑ CpM bR,Nq
in which one of the two maps is induced by the action of R on M . For the
second, the structure map N b R Ñ N determines a map N Ñ CpR,Nq
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under the isomorphism CpN bR,Nq � CpN, CpR,Nqq. The latter gives a map
CpM,Nq Ñ CpM, CpR,Nqq, whose target is isomorphic by Proposition 2.6.36
to CpM bR,Nq.

If the binary operation b preserves colimits in both variables, then bR does
the same and CR is cocomplete.

Remark 2.6.62. Nonsymmetric products of modules. The product
M bR N can be similarly defined in a cocomplete monoidal category pC,b,1q
(without symmetry) for a right R-module M and left R-module N .

Definition 2.6.63. Associative and commutative algebras. For R and
C as in Lemma 2.6.61, a (commutative) R-algebra is a (commutative)
monoid (Definition 2.6.58) in CR. We denote the categories of such objects by
Assoc CR and Comm CR. One has forgetful functors

UR : Assoc CR Ñ CR and UR : Comm CR Ñ CR,

the free associative R-algebra functor

X ÞÑ TRpXq :�
º
n¥0

XbRn. (2.6.64)

and the free commutative R-algebra functor

X ÞÑ SymRpXq :�
º
n¥0

�
XbRn

�
Σn
. (2.6.65)

In both cases the unit is the inclusion of the 0th factor of the coproduct, and
multiplication is by concatenation of the coproduct factors. We denote the nth
component of the functor of (2.6.65) by Symn

R, the nth symmetric product
over R.

When R is the unit object, we drop it as a subscript in all cases.

The following is straightforward and is stated as [BDS16, Lemma 5.1.18].

Lemma 2.6.66. Adjoint functors related to R-modules and algebras.
Let R be a monoid in the monoidal category pC,b,1q. Then the left adjoint of
the forgetful functor from the category left (right) R-modules to C is Rb p� q
(p� q bR) where the action of R on the target is the multiplication in R.

For a closed symmetric monoidal category pC,b,1q that is also cocomplete,
the functors T of (2.6.64) and Sym of (2.6.65) are left adjoints of the forgetful
functors, so we have adjunctions

T : C K
//
AssocC : Uoo (2.6.67)

and

Sym : C K
//
CommC : Uoo (2.6.68)

and similarly with C replaced by CR.
The functors TR and SymR commute with sifted colimits (Definition 2.3.73).
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2.7 2-categories and beyond

The language of 2-categories gives a convenient reformulation of some of the
concepts of this and subsequent chapters. A friendly introduction to this sub-
ject can be found in [Lei04].
A 2-category is a category with certain additional structure. Just as the

simplest example of a category is that of sets and maps between them, the
archtypical example of a 2-category is that of categories, functors and natural
transformations. While it is common in category theory to assume that the
collection of morphisms between two given objects is a set (even though the
collection of objects is a proper class instead of a set), no such assumption is
made about 2-categories. In addition to collections of objects and morphisms
(categories and functors in the archtypical example), one also has a collection
of 2-morphisms between morphisms having the same source and target.
These are best understood with the help of the following diagrams (which

were copied from [Haz00, Bicategories and 2-categories by Ross Street]), in
which upper case Roman letters denote objects, lower case ones denote mor-
phisms (or 1-morphisms) and lower case Greek letters denote 2-morphisms.
First we have

A

f

((

g

66ó θ B

where θ : f ùñ g is a 2-morphism relating the 1-morphisms f, g : A Ñ B.
Such 2-morphisms can be composed in two ways. The first is vertical, as in

ó θ
A

f

""
g

//

h

<<B
///o/o/o/o A

f

$$

h

::ó φθ B.
ó φ

A 2-morphism that is invertible in this sense is called a 2-isomorphism.
The second form a composition of 2-morphisms is horizontal, as in

A

f

$$

g

::ó θ B

r

%%

s

99ó ψ C ///o/o A

rf

((

sg

66ó ψ � θ C. (2.7.1)

Both of these compositions of 2-morphisms are required to be associative and
unital, as is composition of 1-morphisms. One also has an interchange law,

pχψq � pφθq � pχ � φqpψ � θq
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in the diagram

ó θ ó ψ
A

f

%%
g

//

h

99 B

r

&&
s

//

t

88 C.ó φ ó χ

In a 2-category, objects, morphisms and 2-morphisms are often
referred to as 0-cells, 1-cells and 2-cells respectively. The formal defini-
tion of a 2-category can be found in [Hov99, Definition 1.4.1], in [Bor94a, Defi-
nition 7.1.1] and in [Lei04, §1.4]. Leinster uses the term strict 2-category for
the above, and the term weak 2-category for the bicategory of Remark 2.7.5
below.
Given objects A and B in a 2-category C, the morphism class CpA,Bq is

itself a category in which the objects are 1-morphisms A Ñ B in C and the
morphisms f Ñ g are 2-morphisms f ùñ g in C. Thus we can speak of
CpA,Bq as the hom category.
In [EK66, page 425] 2-categories and 2-morphisms were called hypercate-

gories and hypermorpsisms. The “closed categories” of the title were closed
symmetric monoidal categories.
In the language of Definition 3.1.1 below, a 2-category is a category

enriched over CAT , the category of categories. In other words, the set (or
possibly a proper class) of morphisms CpX,Y q is itself a category whose ob-
jects are the morphisms X Ñ Y in C, and whose morphisms are natural
transformations between such morphisms in C. See the discussion beginning
on [Lur09, page 4], where we find the words

At this point, we should object that the definition of a strict 2-category
violates one of the basic philosophical principles of category theory:
one should never demand that two functors F and F 1 be equal to
one another. Instead one should postulate the existence of a natural
isomorphism between F and F 1.

This description begs for generalization. We could define a 3-category to
be a category enriched over 2-categories, and recursively an n-category could
be defined to be a category enriched over pn � 1q-categories. At each stage
one can ask for various identities to hold either strictly or up to isomorphism.
Requiring strict equality seems to limit the usefulness of the definition, so
various ways to weaken it have been studied. There are at least nine such
definitions in the literature. A charming overview of them can be found in
[CL04]. The one that may have stuck, in that it is the basis of Jacob Lurie’s
foundational work [Lur09], is that of Andre Joyal [Joy02]. On [Lur09, page 5]
Lurie writes

Fortunately, it turns out that major simplifications can be introduced
if we are willing to restrict our attention to 8-categories in which
most of the higher morphisms are invertible.

Example 2.7.2. Some 2-categories. For each 2-category C there is an
underlying ordinary category C0 having the same objects and morphisms as C,
in which we ignore the 2-morphisms.
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(i) A 2-category in which all 2-functors are identities is the same thing as an
ordinary category. Ordinary categories are to 2-categories as dis-
crete categories (Definition 2.1.7) are to categories.

(ii) CAT as in Definition 2.1.14, the category of categories, is itself a 2-category
in which the objects are categories, the morphisms are functors, and the
2-morphisms are natural transformations. Cat, the category of small cate-
gories, is also a 2-category. In the language of Definition 3.1.1 below, the
2-category CAT (Cat) is enriched over CAT0 (Cat0).

(iii) VCAT (VCat), the category of (small) V-categories or categories enriched
over a symmetric monoidal category V; see Chapter 3. Here the objects
are enriched (small) categories, the morphisms are enriched functors, and
the 2-morphisms are enriched natural transformations. It is also enriched
over CAT0 (Cat0), and, in some circumstances, over VCAT0 (VCat0). See
Proposition 3.2.20 below.

(iv) The 2-category of adjunctions CATad (Catad in [Hov99]) has categories
as objects, adjunctions pF,G, ϕq (see § 2.2D) as morphisms and natural
transformations θ : F ñ F 1 as 2-morphisms pF,G, ϕq ñ pF 1, G1, ϕ1q.

(v) The 2-category of model categories Mod (Mod in [Hov99]) has model
categories (see Chapter 4) as objects, Quillen adjunctions (Definition 4.5.1)
as morphisms and natural transformations as 2-morphisms. There are set
theoretic difficulties associated with Mod as an ordinary category which
are discussed by Hovey on [Hov99, page 15].

(vi) The 2-category of monoidal categories MonCAT has monoidal cate-
gories (Definition 2.6.1) as objects, lax monoidal functors (Definition 2.6.19)
as 1-morphisms, and natural transformations between them as 2-morphisms.

Definition 2.7.3. Equivalence of objects in a 2-category. An equivalence
between two objects A and B in a 2-category C is a pair of morphisms f :

A Ñ B and g : B Ñ A along with invertible 2-morphisms η : 1A ñ gf and
ε : fg ñ 1B.

Example 2.7.4. Various notions of equivalence.

(i) Equivalence of objects in an ordinary category. If C is an ordinary
category, meaning that all 2-morphisms are identities, then Definition 2.7.3
coincides with that of isomorphism of objects.

(ii) Equivalence of objects in CAT . When the 2-category C is CAT , the
2-category of categories, Definition 2.7.3 coincides with Definition 2.2.4.

Remark 2.7.5. Bicategories. There is a weaker notion of a bicategory
or weak 2-category in which horizontal composition as in (2.7.1) is only
associative and unital up to natural isomorphism. A formal definition is given
in [Bor94a, Definition 7.7.1] and in [Lei04, Definition 1.5.1].
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Example 2.7.6. A monoidal category is a bicategory with one ob-
ject. Given a monoidal category pC,l,1q as in Definition 2.6.1, there is a
bicategory with a single object whose morphisms (2-morphisms) are the objects
(morphisms) of C. Horizontal and vertical composition of 2-morphisms corre-
spond to the binary operation l on and ordinary composition of morphisms
in C respectively. Thus horizontal composition is associative and unital only
up to natural isomorphism, just as in Definition 2.6.1.

Definition 2.7.7. A 2-functor F : C Ñ D is a map sending objects, mor-
phisms and 2-morphisms in the 2-category C to those in the 2-category D and
preserving domains, codomains, identities and all compositions.

Example 2.7.8. Some 2-functors.

(i) There is a forgetful 2-functor ModÑ CATad.
(ii) There are duality 2-functors

D : CATad Ñ CATad and D : ModÑMod

sending a (model) category C to its opposite Cop and an adjunction pF,G, ϕq
to pG,F, ϕ�1q. In the model category case we give DC � Cop the opposite
model structure, reversing the roles of fibrations and cofibrations. The image
of a natural transformation under D is spelled out on [Hov99, page 24].

Proposition 2.7.9. Equivalences are preserved by 2-functors. Let F :

C Ñ D be a 2-functor as in Definition 2.7.7. If two objects A and B in C are
equivalent as in Definition 2.7.3, then F pAq and F pBq are equivalent in D.

Definition 2.7.10. A weak 2-functor or pseudofunctor Φ : C Ñ D
between bicategories (in particular between 2-categories and more particularly
from an ordinary category C to a 2-category D) is a map sending objects,
morphisms and 2-morphisms in C to those in D and preserving domains and
codomains, but not necessarily identities and compositions. More precisely, we
have

(i) for each object A in C, an object ΦA in D;
(ii) for each hom category CpA,Bq (which is discrete as in Definition 2.1.7

when C is an ordinary category), a functor

ΦA,B : CpA,Bq Ñ DpΦA,ΦBq

which we will abbreviate abusively by Φ in order to save space in the dia-
grams below;

(iii) for each object A of C, an invertible 2-morphism (or 2-cell) Φ1A : 1ΦA
ñ

Φp1Aq;
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(iv) for each composable pair of morphisms f : A Ñ B and g : B Ñ C in C, a
natural equivalence

ΦA,B,Cpf, gq : ΦB,CpgqΦA,Bpfq ñ ΦA,Cpgfq,

the compositor of f and g, which we will abbreviate by Φpf, gq;
(v) for each object f : AÑ B in each hom category CpA,Bq, isomorphisms ρf ,

and λf in C, and ρΦA,Bpfq, and λΦA,Bpfq in D (comparable to the right and
left unitors of Definition 2.6.1) for which the following diagrams commute:

1ΦB
Φpfq

Φ1B
1Φpfq

��

ρΦpfq +3 Φpfq

Φp1BqΦpfq
Φpf,1Bq +3 Φp1Bfq

Φpρf q

KS

and

Φpfq1ΦA

1ΦpfqΦ1A

��

λΦpfq +3 Φpfq

ΦpfqΦp1Aq
Φp1A,fq +3 Φpf 1Aq;

Φpλf q

KS

(vi) for each composable triple of morphisms f : AÑ B, g : B Ñ C and h : C Ñ
D, isomorphisms af,g,h in C and aΦpfq,Φpgq,Φphq in D (comparable to the
associators of Definition 2.6.1) for which the following diagram commutes:

ΦphqpΦpgqΦpfqq aΦpfq,Φpgq,Φphq +3

1ΦphqΦpf,gq

��

pΦphqΦpgqqΦpfq
Φpg,hq1Φpfq
��

ΦphqΦpgfq
Φpgf,hq

��

ΦphgqΦpfq
Φpf,hgq

��
Φphpgfqq Φpaf,g,hq +3 Φpphgqfq.

Some examples of pseudofunctors will be given in Chapter 4. See Exam-
ple 4.5.11.

Remark 2.7.11. Strict, weak and lax functors. In Definition 2.7.10 the
2-morphism Φ1A of (iii) is required to be invertible and the natural trans-
formation ΦA,B,Cpf, gq of (iv) is required to be an equivalence. A lax func-
tor (compare with Definition 2.6.19) is one in which these requirements are
dropped. An oplax functor is one in which the direction of each is reversed
with no invertibility requirement. A strict functor is one in which the two
are required to be identities.
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2.8 Grothendieck fibrations and opfibrations

Grothendieck fibrations, also known as covering categories, will be a key tool
in §2.9. Some of the following material can be found in [Bor94b, Chapter 8]. It
is also discussed in [Rie14, Construction 7.1.9] and [Kel82, §4.7]. An enriched
version of it can be found in [Tam09].

Definition 2.8.1. Grothendieck fibrations and opfibrations. Let P :

E Ñ B be a functor. An arrow φ : E1 Ñ E in E is Cartesian if for any arrow
ψ : E2 Ñ E in E and g : P pE2q Ñ P pE1q in B such that P pφq � g � P pψq,
there exists a unique arrow χ : E2 Ñ E1 such that ψ � φ�χ and P pχq � g. In
other words, for any ψ, any morphism g in B of the lower part of the following
diagram can be lifted up to a unique χ in E:

E2
D!χ //______________

ψ **VVVV
VVVV

VVVV
V_

��

E1

φtthhhhh
hhhh

hhhh _

��
E_

��

P pE2q g //

P pψq **TTT
TTTT

TTT
P pE1q

P pφq�fttjjjj
jjjj

jj

P pEq

(2.8.2)

We say that P : E Ñ B is fibered or is a Grothendieck fibration or
that E is a covering category of B, if for any object E P E and arrow
f : P pE1q Ñ P pEq in B, there is a unique Cartesian arrow φ : E1 Ñ E with
P pφq � f . Such an arrow is called a Cartesian lifting of f to E, and a choice
of Cartesian lifting for every E and f is called a cleavage of P . A splitting
of P is a cleavage in which the set of arrows in E is closed under composition
and contains all identity maps, and P is split if it has a splitting. A section
of P is a functor I : B Ñ E with PI � 1B.

Dually, the functor P above is opfibered or is a Grothendieck op-
fibration (or cofibration) if the opposite functor P op : Eop Ñ Bop is a
Grothendieck fibration. The diagram corresponding to (2.8.2) is

E2_

��

E1
D!χoo_ _ _ _ _ _ _ _ _ _ _ _ _ _

_

��
E

ψ

jjVVVVVVVVVVVVV φ

44hhhhhhhhhhhhh
_

��

P pE2q oo g
P pE1q

P pEqP pψq

jjTTTTTTTTTT P pφq

44jjjjjjjjjj

(2.8.3)

An arrow φ : E Ñ E1 in E is opCartesian (or coCartesian) if for any
arrow ψ : E Ñ E2 in E and g : P pE1q Ñ P pE2q in B such that g � P pφq �
P pψq, there exists a unique arrow χ : E1 Ñ E2 such that ψ � χ � φ and
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P pχq � g. We require that for each f as above, there is a unique opCartesian
φ making the diagram commute.

Thus, assuming the axiom of choice, a functor is a fibration iff it admits a
cleavage. We learned the terms cleavage and splitting, along with the following,
from [Vis05].

Example 2.8.4. Not all Grothendieck fibrations are split or have
sections. Let BG be the one object category associated with a group G as in
Example 2.9.1 below. Then a surjective group homomorphism GÑ H induces
a functor BG Ñ BH which is a Grothendieck fibration. A cleavage of it is a
choice of preimage in G of each element in H. A cleavage is a splitting iff the
set of elements so chosen is a subgroup of G. A splitting or section can exist
only when the homomorphism is split in the sense of group theory.

Example 2.8.5. A groupoid covering p : rG Ñ G as in Definition 2.1.23
is both a Grothendieck fibration and a Grothendieck opfibration.

Remark 2.8.6. Analogy with covering spaces. Let p : rX Ñ X be a
covering of topological spaces. For both X and we have the fundamental
groupoid of Definition 2.1.19. This groupoid is connected (1-connected) as in
Definition 2.1.21 iff the space is path connected (simply connected).

Then a path in X and a preimage of one of its endpoints in rX determines
a unique path in rX. In the case of Grothendieck fibration (opfibration), the
end point is the starting point (end point). If we think of objects and arrows
in B as analogs of points and paths in the space X, then the conditions of
Definition 2.8.1 are analogous to those for path liftings associated with a
covering, hence the term covering category.

Remark 2.8.7. Opfibrations/cofibrations. Grothendieck opfibrations are
sometimes called Grothendieck cofibrations. We find this term misleading since
it suggests a functor that is injective rather than surjective on objects. In a
model category (see Chapter 4) cofibrations are defined in terms of an extension
property. Here an opfibration, like a Grothendieck fibration and a fibration in
a model category, is defined in terms of a lifting property.

Remark 2.8.8. The Grothendieck construction. Given a Grothendieck
fibration P : E Ñ B, we obtain a pseudofunctor (see Definition 2.7.10)

Φ : Bop Ñ CAT

by sending each B P B to the category EB � P�1pBq of objects of E mapping
onto B and morphisms mapping to 1B. To obtain the action of Φ on morphisms
in Bop, given a morphism f : A Ñ B in B and an object E P EB, we
choose a Cartesian arrow φ : E1 Ñ E over f and call its source f�pEq. The
universal factorization property of Cartesian arrows then makes f� into a
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functor EB Ñ EA, and it is easy to verify that it is a pseudofunctor. We say
that the Grothendieck fibration is classified by the pseudofunctor Φ.

Conversely, given such a pseudofunctor Φ on Bop, there is a Grothendieck
fibration over B called the Grothendieck construction and denoted by

³
Φ.

(This is not to be confused with an end or coend as in § 2.4, for which the
integral sign is also used.) This yields a strict 2-equivalence of 2-categories
between

 Grothendieck fibrations over B, morphisms of Grothendieck fibrations over
1B, and 2-cells over 11B , and

 pseudofunctors Bop Ñ CAT as in Definition 2.7.10, pseudonatural transfor-
mations, and modifications. The latter are 1-cells and 2-cells in the evident
pseudofunctor category. Definitions of their lax analogs (see Remark 2.7.11)
can be found in [Lei04, Definitions 1.5.10 and 1.5.12].

Example 2.8.9. The Grothendieck construction on a corepresentable
functor. Suppose Φ is the co-Yoneda functor (see the Yoneda Lemma 2.2.10)

HX � Bp� , Xq : Bop Ñ Set

for an object X of B. Here we are regarding Set as the full subcategory of
CAT consisting of small discrete categories as in Definition 2.1.7. Hence we
get a Grothendieck fibration P � ³

Φ with domain category E
In this case for an object B in B, the small category EB is discrete, meaning

that its only morphisms are identity morphisms. Hence an object E of EB is
a morphism B Ñ X in B, and a morphism f : AÑ B in B induces a functor
f� : EB Ñ EA by precomposition with f . It follows that the domain category E
of

³
HB is the slice category pBÓXq (Definition 2.1.51) of objects in B equipped

with a morphism to X.

Another example (the main one for us) of the Grothendieck construction
can be found in Example 2.9.1 below.

2.9 Indexed monoidal products

The material in this lengthy section is more specialized than what we have
seen so far, and the reader may want to skip it at first. However it is essential
for some constructions we will need later, such as the norm in §9.7B. To our
knowledge, most of this material is new apart from its briefer treatment in
[HHR16].
Fix a symmetric monoidal category V � pV0,b,1q throughout. We will

be considering V-valued functors on a small category J and will denote the
category of such functors and natural transformations between them by VJ .
It has a symmetric mondoidal structure that is defined objectwise.
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For a finite set A we have the category VA of functors from the discrete
category A (Definition 2.1.7) to V, meaning collections of objects in V indexed
by A. We will denote the value of such a functor X on α P A by Xα. There is
an iterated monoidal product functor

bA : VA Ñ V given by X ÞÑ bαPAXa.

The symmetry of V implies that this functor is natural with respect to iso-
morphisms of the set A.

2.9A G-sets and indexed products
The following example of a Grothendieck fibration (Definition 2.8.1) or cov-
ering category is the motivating one for us.

Example 2.9.1. G-sets and covering categories. Let G be a finite group
and T a G-set. Let BG and BTG be the small categories of Definition 2.1.31.
The functor category VBG is the category of objects in V with G-action. The
map T Ñ G{G � � induces a pullback functor

U : VBG Ñ VBTG. (2.9.2)

Here the image under U of an object X in V with G-action is the constant
X-valued functor on BTG in which a morphism associated with γ P G is sent
to the corresponding automorphism of X.

Given a map of G-sets r : S Ñ T , the corresponding functor

P : BSGÑ BTG

is a covering category. Each t P T is in an orbit of the form G{Gt, where Gt is
the stabilizer group of t. The preimage of an orbit in T is a union of orbits in
S of the form G{Hα for Hα � Gt with r�1ptq being the corresponding union
of suborbits Gt{Hα.

The classifying functor Φ of P (see Remark 2.8.8) sends t to this union of
suborbits. (Note here that the category BTG is self dual, so a functor on BTG
is the same thing as a functor on BTGop.) A morphism f P BTGpt, t1q is an
element γ P G with γptq � t1, and such a γ defines a map Gt{Hα Ñ Gt1{Hα1

for each α. In the Grothendieck construction for this functor, the morphism
g is the identity on P pfqpsq � γpsq P Gt1{Hα1 for s P Gt{Hα.

Remark 2.9.3. The variance of the classifying functor. Covering cat-
egories and the Grothendieck construction are mentioned in [HHR16, §A.3],
where a covering category over C is said to classified by a functor on C rather
than on Cop. This error is harmless because the only categories we consider
there are the self dual ones of Example 2.9.1
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Definition 2.9.4. Working fiberwise. Let F : Setiso Ñ CAT be a functor
and P : rK Ñ K a covering category classified by Φ : Kop Ñ Setiso. Then let
F�K be the Grothendieck construction

³
FΦ (see Remark 2.8.8) and let VpF, P q

be the category of sections of FP : F�K Ñ K. We will say that VpF, P q is
constructed from F by working fiberwise. A natural transformation F ñ F 1

induces a functor VpF, P q Ñ VpF 1, P q which we will also describe as being
constructed by working fiberwise.

In practice working fiberwise means we can study the category CpF, P q by
studying the fibers F�1

P pkq for objects k in K.

Example 2.9.5. V�K is the category constructed by working fiberwise from the
functor F given by S ÞÑ VS for a fixed category V. The one constructed from
the constant functor S ÞÑ V is VK . The functor p� : VK Ñ V�K is induced by
the diagonal natural transformation from the constant functor to F .

Definition 2.9.6. For a finite covering p : rK Ñ K, the indexed monoidal
product along p is the functor pb� : V�K Ñ VK given by

ppb�Xqk �
â

k̃Pp�1pkq

Xk̃.

We will sometimes denote pb�X by Xb�K{K or (when K has only one object)
Xb�K .

Proposition 2.9.7. Properties of the indexed monoidal product. The
functor pb� is symmetric monoidal. If the structure map

b : V2 Ñ V

commutes with colimits in each variable, then pb� commutes with sifted colimits
(Definition 2.3.73).

Example 2.9.8. Subgroups and induction. Let A � G{H for a subgroup
H � G and let p : AÑ � denote the unique map. Inclusion of the coset of the
identity element leads to an equivalence j : BH Ñ BG{HG (Proposition 2.1.38)
and therefore to an equivalence of functor categories

VBG{HG Ñ VBH ,

with an inverse given by the left Kan extension when V is cocomplete. It follows
that p induces a functor

pb� : VBH Ñ VBG. (2.9.9)

See Definition 8.3.23 below for an application of this to the cases where V is
T op (topological spaces) or T (pointed spaces).

Now let V be the symmetric monoidal category pAb,`, 0q, the category of



2.9 Indexed monoidal products 179

abelian groups under direct sum. Then AbBG is the category of ZrGs-modules
and the functor p`� is induction given by M ÞÑ ZrGs bZrHsM .

If V is pAb,b,Zq (abelian groups under tensor product), then AbBG is the
category of ZrGs-modules under tensor product over Z, and the functor pb� is
called norm induction. We will define a similar functor of spectra below in
Definition 9.7.3.

The following result is also proved by working fiberwise.

Proposition 2.9.10. Indexed products and lax monoidal functors.
Suppose that pC,b,1Cq and pD,^,1Dq are symmetric monoidal categories,
and that

F : C Ñ D, T : FX ^ FY Ñ F pX b Y q, and φ : 1D Ñ F1D

form a lax monoidal functor as in Definition 2.6.19. If p : J Ñ K is a finite
covering category (Definition 2.8.1) then T gives a natural transformation

pT� : p^� � F J Ñ FK � pb�
between the two ways of going around

CJ FJ
//

pb�
��

DJ

p^�
��

CK
FJ

// DK .

If T is a natural isomorphism, then pT� is a natural equivalence.

The categories J and K used in this book arise from a left action of a group
G on a finite set A as in Example 2.9.1. Given such an A, let BAG be the
category whose set of objects is A and in which a map a Ñ a1 is an element
γ P G with the property that γ a � a1. When A � � we will abbreviate BAG
to just BG. For any finite map AÑ B of G-sets, the corresponding functor

BAGÑ BBG

is a covering category.
In the following series of examples we suppose H � G is a subgroup, take

A � G{H to be the set of right H-cosets, and write p : A Ñ � for the
unique equivariant map. In this case the inclusion of the identity coset gives
an equivalence

BH Ñ BAG

and hence an equivalence of functor categories

CBAG Ñ CBH .

An inverse is provided by the left Kan extension when C is cocomplete.
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Example 2.9.11. Suppose C is the category of abelian groups, with ` as the
symmetric monoidal structure. Then CBG{HG is equivalent to the category of
left H-modules, and the functor p`� is left additive induction. If the symmet-
ric monoidal structure is taken to be the tensor product, then pb� is “norm
induction” as in Example 2.9.8.

Example 2.9.12. Let Sp be the category of orthogonal spectra as in Defi-
nition 9.0.2 below. From the above and Theorem 9.3.10 below, the category
SpBG{HG is equivalent to the category of orthogonal H-spectra, and SpBG is
equivalent to the category of orthogonal G-spectra. In this case p^� defines
a multiplicative transfer from orthogonal H-spectra to orthogonal G-spectra.
This is the norm. It is discussed more fully in §9.7B and Chapter 10.

Remark 2.9.13. Weak monoidal products. When V has all colimits and
the tensor unit 1 is the initial object one may form infinite “weak” monoidal
products, and the condition that p : J Ñ K be finite may be dropped. If J is
an infinite set and tXju a collection of objects indexed by j P J , set

bJXj � colim
J 1�J finite

bJ 1 Xj

in which the transition maps associated to J 1 � J2 are given by tensoring with
the unit

bJ 1Xj �
�
bJ 1Xj

	
b
�
bJ2�J 11

	
Ñ bJ2Xj .

The functor pb� is constructed by working fiberwise.

2.9B Distributive laws
Now suppose we have two symmetric monoidal structures on V, which we will
denote by b and ` (with units 1 and 0 respectively), that satisfy a distributive
law, meaning a natural isomorphism

pA`Bq b C � pAb Cq ` pB b Cq (2.9.14)

(with coherence conditions spelled out in [Lap72]) expressing the product of
sums as a sum of products. We will assume that ` is the categorical coproduct
> and that Ab p� q commutes with colimits.
Suppose we have small categories J , K and L with finite coverings (in the

sense of Definition 2.8.1) p : J Ñ K and q : K Ñ L. Then we have indexed
products as in Definition 2.9.6

VJ
p`� // VK

qb� // VL, (2.9.15)

and we want an identity of the form

qb� � p`� � r`� �$b
� .
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for functors r`� and $b
� to be defined presently.

We first consider the case where L is the trivial category, meaning it has
a single object and a single morphism, and p : J Ñ K is a map of finite
sets. Then the composite of (2.9.15) is a product of |K| sums with varying
numbers of terms. The distributive law equates it with a sum of |K|-fold
products. Each of these products has a factor chosen from the set p�1pkq � J

for each k P K, and we take the sum of all such products. This sum is indexed
by the set Γ � ΓpJ{Kq of all sections s : K Ñ J . Then we have evaluation
and projection maps

J K � Γ
Evoo $ // Γ

spkq pk, sq�oo � // s.
(2.9.16)

For a functor X in VJ , the usual distributive law isâ
kPK

� à
ppjq�k

Xj

�
�à

sPΓ

�â
kPK

Xspkq

�
.

The |K|-fold product of sums is on the left and the sum (indexed by Γ) of
|K|-fold products is on the right.

Proposition 2.9.17. The original distributive law. With notation as
above, the following diagram commutes up to canonical natural isomorphism
given by the two symmetric monoidal structures on V.

VJ Ev� //

p`�
��

VK�Γ

$b
�
��

VK
qb�

// V VΓ

r`�

oo

We now generalize this to the case where p : J Ñ K and q : K Ñ L are
covering categories and L may be nontrivial. This time let Γ be the category
of pairs p`, sq with ` an object of L and s a section of pq � pq�1p`q Ñ q�1p`q.
A morphism p`, sq Ñ p`1, s1q is a map f : ` Ñ `1 in L making the following
diagram commute.

pq � pq�1p`q pq�pq�1pfq // pq � pq�1p`1q

q�1p`q
s

OO

q�1pfq

// q�1p`1q
s1

OO

(2.9.18)

We replace the product K � Γ of (2.9.16) with the fiber product

K �
L
Γ � tpk, p`, sqq P K � Γ: qpkq � `u .
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Equivalently it is the pullback of the inner rectangle in the diagram

pk, p`, sqq � //
_

��

spkq � // k_

��

K �
L
Γ

Ev //

$

��

J
p // K

q

��
Γ

r
// L

p`, sq � // `.

(2.9.19)

Then the naturality of the original distributive law (Proposition 2.9.17) in J
and K implies the following.

Proposition 2.9.20. The indexed distributive law. With notation as
above, the following diagram commutes up to canonical natural isomorphism
given by the symmetric monoidal structures.

VJ Ev� //

p`�
��

VK�LΓ

$b
�
��

VK
qb�

// VL VΓ

r`�

oo

We can study the diagram above by working fiberwise as in Definition 2.9.4.
This means choosing an object ` P L and replacing each category in (2.9.19)
by the subcategory whose object set is the preimage of `. For each ` P L the
the diagram corresponding to the one above is

Vpqpq�1p`q Ev� //

p`� ��

Vpr$q�1p`q

$b
���

Vq�1p`q

qb�

// V Vr�1p`q.
r`�

oo

(2.9.21)

Example 2.9.22. The indexed distributive law for functors to T from
G-orbit categories. Let G be a finite group with subgroups H1 � H2 � H3 �
G, and let the sequence of finite covering categories be

J
p // K

q // L

BG{H1
G BG{H2

G BG{H3
G

where the category BTG for a G-set T is as in Example 2.9.1, and the functors
p and q are induced by the surjections of G-sets G{H1 Ñ G{H2 Ñ G{H3. Let
the target category pV,`,bq be pT ,_,^q. For counting purposes, write

|H1| � a1, |H2| � a1a2, |H3| � a1a2a3 and |G| � a1a2a3b
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for positive integers ai and b. For concreteness choose elements

β1, β2, . . . βb P G, γ1, γ2, . . . γa3 P H3 and δ1, δ2, . . . δa2 P H2

representing each left coset in G{H3, H3{H2 and H2{H1 respectively, with β1,
γ1 and δ1 being the identity elements of their respective groups.

An object X in T J is a set of H1-spaces 
XβiγjδkH1

: 1 ¤ i ¤ b, 1 ¤ j ¤ a3, 1 ¤ k ¤ a2
(

(2.9.23)

indexed by left cosets of H1 along with homeomorphisms between them induced
by elements of G. For γ P G we have

Xpγq : XβiγjδkH1 Ñ XβiγjδkH1γ � Xβi1γj1δk1H1 ,

where pi1, j1, k1q is determined by pi, j, kq and γ with

i � i1 for γ P H3, j � j1 for γ P H2 and k � k1 for γ P H1. (2.9.24)

It follows that X is determined by a single H1-space, say XH1
. If G is abelian,

then of course pi1, j1, k1q � pi, j, kq for all γ P G.
The functor p_� : T J Ñ T K is given by

pp_�XqβiγjH2 �
ª

1¤k¤a2

XβiγjδkH1 � H2� ^H1 XβiγjH1 ,

and this disjoint union of |H2{H1| copies of the H1-space XβiγjH1 is an H2-
space.

Similarly an object Y in T K is a collection of homeomorphic H2-spaces
indexed by G{H2 and

pq^� Y qβiH3
�

©
1¤j¤a3

YβiγjH2
� Map�pH3�, YβiH2

qH2 ,

the space of H2-equivariant pointed maps H3� Ñ YβiH2, which is a pointed
H3-space and smash product of |H3{H2| copies of the space YβiH2 .

It follows that

pq^� p_�XqβiH3
� Map�pH3�, pp_�XqβiH2

qH2

� Map�pH3�,H2� ^H1
XβiH1

qH2
(2.9.25)

which is an |H3{H2|-fold smash power of the wedge of |H2{H1| copies of the
space XβiH1 . This gives us one of the two paths around the diagram
of Proposition 2.9.20.

For the other path we need to identify the categories Γ and K�
Γ
L. An object

in Γ is a pair pβiH3, sq where the coset βiH3 is an element of the G-set G{H3,
and s is a section of pq � pq�1pβiH3q Ñ q�1pβiH3q.

Now q�1pβiH3q consists of |H3{H2| � a3 cosets of H2 while pq � pq�1pβiH3q
consists of |H3{H1| � a2a3 cosets of H1. A section s assigns to each of the a3
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H2-cosets in q�1pβiH3q one of the a2 H1-cosets it contains. Hence the number
of sections for each H3-coset is aa32 , and

|ObΓ| � |G{H3||H2{H1||H3{H2| � baa32 .

We claim the category Γ has the form BTG for some finite G-set T . To see
this, note that the morphism f in (2.9.18) is determined by an element γ P G,
so the horizontal arrows are invertible and s1 is uniquely determined by s and
f .

To describe T , note that the set of cosets in G{H2 is

tβiγjH2 : 1 ¤ i ¤ b, 1 ¤ j ¤ a3u
and a section s : βiH3{H2 Ñ βiH3{H1 can be interpreted as a map a3 Ñ a2
which we also denote by s. Then

T �
º

1¤i¤b

!
pβiγ1δsp1qH1, . . . , βiγa3δspa3qH1q : s P pH2{H1qH3{H2

)
�

º
1¤i¤b

βi

!
pγ1δsp1qH1, . . . , γa3δspa3qH1q : s P pH2{H1qH3{H2

)
� G{H3 � pH2{H1qH3{H2 .

It follows that an object in T Γ is a collection of |G{H3||H2{H1||H3{H2| H3-
spaces XβiH3,s indexed by cosets in G{H3 and maps s of the form (sections)

tγjH2 : 1 ¤ j ¤ a3u tγjδkH1 : 1 ¤ j ¤ a3, 1 ¤ k ¤ a2u

q�1pH3q
s // pqpq�1pH3q
p

oo

q�1pH3βiq
��
OO

s1 // pqpq�1pH3βiq
��
OO

p
oo

tγjH2βi : 1 ¤ j ¤ a3u tγjδkH1βi : 1 ¤ j ¤ a3, 1 ¤ k ¤ a2u

tβi1γjH2 : 1 ¤ j ¤ a3u tβi1γjδkH1 : 1 ¤ j ¤ a3, 1 ¤ k ¤ a2u

with ps � 1q�1pH3q and ps1 � 1q�1pβiH3q. There are homeomorphisms

βi : XH3,s Ñ XH3βi,s � Xβi1H3,s1

for each i. The section s1 and value of i1 are uniquely determined by s and βi.
The functor r_� : T Γ Ñ T L is given by 

XβiH3,s : 1 ¤ i ¤ b, s P pH2{H1qH3{H2
(

_

��
t�sXβiH3,s : 1 ¤ i ¤ bu .

: 1 ¤ i ¤ b.

(2.9.26)
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The functor Γ Ñ L is the projection G{H3 � pH2{H1qH3{H2 Ñ G{H3 on
object sets so K �

L
Γ � BT 1G where

T 1 � G{H2 �
G{H3

G{H3 � pH2{H1qH3{H2 � G{H2 � pH2{H1qH3{H2 .

It follows that an object in T
K�

L
Γ

is a collection of H2-spaces XβiγjH2,s indexed
by cosets in G{H2 and maps s as before, with homeomorphisms

γ : XβiγjH2,s Ñ XβiγjH2γ,s � Xβi1γj1H2,s1

for γ P G with i1, j1 and s1 uniquely determined by γ, i, j and s.
The functor $^

� : T
K�

L
Γ Ñ T Γ is given by 

XβiγjH2,s : 1 ¤ i ¤ b, 1 ¤ j ¤ a3, s P pH2{H1qH3{H2
(

_
��!�

1¤j¤a3
XβiγjH2,s : 1 ¤ i ¤ b, s P pH2{H1qH3{H2

)
 
Map�pH3�, XβiH2,sqH2 : 1 ¤ i ¤ b, s P pH2{H1qH3{H2

(
.

(2.9.27)

The functor Ev� : T J Ñ T
K�

L
Γ

is induced by the evaluation functor
Ev : K �

L
ΓÑ J given by

pβiγjH2, sq ÞÑ βiγjδspjqH1

and sends X to the object Y defined by

YβiγjH2,s � XβiγjδspjqH1 . (2.9.28)

For γ P H2 we have, using (2.9.24) and the fact that the section s is unchanged
by right multiplication by any element of H2,

γ : YβiγjH2,s � XβiγjδspjqH1 Ñ XβiγjδspjqH1γ � XβiγjδspjqH1 � YβiγjH2,s.

This means that each of the spaces YβiγjH2,s has an action of the subgroup
H2, so Y is indeed an object of T

K�
L
Γ
.

Combining (2.9.28), (2.9.27) and (2.9.26) enables us to follow the upper
path around the diagram of Proposition 2.9.20 in this case. For an object X
in T J as described in (2.9.23) we have

r_�$
^
� Ev�pXq

� r_�$
^
� Ev�

� 
XβiγjδkH1 : 1 ¤ i ¤ b, 1 ¤ j ¤ a3, 1 ¤ k ¤ a2

(�
� r_�$

^
�

�!
XβiγjδspjqH1

: 1 ¤ i ¤ b, 1 ¤ j ¤ a3, s P pH2{H1qH3{H2

)	
� r_�

�!
MappH3, XβiδspjqH1

qH2 : 1 ¤ i ¤ b, s P pH2{H1qH3{H2

)	
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�
$&% ª
sPpH2{H1qH3{H2

MappH3, XβiδspjqH1qH2 : 1 ¤ i ¤ b

,.-
Equating this with (2.9.25) we get

Map�pH3�,H2� ^H1
XβiH1

qH2

�
ª

sPpH2{H1qH3{H2

MappH3, XβiδspjqH1
qH2

for 1 ¤ i ¤ b. The left hand side is an a3-fold product of a2-fold disjoint unions,
while the right hand side is an aa32 -fold disjoint union of a3-fold products.

2.9C Indexed monoidal products and pushouts
Thoughout this subsection, pV,b, 1q will be a cocomplete symmetric
monoidal category. We will study finite products of pushout diagrams and
define a useful technical tool called the target exponent filtration. The
formal description will be in Definition 2.9.34 below. We will use it later in the
proofs of Theorem 3.5.21, Theorem 10.2.4, Proposition 10.3.8, Lemma 10.4.1,
Lemma 10.5.18, and Theorem 10.9.9.
First we need to define a morphism associated with such products.

Definition 2.9.29. Indexed corner maps. Let pV,b, 1q be a cocomplete
symmetric monoidal category, and let A be a finite set. Let f : X Ñ Y be
a morphism in VA, that is a collection of morphisms fα : Xα Ñ Yα indexed
by α P A. Let PpAq be the category of subsets of A and inclusion maps as
in Proposition 2.3.53, and let P1pAq denote the full subcategory of proper
subsets. Define a functor

F : PpAq Ñ V by T ÞÑ XbT 1 b Y bT

where T � A and T 1 is its complement in A. Let

BXY bA � colim
P1pAq

F (2.9.30)

be the boundary of Y bA with respect to F . (Compare this with Definition 2.3.57,
where it was denoted by BFY bA.) Then the indexed corner map is

fA :� ü
αPA

fα : BXY bA Ñ Y bA,

the pushout product (as in Definition 2.6.12) of the maps fα.

Note that the subscript of the indexed corner map denotes a set, while
those of its factors are elements in that set. The notation for the domain is
meant to suggest its formal similarity with the boundary of an |A|-fold product
of bounded manifolds; see Example 2.9.50 below. Let n � |A|. The functor
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F above defines a diagram in V shaped like an n-cube, and its restriction to
P1pAq (which lacks a terminal object) gives a diagram shaped like a punctured
n-cube. Its colimit, the source of the indexed corner map, is the n-fold pushout
described in Proposition 2.3.53.
For X P VA write XbA for the iterated monoidal product. Suppose we are

given a pushout diagram

W
a //

f

��

Y

g

��
X

b
// Z

(2.9.31)

in VA, i.e., a collection of pushout diagrams in V indexed by A. These diagrams
in V could all be the same, but we need not assume that now. (We will in §2.9D
below.) Our filtration will be a sequence of objects interpolating between XbA

and ZbA.
First note that Z is the coequalizer of

W Ñ X > Y Ñ Z

where the two maps send W to the two summands via f and a. This can be
completed to a reflexive coequalizer diagram (see §2.3F)

X >W > Y Ñ X > Y Ñ Z

in which the two maps restrict to the identity on X > Y , and the section is
the evident inclusion map X >Y Ñ X >W >Y . Proposition 2.9.7 then implies
that the sequence

pX >W > Y qbA Ñ pX > Y qbA ÝÑ ZbA

is also a reflexive coequalizer. Using the distributivity law of Proposition 2.9.20,
this can be rewritten as º

A�A0>A1>A2

XbA0 bWbA1 b Y bA2

����º
A� pA0> pA1

Xb pA0 b Y b pA1

��
ZbA.

(2.9.32)

The first and second coproducts above are over all partitions of A into three
and two subsets respectively. The two maps send XbA0 bWbA1 b Y bA2 to

pXbA0 b fpWbA1qq b Y bA2 � XbA0>A1 b Y bA2
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and

XbA0 b papWbA1q b Y bA2q � XbA0 b Y bA1>A2 .

The two maps on a summand with A1 � ∅ send it identically to the same
summand in the target. This means we can drop these summands without
changing the value of the coequalizer, so we can replace (2.9.32) withº

A�A0>A1>A2
|A1|¡0

XbA0 bWbA1 b Y bA2

����º
A� pA0> pA1

Xb pA0 b Y b pA1

��
ZbA.

(2.9.33)

Thus the vertical arrows do not preserve the coproduct decompositions. We
will see that the sequence can be filtered by the cardinality of the exponent
of Y so that the induced maps of the resulting layers do preserve them.

Definition 2.9.34. The target exponent filtration of the product of
pushouts. Referring to the diagrams (2.9.31) and (2.9.33), let fil0Z � XbA

and define filnZ
bA for n ¡ 0 to be the coequalizer inº

A�A0>A1>A2

|A1>A2|¤n
|A1|¡0

XbA0 bWbA1 b Y bA2

����º
A� pA0> pA1

| pA1|¤n

Xb pA0 b Y b pA1

��
filnZ

bA

(2.9.35)

For 0 ¤ n ¤ |A|, these objects interpolate between fil0Z
bA � XbA, and

fil|A|Z
bA � ZbA. For n ¡ |A|, the two coproducts in (2.9.35) coincide with

those in (2.9.33), so filnZ
bA � ZbA.

Example 2.9.36. A target exponent filtration of the unit m-cube.
Let

pV,b, 1q � pT op,�, �q,

A � t1, 2, . . .mu, and for 1 ¤ i ¤ m, let the ith pushout diagram of (2.9.31)
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be

rxi, 1{2s //

��

rxi, 1s

��
r0, 1{2s // r0, 1s

(2.9.37)

where 0 ¤ xi ¤ 1{2, and the maps are the obvious inclusions. The top row of
the diagram varies with i, but the bottom rows are all the same. Then for any
such xi we have

filnI
m �

¤
A1�m
|A1|�n

r0, 1s�A1 � r0, 1{2s�A11 for 0 ¤ n ¤ m,

where A11 denotes the complement of A1 in m. The extreme cases are

fil0I
m � r0, 1{2sm and filmI

m � r0, 1sm.
For m � 2 we have

fil1I
2 � pr0, 1{2s � r0, 1sq Y pr0, 1s � r0, 1{2sq .

The fact that the filtration depends only on the bottom rows of the diagrams
of (2.9.37) is an illustration of Proposition 2.9.41(ii) below.

We can make the filtration of Definition 2.9.34 more explicit. In the co-
equalizer diagram (2.9.35) for fil1Z, the source is

XbA >
º

|A0|�|A|�1

XbA0 bWbA10 ,

where A10, the complement of A0 in A, is a singleton. The target is

XbA >
º

|A0|�|A|�1

XbA0 b Y bA10 ,

We can ignore the summand XbA in the source since both maps send it
identically to an isomorphic summand of the target. This enables us to rewrite
(2.9.35) as a pushout diagramº

|A10|�1

XbA0 bWbA10
ã1 //

f̃0
��

º
|A10|�1

XbA0 b Y bA10

g̃1

��
XbA � fil0Z

bA // fil1ZbA,

where

ã1 �
º

|A10|�1

XbA0 b abA
1
0 and f̃0 �

º
|A10|�1

XbA0 b fbA
1
0 .

For n ¡ 1, the summands of the source in (2.9.35) with |A1 > A2|   n and
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those of the target with | pA1|   n all map to filn�1Z, so we can rewrite the
diagram as the pushoutº

A�A0>A1>A2
|A0|�|A|�n,A1�∅

XbA0 bWbA1 b Y bA2
ãn //

f̃n�1

��

º
|A0|�|A|�n

XbA0 b Y bA10

g̃n

��
filn�1Z

bA // filnZbA,

(2.9.38)

where

ãn �
º

XbA0 b abA1 b Y bA2 , f̃n�1 �
º

XbA0 b fbA1 b gbA2 ,

(with each coproduct being over the same partitions of A into three subsets
as the one in the upper left of (2.9.38)) and

g̃n �
º

|A0|�|A|�n

XbA0 b gbA
1
0 .

The next step is to replace the upper left object of (2.9.38), which we ab-
breviate here by XWY , with a suitable colimit through which both outgoing
maps factor canonically. For each subset A0 � A with cardinality |A| � n,
XWY has 2n� 1 summands, one for each proper subset A2 � A10. They each
map to the colimit over such A2, namely

XbA0 b BWY bA10 ,

where the second factor is as in (2.9.30).
Thus we have proved

Lemma 2.9.39. The target exponent filtration as a series of push-
outs. With notation as above, for 0   n ¤ |A| there is a pushout square

º
A�A0>A

1
0

|A10|�n

XbA0 b BWY bA10

f̃n�1

��

²
XbA0 b aA10 //

º
A�A0>A

1
0

|A10|�n

XbA0 b Y bA10

��
filn�1Z

bA // filnZbA,

where filnZ
bA is as in (2.9.35) and the restriction of f̃n�1 to XbA0bWbA1b

Y bA2 is XbA0 b fbA1 b gbA2 .
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In particular, for n � |A| we have

BWY bA //

��

Y bA

��
fil|A|�1Z

bA // ZbA.

(2.9.40)

Proposition 2.9.41. The independence of the target exponent filtra-
tion on W and Y . For a cocomplete symmetric monoidal category pV,b, 1q
and a finite set A, let

W //

��

Y

��
X // Z

be a pushout square in VA as in (2.9.31). Then

(i) for BWY bA and BXZbA as in (2.9.30), the diagram

BWY bA //

��

Y bA

��
BXZbA // ZbA

is a pushout square, and

(ii) the filtration of ZbA arising from (2.9.31) coincides with the one arising
from

X // Z

X // Z,

(2.9.42)

that is, it only depends on the bottom row of (2.9.31).

Proof The proof is by induction on m � |A|, the case m � 1 being obvious.
Let filnZbA be the filtration computed from the pushout square (2.9.31), and
fil1nZ

bA the one computed from (2.9.42). The evident map of pushout squares
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gives a natural map filnZ
bA Ñ fil1nZ

bA. Consider the diagram

º
A�A0>A1

|A1|�n

XbA0 b BWY bA1 //

��

º
A�A0>A1

|A1|�n

XbA0 b Y bA1

��º
A�A0>A1

|A1|�n

XbA0 b BXZbA1 //

��

º
A�A0>A1

|A1|�n

XbA0 b ZbA1

��
filn�1Z

bA //

��

filnZ
bA

��
fil1n�1Z

bA // fil1nZ
bA .

If n   m, then the induction hypothesis and (i) imply that the upper square is
a pushout. The composite of the top two squares is the diagram of Lemma 2.9.39
and therefore a pushout. This makes the middle square a pushout by Propo-
sition 2.3.6. Similarly the composite of the bottom two squares is the diagram
of Lemma 2.9.39 associated with (2.9.42) and therefore a pushout. Since the
middle square is a pushout, using Proposition 2.3.6 again shows that the bot-
tom square is a pushout.
This shows that the map filnZ

bA Ñ fil1nZ
bA is an isomorphism for n   m.

The case n � m then gives an identification

film�1Z
bA � BXZbA,

which, when combined with the pushout square of (2.9.40), gives (i). The
second statement (ii) is automatic since

filmZ
bA � fil1mZ

bA � ZbA.

2.9D The symmetric product and pushout ring filtrations
We will need a symmetric variant of the target exponent filtration for the
proof of Lemma 10.7.3 below. We will use it again in §10.9A. The proof of
Theorem 11.4.13 will make use of the closely related pushout ring filtration
of Definition 2.9.47.
Again thoughout this subsection, pV,b, 1q will be a cocomplete symmetric

monoidal category. Recall that (2.9.31) is a collection of pushout diagrams in
V indexed by a finite set A. We suppose now that that the diagrams in V
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are all the same. We will write each of them as

W
a //

f

��

Y

g

��
X

b
// Z;

(2.9.43)

for the rest of this subsection W , X, Y and Z will denote objects in
V rather than in VA.
When we have m copies of (2.9.43), the symmetric group Σm acts on the

two upper objects in (2.9.35) thorough its action on the n-element indexing
set A. The two maps are equivariant, so we get an action on the coequalizer
filnZ

bA. Note that orbit objects and coequalizers are both colimits, so the
two constructions commute with each other by Proposition 2.3.41. Thus we
get another coequalizer diagram by passing to Σn-orbits, namely������

º
A�A0>A1>A2

|A1>A2|¤n
|A1|¡0

XbA0 bWbA1 b Y bA2

�����
Σm

��������� º
A� pA0> pA1

| pA1|¤n

Xb pA0 b Y b pA1

����
Σm

��
pfilnZbnqΣm

(2.9.44)

The objects pfilnZbAqΣm for 0 ¤ n ¤ m interpolate between�
fil0Z

bm
�
Σm

� SymmY and
�
filmZ

bm
�
Σm

� SymmZ,

where Symn is the nth symmetric product functor of Definition 2.6.63. We
can do this for any n, and we have�

filnZ
bA

�
Σm

� SymmZ for n ¡ m.

Definition 2.9.45. The symmetric product filtration. For a morphism
Y Ñ Z in a cocomplete symmetric monoidal category

filΣnZ �
º
m

pfilnZbmqΣm ,

where the coproduct summands are the coequalizers of (2.9.44).
These objects interpolate between

filΣ0 Z � SymY and filΣ8 Z :� colim
n

filΣnZ � SymZ.
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The group Σm acts on the diagram of Lemma 2.9.39 for |A| � m. The
resulting orbit diagram is

Symm�nX b BWSymnY //

��

Symm�nX b SymnY

��
pfiln�1Z

bmqΣm

// pfilnZbmqΣm

where

BWSymnY :� �BWY bn
�
Σn

for BWY bn as in (2.9.30). The argument of Proposition 2.9.41 shows that this
filtration depends only on X and Z, so we may as well assume that W � X

and Y � Z. Taking the coproduct of such diagrams for all m ¥ 0 (with the
understanding that objects in the upper row are trivial for m   n), we get

SymX b BXSymnZ //

��

SymX b SymnZ

��
filΣn�1Z // filΣnZ.

(2.9.46)

Hence each filΣnZ is a SymX-submodule of SymZ.

Definition 2.9.47. The pushout ring filtration. Suppose we have a push-
out diagram of commutative rings in V,

SymX //

��

SymZ

��
R // R1

Then we define a filtration of R1 by R-modules by

filRnR
1 � RbSymX filΣnZ

These objects interpolate between R and the pushout ring R1. Applying
the functor R bSymX p� q to (2.9.46) gives the following pushout square of
R-modules.

R^ BXSymnZ //

��

R^ SymnZ

��
filRn�1R

1 // filRnR
1

(2.9.48)

The map RÑ R1 is the transfinite composition of the bottom maps above.
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2.9E The distributive law in the arrow category
As in §2.9B, let V be a category with two symmetric monoidal structures `
and b with units 0 and 1 related by a distributive law as in (2.9.14). We can
define a similar pair of symmetric monoidal structures ` and l on the arrow
category ArrV as follows. Given objects fi : Ai Ñ Bi in ArrV for i � 1, 2, let
f1`f2 be the evident map A1`A2 Ñ B1`B2, and let f1lf2 be the pushout
corner map with respect to b as in Definition 2.6.12. The units for the two
structures are 0Ñ 0 for ` and 0Ñ 1 for l.
Then for a third object g : X Ñ Y in ArrV we have

pf1 ` f2ql g � pf1 l gq ` pf2 l gq. (2.9.49)

This is the simplest instance of the distribute law in ArrV. It equates a push-
out product of sums with a sum of pushout products.

Example 2.9.50. Manifolds with boundary. Recall Example 2.3.58 and
Example 2.6.17 in T op equipped with disjoint union and Cartesian product.
Let M1, M2 and N be manifolds with boundary and let

fi : BMi ÑMi and g : BN Ñ N

be the evident inclusions. We saw in Example 2.6.17 that pf1 > f2ql g is the
inclusion of the boundary of pM1 >M2q �N .

We also have

BppM1 >M2q �Nq � BppM1 �Nq > pM2 �Nqq
� BpM1 �Nq > BpM2 �Nq
� ppBM1q �N YBM1�BN M1 � BNq

> ppBM2q �N YBM2�BN M2 � BNq,
so the inclusion of the boundary is also pf1 l gq > pf2 l gq. This illustrates
(2.9.49) in this case.

Given the maps of (2.9.19), the diagram of (2.9.21) (meaning the `th com-
ponent of the diagram of Proposition 2.9.20) with V replaced by ArrV is

pArrVqpqpq�1p`q

p`�
��

Ev� // pArrVqpr$q�1p`q

$l�
��

pArrVqq�1p`q

ql� ''NN
NNN

NNN
NNN

pArrVqr�1p`q

r`�wwooo
ooo

ooo
oo

ArrV.

(2.9.51)

Suppose that f : X Ñ Z is a map in VJ , i.e., an object in pArrVqJ ,
and let ` P L. Then the collection of maps fj : Xj Ñ Zj indexed by the
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subset pqpq�1p`q � J is an object in the upper left category of (2.9.51). We
can analyze its counterclockwise and clockwise images in ArrV. They are
respectively a pushout product of sums of certain fjs, and a sum of certain
pushout products of maps in ArrV. They are naturally isomorphic by the
indexed distributive law of Proposition 2.9.20. In particular there is a natural
isomorphism between their domains.

Proposition 2.9.52. Indexed corner maps and the distributive law.
With notation as in Proposition 2.9.20), let f : X Ñ Z be a map in VJ .
Then for each ` P L there is a natural isomorphism between the following two
objects.

(i) The tensor product indexed by q�1p`q of the sources of the indexed corner
maps with factors

gk :� à
jPppq�1k

pXj
fjÝÑ Zjq, (2.9.53)

namely

Bp`�Xpp
`
�Zqbq

�1p`q.

(ii) The sum over all sections s with p`, sq P r�1p`q of the objects

BXZbTs ,

where Ts � spq�1p`qq � J . For each such section s, this is the domain of
the pushout product map ü

kPq�1p`q

fspkq.

Proof The `th component of the counterclockwise image of f in pArrVqL is
the pushout product indexed by the set q�1p`q � K of the maps gk of (2.9.53)
for each k P q�1p`q. In short, it is a pushout product of direct sums of certain
fjs, namely

gq�1p`q �
ü

kPq�1p`q

gk : Bp`�Xpp
`
�Zqbq

�1p`q Ñ pp`�Zqbq
�1p`q,

where the kth (for k P q�1p`q) factor involves the sum over the set p�1pkq � J .
The distributive law equates this pushout product of sums with a sum of

pushout products. The latter sum is indexed by the set r�1p`q of sections s
of the map p in the diagram

J � pq � pq�1p`q
p

// q�1p`q � K.

s

ww
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For each such section we have the pushout product�
fTs

: BXZbTs Ñ ZbTs
� � ü

kPq�1p`q

�
fspkq : Xspkq Ñ Zspkq

�
,

where Ts � spq�1p`qq � J . The `th component of the clockwise image of f in
(2.9.51) is the sum of all such pushout products, namelyà

s with p`,sqPr�1p`q

�
fTs : BXZbTs Ñ ZbTs

�
.

The distributivity isomorphism in the arrow category is given by

Bp`�Xpp
`
�Zqbq�1p`q

gq�1p`q //

�

��

pp`�Zqbq�1p`q

�

��À BXZbTs

À
fTs //ÀZbTs

(2.9.54)

where the sums in the bottom row are over all sections s with p`, sq P r�1p`q.
The two rows are the images of f in the `th component of pArrVqL given by
the two ways of going around (2.9.51). The isomorphism on the right is the
indexed distributive law in V (Proposition 2.9.20) applied to the object Z in
Vpqpq�1p`q. The left vertical arrow is the desired isomorphism.

2.9F Commutative algebras and indexed monoidal products
By Proposition 2.6.59, if V is a cocomplete closed symmetric monoidal cate-
gory, then CommV is cocomplete. For a covering category p : J Ñ K, the
restriction functor

p� : CommVK Ñ CommVJ

has a left adjoint p! given by left Kan extension.

Proposition 2.9.55. Monoidal products of commutative algebras as
left Kan extensions. If p : J Ñ K is a covering category, the following
diagram commutes up to natural isomorphism

CommVJ //

p!
��

VJ

pb�
��

CommVK // VK .

Proof For a commutative algebra A P CommVJ , and k P K the value of
p!A at k is calculated as the colimit over the category pJÓkq (as in Defini-
tion 2.1.51(i)) of the restriction of p. Since p : J Ñ K is a covering category,
the category pJÓkq is equivalent to the discrete category p�1k, and so

pp!Aqk � bp�1kA,
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and the result follows.

2.9G Monomial ideals
Let J be a set and consider the polynomial algebra

A � Zrxis, i P J.
As an abelian group, it has a basis consisting of the monomials xf , with

f : J Ñ t0, 1, 2, . . . u
a function taking the value zero on all but finitely many elements, and

xf �
¹
iPJ

x
fpiq
i .

The collection of such f is a monoid under addition, and we denote it NJ
0 .

If D � NJ
0 is a monoid ideal then the subgroup MD � A with basis txf |

f P Du is an ideal. These are the monomial ideals and they can be formed
in any monoidal product of free associative algebras in any closed symmetric
monoidal category.
Let pV,b,1q be a closed symmetric monoidal category. Fix a set J which

we temporarily assume to be finite. Given X P VJ let

TX �
º
n¥0

Xbn

be the free associative algebra generated by X. Write A � pb� TX P V, where
p : J Ñ � is the unique map. Then A is an associative algebra in V. The
motivating example above occurs when V is the category of abelian groups
and X is the constant diagram Xj � Z.
Using indexed distributive law (Proposition 2.9.20), the object A can be

expressed as an indexed coproduct

A �
º

f :JÑN0

Xbf

where N0 � t0, 1, 2, . . . u and
Xbf �â

jPJ

X
bfpjq
j .

The set
NJ

0 � tf : J Ñ N0u
is a commutative monoid under addition of functions. The multiplication map
in A is the sum of the isomorphisms

Xbf bXbg � Xbpf�gq (2.9.56)
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given by the symmetry of the monoidal product b, and the isomorphism

Xbfpiq bXbgpiq � Xbpfpiq�gpiqq.

For a monoid ideal D � NJ
0 , set

MD �
º
fPD

Xbf .

The formula (2.9.56) for the multiplication in A gives MD the structure of an
ideal in A. If D � D1 then the evident inclusion MD �MD1 is an inclusion of
ideals.
When V is pointed (in the sense that the initial object is isomorphic to the

terminal object), the map

AÑ A{MD

is a map of associative algebras, where A{MD is defined by the pushout dia-
gram

MD
//

��

A

��
� // A{MD ,

with � denoting the terminal (and initial) object.

Definition 2.9.57. The ideal MD � A is the monomial ideal associated to
the monoid ideal D.

Example 2.9.58. Suppose that dim : NJ
0 Ñ N0 is any homomorphism.

Given d P N0 the set

tf | dim f ¥ du

is a monoid ideal. We denote the corresponding monomial ideal Md. The Md

form a decreasing filtration

� � � �Md�1 �Md � � � � �M1 �M0 � A.

When V is pointed, the quotient

Md{Md�1

is isomorphic as an A bimodule to

A{M1 b
º

dim f�d

Xbf ,

in which A act through its action on the left factor.
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Remark 2.9.59. The quotient module is defined by the pushout square

Md�1
//

��

Md

��
� // Md{Md�1 .

The pushout can be calculated in the category of left A-modules, A-bimodules,
or just in V.

Remark 2.9.60. All of this discussion can be made to be covariant with
respect to inclusion in J . Suppose that J0 � J1 is an inclusion of finite sets
and X1 : J1 Ñ V is an J1-diagram. Define X0 : J1 Ñ V by

X0pjq �
#
X1pjq j P J0
� otherwise.

There is a natural map X0 Ñ X1. Let A0 and A1 be the associative algebras
constructed from the Xi as described above. The algebra A0 coincides with
the one constructed directly from the restriction of X0 to J0. A monoid ideal
D1 � NJ1

0 defines ideals MD0 � A0 and MD1 � A1. The monoid ideal D0 is
the same as the one constructed from the intersection of D0 with NJ0

0 , where
NJ0

0 is regarded as a subset of NJ1
0 by extension by 0. There is a commutative

diagram
MD0

//

��

MD1

��
A0

// A1 .

Using this, the construction of monomial ideals can be extended to the case
of infinite sets J , by passing to the colimit over the finite subsets. As in the
motivating example, when the set J is infinite, the indexing monoid NJ

0 is the
set of finitely supported functions.

By working fiberwise, this entire discussion applies to the situation of a
(possibly infinite) covering category p : J Ñ K. Associated to X : J Ñ V is

A � pb� TX P Assoc CK � pAssoc CqK .
In case J{K is infinite, the algebra A is formed fiberwise by passing to the
colimit from the finite monoidal products using the unit map, as described in
Remark 2.9.13. As an object of CK , the algebra A decomposes into

A �
º
fPΓ

Xbf

where Γ is the set of sections of

N
J{K
0 Ñ K
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with N
J{K
0 formed from the Grothendieck construction applied to

j ÞÑ N
Jj
0 pJj � p�1pjqq.

The category N
J{K
0 is a commutative monoid over K, and associated to any

monoid ideal D � N
J{K
0 over K, is a monomial ideal MD � A.

The situation of interest in this book (see §10.10) is when J Ñ K is of the
form

BKGÑ BG

associated to a G-set K, and the unique map K Ñ �. In this case N
J{K
0 is

the G-set NK
0 of finitely supported functions K Ñ N0. The relative monoid

ideals are just the G-stable monoid ideals. A simple algebraic example arises
in the case of a polynomial algebra Zrxis in which a group G is acting on the
set indexing the variables.
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Enriched category theory

Most of the results apply equally to categories and to V-categories,
without a word’s being changed in the statement or the proof; so that
scarcely a word would be saved if we restricted ourselves to ordinary
categories alone. Certainly this requires proofs adapted to the case of a
general V; but these almost always turn out to be the best proofs in the
classical case V � Set as well.

Max Kelly, [Kel82, page 2]

In § 3.1–§3.2 we discuss enriched categories. This is the most convenient
framework for the definition of G-spectra, the central objects of study in this
book, to be given in Chapter 9. In a category C enriched over V, or V-category
for short, morphism sets are replaced by morphism objects in a symmetric
monoidal category V0 as explained in Definition 3.1.1. An ordinary category
is enriched over pSet,�, �q. A closed V-module as in Definition 2.6.42 is a
V-category with additional structure.
We have an enriched Yoneda lemma, Enriched Yoneda Lemma 3.1.29, en-

riched functor categories (Definition 3.2.18), enriched Yoneda embedding (Def-
inition 3.1.68), enriched limits, colimits, ends and coends (§3.2).
In §3.3 we discuss the most useful (for us) construction of enriched category

theory, the Day convolution. It is the formal tool that leads to the definition
of smash products in the stable homotopy category in §7.2C and Chapter 9.
Its use simplifies stable homotopy theory considerably. It is the main
motivation for introducing many of the tools we have mentioned thus far.
We discuss simplicial sets and simplicial spaces in § 3.4. The former are

combinatorial structures (Definition 3.4.1) having topological spaces (their
geometric realizations, Definition 3.4.3) associated with them. These spaces
are always CW complexes and hence convenient to work with. Much of homo-
topy theory can be done in the world of simplicial sets. For example the yellow
monster (Kan’s nickname for [BK72]) is written entirely in this language; when
they say “space” they really mean “simplicial set.” We have decided not to do
the same in this book because simplicial sets are not convenient for describ-
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ing certain spaces we use repeatedly, namely ones associated with orthogonal
representations of finite groups such as Stiefel manifolds and Thom spaces.

3.1 Basic definitions

There are familiar examples of closed symmetric monoidal categories C (such
as Ab, Vectk and the redefined T op) in which the morphism set CpX,Y q has
a natural structure as an object in C. More generally, the morphism set could
have a natural structure as an object in a category other than C.
We will generalize the definition of a category as follows. Let V � pV0,b,1q

be a symmetric monoidal category as in Definition 2.6.1. The following is
originally due to Eilenberg-Kelly [EK66] and is repeated in [Kel82]. In the
former, closed symmetric monoidal categorys were called “closed categories,”
and categories enriched over such a V were called “categories over V” or “V-
categories.”

3.1A Enriched categories, functors and natural
transformations

Definition 3.1.1. V-categories. A V-category C (or a category enriched
over a symmetric monoidal category V � pV0,b,1q) consists of a col-
lection Ob C called the objects of C, for each pair X,Y P Ob C a morphism
object CpX,Y q P ObV0 (instead of a set of morphisms X Ñ Y ), for each X
an identity morphism 1X : 1Ñ CpX,Xq in V0 (instead of an identity mor-
phism X Ñ X) and for each triple pX, Y, Zq of objects of C a composition
morphism

cX,Y,Z : CpY, Zq b CpX,Y q Ñ CpX,Zq, (3.1.2)

which is a morphism in V0. These data are required to satisfy the evident
unit and associativity properties as in Definition 2.6.1. We will usually
denote it as above with a lower case Roman letter corresponding to
the name of the category having subscripts indicating to the three
objects in question.

There is an ordinary category C0 underlying the enriched category C with
objects as in C and morphism sets defined by

C0pX,Y q :� V0p1, CpX,Y qq. (3.1.3)

In an ordinary category C0 the morphism set C0pX,Y q could be empty. An
ordinary category is enriched over Set, in which the empty set is the initial
object. Hence the analogous situation in a V-category C would be that CpX,Y q
is the initial object in V, if there is one.
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In the examples of interest in this book, V0 is a model category and hence
bicomplete as in Definition 2.3.25. This means it has both an initial object and
a terminal object, as well as products and coproducts indexed by arbitrary
sets. In the language of Definition 3.1.31 below, it is bitensored over Set.

Remark 3.1.4. Ordinary properties of enriched categories. We will
sometimes say that a V-category C has a certain property if its underlying
ordinary category C0 has the same property.

For more discussion of the following, see [Rie14, §13.1].

Definition 3.1.5. The enriched arrow category. Let C be a category
that is bitensored and enriched over a bicomplete symmetric monoidal V-
category with unit �. The enriched arrow category C1 has as objects morphisms
f : � Ñ CpA,Bq in V. Given a second object g : � Ñ CpX,Y q, the morphism
object 3pf, gq � C1pf, gq is the pullback of the following diagram in V.

3pf, gq //

��

CpA,Xq
g�

��
CpB, Y q f� // CpA, Y q,

the analog of the diagram of sets in Proposition 2.3.5.

Then Proposition 2.3.18 suggests the following.

Definition 3.1.6. Enriched lifting. Let f and g be as in Definition 3.1.5.
The enriched lifting test map C3pf, gq is the morphism to the pullback in
the diagram

CpB,Xq f�

''

g�

  A
AA

AA
AA

AA
AA

AA
AA

AA
AA

C3pf,gq

((P
PPPPP

3pf, gq //

��

CpA,Xq
g�

��
CpB, Y q f� // CpA, Y q.

and we say f m g (the enriched analog of Definition 2.3.10) if C3pf, gq has a
section.

Remark 3.1.7. Dugger’s approach to enrichment. In [Dug06, 2.1] Dug-
ger gives a variant of the above in which he starts with the ordinary category
C0 and equips it with

(i) a functor τ : Cop0 � C0 Ñ V0 whose value on pX,Y q is our CpX,Y q,
(ii) for each object X in C0 an identity morphism 1Ñ CpX,Xq in V0,



3.1 Basic definitions 205

(iii) a natural transformation inducing the composition morphism

CpY, Zq b CpX,Y q Ñ CpX,Zq

and
(iv) for each morphism f : X Ñ Y in C0 a commuting diagram in V0,

1 //

��

CpX,Xq
f�

��
CpY, Y q f� // CpX,Y q

with suitable properties.

He then considers what happens when the functor τ is varied.

Remark 3.1.8. V-categories and categories internal to V. In § 2.3D
we discussed categories J internal to a ground category C in which certain
pullbacks can be defined. These are generalizations of small categories in which
the object set J0 :� Ob J is instead an object in C, as is the morphism set
J1 :� Arr J . The latter comes equipped with a morphism to J0 � J0 related
to the domain and codomain. When the C has a terminal object �, we can
speak of points (morphisms from �) in J0, J1 and J0 � J0, and hence of the
preimage in J1 of a point px, yq (an ordered pair of objects in J) in J1. This
preimage is a certain pullback (see (2.3.50)) and an object Jpx, yq in C, the
morphism object generalizing the set of morphisms x Ñ y. Hence if C were
symmetric monoidal, we could say that J is enriched over it.

The ground category C is not required to be symmetric monoidal in Def-
inition 2.3.46 because we only need the existence of certain objects such as
J1 �

J0
J1, which is weaker than a monoidal structure. On the other hand, the

requirement that J0 be an object in the ground category C is a smallness
condition not required of an enriched category.

The enriched analog of Definition 2.1.56 is the following.

Definition 3.1.9. Enriched retracts. Let C be a V-category as in Defini-
tion 3.1.1. An object X is a retract of an object Y if there is a lifting of the
identity morphism for X in the following diagram in V0

CpY,Xq b CpX,Y q
cX,Y,X

��
1

1X
//

66mmmmmmmm CpX,Xq.

A closed V-module C as in Definition 2.6.42 (in which the symmetric mon-
oidal category V is required to be closed) is a V-category as in Definition 3.1.1



206 Enriched category theory

with additional structure. It has tensor and cotensor products over V;
these will be defined below in Definition 3.1.31.
Note here that CpX,Y q is no longer a set endowed with additional structure;

it is simply an object in V0. Hence C does not have morphisms in the usual
sense, but only morphism objects in V0. In an ordinary category a morphism
set could be empty, i.e., it could be the initial object of Set. The analog here
is that CpX,Y q could be the unit object 1, the initial object of V0.
Associativity of composition implies the following, which should be com-

pared with Definition 2.2.34.

Proposition 3.1.10. The reduced composition morphism in a cocom-
plete category. For a cocomplete V-category C, let

CpY, Zq bCpY,Y q CpX,Y q

denote the coequalizer of

CpY, Zq b CpY, Y q b CpX,Y q
cY,Y,ZbCpX,Y q
��

CpY,ZqbcX,Y,Y

��
CpY, Zq b CpX,Y q

���
�
�

CpY, Zq bCpY,Y q CpX,Y q.

Then the composition morphism

cX,Y,Z : CpY, Zq b CpX,Y q Ñ CpX,Zq

of (3.1.2) factors uniquely through the reduced composition morphism

rcX,Y,Z : CpY, Zq bCpY,Y q CpX,Y q Ñ CpX,Zq.

Proposition 3.1.11. Reduced composition with endomorphisms. The
reduced composition morphisms

rcX,Y,Y : CpY, Y q bCpY,Y q CpX,Y q Ñ CpX,Y q

and

rcY,Y,Z : CpY, Zq bCpY,Y q CpY, Y q Ñ CpY, Zq.

are isomorphisms.
If either CpY, Zq or CpX,Y q is isomorphic to CpY, Y q, then rcX,Y,Z is an

isomorphism.
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Proof For the first isomorphism, note that when Z � Y the diagram of
Proposition 3.1.10 fits into

CpY, Y q b CpY, Y q b CpX,Y q
CpY,Y qbcX,Y,Y

��
cY,Y,Y bCpX,Y q
��

1b CpX,Y q 1Y bCpX,Y q // CpY, Y q b CpX,Y q

���
�
�

cX,Y,Y // CpX,Y q

CpY, Y q bCpY,Y q CpX,Y q,
rcX,Y,Y

44iiiiiiiiiiiiiiiiii

in which the composite map 1 b CpX,Y q Ñ CpX,Y q is isomorphic to the
identity via the left unitor (see Definition 2.6.1) in V. This means that the
coequalizer has to be CpX,Y q. In view of this, an isomorphism between CpY, Zq
and CpY, Y q induces one between the colimits

CpY, Zq bCpY,Y q CpX,Y q

and

CpY, Y q bCpY,Y q CpX,Y q � CpX,Y q.

The arguments for the other two isomorphisms are similar.

Definition 3.1.12. Enriched composition and precomposition with
an ordinary morphism. Given a morphism f P C0pX,Y q and an object W
in C, the morphism f�, which we will also denote by CpW,fq, in V0, enriched
composition with f , is the composite

CpW,Xq
λ�1
CpW,Xq

�
// 1b CpW,Xq fbCpW,Xq// CpX,Y q b CpW,Xq // CpW,Y q,

where λ�1
CpW,Xq is the inverse of the left unitor of Definition 2.6.1.

Similarly, given an object Z in C, the morphism f�, which we will also
denote by Cpf, Zq, in V0, enriched precomposition with f , is the composite

CpY, Zq
ρ�1
CpY,Zq

�
// CpY, Zq b 1

CpY,Zqbf // CpY, Zq b CpX,Y q // CpX,Zq,

where ρ�1
CpY,Zq is the inverse of the right unitor of Definition 2.6.1.

Definition 3.1.13. Enriched functors and natural transformations.
Let C and D be V-categories is in Definition 3.1.1. A V-functor or enriched
functor F : C Ñ D consists of a map F from the objects of C to those of D
and for each pair of objects X,Y in C a morphism

FX,Y : CpX,Y q Ñ DpF pXq, F pY qq (3.1.14)
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in V0 such that the following diagrams in V0 commute for all objects X,Y, Z
in C:

CpY, Zq b CpX,Y q cX,Y,Z //

FY,ZbFX,Y

��

CpX,Zq
FX,Z

��
DpF pY q, F pZqq bDpF pXq, F pY qq dF pXq,F pY q,F pZq// DpF pXq, F pZqq

(3.1.15)

and

1
1X //

1F pXq
))SSS

SSSS
SSSS

SSSS
SS CpX,Xq

FX,X

��
DpF pXq, F pXqq.

(3.1.16)

Given two such functors F and G, a V-natural transformation or en-
riched natural transformation θ : F ùñ G consists of a morphism

θX : 1Ñ DpF pXq, GpXqq
for each object X of C such that for all objects X,Y of C the following diagram
in V0 commutes:

CpX,Y q FX,Y //

GX,Y

��

DpF pXq, F pY qq
pθY q�
��

DpGpXq, GpY qq pθXq
�

// DpF pXq, GpY qq

(3.1.17)

where the morphisms pθY q� � DpF pXq, θY q and pθXq� � DpθX , GpY qq are
composition and precomposition as in Definition 3.1.12. We say θ is a V-
natural equivalence if the image of each θX is an isomorphism in D0.

Definition 3.1.18. Two V-categories C and D are V-equivalent if there are
V-functors F : C Ñ D and G : D Ñ C and V-natural equivalences η : 1C ñ GF

and ε : FGñ 1D.

The diagram (3.1.17) above is the enriched analog of (2.2.2). It is the same
as Kelly’s diagram [Kel82, (1.39)].

3.1B Enriched adjunctions
Here is the enriched analog of Definition 2.2.13. See [Kel82, §1.11] for more
discussion.

Definition 3.1.19. Enriched adjunctions. A pair pF,Gq of V-functors
F : C Ñ D and G : D Ñ C between V-categories is adjoint pair or V-
adjunction if there is a natural isomorphism of objects in V

ϕ : DpFX, Y q � // CpX,UY q
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for each object X in C and Y in D. We say that G is the right adjoint of
F , F is the left adjoint of G, and ϕ is the adjunction isomorphism.

The other notions of Definition 2.2.13 are defined similarly.

Proposition 3.1.20. The 2-category of V-categories. Recall the 2-categories
VCAT and VCat (Example 2.7.2(iii)). In them objects (i.e., V-categories) are
equivalent as in Definition 2.7.3 if the underlying categories are equivalent as
in Definition 2.2.4 with the relevant functors and natural equivalences being
V-functors and V-natural equivalences.

The following is proved by Riehl as [Rie14, Lemma 3.4.3] and by Geoffrey
Cruttwell as [Cru08, Proposition 4.2.1].

Proposition 3.1.21. Changing the base of enrichment. Suppose we
have a second closed symmetric monoidal category W � pW0,�, �q and a lax
monoidal functor L : V ÑW as in Definition 2.6.19. Then for a V-category C
there is a W-category L�C having the same objects as C in which the morphism
objects are the images of those in C (which lie in V) under the functor L.

Cruttwell proves more than this in [Cru08, Theorem 4.2.4]. Recall that the
class of V-categories (W-categories ) forms a 2-category VCAT (WCAT ) as
in Example 2.7.2(iii).

Proposition 3.1.22. More about change of enrichment base. A lax
monoidal functor L : V Ñ W as in Proposition 3.1.21 induces a functor of
2-categories,

L� : VCAT ÑWCAT.

This was first proved by Eilenberg and Kelly in [EK66, §6].
Proposition 3.1.21 describes the effect of this functor on objects or 0-cells in

VCAT . For 1-cells, Proposition 3.1.22 means that given a V-functor F : C Ñ
D, we get a W-functor

L�F : L�C Ñ L�D

with the expected properties. For 2-cells, given a V-natural transformation
θ : F ñ G we get a W-natural taansformation

L�θ : L�F ñ L�G

with the expected properties.
In particular the functor

V � V0p1, �q : V Ñ pSet,�, �q (3.1.23)

is lax monoidal. It converts the V-category C to the ordinary (meaning en-
riched over Set) category C0.
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Definition 3.1.24. The free V-category generated by an ordinary
category. Let V � pV0,b,1q be a closed symmetric monoidal category in
which V0 is cocomplete, and let I be the monoidal functor

I �
º
p� q

1 : SetÑ V0. (3.1.25)

that sends a set X to the coproduct of the unit object indexed by X, which
we denote by X � 1. In particular it sends the empty set to the initial object
of V0, and it sends X � Y to pX � 1q b pY � 1q. Using Proposition 3.1.21, for
any ordinary category C, we get a V-category CV � I�C, the free V-category
generated by C.

The following was proved by Kelly in [Kel82, §2.5].

Proposition 3.1.26. An adjunction of 2-categories. Let V � pV0,�,1q
be a closed symmetric monoidal category with V0 cocomplete. Then the functors
V of (3.1.23) and I of (3.1.25) induce functors VCAT Ñ CAT (VCatÑ Cat)
and CAT Ñ VCAT (Cat Ñ VCat), which we denote by p� q0 and p� qV .
Moreover p� qV is the left adjoint of p� q0.

Remark 3.1.27. Categories enriched over concrete V. Following [Kel82,
page 8], we denote the functor V0p1, �q : V0 Ñ Set by V . It may or may
not be faithful in general. It is faithful in the cases of greatest interest in this
book, namely when V0 is a category of topological spaces and continuous maps,
possibly with additional structure such as a base point, a group action or both.
These categories are concrete as in Definition 2.1.9.

If C is a V-category as in Definition 3.1.1 for concrete V0, its morphism
objects CpX,Y q can be regarded as sets with additional structure. Composition
of morphisms is as in the ordinary category C0, and it respects the additional
structure. No information is lost by passing from C to C0.

The following is taken from [Kel82, page 12] where the evident composition
rule is spelled out.

Definition 3.1.28. The product of two V-categories. Let C and C1 be
V-categories (Definition 3.1.1) for V � pV0,b,1q as above. Then their product
C b C1 is the V-category whose object class is

Ob pC b C1q � Ob C �Ob C1

and whose morphism objects are

pC b C1qppX,X 1q, pY, Y 1qq � CpX,Y q b C1pX 1, Y 1q
for X and Y in C, and X 1 and Y 1 in C1.

If the binary operation in V were denoted by a symbol other than b, we
would also use that symbol to denote this product.
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The following was proved by Kelly in [Kel82, §2.4] and by Borceaux [Bor94b,
Theorem 6.3.5].

Enriched Yoneda Lemma 3.1.29. For an object K in a V-category C, con-
sider the covariant V-valued functor HK � CpK,�q (the enriched Yoneda
functor) on C. Let F be another such functor, so both F and HK are ob-
jects in the enriched functor category rC,Vs. Then the V object of natural
transformations from H

K to F , that is rC,VspHK , F q, is F pKq.
Remark 3.1.30. Typo warning. There appears to be a typo in Kelly’s
statement of the enriched Yoneda isomorphism, [Kel82, (2.31)]. The right
hand side should read rA,VspApK,�q, F q, where Kelly’s category A is our
C, so his Yoneda functor ApK,�q is our HK . The left hand side of [Kel82,
(2.31)] is F pKq.

3.1C Tensors and cotensors
Definition 3.1.31. Tensor products and cotensor products. Let C be a
category enriched over a closed symmetric monoidal category V � pV0,b,1q.
Then C is tensored (or copowered) over V if for each object pK,Xq in
V � C, there are objects K bX, the left tensor product, and X bK, the
right tensor product, in C, with natural isomorphisms in V,

CpK bX,Y q � CpX bK,Y q � VpK, CpX,Y qq (3.1.32)

for each object Y of C.
In other words tensoring with X on either side as a functor V Ñ C is left

adjoint of the functor CpX, �q from C to V. For each object Y in C, the counit
(as in Definition 2.2.20) of this adjunction is a map

εY : CpX,Y q bX Ñ Y, (3.1.33)

the evaluation map. In the case of an ordinary category it sends the pair
pf : X Ñ Y,Xq to Y . For each object K in V, the unit is a map

ηK : K Ñ CpX,K bXq,
the coevaluation map.

Dually, C is cotensored (or powered) over V if for each object pK,Y q
in V � C there is an object Y K in C with a composite natural isomorphism in
V,

CoppY K , Xq � CpX,Y Kq � CpX bK,Y q �� VpK, CpX,Y qq (3.1.34)

for each object X of C. In this case there is no chirality as in the tensor
product case.

In other words the functor Y p� q : Vop Ñ C, which can also be thought of as
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a functor V to Cop, is the left adjoint of the functor Cp� , Y q : Cop Ñ V. For
each object X in C, the counit of this adjunction, meaning the map on the left
adjoint to the identity on the right in the case K � CpX,Y q, is a morphism
in Cop, and we denote its opposite in C by

εX : X Ñ Y CpX,Y q. (3.1.35)

For each object K in V, the unit, meaning the right adjoint of the identity on
the left in the case X � Y K , is

ηK : K Ñ CpY K , Y q.

When C is both tensored and cotensored over V, we say it is bitensored
over V.

A closed V-module C as in Definition 2.6.42 is bitensored over V.

Remark 3.1.36. Tensor (cotensor) products and colimits (limits).
The tensor (cotensor) product is a colimit (limit). Hence it is often convenient
to assume that the categories V and C are bicomplete (Definition 2.3.25), as
are model categories (to be introduced below in Chapter 4) by definition.

Proposition 3.1.37. Cotensor commutativity. Let C and V be as in Def-
inition 3.1.31 with V symmetric monoidal. Then for objects K and L in V
and Y in C, there are natural isomorphisms

pY KqL � pY LbKq � pY KbLq � pY LqK .

Proof For any object X in C we have

CpX, pY KqLq � VpL, CpX,Y Kqq by (3.1.34)
� VpL,VpK, CpX,Y qq by (3.1.34) again
� VpLbK, CpX,Y qq by (2.6.34)
� CpX,Y LbKq by (3.1.34) a third time.

Now we use the symmetry of V to interchange K and L to conclude that there
is a natural isomorphism

CpX, pY KqLq � CpX, pY LqKq
so C0pX, pY KqLq � C0pX, pY LqKq.

Now let X � pY KqL. Then the natural isomorphism above sends the identity
morphism in the morphism set on the left to the desired isomorphism in
the morphism set on the right. The other isomorphisms follow for similar
reasons.
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When F : D Ñ C, where D is a V-category that need not be tensored over
V, for objects A and B in D we have the composite

DpA,Bq b F pAq FA,BbF pAq //

εFA,B ++WWWW
WWWWW

WWWWW
WWWWW

WWWWW
CpF pAq, F pBqq b F pAq

εF pBq

��
F pBq,

(3.1.38)

the composition map or structure map.
For a functor F as above, we have a composite

F pAq
ηF pAq

��

ηFA,B

++XXXX
XXXXX

XXXXX
XXXXX

XXXXX
XX

F pBqCpF pAq,F pBqq
F pBqFA,B

// F pBqDpA,Bq,
(3.1.39)

the cocomposition map or costructure map.
When C is bitensored over V, the map εFA,B is adjoint to ηFA,B under the

adjunction

CpDpA,Bq b F pAq, F pBqq � CpF pAq, F pBqDpA,Bqq.
Next we give the enriched analog of Definition 2.2.6.

Definition 3.1.40. Enriched composition and precomposition as en-
riched natural transformations. Let C and D be V-categories (where
V � pV0,b,1q) with C bitensored over V as in Definition 3.1.31. Let

H : Dop bD Ñ C,

where the tensor product of categories is as in Definition 3.1.28, be a V-
functor as in Definition 3.1.13. For a fixed object B in D, consider another
such functor

Dop bD HB // C

pA,Cq � // DpB,Cq bHpA,Bq,
in which the object in C is a left tensor product (as in Definition 3.1.31)
with the object DpB,Cq in V. Then we define a natural transformation θB :

HB ùñ H (as in Definition 3.1.13) by

θBA,C � ε
HpA,�q
B,C : DpB,Cq bHpA,Bq Ñ HpA,Cq (3.1.41)

for εHpA,�qA,C as in (3.1.38), in which the superscript is a functor. We call this
composition at B. It is adjoint to a map

pθBA,C : HpA,Bq Ñ HpA,CqDpB,Cq (3.1.42)
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Similarly, for an object A in D consider the functor

Dop bD HA
// C

pD,Bq � // HpA,Bq bDpD,Aq

in which the object in C is a right tensor product with the object DpA,Bq in
V. Then define κA : HA ùñ H, precomposition at A, as follows. For an
object pD,Bq in Dop �D, we have

pκAD,B � η
Hp� ,Bq
A,D : HpA,Bq Ñ HpD,BqDoppA,Dq � HpD,BqDpD,Aq (3.1.43)

where Hp� , Bq is a functor Dop Ñ C and η
Hp� ,Bq
A,D is as in (3.1.39) with D

replaced by its opposite. We define

κAD,B : DpD,Aq bHpA,Bq � HpA,Bq bDpD,Aq Ñ HpD,Bq (3.1.44)

to be the adjoint of the map of (3.1.43).

The enriched analog of (2.2.7) is the following

DpC,Dq bHpB,Cq bDpA,Bq

DpC,DqbκB
A,C

''OO
OOO

OOO
OOO

OO

θCB,DbDpA,Bq
wwooo

ooo
ooo

ooo
o

HpB,Dq bDpA,Bq

κB
A,D ''OO

OOO
OOO

OOO
OO

DpC,Dq bHpA,Cq

θCA,Dwwooo
ooo

ooo
ooo

o

HpA,Dq.

(3.1.45)

It is adjoint to the following

HpB,Cq
pκB
A,C

''OO
OOO

OOO
OOO

OOpθCB,D

wwooo
ooo

ooo
ooo

o

HpB,DqDpC,Dq
�pκB

A,D

	DpC,Dq

��

HpA,CqDpA,Bq
�pθCA,D

	DpA,Bq

��
HpA,DqDpA,BqbDpC,Dq � // HpA,DqDpC,DqbDpA,Bq,

(3.1.46)

where the bottom isomorphism that of Proposition 3.1.37.
A V-category C that is both tensored and cotensored over V as in Defini-

tion 3.1.31 is the same thing as a closed V-module as in Definition 2.6.42.
The following, in which the two variable adjunction is the same as that of
Definition 2.6.42, is an immediate consequence of these definitions.
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Proposition 3.1.47. Tensor and cotensor products as components
of a two variable adjunction. The two structures in Definition 3.1.31
together are equivalent to a two variable adjunction (Definition 2.6.26) with
the categories C, D and E replaced by V, C and C respectively, the three functors
given by

V � C b // C pK,Xq � // K bX

Vop � C Hom` // C pK,Y q � // Y K

Cop � C Homr // V pX,Y q � // CpX,Y q,

and the two natural isomorphisms being

CpX,Y Kq CpK bX,Y q φr

�
//φ`

�
oo VpK, CpX,Y qq. (3.1.48)

Example 3.1.49. Tensoring and cotensoring over Set. Any cocomplete
(complete) category C is tensored (cotensored) over Set, the tensor (cotensor)
product of an object in C with a set K being the coproduct (product) indexed
by K. Note the reversal here of the placement of the prefix “co.”

Proposition 3.1.50. Tensoring a G-category with BG washes out the
G-action. Let V � pV0,b,1q be a closed symmetric monoidal category (Def-
inition 2.6.1 and Definition 2.6.33) which is bitensored over Set (Defini-
tion 3.1.31). Then there is a similar structure on VBG, the category of objects
in V with G-action for a finite group G. It is bitensored over SetBG, the cate-
gory of G-sets. Then BG, the one object category for G as in Example 2.9.1,
is enriched over SetBG and therefore over VBG.

Let C be a VBG-category. Let C be the same category with trivial G-action
on its morphism objects. Then the categories BG b C (where the product of
the two categories is as in Definition 3.1.28) and BGb C are isomorphic.

See Definition 9.4.10 below for a definition that is similar in spirit.

Proof The categories BG b C and BG b C have the same objects, namely
those of C, since BG has one object. We will define an isomorphism functor
F : BGb C Ñ BGb C which is the identity on objects. Given objects X and
Y in C, we will use the same symbols for the corresponding objects in BGb C
and BGb C. We need to define the morphism

pBGb CqpX,Y q � Gb CpX,Y q Ñ Gb CpX,Y q � pBGb CqpX,Y q

in VBG induced by F . Since V is concrete, we can treat CpX,Y q as a G-set
and define the map for γ P G and z P CpX,Y q by

γ b z ÞÑ γ b γ�1pzq.
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The group G acts diagonally on the left, and on the first factor on the right.
Thus for α P G we have

F pαpγ b zqq � F pαγ b αzq � αγ b pαγq�1αz � αγ b γ�1z � αF pγ b zq,
so F is the desired isomorphism.

3.1D Enriched monoidal categories
Definition 3.1.51. An enriched monoidal category C � pC0,`,0q is
a category C enriched over a symmetric monoidal category V � pV0,b,1q
(Definition 2.6.1) with a V-functor (see Definition 3.1.13)

` : C b C Ñ C

(where C b C is as in Definition 3.1.28) and a unit object 0 with natural
V-isomorphisms

aX,Y,Z : pX`Y q`Z � X`pY `Zq, ρX : X`1 � X and λX : 1`X � X

for all objects X, Y and Z, called the associator, right unitor and left
unitor. The monoidal category C is symmetric if in addition there is a
natural twist isomorphism

τX,Y : X ` Y � Y `X.

as in Equation 2.6.2. These V-natural isomorphisms are components of V-
natural equivalences as in Definition 3.1.13; see Remark 2.6.5. In the un-
derlying category C0 they are required to satisfy the coherence conditions of
Definition 2.6.1.

Remark 3.1.52. Enriched addition functors and morphisms. Let C �
pC0,`,0q be a symmetric monoidal category enriched over V as in Defini-
tion 3.1.51. Then for each object A in C0 we can define addition functors αA
and ωA as in Definition 2.6.6, along with morphisms αA,X,Y and ωA,X,Y in
V (rather than in Set) for each pair of objects X and Y in C0.

It follows that we have commutativity of the diagrams of Proposition 2.6.7,
which are now diagrams in V rather than in Set.

3.1E Liftings in enriched categories
Now we will discuss liftings in enriched categories. If C is a V-category, then
we do not have morphisms between objects X and Y in C, but only morphism
objects CpX,Y q in V. We need to replace these by the corresponding morphism
sets in the underlying ordinary category C0 as in (3.1.3). Only then can we
speak of morphisms i and p and define a lifting test map C0pi�, p�q as in
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Definition 2.3.14. Proposition 2.3.18 then applies to the analog of (2.3.11) in
the ordinary category C0.
The following result is similar to [MMSS01, Lemma 5.16] and [HSS00, Corol-

lary 3.3.9]. It will be used in the proofs of Theorem 7.3.36 and Theorem 7.4.52
below.

Proposition 3.1.53. The right lifting property with respect to a
pushout corner map. With notation as in Definition 2.6.12, suppose that
C is a closed symmetric monoidal category and that D � E, which is enriched
and bitensored (see Definition 3.1.31) over C. Let i : A Ñ B be a morphism
in C0 and let f : X Ñ Y and g :W Ñ Z be morphisms in E0.

Then the following are equivalent:

(i) The morphism g has the right lifting property with respect to il f .

(ii) The pullback corner map for

WB
g� //

i�

��

ZB

i�

��
WA

g� // ZA,

has the right lifting property with respect to f .

(iii) The lifting test map pE0q3pf, gq of Definition 2.3.14 in C0, meaning the
pullback corner map for

E0pY,W q g� //

f�

��

E0pY, Zq
f�

��
E0pX,W q g� // E0pX,Zq,

has the right lifting property with respect to i.

The three equivalent statements above each say that there is a lifting pair
(see Definition 2.3.10) consisting of one of the maps i, f and g and a map
constructed from the other two as either a pushout corner map (in the case
of g) or a pullback corner map. The map g is on the right of its lifting pair,
while i and f are on the left. Each statement is equivalent to the assertion
that the map on the left side has the left lifting property with respect to the
one on the right.
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Proof Consider the cubical diagram of sets

E0pB b Y,W q
i�

))RRR
RRR

RRR
RRR

R

f�

��

g�

vvlll
lll

lll
lll

E0pB b Y, Zq
f�

��

i�

((RR
RRR

RRR
RRR

R
E0pB bX,W q

g�
llll

ll

vvllll
ll

i�

RRRR
RR

))RRR
RRR

E0pAb Y,W q
f�

��

g�

uullll
lll

lll
lll

E0pB bX,Zq
i�

((RR
RRR

RRR
RRR

R
E0pAb Y, Zq

f�

��

E0pAbX,W q
g�

uullll
lll

lll
lll

E0pAbX,Zq

(3.1.54)

Each set in it can be written in three different ways. For example

E0pB b Y,W q � E0pY,WBq � C0pB, EpY,W qq, (3.1.55)

where the objects WB of E and EpY,W q of C are also objects of E0 and C0
respectively.
There is a map from this set, the one in the top row of (3.1.54), to the limit

of the diagram obtained from (3.1.54) by removing the top row. This limit is
by definition a triple pullback. By Proposition 2.3.53 it can be described as
a simple pullback in three different ways, namely those of the three diagrams
below, in which Rpα, βq denotes the pullback of two maps α and β having the
same target.

RpE0pibX,W q, E0pAb f,W qq

))RRR
RRR

RRR
RRR

R
E0pB b Y, Zq

zzttt
ttt

ttt

RpE0pibX,Zq, E0pAb f, Zqq

RpE0pib Y, Zq, E0pAb Y, gqq

))RRR
RRR

RRR
RRR

R
E0pB bX,W q

zzttt
ttt

ttt

RpE0pibX,Zq, E0pAbX, gqq

RpE0pB b f, Zq, E0pB bX, gqq

))RRR
RRR

RRR
RRR

R
E0pAb Y,W q

zzttt
ttt

ttt

RpE0pAb f, Zq, E0pAbX, gqq

(3.1.56)

These three descriptions of the source in (3.1.55) and the target in (3.1.56)
of the triple pullback corner map translate into those of the lifting test maps
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for the three stated right lifting properties. We leave the remaining details to
the reader.

Example 3.1.57. The topological case with Z � �. Let

C � pT op,�, �q,
let i be the standard inclusion Sn�1 Ñ Dn for some integer n ¥ 0, and suppose
that Z � �. Then in Proposition 3.1.53 (iii), the pullback corner map is f�,
so g has the right lifting property with respect to the corner map il f iff f�

has it with respect to i. In the case D � T op, this is proved by Hirschhorn as
[Hir03, Proposition 1.3.3]. Similarly in (ii) the pullback corner map is i�, so
g has the right lifting property with respect to the ilf iff i� has it with respect
to f . In the case where D is a simplicial model category, Proposition 3.1.53
is comparable to [Hir03, Lemma 9.4.7].

Corollary 3.1.58. Formulation in terms of the arrow categories. With
notation as in Proposition 3.1.53, let C1 and E1 denote the arrow categories
for C0 and E0. Consider two variable adjunction as in Proposition 3.1.47 with
V and C replaced by C1 and E1. The isomorphisms of (3.1.48) are

C1pi, E0pf�, g�qq E1pil f, gq φ`

�
//φr

�
oo E1pf, E 11pi�, g�qq.

If any of these three pairs of morphisms is a lifting pair (Definition 2.3.10),
then the other two are as well.

3.1F Continuous group actions
Definition 3.1.59. Enriched categories related to continuous group
actions. Consider the category C whose objects are compactly generated (pointed)
weak Hausdorff spaces equipped with an action of a fixed group G (that fixes the
base point). We could define a morphism to be any continuous (pointed) map,
not necessarily equivariant. We will sometimes use the term nonequivariant
as shorthand for not necessarily equivariant. In that case the morphism
set is itself a (pointed) G-space. The action of γ P G on a map f : X Ñ Y is
γpfq � γfγ�1 as indicated in the following diagram.

X
f //

γ�1

��

Y

X
f // Y

γ

OO
(3.1.60)

We will denote this category by T opG (TG). (In [HHR16] the latter is denoted
by T G; we are dropping the underline.) Alternatively we could consider only
equivariant maps, which would make the morphism set a topological space
without G-action. We will denote this category by T opG (T G).
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The notions for G-sets of Definition 2.2.25 carry over to G-spaces, and we
will use the same notation for them in this context. For a subgroupH � G and
a pointed H-space X, the induction functor, the left adjoint of the forgetful
functor iGH : T G Ñ T H , is given by

X ÞÑ G

H
X :� pG
XqH , (3.1.61)

the orbit space for the diagonal action of H on the left half smash product of
Definition 2.1.49, on which G acts by left multiplication as in the unpointed
case.

Proposition 3.1.62. The fixed point set of T opGpX,Y q is T opGpX,Y q,
and that of TGpX,Y q is T GpX,Y q. For H � G,�

iGHTGpX,Y q
�H � THpiGHX, iGHY qH � T HpiGHX, iGHY q,

and similarly in the unpointed case. The action of G on TGpX,Y q induces an
action of NH{H (where NH is the normalizer of H in G) on this fixed point
set.

Proof The diagram of (3.1.60) commutes for each γ P G, meaning that the
map f is fixed by G, iff f is equivariant. We can make a similar arguemnt for
each η P H after applying the forgetful functor iGH .

Proposition 3.1.63. Equivariance of composition in T opG and TG. For
G-spaces X, Y and Z, the composition map

T opGpY, Zq � T opGpX,Y q Ñ T opGpX,Zq
is equivariant, as is the map

TGpY, Zq ^ TGpX,Y q Ñ TGpX,Zq
in the pointed case. Hence T opG (TG) is enriched over T opG (T G).

Proof In both the unpointed and pointed cases, the group action on the
morphism space is given by

γpgfq � γgfγ�1 � pγgγ�1qpγfγ�1q � γpgqγpfq,
which gives the desired equivariance.

Proposition 3.1.64. Closed symmetric monoidal structures. For any
group G, both TG and T G (T opG and T opG) are closed symmetric monoidal
categories for which the internal Hom functor is TGp�,�q (T opGp�,�q).
Proof We will prove it in the pointed case. We know that pT ,^, S0q is a
closed symmetric monoidal category in which the categorical and internal
Hom functors are the same. Thus we have

T pX ^ Y, Zq � T pX, T pY, Zqq.
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If G is acts on the three spaces, this gives

TGpX ^ Y, Zq � TGpX, TGpY, Zqq. (3.1.65)

This means that TG is also a closed symmetric monoidal in which the cate-
gorical and internal Hom functors are the same.
We do not expect them to be the same in T G since its categorical Hom

objects do not have a G-action. Instead we have

T GpX, TGpY, Zqq � TGpX, TGpY, ZqqG by Proposition 3.1.62
� TGpX ^ Y, ZqG by (3.1.65)
� T GpX ^ Y, Zq by Proposition 3.1.62 again,

so TGp�,�q is the internal Hom functor for T G as well as for TG.

Definition 3.1.66. Topological categories and topological G-categories.
A (pointed) topological category is a category enriched over T op (T ). It
is a (pointed) topological G-category if it is enriched over T opG (T G).

Thus T op and T opG are both topological categories, T opG is a topological
G-category and a topological G-category is also a topological category. An
ordinary category can be made into a topological category by endowing each
of its morphism sets with the discrete topology. Since T G is a subcategory of
TG (having the same objects but fewer morphisms), a category enriched over
the former is also enriched over the latter.

Example 3.1.67. Rings and modules as one object Ab-categories and
Ab-functors. Recall that a group G can be thought of as an ordinary cate-
gory with one object in which all morphisms are invertible and the set of
endomorphisms under composition is isomorphic to G. Similarly a ring R

can be thought of one object category CR enriched over pAb,b,Zq. Here the
endomorphism object is the abelian group underlying R and composition is the
morphism RbRÑ R given by multiplication.

A covariant (contravariant) functor CR Ñ Ab defines a left (right) R-
module whose underlying abelian group is the image of the functor. A natural
transformation between two such functors is equivalent to a homomorphism
between the two modules. The enriched functor category rCR,Abs (rCopR ,Abs)
is isomorphic to the category of left (right) R-modules.

3.1G Yoneda this and that
The following are the enriched analogs of Yoneda Lemma 2.2.10 and Defini-
tion 2.2.32.

Definition 3.1.68. The enriched Yoneda functor HD of an object D in
a V-category D is the V-functor DpD, �q in rD,Vs. The enriched Yoneda
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embedding H : Dop Ñ rD,Vs is given by D ÞÑ H
D; compare with Def-

inition 2.2.12. For a V-category E tensored over V (Definition 3.1.31), the
enriched tensored Yoneda functor FD : E Ñ rD, Es is given by

X ÞÑ DpD, �q bX

for each object X in E.

Definition 3.1.69. The endomorphism V-category EndD of an object D
is the full V-subcategory of D with one object D. Its right action on DpD,D1q
by precomposition is denoted by

µR : DpD,D1q bDpD,Dq Ñ DpD,D1q.

Similarly the left action of EndD1 acts on it by postcomposition is denoted by

µL : DpD1, D1q bDpD,D1q Ñ DpD,D1q.

For a V-category E that is tensored over V, the corestriction functor GD :

rEndD, Es Ñ rD, Es is given by

pGDXqD1 :� DpD,D1q bDpD,Dq XD

where the enriched functor X : EndD Ñ E is the same thing as an object XD

in E equipped with a left action of the endomorphism monoid of D, meaning
a map µL : DpD,Dq bXD Ñ XD with suitable properties.

We can restate Enriched Yoneda Lemma 3.1.29 as follows.

Proposition 3.1.70. Enriched Yoneda lemma revisited. For each func-
tor F in rD,Vs, the V object of natural transformations from H

D to F , i.e.,
rD,VspHD, F q, is FD.

As in Proposition 2.4.19, we will identify the object (rather than set) of
natural transformations between two such functors as an enriched end, after
saying what an enriched end is, below in Definition 3.2.18.
Here is the enriched analog of the Yoneda adjunction of Remark 2.2.35.

Proposition 3.1.71. The enriched Yoneda adjunction. For an object
D in D, let the coevaluation functor FD : V Ñ rD,Vs be given by FDX �
H
D bX. Then we have an adjunction

X � // HD ^X

FD : V K
// rD,Vs : EvDoo

XD X.�oo



3.2 Limits, colimits, ends and coends in enriched categories 223

3.2 Limits, colimits, ends and coends in enriched
categories

Our source for this material is [Rie14, Chapter 7].

3.2A Weighted limits and colimits
The generalizations of limits and colimits to the enriched setting are called
weighted limits and colimits. (In [Kel82, Chapter 3] Kelly called them in-
dexed limits and colimits.) In order to motivate the definition, we start with
a reinterpetation of ordinary limits and colimits. Let F : J Ñ C be a functor
from a small category J ; we will denote its value on an object j by Fj . Then
we can define a J-set Cpc, F q by j ÞÑ Cpc, F pjqq and dually a Jop-set CpF, cq by
j ÞÑ CpF pjq, cq. We also have the constant �-valued (where � denotes the set
with one element) J-set and Jop-set, both of which we also denote by �. Then
the limit and colimit of the functor F , assuming they exist, are characterized
by

Cpc, limF q � SetJp�, Cpc, F qq and CpcolimF, cq � SetJ
opp�, CpF, cqq.

In other words a morphism c Ñ limF in C is equivalent to a natural trans-
formation � ñ Cpc, F q of functors J Ñ Set, i.e., of J-sets.

Example 3.2.1. Pullbacks. Let J � pa1 Ñ bÐ a2q, so a functor F : J Ñ C
is a pullback diagram Fa1 Ñ Fb Ð Fa2 . The J-set Cpc, F q is the diagram of
sets

Cpc, Fa1q // Cpc, Fbq Cpc, Fa2qoo

and SetJp�, Cpc, F qq is the set of diagrams of the form

� a //

f

��

Cpc, Fa2q

��
Cpc, Fa1q // Cpc, Fbq

This set of diagrams is the pullback set

Cpc, Fa1q �
Cpc,Fbq

Cpc, Fa2q � Cpc, lim
F
q.

We can generalize this by replacing � by another J-set (or Jop-set)W called
the weight and define the weighted limit limWF and by

Cpc, limWF q � SetJpW, Cpc, F qq
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and the weighted colimit colimWF by

CpcolimWF, cq � SetJ
oppW, CpF, cqq.

This concept is not all that useful in ordinary category theory because every
weighted limit or colimit can be rewritten as an ordinary one. For example it
can be shown that

limWF �
» jPJ

F
Wj

j .

When C � Set, this is the set of natural transformations W ñ F , NatpW,F q.
We remind the reader that we are superscripts for ends and subscripts

for coends.

Example 3.2.2. Some ordinary weighted limits.

(i) For the Yoneda functor Hj of Definition 3.1.68, limH
j

F � Fj.
(ii) For C complete and J small, for any functors F : J Ñ C and K : J Ñ D,

the right Kan extension of F along K defined by

RanKF pdq �
» jPJ

F
Dpd,Kjq
j � lim Dpd,K �qF,

the limit of F weighted by Dpd,K �q.
(iii) For C cocomplete and J small, for any functors F : J Ñ C and K : J Ñ D,

the left Kan extension of F along K defined by

LanKF pdq �
»
jPJ

DpKpjq, dq b F pjq � colim Dpd,K �qF,

the colimit of F weighted by DpK�, dq. For more details, see [Bor94b,
Theorem 6.7.7].

Recall from Definition 2.3.63 that a sequential colimit in an ordinary cate-
gory C0 is one for a diagram of the form

X0 Ñ X1 Ñ X2 Ñ � � � , (3.2.3)

which is equivalent to a C0-valued functor X on the category N . When V0 is
cocomplete, there is a V-category NV as in Definition 3.1.24. The morphism
objects in it are

NVpm,nq �
"

∅ for m ¡ n

1 for m ¤ n,

where ∅ and 1 are the initial and unit objects of V0. An object X in the
V-enriched functor category rNV , Cs is a diagram of the form (3.2.3). For an
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object A in C we can apply the enriched Yoneda functor of Enriched Yoneda
Lemma 3.1.29, HA � CpA, �q and a diagram

CpA,X0q Ñ CpA,X1q Ñ CpA,X2q Ñ � � � , (3.2.4)

in V0. When C0 and V0 are both complete, both diagrams have colimits, and
there is a morphism

colim
NV

CpA,Xnq Ñ CpA, colim
NV

Xnq. (3.2.5)

in V0.

Definition 3.2.6. Finitely presented objects in a V-category. Let V �
pV0,b,1q be a closed symmetric monoidal category in which V0 is cocomplete,
and let C be a cocomplete V-category. An object A in C is finitely presented
if the enriched Yoneda functor of Enriched Yoneda Lemma 3.1.29, HA �
CpA, �q, preserves sequential colimits, meaning that the morphism of (3.2.5)
is an isomorphism.

The following is a consequence of this definition.

Proposition 3.2.7. Enriched and ordinary finiteness. Let V � pV0,b,1q
be a closed symmetric monoidal category in which V0 is cocomplete. An object
A is a cocomplete V-category C is finitely presented as in Definition 3.2.6 iff
it is finitely presented as in Definition 2.3.63 in the ordinary category C0.

In particular each morphism AÑ colim
N

X in C0 factors through some Xn.

3.2B Enriched ends and coends
Recall from §2.4 that (co)ends are defined as certain (co)limits of diagrams
involving (co)products in a (co)complete category C indexed by either the set
of objects or the set of morphisms in a small category J . In the latter case
the objects Hpx, yq being indexed depend only on the source and target of
the morphisms, but not on the morphisms themselves.
We wish to generalize this to the enriched setting where the source category

D (instead of J) and the target category C are both enriched over a symmetric
monoidal category V � pV0,b,1q. This means we no longer have a set of
morphisms in J to index over. Instead we have for each pair of objects px, yq
in D a morphism object Dpx, yq in V.
Hence in Definition 2.4.5 we replace the coproductº

fPArr J
HpCod f,Dom fq �

º
x,yPOb J

º
fPJpx,yq

Hpx, yq

by º
x,yPOb pDq

Dpx, yq bHpx, yq,
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where the tensor product is that of the object Dpx, yq in V with the object
Hpx, yq in C, which we will assume to be tensored over V as in Defini-
tion 3.1.31.
For an end we need to deal with products instead of coproducts. A set

indexed product of copies of the same object is the same thing as a map from
the indexing set to the object. Hence in Definition 2.4.5 we replace the product¹

fPArr J
HpDom f,Cod fq �

¹
x,yPOb J

¹
fPJpx,yq

Hpx, yq

by ¹
x,yPOb D

Hpx, yqDpx,yq,

which is an object in C assuming the latter is cotensored over V as in (3.1.34).
Note that if V is a closed symmetric monoidal category as in Defini-

tion 2.6.33 and C is a closed V-module as in Definition 2.6.42, then C is
bitensored over V.
When C is tensored over V, there are morphisms

θyx,z :Dpy, zq bHpx, yq Ñ Hpx, zq
and κxw,y :Dpw, xq bHpx, yq Ñ Hpw, yq (3.2.8)

as in (3.1.41) and (3.1.44) for objects w, x, y and z in D. In particular for
z � x and for w � y respectively, we have

Dpy, xq bHpx, yq Ñ Hpx, xq and Dpy, xq bHpx, yq Ñ Hpy, yq. (3.2.9)

When C is cotensored over V we have mapspθzx,y :Hpx, yq Ñ Hpx, zqDpy,zq
and pκwx,y :Hpx, yq Ñ Hpw, yqDpw,xq,

(3.2.10)

as in (3.1.42) and (3.1.43). In particular for y � x, we have

Hpx, xq Ñ Hpx, zqDpx,zq and Hpx, xq Ñ Hpw, xqDpw,xq. (3.2.11)

Definition 3.2.12. Let D and C be categories enriched over a symmetric
monoidal category V � pV0,b,1q. Assume that D is small and we have an
enriched functor H : Dop � D Ñ C. For C complete and cotensored over V,
the enriched end » D

Hpx, xq

is the equalizer of» D
Hpx, xq //___

¹
xPOb D

Hpx, xq
φ� //
φ�

//
¹

x,yPOb D
Hpx, yqDpx,yq, (3.2.13)
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where the maps φ� and φ� are products of those of (3.2.11).
Similarly for C cocomplete and tensored over V, the enriched coend»

D
Hpx, xq

is the coequalizer ofº
x,yPOb D

Dpx, yq bHpy, xq
ϕ� //
ϕ�
//
º

xPOb D
Hpx, xq //___

»
D
Hpx, xq, (3.2.14)

where ϕ� and ϕ� are coproducts of the maps of (3.2.9).
Both the enriched end and the enriched coend are objects in C. Again we

remind the reader that we are superscripts for ends and subscripts for
coends.

The enriched analog of (2.4.7) is for C bitensored over V is

Dpy, xq bHpy, xq θyx,x //

κx
y,y

��

Hpx, xq
pκy
x,x

��
Hpy, yq

pθxy,y // Hpx, yqDpx,yq

There is one such diagram for each pair px, yq of objects in D. For complete
C this leads to the equalizer diagram of (3.2.13), and for cocomplete C this
leads to the coequalizer diagram of (3.2.14).

Recall from Proposition 2.4.11 that an ordinary limit (colimit) is a special
case of an end (coend) in which the functor H is constant on the first variable.
By specializing Definition 3.2.12 to this case, we get the following enriched
analog of Theorem 2.3.28.

Proposition 3.2.15. Every enriched limit (colimit) is an equalizer (a
coequalizer).

The following isomorphisms are consequences of the definitions. They are
stated by Kelly as [Kel82, (3.60) and (3.67)]. It is the enriched analog of
Proposition 2.4.15.

Proposition 3.2.16. Morphism objects involving ends or coends. Let
C, D, V and H be as in Definition 3.2.12 with V complete.

(i) When C is complete and cotensored over V, there are natural isomorphisms

C

�
c,

» D
Hpd, dq

�
�

» D
Cpc,Hpd, dqq

for each object c in C.



228 Enriched category theory

(ii) When C is cocomplete and tensored over V, there are natural isomorphisms

C
�»

D
Hpd, dq, c



�

» D
CpHpd, dq, cq

for each object c in C.

In both cases the end or coend on the left is an object of C, so the expression
on the left is in V. On the right we are taking the end of a V-valued functor
on Dop�D, whose value on pd1, d2q is either Cpc,Hpd1, d2qq or CpHpd2, d1q, cq
for a fixed object c of C. This is also an object of V.

Corollary 3.2.17. The morphism object involving both a coend and
an end. Let C and V be as in Definition 3.2.12 with V complete, and C
bicomplete and bitensored over V. Suppose we have small V-categories D1 and
D2 with functors Hi : Dop

i �Di Ñ C. Then there is a natural isomorphism

C

�»
D1

Hpd1, d1q,
» D2

Hpd2, d2q
�
�

» D1�D2

C pH1pd1, d1q,H2pd2, d2qq .

3.2C Enriched functor categories
Several such categories figure prominently in this book. Various categories
of spectra are best thought of in this way. See Definition 7.2.33 and Defini-
tion 9.0.2 below.
The following notation is taken from [Kel82, §2.2].

Definition 3.2.18. Enriched functor categories. For V-categories D and
C as above with D small and V0 complete, rD, Cs denotes the category whose
objects are V-functors D Ñ C as in Definition 3.1.13. We will denote the value
of such a functor F on an object D in D by FD. For two such functors F and
G, we define the morphism object to be the enriched end (Definition 3.2.12)

rD, CspF,Gq �
» DPobD

CpF pDq, GpDqq.

The enriched end above is the generalization of Proposition 2.4.19 to the
enriched case. The completeness assumption on V0 and the smallness assump-
tion on D are needed to define it. We are particularly interested in the category
rD,Vs because, as we will see below in §7.2 and Chapter 9, the category of
G-spectra has this form.

Remark 3.2.19. The smallness of the source category. Kelly discussed
enriched functor categories extensively in [Kel82, Chapter 2]. He did not want
to assume that D was small, and considered various ways to weaken that
assumption including enlarging the set theoretic universe. We will not discuss
these matters here because the functor categories of interest to us all have
small domain categories.
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Proposition 3.2.20. A 2-category enriched over VCat0. When V0, the
ordinary category underlying the symmetric monoidal category V, is complete,
then the 2-category VCat as in Example 2.7.2(iii) is enriched over VCat0.

For more discussion of the following, see [Rie14, §13.1].

Definition 3.2.21. The enriched arrow category. Let C be enriched over
V, and assume that the underlying category V0 is bicomplete as in Defini-
tion 2.3.25. Then its arrow category C1 is C2, the category of C-valued func-
tors on the walking arrow category f of Definition 2.1.6. Thus its objects are
arrows α : a1 Ñ a2 in C0. If β : b1 Ñ b2 is another such arrow, then the
morphism object C1pα, βq is the pullback in the following diagram in V.

C1pα, βq //

��

Cpa1, b1q
β�

��
Cpa2, b2q α� // Cpa1, b2q

The reader can check that the description of the morphism object as a
pullback in Definition 3.2.21 is consistent with its description as an enriched
end in Definition 3.2.18.

Proposition 3.2.22. Bitensored arrow category. The enriched arrow
category C1 of Definition 3.2.21 is bitensored (as in Definition 3.1.31) over V
if C is.

The following is proved in [Kel82, §2.3].

Proposition 3.2.23. The Kelly isomorphism. For V-categories C, D and
E with C and D small and V0 complete, there is an isomorphism of V-categories

rC bD, Es � rC, rD, Ess,
where C b D is as in Definition 3.1.28. Equivalently there is an enriched
adjunction �bD % rD,�s.
Here is a sketch of Kelly’s proof. Given a V-functor F : C b D Ñ E , we

define a functor C Ñ rD, Es by A ÞÑ F pA, �q for each object A in C. To get
from a V-functor G : C Ñ rD, Es, that is an object in rC, rD, Ess, we use the
evaluation functor Ev of Definition 2.2.37. we have

C bD GbD // rD, Es bD Ev // E .

This composite functor is an object in rC bD, Es.
The counit of the adjunction of Proposition 3.2.23 is the evaluation map

Ev : rD, Es bD Ñ E ,

and the unit is the functor C Ñ rD, C bDs given by A ÞÑ Ab p� q.
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Recall the 2-category VCAT (Example 2.7.2(iii) and Proposition 3.1.20)
whose objects, morphisms and 2-morphisms are V-categories as in Defini-
tion 3.1.1, V-functors as in Definition 3.1.13 and V-natural transformations.
We learned the proof of the following from Emily Riehl.

Proposition 3.2.24. Equivalence of functor categories. Let C and D
be small V-categories which are equivalent as in Proposition 3.1.20. Then the
functor categories rC, Es and rD, Es are V-equivalent as in Definition 3.1.18.

Proof We will use Proposition 2.7.9. C and D are equivalent objects in the
2-category VCat of Proposition 3.1.20. The equivalence between them is pre-
served by the 2-functor

r�, Es : VCatop Ñ VCat.

Here are the enriched analogs of Proposition 2.4.21 (Yoneda reduction) and
Proposition 2.4.24 (Yoneda coreduction).

Proposition 3.2.25. The enriched Yoneda reduction and coreduc-
tion. Let D be a small V-category and F : D Ñ E a V-functor. Then for each
object D of D, » D1PobD

pFD1qDpD,D1q � FD

when E is complete and cotensored over V as in Definition 3.1.31, and»
DPobD

DpD,D1q b FD � FD1

when E is cocomplete and tensored over V. Equivalently, interchanging D and
D1 gives »

D1PobD
DpD1, Dq b FD1 � FD.

Now assume that E is bicomplete as in Definition 2.3.25 and bitensored over
V as in Definition 3.1.31.

Remark 3.2.26. The case of a bicomplete category E bitensored over
V. This is the enriched version of Remark 2.4.25. From Proposition 3.2.25 we
see that for suitable E,

F pDq �
» D1PobD

pFD1qDpD,D1q �
»
D1PobD

DpD1, Dq b FD1 .

Again, note the reversal of the morphism object in D. The same variance
considerations apply here as in the unenriched case.

For E as above, for each pair of objectsD andD1 in D there is the structure
map as in (3.1.38)

εFD,D1 : DpD,D1q b FD Ñ FD1 . (3.2.27)
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and its right adjoint the costructure map as in (3.1.39)

ηFD,D1 : FD Ñ pFD1qDpD,D1q (3.2.28)

(We will sometimes omit the superscript F .) The adjunction is that of (2.6.39)
for C � V, X � FD, Y � DpD,D1q and Z � FD1 . The structure map factors
uniquely through DpD,D1q bDpD,Dq FD, the coequalizer of

DpD,D1q bDpD,Dq b FD

dD,D,D1bF pDq�µRbFD

��
DpD,D1qbµL�DpD,D1qbεFD,D

��
DpD,D1q b FD

���
�
�

DpD,D1q bDpD,Dq FD.

(3.2.29)

We denote the resulting reduced structure map by

rεFD,D1 : DpD,D1q bDpD,Dq FD Ñ FD1 . (3.2.30)

Remark 3.2.31. Notation to be changed later. This notation differs
from that of (7.2.36) and Definition 7.2.42 below, where the source category
is assumed to have a monoidal structure. See Remark 7.2.37 below.

We have the following analog of Proposition 3.1.11.

Proposition 3.2.32. Reduced structure map and endomorphisms.
The reduced structure map of (3.2.30) is an isomorphism when D1 � D and
when DpD,D1q is isomorphic to DpD,Dq.
Proof We use the same argument as that of Proposition 3.1.11. When D1 �
D, (3.2.29) fits into the larger diagram

DpD,Dq bDpD,Dq b FD

dD,D,DbF pDq

��
DpD,DqbεFD,D

��
1b F pDq 1DbFD // DpD,Dq b FD

���
�
�

DpD,Dq bDpD,Dq FD
εFD,D // FD ,

in which the composite map 1bF pDq Ñ F pDq is isomorphic to the identity via
the left unitor (see Definition 2.6.1) in V. This means that the coequalizer has
to be F pDq. In view of this, an isomorphism between DpD,D1q and DpD,Dq
induces one between the colimits

DpD,D1q bDpD,Dq FD
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and
DpD,Dq bDpD,Dq FD � FD.

Any object X in the enriched functor category rD,Vs can be described as
a coend which is a reflexive coequalizer as in Definition 2.3.60.

Proposition 3.2.33. The tautological presentation and copresenta-
tion in rD, Es. Let D be a small V-category and E a cocomplete V-category
that is tensored over V as in Definition 3.1.31. Then for each object (i.e.,
functor D Ñ E) X in rD, Es,

X �
»
DPD

H
D bXD, (3.2.34)

and the indicated coequalizer is reflexive. In particular for each object D1 in
D, XD1 is the reflexive coequalizer

XD1 �
»
DPD

pHDqD1 bXD �
»
DPD

DpD,D1q bXD.

This is the tautological presentation of X.
When E is cotensored over V, E is an object in E and D is an object in D,

let

E

�
HD

	
P rD, Es

be given by D1 ÞÑ EDpD1,Dq. (Note that this expression is covariant in D1.)
Then if in addition E is complete, we have

X �
» DPD

pXDqHD with XD1 �
» DPD

pXDqDpD
1,Dq

,

where the equalizers are coreflexive. This is the tautological copresenta-
tion of X.

Proof We will prove the statements about coends only. The coend on the
right of(3.2.34) is an E-valued functor on D. Evaluating on an object D1 gives»

DPobD
DpD,D1q bXD,

which is XD1 by the Yoneda coreduction of Proposition 3.2.25, so the coend
is X.
To show that this coequalizer is reflexive, we need to define the section

s :
ª

DPobD
H
D bXD Ñ

ª
D,D1PobD

H
D1 bDpD,D1q bXD

Its restriction to the Dth summand is the map toHDbDpD,DqbXD induced
by the identity morphism (as in Definition 3.1.1) 1Ñ DpD,Dq.
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3.2D Enriched Kan extensions
Next we give the enriched analog of the formulas (2.5.11) and (2.5.12) for
left and right Kan extensions as coends and ends. In this setting the small
categories C and D of (2.5.7) are V-categories, as is the target category E ,
which need not be small. The functors and natural transformations are now
V-functors and V-natural transformations as in Definition 3.1.13. The cocom-
pleteness/completeness requirement on E is strengthened by the additional
requirement that it be tensored/cotensored over V as in Definition 3.1.31.
The resulting coends/ends are enriched over V as in Definition 3.2.12. The
following can be found in [Kel82, (4.25) and (4.24)].

Proposition 3.2.35. Enriched Kan extensions. Let V � pV0,b,1q be a
symmetric monoidal category, and suppose we have a diagram similar to that
of (2.5.1), namely

C F //

K ��:
::

::
::

E

D,

AA�
�

�
�

(3.2.36)

in which C, D and E are V-categories with C and D small, and F and K are
V-functors. Then the left and right enriched Kan extensions of F : C Ñ E
along K : C Ñ D are given by

pLanKF qd �
»
C
DpKpcq, dq b Fc

and pRanKF qd �
» C

FDpd,Kpcqq
c ,

when the target category E is cocomplete and tensored over V in the first case,
and complete and cotensored over V in the second case.

The following is the enriched analog of Proposition 2.5.4 and also follows
immediately from the definitions.

Proposition 3.2.37. Enriched Kan extensions as adjoints to precom-
position. The left (right) enriched Kan extension LanK (RanK) is equivalent
to a functor K! : rD, Es Ñ rC, Es (K� : rD, Es Ñ rC, Es) which is the left (right)
adjoint of the precomposition functor K� : rC, Es Ñ rD, Es.
The enriched analog of Proposition 2.6.11 is

Proposition 3.2.38. A coend reduction for enriched small monoidal
categories. Let pD,`,0q be a small monoidal V-category. Then for any two
objects X and Y of D,»

WPobD
DpW `X,Y q bDp0,W q � DpX,Y q.
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Proposition 3.2.39. An adjunction for functor categories. Let pV,b,1q
be a closed symmetric monoidal category, let pD,`,0q be a (not necessarily
closed) symmetric monoidal category enriched over V, and let S � rD,Vs be
the category of enriched functors (see Definition 3.1.13) from D to V as in
Definition 3.2.18. Then for each object D of D the functor V Ñ S given by
K ÞÑ K bHD (where HD is the Yoneda functor of Definition 3.1.68 and the
tensor product is that of Proposition 2.6.25) is the left adjoint of the evaluation
functor EvD : S Ñ V given by E ÞÑ ED.

In other words, �bHD % EvD, meaning there is a natural isomorphism

SpK bHD, Eq � VpK,EDq.
Proof We have

SpK bHD, Eq �
» BPobD

VppK bHDqB , EBq by Definition 3.2.18

�
» BPobD

VpDpD,Bq bK,EBq by the definition of HD

�
» BPobD

VpDpD,Bq,VpK,EBqq

because V is closed symmetric monoidal
� VpK,EDq by Proposition 3.2.25.

3.3 The Day convolution

The Day convolution [Day70] is the formal tool that makes it possible to give
the categories of smashable spectra as in Definition 7.2.33, which include the
category SpG of orthogonal G-spectra (to be defined below in Chapter 9) a
closed symmetric monoidal structure. Very briefly, let V be a closed cocom-
plete symmetric monoidal category and D a V-category which is also sym-
metric monoidal. The Day convolution is a binary operation on the functor
category rD,Vs that makes it a closed cocomplete symmetric monoidal cat-
egory as well. We will see in Chapter 9 that SpG fits this description, with
V � TG.
First we explain the use of the word “convolution.” Classically suppose f

and g are suitable real valued functions on Rn. Their convolution f � g is a
third such function defined by

pf � gqpxq �
» Rn

fptqgpx� tqdt.

Here we are integrating overRn in the sense of calculus rather than computing
an end in the sense of category theory. More generally the domain Rn could
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be replaced by a Lie group and the range R could be replaced by a suitable
ring.
We want to replace the functions f and g by functors F and G from a

symmetric monoidal category D to a closed cocomplete symmetric monoidal
category V. First we illustrate with an elementary example.

Example 3.3.1. The Cartesian product of graded sets. Let

A � tAn : n ¥ 0u and B � tBn : n ¥ 0u

be graded sets. Their Cartesian product A�B is defined by

pA�Bqn �
º

i�j�n

Ai �Bj .

We reinterpret this as follows. Let N be the discrete category (Definition 2.1.7)
associated with the natural numbers N. It is symmetric monoidal under ad-
dition with 0 as unit. The graded sets A and B can be regarded as functors
N Ñ Set, and we indicate the value of such a functor F on the object n by
Fn rather than F pnq. Then we can intrepret A�B as a coend by

pA�Bqn �
º
i,j

Ai �Bj �N pn, i� jq �
»
N�N

N pi� j, nq �Ai �Bj .

Note that N is a symmetric monoidal category enriched over the closed sym-
metric monoidal category Set, the functor category rN ,Sets is that of graded
sets, and the graded Cartesian product is a closed symmetric monoidal struc-
ture on it. It is a special case of the Day convolution.

For a more interesting example, see Theorem 7.2.60 below.
Now we give the formal definition.

Definition 3.3.2. The Day convolution. Let D � pD0,`,0q be a small
symmetric monoidal V-category, where V � pV0,b,1q is a cocomplete closed
symmetric monoidal category, and let X,Y P rD,Vs be V-functors (Defini-
tion 3.2.18). Then we define X b Y to be the left Kan extension (see §2.5)
Lan`p� b �q of bpX � Y q along `,

D �D X�Y //

`
''PP

PPP
PPP

PPP
PP

V � V b // V

D
XbY

88q
q

q
q

q
q

In particular for each object D in D, we have

pX b Y qD �
»
D�D

DpA`B,Dq bXA b YB . (3.3.3)
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The formula (3.3.3) is derived from (2.5.11), which expresses a left Kan
extension as a coend. We can use it to describe the structure map

εXbYD,D1 : DpD,D1q b pX b Y qD Ñ pX b Y qD1

of (3.2.27) as follows. The source is

DpD,D1q b pX b Y qD � DpD,D1q b
»
D�D

DpA`B,Dq bXA b YB

�
»
D�D

DpD,D1q bDpA`B,Dq bXA b YB

and the map is

εXbYD,D1 �
»
D�D

dA`B,D,D1 bXA b YB , (3.3.4)

where
dA`B,D,D1 : DpD,D1q bDpA`B,Dq Ñ DpA`B,D1q

is the composition morphism in D.

Day Convolution Theorem 3.3.5. The binary operation of Definition 3.3.2
gives the functor category rD,Vs a closed symmetric monodial structure in
which the unit element is the V-functor I � H0 (see Yoneda Lemma 2.2.10)
given by ID � Dp0, Dq. The internal Hom functor (Definition 2.6.33) rD,VspX, �q
is the right adjoint of the functor p� qbX.

Proof The symmetries and associativities of D and V lead to natural isomor-
phisms between XbY and Y bX and between pXbY qbZ and XbpY bZq.
We need a calculation to show that the unit I has the desired property.

Using (3.3.3), we get

pI bXqD �
»
D�D

DpA`B,Dq b IA bXB

�
»
D�D

DpA`B,Dq bDp0, Aq bXB

�
»
BPD

�»
APD

DpA`B,Dq bDp0, Aq


bXB

by the enriched analog of Proposition 2.4.17

�
»
D
DpD,Bq bXB by Proposition 3.2.38

� XD by Proposition 3.2.25.

Hence I bX is naturally isomorphic to X, as is X b I by symmetry or by a
similar calculation.
The internal Hom, being the right adjoint of the functor p� q b X, exists

because V and hence rD,Vs are cocomplete.
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Let D be the walking arrow category J � p0 Ñ 1q of § 2.6F. It is en-
riched over Set and therefore over any bicomplete closed symmetric monoidal
category pC,b, �q. The functor category rJ, Cs is the arrow category C1. The
Yoneda functors H0 and H1 are respectively the identity morphism on � and
the map ∅Ñ �. Let f : X0 Ñ X1 and g : Y0 Ñ Y1 be objects in CJ .
The small category J has two symmetric monoidal structures, which we

denote by Y and X. For Y, the unit is 0 and 1 Y 1 � 1. For X, the unit is 1

and 0X 0 � 0.

Theorem 3.3.6. Two monodial structures on the arrow category C1 �
rJ, Cs. The symmetric monoidal structures Y and X on J define above lead
to two closed symmetric monoidal structures on C1 for a cocomplete closed
symmetric monoidal category pC,b, �q via the Day Convolution Theorem 3.3.5.
They coincide respectively with the structures b and l of Definition 2.6.55.

Proof For the moment we will denote these two monoidal structures on the
arrow category also by Y and X.
To find the domain of f Y g using (3.3.3), we need

Jpj1 Y j2, 0q b fj1 b gj2 �
"
X0 b Y0 for j1 � j2 � 0

∅ otherwise.

For the codomain, we need

Jpj1 Y j2, 1q b fj1 b gj2 � Xj1 b Yj2 ,

since Jpj1 Y j2, 1q � �, the terminal object in Set, in all cases.
With these in hand, (3.3.3) gives

pf Y gq0 �
»
J�J

Jpj1 Y j2, 0q bXj1 b Yj2

� X0 b Y0 by Proposition 2.4.18(i)

and pf Y gq1 �
»
J�J

Jpj1 Y j2, 1q bXj1 b Yj2

�
»
J�J

Xj1 b Yj2 � X1 b Y1 by Proposition 2.4.18(iii),

so f Y g is the evident morphism

f b g : X0 b Y0 Ñ X1 b Y1.

The codomain of f X g is»
J�J

Jpj1 X j2, 1q b fj1 b gj2 �
»
J�J

fj1 b gj2

� X1 b Y1

as before.
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To find the domain of f X g using (3.3.3), we need

Jpj1 X j2, 0q b fj1 b gj2 �
"

∅ for j1 � j2 � 1

Xj1 b Yj2 otherwise

This means we can use Proposition 2.4.18(ii) to evaluate the relevant double
coend, namely

pf X gq0 �
»
J�J

Jpj1 X j2, 0q b fj1 b gj2

� pX0 b Y1q >
X0bY0

pX0 b Y0q >
X0bY0

pX1 b Y0q

� pX0 b Y1q >
X0bY0

pX1 b Y0q

It follows that f X g is the map

f l g : pX0 b Y1q >
X0bY0

pX1 b Y0q Ñ X1 b Y1.

Proposition 3.3.7. The components of the internal Hom functor in
rD,Vs. Let D and V be as in Definition 3.3.2.

We will abbreviate the internal Hom functor rD,Vsp� , �q by F p� , �q.
(i) Relation to the categorical Hom.

F pX,Y qD � rD,VspHD bX,Y q.
In particular,

F pX,Y q0 � rD,VspX,Y q,
and

F pHA, Y qD � rD,VspHA�D, Y q � YA�D. (3.3.8)

(ii) End formulation for complete V. If in addition V is complete, then

F pX,Y qD �
» CPD

VpXC , YC�Dq.

Proof (i) The adjunction that defines the internal Hom (see Definition 2.6.33)
is

rD,VspW,F pX,Y qq � rD,VspW bX,Y q. (3.3.9)

By settingW � HD as in Definition 3.1.68 for an object D in D, we can make
the right hand side equal to pF pX,Y qqD since

rD,VspHD, �q � p� qD
meaning that

rD,VspHD, F pX,Y qq � F pX,Y qD.
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Hence for W � HD, (3.3.9) reads
pF pX,Y qqD � rD,VspHD bX,Y q

(ii)

F pX,Y qD � rD,VspHD bX,Y q by (i)

� rD,VspX,F pHD, Y qq by (3.3.9)

�
» CPD

VpXC , F pHD, Y qCq by Definition 3.2.18

�
» CPD

VpXC , YC�Dq by (3.3.8).

We will now descibe the structure map of (3.2.27) for F pX,Y q,

ε
F pX,Y q
D,D1 : DpD,D1q b F pX,Y qD Ñ F pX,Y qD1 .

In terms of the isomorphism of Proposition 3.3.7(ii), it is the composite

DpD,D1q b
» CPD

VpXC , YC�Dq

�
��» CPD

Vp1,DpD,D1qq b VpXC , YC�Dq
³CPD Π1,XC,DpD,D1q,YC�D
��» CPD

VpXC ,DpD,D1q b YC�Dq
³CPD VpXC ,αC,D,D1bYC�Dq
��» CPD

VpXC ,DpC `D,C `D1q b YC�Dq
³CPD VpXC ,ε

Y
C�D,C�D1

q
��» CPD

VpXC , YC�D1q,

(3.3.10)

whereΠ1,XC ,DpD,D1q,YC�D
is the Cartesian product morphism of Definition 2.6.50,

and αC,D,D1 : DpD,D1q Ñ DpC`D,C`D1q is the addition morphism of Def-
inition 2.6.6.
An argument similar to that of Proposition 3.2.33 shows

Proposition 3.3.11. Reflexivity of the Day convolution. The coequal-
izer of (3.3.3) is reflexive.
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Proposition 3.3.12. The Day convolution with a tensored Yoneda
functor. For objects X of V, D and D1 of D and E of rD,Vs as above, we
have

pE b FDpXqqD1 � pE bHDqD1 bX,

where FD : V Ñ rD,Vs is the tensored Yoneda functor of Definition 3.1.68,
namely

FDpXqD1 :� DpD,D1q bX.

Proof We have

pE b FDpXqqD1 �
»
D�D

DpA`B,D1q b EA b FDpXqB
by (3.3.3)

�
»
D�D

DpA`B,D1q b EA bDpD,Bq bX

�
�»

D�D
DpA`B,D1q b EA bDpD,Bq



bX

since tensor products preserve colimits

�
�
E bHD

	
D1
bX.

Note that the penultimate equality in the above proof is analogous to fac-
toring a constant out of an integral!

Remark 3.3.13. Notation for the product in the Day convolution.
It is common practice to use the same symbol for the product operations in
the closed symmetric monoidal category V and in the functor category rD,Vs.
The isomorphism of Proposition 3.3.12 means that we could denote b by
b without risk of ambiguity. We will do this below in Theorem 7.2.60 and
Definition 9.1.21, where we use the symbol ^ to denote the smash product
of two spaces, that of a spectrum with a space, and that of two spectra. In
that setting the tensored Yoneda functor for the unit object (the trivial vector
space) in D � JG is the functor sending a space to its suspension spectrum.

Recall that in functor categories such as rD,Vs we have for each object D
in D we have the Yoneda functor (Yoneda Lemma 2.2.10) HD, which is the
functor defined by HDD1 � DpD,D1q for each object D1 in D.

Proposition 3.3.14. The Day convolution of two Yoneda functors.
Let D1 and D2 be objects in D. Then in the V-functor category rD,Vs,

H
D1 bHD2 � HD1`D2 .

Proof We will use (3.3.3) to calculate HD1 bHD2 . For each D we have

pHD1 bHD2qD �
»
D�D

DpA`B,Dq bHD1

A bHD2

B
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�
»
D�D

DpA`B,Dq bDpD1, Aq bDpD2, Bq

�
»
D�D

DpD1, Aq bDpD2, Bq bDpA`B,Dq

�
»
C
CppD1, D2q, pA,Bqq b F ppA,Bqq

where C :� D �D and F ppA,Bqq :� DpA`B,Dq
� F ppD1, D2qq by Proposition 3.2.25

� DpD1 `D2, Dq � pHD1`D2qD.
The following is proved by Mandell et al in [MMSS01, 22.1] in the case of

topological categories.

Proposition 3.3.15. Lax symmetric monoidal functors and commu-
tative algebras. The category of (commutative) monoids in rD,Vs is isomor-
phic to that of lax (symmetric) monoidal functors D Ñ V (Definition 2.6.19).

Proof Let R : D Ñ V be lax (symmetric) monoidal. Then, in the notation
of Definition 2.6.19, we have a unit map ι : 1Ñ Rp0q and a natural transfor-
mation µ from Rp� qbRp� q to Rp�` �q. By the definition of the tensored
Yoneda functor F 0 and the Yoneda functor 1 � H0 of Yoneda Lemma 2.2.10,
the maps ι and µ determine and are determined by the maps η : 1 Ñ R and
m : RbRÑ R of Definition 2.6.58 that give R the structure of a (commuta-
tive) monoid.

3.4 Simplicial sets and simplicial spaces

The category of simplicial sets is a convenient combinatorial substitute for that
of topological spaces and a widely used tool in homotopy theory. A thorough
modern account can be found in [GJ99].

3.4A The category of finite ordered sets
Let ∆ be the category of finite ordered sets rns � t0, 1, . . . , nu and order
preserving maps. It is an easy exercise to show that any such map can be
written as a composite of the following ones:

 the face maps di : rn � 1s Ñ rns for 0 ¤ i ¤ n, where di is the order
preserving monomorphism that does not have i in its image and

 the degeneracy maps si : rn � 1s Ñ rns for 0 ¤ i ¤ n, where si is the
order preserving epimorphism sending i and i� 1 to i.

These satisfy the simplicial identities:
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(i) didj � dj�1di for i   j

(ii) disj � sj�1di for i   j

(iii) disj � id for i � j and for i � j � 1

(iv) disj � sjdi�1 for i ¡ j � 1

(v) sisj � sjsi�1 for i ¡ j.

Definition 3.4.1. A simplicial set X is a functor ∆op Ñ Set. It is common
to denote its value on rns by Xn and call it the set of n-simplices of X.
A simplicial set X thus consists of a collection of sets Xn for n ¥ 0, along
with face maps di : Xn Ñ Xn�1 and degeneracy maps si : Xn Ñ Xn�1 for
0 ¤ i ¤ n satisfying the identities (i)–(v) above. A simplex is nondegenerate
if it is not in the image of any degeneracy map si. The category Set∆ of
simplicial sets is the category of such functors with natural transformations
as morphisms.

More generally a simplicial object X in a category C is a functor
X : ∆op Ñ C. It is common to write it as X to emphasize its simplicial
nature. We denote the category of simplicial objects in C by C∆.

Similarly a cosimplicial object Y in a category C, sometimes denoted
by Y , is a C valued functor on ∆ whose value on rns is denoted by Y n. It
consists of a collection of objects Y n in C for n ¥ 0, along with coface maps di :
Y n�1 Ñ Y n and codegeneracy maps si : Y n�1 Ñ Y n for 0 ¤ i ¤ n satisfying
identities dual to (i)–(v) above. We denote the category of cosimplicial objects
in C by C∆. In particular, a cosimplicial space is an object in the category
T op∆ of functors ∆Ñ T op.

For an object C in C, we denote by cs�pCq the constant simplicial object
at C, the functor ∆op Ñ C sending each object to C and each morphism to
1C . The constant cosimplicial object at C, cc�pXq is similarly defined.

Simplicial sets are ubiquitous in homotopy theory, but cosimplicial sets are
rarely considered. Cosimplicial spaces are more common.

Definition 3.4.2. The cosimplicial space ∆, the cosimplicial standard
simplex, is the functor rns ÞÑ ∆n, where the standard n-simplex ∆n is the
space

∆n �
#
pt0, t1, . . . , tnq P Rn�1 : ti ¥ 0 and

¸
i

ti � 1

+
.

It is homeomorphic to the n-disk Dn. Its boundary B∆n is the set of points
with at least one coordinate equal to 0; it is homeomorphic to Sn�1. The ith
face ∆n

i for 0 ¤ i ¤ n is the set of points with ti � 0; it is homeomorphic to
Dn�1. The ith horn Λni is the complement of the interior of the ith face in
the boundary, the set of points with at least one vanishing coordinate and with
ti ¡ 0. It is also homeomorphic to Dn�1. It is an inner horn if 0   i   n;
otherwise it is an outer horn.
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The cosimplicial standard simplicial set ∆rs (called the cosimplicial
standard simplex in [Hir03, Definition 15.1.15]) is the functor rns ÞÑ ∆rns,
where the simplicial set ∆rns (also called the standard n-simplex) is given
by

∆rnsk �∆prks, rnsq.
The singular chain complex for Y is obtained from the free abelian groups

on these sets by defining a boundary operator in terms of the face maps di.

Definition 3.4.3. The geometric realization |X| (or RepXq) of a sim-
plicial set X is the coend (Definition 2.4.5)

|X| :�
»
∆

Xn �∆n.

This means the topological space |X| is the quotient of the union of all of
the simplices of X, º

n

Xn �∆n,

obtained by gluing them together appropriately. Equivalently it is the quotient
of a similar disjoint union using only the nondegenerate simplices of X. In
particular the space ∆n is |∆rns| for the simplicial set ∆rns of Definition 3.4.2.

The geometric realization |X| of a simplicial space X is similarly
defined as a quotient of the union of the spaces Xn�∆n, whose topologies are
determined by those of the spaces Xn as well the spaces ∆n.

Remark 3.4.4. Following common practice, we are using the term “standard
n-simplex” for both the topological space ∆n and the simplicial set ∆rns of
Definition 3.4.2 in hopes that the distinction between the two will be clear from
the context. Note that |∆rns| � ∆n, so |∆rs| � ∆.

Remark 3.4.5. The realization of a bisimiplicial set. It follows from
the definitions that the coend »

∆

Xn �∆rns

is the simplicial set X itself. Now suppose that X is a bisimplicial set,
meaning a simplicial object in the category of simplicial sets or equivalently
set valued functor on ∆op�∆op. Then in the coend above, each Xn is itself a
simplicial set, and the coend is another simplicial set |X|. Hirschhorn [Hir03,
Definition 15.11.1] calls this the realization of the bisimplicial set X. In
[Hir03, Theorem 15.11.6] he shows that it is naturally isomorphic to the
diagonal simplicial set

∆op diag // ∆op �∆op X // Set. (3.4.6)
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Definition 3.4.7. The singular functor. For a topological space Y the sim-
plicial set SingpY q (the singular complex of Y ) is given by letting SingpY qn
be the set of all continuous maps ∆n Ñ Y . The face and degeneracy operators
are defined in terms of the coface and codegeneracy operators on ∆.

The following is proved by May in [May67, 14.1].

Proposition 3.4.8. |X| as a CW complex. The geometric realization |X|
of a simplicial set X is a CW complex with one n-cell for each nondegenerate
n-simplex of X.

Similarly we have a map º
n

Xn Ñ
»
∆

Xn,

which is the set π0|X| of path connected components of |X|. Thus collapsing
each ∆n to a point in Definition 3.4.3 gives a map

|X| �
»
∆

∆n �Xn
ε //

»
∆

Xn � π0|X|. (3.4.9)

A simplicial space X, i.e., a functor X : ∆op Ñ T op, has a geometric
realization |X| defined as in Definition 3.4.3, but with the not necessarily
discrete topology of Xn taken into account.
For a simplicial set X, |Xrns| is the n-skeleton of the CW complex |X|.
The following was proved by Kan in [Kan58a].

Proposition 3.4.10. The equivalence of Set∆ and T op and of their
pointed analogs. As a functor from Set∆ to T op, geometric realization of
Definition 3.4.3 is the left adjoint of Sing, the singular functor of Defini-
tion 3.4.7. The adjunction

| � | : Set∆ K
//
T op : Singoo

and its pointed analog are equivalences of categories.

In particular for an arbitrary space X one has a weak homotopy equivalence
|SingpXq| Ñ X whose source is a CW complex. For this reason, e.g., in [BK72]
(the “yellow monster”), the terms “space” and “simplicial set” are sometimes
used interchangeably.

Definition 3.4.11. Topological and simplicial categories.

(i) When V � pT op,�, �q, we say that a V-category is a topological cate-
gory. We denote the category of topological categories by CATT op and that
of small topological categories by CatT op.

(ii) When V � pT ,^, S0q, we say that a V-category is a pointed topological
category. We denote the category of pointed topological categories by CATT
and that of small pointed topological categories by CatT ..
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(iii) When V � pSet∆,�, �q, we say that a V-category is a simplicial cate-
gory. We denote the category of simplicial categories by CAT∆ and that
of small simplicial categories by Cat∆.

(iv) When V � pSet∆�,^, S0q, we say that a V-category is a pointed simpli-
cial category. We denote the category of simplicial categories by CAT∆�

and that of small pointed simplicial categories by Cat∆�.

We will see below in Corollary 5.6.16 that every topological model category
is also a simplicial one.
The adjunction

| � | : Set∆ K
//
T op : Singoo

leads to
| � | : CAT∆ K

//
CATTop : Singoo

(see Definition 3.4.11) in the obvious way. Given a simplicial category C, we
define the topological category |C| to have the same objects as C with mor-
phism spaces

|C|pX,Y q � |CpX,Y q|,
and given a topological category D, we define the simplicial category SingpDq
to have the same objects as D with simplicial morphisms sets

SingpDqpX,Y q � SingpDpX,Y qq.

3.4B The nerve of a small category
Definition 3.4.12. The nerve and classifying space of a small (topo-
logical) category. For a small category J , the nerve NpJq is the simplicial
set given by

NpJqn � Catprns, Jq
where rns here denotes the linearly ordered set t0, . . . , nu regarded as a category.
The classifying space BJ is the geometric realization of the nerve, |NpJq|.

For a small topological category D, the similarly defined nerve NpDq is
a simplicial space whose geometric realization (see Definition 3.4.3) is the
classifying space BD.

In other words, NpJqn is the set of diagrams in J of the form

j0 Ñ j1 Ñ � � � Ñ jn�1 Ñ jn. (3.4.13)

Of the n� 1 face maps NpJqn Ñ NpJqn�1, n� 1 are obtained by composing
each of the n�1 pairs of adjacent arrows above, and the other two are obtained
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by ignoring the maps from j0 and to jn. Equivalently, assuming that J has
an initial and a terminal object, we could compose each of the n� 1 pairs of
adjacent morphisms in the diagram

∅Ñ j0 Ñ j1 Ñ � � � Ñ jn�1 Ñ jn Ñ �.
The n� 1 degeneracy maps NpJqn Ñ NpJqn�1 are obtained by inserting the
identity map on ji in (3.4.13) for each i.

Remark 3.4.14. Two conventions in defining the nerve. Some authors
have the arrows above going the opposite way, lowering instead of raising
indices, in the set of diagrams constituting NpJqn. This means their NpJq is
our NpJopq. The distinction is meaningless when the two small categories are
isomorphic, as is the case for the one object category associated with a group
G. We are following the conventions of [Hir03]. The opposite convention is
used in [BK72], in which the authors never use the word “nerve,” but speak
only of the “space associated with a small category.”

We leave the following as an exercise for the reader.

Proposition 3.4.15. Some easy classifying spaces.

(i) For small categories J and K, BpJ �Kq � BJ �BK.
(ii) For rns as in Definition 3.4.12, Brns � ∆n, the standard n-simplex of

Definition 3.4.2.
(iii) The classifying space of the one object category BG associated with a topo-

logical group or monoid G has the homotopy type of the usual classifying
space of G. For topological groups G1 and G2,

BpG1 �G2q � BG1 �BG2. (3.4.16)

(iv) Let BG{eG be the topological category with object set G and a single mor-
phism γ1 Ñ γ2 between each pair of objects. Its classifying space is a
contractible free G-space EG.

Remark 3.4.17. Variants of EG and BG. The space EG above is not
the only contractible free G-space, but one of many. In practice any such
space can be used to construct a classifying space BG, whose homotopy type is
independent of this choice. For example if pG is any group containing G, then
the space E pG defined above is also a contractible free G-space and its G-orbit
space E pG{G could serve as a classifying space for G.

Another contractible free G-space EG is constructed by Milnor in [Mil56]
as the colimit of iterated topological joins of G with itself. As explained by
Graeme Segal in [Seg68, §3], Milnor’s classifying space BG � EG{G is the
classifying space (in the sense of Definition 3.4.12) of a certain subcategory
of BG�N for N as in Definition 2.3.63.
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We will see another instance of a contractible free Opkq-space for the or-
thogonal group Opkq in Example 8.3.7(iv) below.

For the remainder of this book, BG and EG for a topological group G

will be understood to be the spaces of Proposition 3.4.15(iii) and
(iv) unless otherwise specified.

Proposition 3.4.18. The nerve of a connected category. A small cat-
egory J is connected as in Definition 2.1.55 iff its classifying space BJ as in
Definition 3.4.12 is path connected.

Definition 3.4.19. Contractible small categories. A small category J is
contractible if its classifying space BJ as in Definition 3.4.12 is contractible.

Proposition 3.4.20. Some contractible small categories. If a small
category J has an initial object or a terminal object, then it is contractible.

Definition 3.4.21. The barycentric subdivision sd∆rns of the n-simplex.
Let rns be the set t0, 1, 2, . . . , nu as before, and let Pprnsq be the category of its
subsets and inclusion maps. The simplicial set sd∆rns (for ∆rns as in Defini-
tion 3.4.3) is the nerve BPprnsq. Its nondegenerate k-simplices are sequences
of proper inclusions

v0 � v1 � � � � � vk

of subsets of rns called flags. In particular its vertices are subsets v of rns.
The geometric realization |sd∆rns| can be mapped homeomorphically to the
standard n-simplex ∆n of Definition 3.4.2 by

v ÞÑ pt0, , , , tnq where ti �
"

1{|v| for i P v
0 otherwise.

The barycentric subdivision sdX of a simplicial set X is

sdX � colim
∆rnsÑX

sd∆rns,

where the colimit is over all maps of simplicial sets ∆rns Ñ X for all n, where
∆rns is the simplicial set of Definition 3.4.3 whose geometric realization is
the standard n-simplex ∆n of Definition 3.4.2.

More information on the homeomorphism |sd∆rns| Ñ |∆rns| � ∆n above
can be found in [GJ99, Lemma III.4.1]. The subdivision sdX is obtained from
X by subdividing each of its nondegenerate simplices.

Remark 3.4.22. Eilenberg-Mac Lane spaces. The classifying space con-
struction defines a fcuntro from groups to spaces. For an abelian group A, the
mutiplicationmap A � A Ñ A is a group homomorphism, so we get a map
BA�BAÑ BA, which can be shown to make BA itself into an abelian topo-
logical group. Hence we could take its classifying space and get another abelian
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topological group, and so on. The nth iteration BnA is the Eilenberg-Mac Lane
space KpA,nq.
The following is [Hir03, Definition 15.1.16].

Definition 3.4.23. For a simplicial set K, the category ∆K of simplices
of K is the category p∆ÓKq of Definition 2.1.51. Note here that ∆ : ∆Ñ Set∆
(Definition 3.4.2) is a functor to the category of simplicial sets Set∆, while
K is an object in it.

The category ∆opK is p∆Kqop.

3.5 The homotopy extension property, h-cofibrations
and nondegenerate base points

In this section we recall some definitions useful for studying topological cate-
gories.

3.5A h-cofibrations
Definition 3.5.1. Mapping cylinders. Given an object in T op, i.e., a
topological space X, the corresponding cylinder is the Cartesian product X�
I, where I denotes the unit interval r0, 1s. For a pointed space pX,x0q, the
reduced cylinder is

X � I � X ^ I� � X � I{ tx0u � I,

with the base point being the image of tx0u � I as in Definition 2.1.49.
For a morphism (continuous map) f : X Ñ Y in T op, the mapping

cylinder is the space

Mf � pX � Iq
º

Y {px, 1q � fpxq; (3.5.2)

one end of the cylinder X�I is “glued onto” Y using the map f . Equivalently
it is the pushout of the diagram

X

f ��

i1 // X � I

j
��

Y
j1 // Mf ,

(3.5.3)

where i1 : X Ñ X � I sends x P X to px, 1q.
For a pointed map f : pX,x0q Ñ pY, y0q the reduced mapping cylinder

is the space

M 1
f �Mf { tx0u � I; (3.5.4)
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we collapse the copy of the unit interval in Mf associated with the base point
x0 P X (whose far end is identified with the base point y0 P Y since the map
f is pointed) to form the base point of M 1

f . Equivalently it is the pushout of
the diagram

X

f
��

i1 // X � I // X � I

j1��
Y

j11 // M 1
f .

The following is elementary.

Proposition 3.5.5. The target space as deformation retract. The di-
agram of (3.5.3) can be enlarged to

X

f ��

i1 // X � I

j
��

fp1

��<
<<

<<
<<

<<
<<

<<

Y
j1 //

1Y **VVVV
VVVV

VVVV
VVVV

VVV Mf
r

&&MM
MMM

MMM

Y,

where p1 denotes projection onto the first factor, making Y a deformation re-
tract of Mf . The maps j1 and r are homotopy equivalences. Similar statements
hold in the pointed case.

We will see a construction dual to Definition 3.5.1 in Definition 4.2.5 below.

Definition 3.5.6. Let j : S0 Ñ I� (where the target is the unit interval I
with disjoint base point) be the map sending the nonbase point to 0. A map of
pointed spaces i : A Ñ X is an h-cofibration (or Hurewicz cofibration)
if it is a closed embedding and the pair pX,Aq has the homotopy extension
property: for any pointed map f : X Ñ Y and pointed homotopy h : I
AÑ
Y (where X 
 Y is as in Definition 2.1.49) with fi � hpj ^Aq

A

i
��

A^j // A� I

i�I
��

h

!!B
BB

BB
BB

BB
BB

BB
BB

BB
B

X
X^j //

f
++XXXX

XXXXX
XXXXX

XXXXX
XXXXX

XXXXX
X X � I

rh
((Q

QQQQQQ

Y

(3.5.7)

there is a map rh : X � I Ñ Y making the full diagram commute.
Equivalently a pointed map i : A Ñ X is an h-cofibration iff the indicated
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lifting exists in all commutative diagrams of the form

A
h1 //

i

��

Y I�

e0

��
X

f //

rh1
99ssssssss
Y,

(3.5.8)

where Y I� is the space of pointed maps I� Ñ Y , i.e., paths in Y with no
conditions on their endpoints, and e0 is evaluation at 0. The maps h1 and rh1
above are the right adjoints to the maps h and rh of (3.5.7).

We can make sense of the diagram of (3.5.8) in any topological category
C that is bitensored (see Definition 3.1.31) over T op or T and define h-
cofibrations there accordingly. See Definition 5.6.7 below.

Proposition 3.5.9. Mapping cylinders and h-cofibrations. In the cat-
egory T , a map i : AÑ X is an h-cofibration iff its mapping cylinder M 1

i as
in Definition 3.5.1 is a retract of the reduced cylinder X � I. This means that
there is a map

rh : X � I ÑM 1
i (3.5.10)

such that rhr is the identity map on M 1
i , where r : M 1

i Ñ X � I is the map
given by the pushout property.

Equivalently it suffices to test the condition of (3.5.7) for the case where
Y �M 1

i .

Proof Since M 1
i is the pushout of the two maps out of A in (3.5.7), there is a

unique map r :M 1
i Ñ X� I with rh1 � i� I and rf 1 � X^ j in the following

diagram, in which the upper left quadrilateral is a pushout.

A

i

��

A^j // A� I

i�I

��

h1

����
��
��
��
��
�

h

��

M 1
i r

''PP
PPP

P

X
X^j

//

f 1
33ggggggggggggggggg

f

--

X � I rh
''P

PP

M 1
i

&&LL
LLL

L

Y

If i is an h-cofibration, then for Y �M 1
i there is a map rh making the diagram

commute, which means that rhr is the identity map on M 1
i . Conversely if such

a map rh exists, the commutativity of the outer quadrilateral above and the
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puhout property of M 1
i means there is a unique map M 1

i Ñ Y determined by
h and f .

The following is an easy consequence of the condition of (3.5.8).

Proposition 3.5.11. Sequential colimits preserve h-cofibrations. The
class of h-cofibrations is stable under composition, and the formation of co-
products and cobase change. Given a sequence

X1
f1ÝÑ � � � Ñ Xi

fiÝÑ Xi�1 Ñ � � �
in which each fi is an h-cofibration, the map

Xj Ñ colim
i

Xi

is an h-cofibration for each j ¡ 0.

Definition 3.5.12. Deformation retracts. A pair pX,Aq is an NDR-
pair (short for neighborhood deformation retract pair) if there is a
continuous map u : X Ñ I such that u�1p0q � A and a homotopy h :

X � I Ñ X such that hpx, 0q � x for all x P X, hpa, tq � a for all t P I when
a P A, and hpx, 1q P A if upxq   1. pX,Aq is a DR-pair if upxq   1 for all
x P X, in which case A is a deformation retract of X.

The statement and proof of the following can be found [May99a, §6.4],
where an h-cofibration is called a cofibration.

Theorem 3.5.13. Properties of h-cofibrations. Let A be a closed subspace
of X. Then the following are equivalent:

(i) pX,Aq is an NDR-pair as in Definition 3.5.12.
(ii) pX � I,X � t0u YA� Iq is a DR-pair.

(iii) X � t0u YA� I is a retract of X � I.
(iv) The inclusion i : AÑ X is an h-cofibration.

A proof of the following can be found in [Bre93, §VII.1] and in [May99a,
Chapter 6].

Proposition 3.5.14. Some h-cofibrations. Let the pointed space X be
obtained from A by attaching cells. Then the inclusion map i : A Ñ X is an
h-cofibration. If f : X Ñ Y is a map in T , then the inclusion map X Ñ M 1

f

to the reduced mapping cyclinder (Definition 3.5.1) is an h-cofibration.
A based inclusion i : A Ñ X is closed (meaning its image a closed subset

of X) iff its reduced mapping cylinder M 1
i is a retract of the reduced cylinder

of X.

Note that an h-cofibration in the functor category T J for small J is more
than an objectwise h-cofibration because the choice of rh must be natural in
the objects of J .
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The next four results are taken from [LMSM86, pages 488-489]. The follow-
ing is straightforward.

Proposition 3.5.15. Mapping cylinders and pullbacks. Let f : X Ñ Y

be a morphism in T J for a small category J . Define the reduced mapping
cylinder M 1

f (Definition 3.5.1) and reduced cylinder Y � I objectwise. Then
the diagram

X
i0 //

f

��

M 1
f

i

��
Y

Y^j // Y � I

is a pullback diagram, where j is as in Definition 3.5.6, i0pxq � px, 0q and
ipx, tq � pfpxq, tq.

Proposition 3.5.16. Retractions and closed inclusions. Let

i : AÑ X and r : X Ñ A

be morphisms in T J such that ri � 1A. Then the diagram

A
i // X

ir //
1X

// X

is an equalizer and i is a closed inclusion.

Proposition 3.5.17. Pullbacks and closed inclusions. Let

X
α //

f
��

Z

i
��

Y
g // W

be a pullback diagram in T J . Then if i is a closed inclusion, so is f .

Proof If i is a closed inclusion, then it is the equalizer of a pair of maps
i1, i2 : Z ÑW YZ W . Since the diagram is a pullback, this implies that i1 is
the equalizer of i1g and i2g and hence a closed inclusion.

Lemma 3.5.18. Every h-cofibration f : X Ñ Y in T J is an objectwise
closed inclusion.

Proof In Proposition 3.5.17, let W �M 1
f and Z � Y � I.

Proposition 3.5.19. Left adjoints preserve h-cofibrations. Any topo-
logical functor F which is a continuous left adjoint preserves the class of
h-cofibrations.
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Proof Let

F : C K
//
D : Goo

be the adjunction for the closed topological categories (as in Definition 2.6.42)
C and D, let i : AÑ X be an h-cofibration in C and let Y be an object in D.
The continuity of G implies that GpY I�q � pGY qI� . Hence the desired lifting
in the diagram

FA

Fi
��

// Y I�

��
FX //

88qqqqqq
Y

is adjoint to the one in

A

i

��

// pGY qI�

��
X //

88pppppp
GY.

Now suppose that a closed topological category C as in Definition 2.6.42
has a symmetric monoidal structure b which is compatible with the smash
product of pointed spaces, in the sense that for pointed spaces K and L, and
objects X,Y P C there is a natural isomorphism

pX bKq b pY b Lq � pX b Y q b pK ^ Lq

compatible with the enrichment and the symmetric monoidal structures. Then
given i : AÑ X we may form

ibn : Abn Ñ Xbn

and regard it as a map in the category CBΣn of objects in C equipped with a
Σn-action.

Proposition 3.5.20. Smashing preserves h-cofibrations. If i : A Ñ X

is an h-cofibration in a pointed closed topological category C as in Defini-
tion 2.6.42, then for any pointed topological space K, the map

i^K : A^K Ñ X ^K

is also an h-cofibration.

Proof In the diagram of (3.5.8) we replace Y by Y K and use the fact that

pY KqI� � Y K�I � pY I�qK
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by Proposition 3.1.37. Thus the diagram is

A
h1 //

i

��

pY I�qK

e0

��
X

f //

rh1
99rrrrrrrr
Y K ,

which is adjoint to

A^K
h1 //

i^K

��

Y I�

e0

��
X ^K

f //

rh1
88qqqqqqqq
Y.

This makes i^K an h-cofibration.

Theorem 3.5.21. Monoidal powers preserve h-cofibrations. If i : AÑ
X is an h-cofibration in a pointed closed topological category C, then i^n is
an h-cofibration in the closed topological category CBΣn .

Remark 3.5.22. In the category of equivariant orthogonal spectra, a version
of this result appears in [MMSS01, Lemma 15.8], where the reader is referred
to [EKMM97, Lemma XII.2.3]. Our proof is independent of theirs.

Proof Suppose we can show that the diagonal inclusion

M 1
i^n Ñ pM 1

iq^n (3.5.23)

(whereM 1
f is the reduced mapping cylinder of Definition 3.5.1) is the inclusion

of a Σn-equivariant retract with retraction map rn. Then we can construct a
Σn-equivariant retraction of

M 1
i^n Ñ X^n � I

(where I � r0, 1s as usual) as the composition

X^n ^ I
X^n^diag // X^n � In � pX � Iq^n rh^n

// pM 1
iq^n

rn // M 1
i^n

where rh is the retraction of (3.5.10) and rn is retraction of (3.5.23). Then
we can apply Proposition 3.5.9 to the map i^n to conclude that it is an h-
cofibration.
For the desired retraction rn of the embedding of (3.5.23), the key construc-

tion is the symmetric retraction of the unit n-cube onto its diagonal given by

px1, . . . xnq ÞÑ px0, . . . x0q where x0 � minpxiq. (3.5.24)
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Start with the diagram in Cn in which each component is the pushout square

A� t0u //

i

��

A� I

��
X // M 1

i

We have the target exponent filtration of Definition 2.9.34 in which

fil0 � X^n and filn � pM 1
iq^n,

and the spaces filk for 0   k   n interpolate between those two. We will use
only the nth stage of it. The diagram of (2.9.40) reads

BApA� Iq^n //

��

pA� Iq^n

��
filn�1

// pM 1
iq^n

(3.5.25)

and all maps are Σn-equivariant. Using the retraction M 1
i Ñ X and the in-

clusion X^n ÑM 1
i^n we get

filn�1 Ñ X^n ÑM 1
i^n ,

To extend it to filn, note that the top row of (3.5.25) can be identified with
the tensor product of the identity map of A^n with

Bt0uIn� Ñ In�.

The domain here is the union of a disjoint base point with the subspace of In
consisting of all points in which at least one coordinate is 0. This identification
is compatible with the action of the symmetric group. The desired extension
is then constructed using the Σn-equivariant retraction of In to the diagonal
given by (3.5.24), which takes Bt0uIn to the point p0, . . . 0q.

Working fiberwise one concludes

Proposition 3.5.26. Indexed monoidal products preserve h-cofibrations.
Suppose that pM,^, Sq is a symmetric monoidal category which is also a
closed topological category as in Definition 2.6.42, and p : I Ñ J is a covering
category as in Definition 2.8.1. The indexed monoidal product

p^� : MI ÑMJ

preserves the class of h-cofibrations.



256 Enriched category theory

3.5B Nondegenerate base points
Definition 3.5.27. A nondegenerate point x P X for a topological space X
is one for which the inclusion map is an h-cofibration as in Definition 3.5.6.
A functor X : J Ñ T is nondegenerately based if the space Xj has a
nondegenerate base point for each object j of J . A pointed topological category
is nondegenerately based if each of its pointed morphism spaces is.

Note that this use of the word “degenerate” has nothing to do with degen-
eracies in connection with simplicial sets in §3.4.
Degenerate points are rare, so we offer a textbook example; see Exam-

ple 3.5.31 for another one.

Example 3.5.28. A space with degenerate base point. Let X � I2 be
the comb space,

X � p0� Iq Y
�¤
n¡0

t1{nu � I

�
Y pI � 0q,

and let x � p0, 1q P X. The pair pX, txuq does not have the homotopy extension
property (see Definition 3.5.6), so the base point x is degenerate. Let Y �
X � t0u Y x � I � X � I and let f : X Ñ Y be the inclusion. It does not
extend to X � I because its subspace Y is not a retract.

There is an easy way to deal with degenerate base points when they occur.

Definition 3.5.29. Adding a whisker. Given a space X with degenerate
base point x0, we can replace the bad pair pX,x0q with a good pair p rX,x1q
constructed as follows. The space rX is the union of X with an interval I
attached to X at the point x0, and x1 is the other end of the interval. The
map p rX,x1q Ñ pX,x0q collapses I to x0, and x1 P rX is a nondegenerate base
point.

The construction of Definition 3.5.29 is functorial in pX,x0q and is used
below in Example 5.1.12.

Proposition 3.5.30. The suspension of a weak equivalence. Let f :

X Ñ Y be a weak equivalence of spaces with nondegenerate base point. Then
its suspension Σf � S1 ^ f is also a weak equivalence.

Proof The nondegeneracy of the base points insures that the map from
the unreduced suspension, the double cone on X, to the reduced suspen-
sion ΣX � S1 ^X (sending the line through x0 to a point) is a homotopy
equivalence, and similarly for Y . A pointed weak equivalence X Ñ Y is easily
seen to induce a homology equivalence, an isomorphism in π1 and therefore a
weak equivalence on unreduced suspensions.

I am grateful to Greg Arone, Tyler Lawson and others for the following
counterexample illustrating the necessity of a nondegenerate base point.
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Example 3.5.31. A weak equivalence not preserved by suspension.
Let N denote the natural numbers with the discrete topology, and let

X � t0u Y t1{n : n � 1, 2, 3, . . . u � I

(topologized as a subspace of I), with both having 0 as base point. The base
point of X is degenerate. The comb space of Example 3.5.28 can be mapped
to the unreduced cone on this X by sending the bottom interval I � t0u to the
cone point. That map is a homotopy equivalence.

Define f : NÑ X by

fpnq �
"

0 for n � 0

1{n for n ¡ 0.

It is a continuous bijection (so the same is true for all of its suspensions) but
not a homeomorphism since its set theoretic inverse is not continuous. The
discrete space N has more open sets than X. Moreover X is compact, since
any open set containing 0 must have a finite complement. It is also a closed
subset of the unit interval.

The map f is a weak equivalence since it induces a bijection of sets on π0,
and the higher homotopy groups of both spaces are trivial. However its single
suspension is a map from an infinite wedge of circles to the Hawaiian earring
H (see [EK00b]) which does not induce an isomorphism on π1. H is a subset
of the plane R2, namely the union of the circles through the origin having
centers at p1{n, 0q for all positive integers n. It is locally path connected, but
not semi-locally simply connected.

For k ¡ 1, πkΣkN is a countable direct sum of copies of the integers and
hence countable, while πkΣ

kX is the limit of an inverse system of finitely
generated free abelian groups, and is uncountable. Moreover the space ΣkX,
the subject of [BM62] and [EK00a], is known to have infinitely many nontrivial
rational homology groups, quite unlike ΣkN.

We will consider the Hawaiian earring again in Example 4.2.4(ii),
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Quillen’s theory of model categories

In order to compute this cohomology for commutative rings, the author
was led to consider the simplicial objects over [an abelian category] A as
forming the objects of a homotopy theory analogous to the homotopy
theory of algebraic topology, then using the analogy as a source of
intuition for simplicial objects. This was suggested by the theorem of Kan
[Kan58b] that the homotopy theory of simplicial groups is equivalent to
the homotopy theory of connected pointed spaces. The analogy turned out
to be very fruitful, but there were a large number of arguments that were
formally similar to well known ones in algebraic topology, so it was
decided to define the notion of a homotopy theory in sufficient generality
to cover in a uniform way the different homotopy theories encountered.

Daniel Quillen [Qui67, pages i–ii]

Quillen invented model categories in [Qui67] for the reasons stated above.
His ideas have become increasingly prominent in the subject in the past
twenty-five years. (Of the more than 700 citations of [Qui67] listed in Math-
SciNet, only 18 appeared before 1994.) The most thorough accounts are the
books by Hovey [Hov99] and Hirschhorn [Hir03]. A lighter and very helpful
introduction is [DS95]. We also recommend [MP12, Part 4].
Our aim in this chapter and the two that follow it is not to produce another

self contained account of the subject, but merely to tell our readers what they
need to know to follow the arguments to be presented later in the book. We
will refer the sources above for most of the proofs.
In §4.1 we will give the axioms of a model category and related definitions

including those of fibrant and cofibrant objects (??) and fibrant and cofibrant
replacement, Definition 4.1.20.
In §4.2 we introduce the three examples orginally cited by Quillen, namely

topological spaces, chain complexes of R-modules and simplicial sets. The
first of these is the most familiar and the most important for our purposes.
In studying it we use the previously defined notions of mapping cylinders and
reduced mapping cylinders (Definition 3.5.1), h-cofibrations and the homo-
topy extension property (Definition 3.5.6), nondegenerate base points (Defini-
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tion 3.5.27) and adding a whisker, Definition 3.5.29. In studying the model cat-
egory structure on simplicial sets we define Kan fibrations in Definition 4.2.17.
The word “homotopy” does not appear in the definition of a model category

despite that fact that homotopy theory is its motivation. The various notions
of homotopy that can be defined in a model category are the subject of §4.3.
The Quillen homotopy category HoM of a model category M is introduced
in Definition 4.3.16.
A functor on a model category M is homotopical if it factors through the

homotopy category HoM. Unfortunately not all the functors we encounter
have this property. How to deal with them is the subject of §4.4. They often
behave well on fibrant or cofibrant objects even if they do not behave well
in general. It is often useful to replace them by derived (Definition 4.4.5)
or total derived (Definition 4.4.7) versions whose existence is the subject of
Proposition 4.4.6 and Proposition 4.4.8.
Functors between model categories are the subject of § 4.5. They tend

to come in adjoint pairs going in opposite directions called Quillen pairs
or Quillen adjunctions Definition 4.5.1. The left adjoint (also called a left
Quillen functor) preserves cofibrations and trivial cofibrations, while the
right adjoint (right Quillen functor) preserves fibrations and trivial fi-
brations. Thus a left Quillen functor preserves trivial cofibrations between
cofibrant objects. Ken Brown’s Lemma 5.1.7 says that this implies that it
preserves all weak equivalences between cofibrant objects.
A Quillen pair F : M Õ N : U , is a Quillen equivalence (Defini-

tion 4.5.14) if for all cofibrant X in M and all fibrant Y in N , a map
f : FX Ñ Y is a weak equivalence in N iff the corresponding map X Ñ UY

is a weak equivalence in M. Theorem 4.5.17 says that a Quillen equivalence
between model categories induces a categorical equivalence between the cor-
responding homotopy categories.
In §4.6 we study model categoric generalizations of the classical suspension

and loop functors. We follow Quillen’s treatment of this topic [Qui67, §I.2] very
closely. Suspensions and loop objects and functors in a general model category
are spelled out inDefinition 4.6.17. Stable model categories are defined in
Definition 5.7.1. In Definition 5.7.3, we say that a model category is exactly
stable if it has desuspension and delooping functors with certain properties.
This notion is new as far as we know.
In § 4.7 we study fiber sequences and cofiber sequences, again following

Quillen [Qui67, §I.3]. Such sequences are defined in Definition 4.7.6. For exam-
ple a cofiber sequence starts with a cofibration f : AÑ B where A is cofibrant
in a pointed model category. This leads to a second cofibration g : B Ñ C,
where C is the cofiber of f and a map m1 : C Ñ C _ΣA with certain proper-
ties. Composing m1 with projection onto ΣA obtained by collapsing C to the
initial/terminal object. Then it turns out (Proposition 4.7.9) that ΣA is the
cofiber of g and the evident map h : C Ñ ΣA is also a cofibration. Its cofiber
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is ΣB, and we can repeat this process ad infinitum. Thus we get a diagram

A
f // B

g // C
h // ΣA

Σf // � � �.
For any fibrant object Y , Proposition 4.7.11 gives an exact sequence

πpA, Y q πpB, Y qf�oo πpC, Y qg�oo πpΣA, Y qh�oo � � � ,pΣfq�oo

where πp� , �q is defined in Definition 4.3.11. Theorem 5.7.6 says that when
the model category is exactly stable as in Definition 5.7.3, this exact sequence
can be extended to the left indefinitely. There is a dual notion of a fiber
sequence starting with a fibration to a fibrant object, and we get a similar
exact sequence by considering homotopy classes of maps to it from a cofibrant
object.
In §4.8 we review Quillen’s small object argument. This is the most techni-

cally challenging part of the theory. It is used to construct the factorizations
required in a model category. It involves set theoretic and cardinality argu-
ments that most homotopy theorists prefer not to think about.

4.1 Basic definitions

4.1A The definition of a model category
Definition 4.1.1. A model category M is a category with three classes of
morphisms called weak equivalences (W), fibrations (F) and cofibrations (C),
each closed under composition and containing all isomorphisms. A trivial
fibration (cofibration) is one which is also a weak equivalence. These are
required to satisfy the following five axioms.

MC1 Bicompleteness axiom. M has all small limits and colimits.
MC2 Two-out-of-three axiom. Let f and g be morphisms in M such that gf

is defined. Then if two of f , g and gf are weak equivalences, so is the third.
(Note that weak equivalences, unlike homotopy equivalences in topology, are
not required to have inverses.)

MC3 Retract axiom. If f is a retract (Definition 2.1.56) of g and g is a weak
equivalence, fibration or cofibration, then so is f .

MC4 Lifting axiom. Given a commutative diagram as in (2.3.11),

A
f //

i
��

X

p

��
B

g //

h

99ssssss
Y,

a morphism h exists with hi � f and ph � g, that is i m p as in Defini-
tion 2.3.10, when either
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(i) i is a cofibration (i P C) and p is a trivial fibration (p P WXF) or
(ii) i is a trivial cofibration (i P WX C) and p is a fibration (p P F).

MC5 Factorization axiom.
M has two functorial factorizations (as in Definition 2.2.9) F0 and F1

such that for any morphism f : X Ñ Y we get commutative diagram

rY
δ0F0pfq

%%JJ
JJJ

JJJ
JJJ

X

δ2F0pfq

99ttttttttttt f //

δ2F1pfq %%JJ
JJJ

JJJ
JJJ

Y

pX δ0F1pfq

99ttttttttttt

where
– δ2F0pfq is a cofibration,
– δ0F0pfq is a trivial fibration,
– δ2F1pfq is a trivial cofibration and
– δ0F1pfq is a fibration.
Note that each intermediate object is denoted by the same letter as the
original object (X or Y ) it is weakly equivalent to.

When these axioms are satisfied, we say that pM,W,C,Fq defines a model
category.

MC1 implies that M has an initial object ∅ and a terminal object �, the
colimit and limit respectively of the empty diagram. When they are the same,
we will say the model category is pointed in Definition 4.1.26 below.
We will see below in Proposition 5.1.2 that in every model category the

weak equivalences satisfy a stronger condition than MC2 called the 2-of-6
property of Definition 5.1.1.
The lifting axiom MC4 can be reformulated as follows. The model cate-

gory M has morphism classes W (weak equivalences), C (cofibrations) and
F (fibrations). Hence the class of trivial cofibrations (trivial fibrations) is by
definition WX C (WXF). Then, using the notation of Definition 2.3.10,

pWX CqmF and Cm pWXFq.
The factorization axiom MC5 says there are weak factorization systems

(as in Definition 2.3.19)

pWX C,Fq and pC,WXFq. (4.1.2)

MC5 also implies that every weak equivalence is the composite of a trivial
cofibration followed by a trivial fibration.
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It is known [JT07, Proposition 7.8] that model categories can be character-
ized as follows.

Proposition 4.1.3. Model categories and morphism classes. Let M be
a bicomplete category with morphism classes W, C and F such that

 W satisfies the 2-of-3 property and
 pWX C,Fq and pC,WXFq are weak factorization systems.

Then pM,W,C,Fq defines a model category.

Definition 4.1.4. An object X in a model category is contractible if the
unique map X Ñ � is a weak equivalence.

Remark 4.1.5. The word “contractible.” Surprisingly, this term is not
used in the model category literature, except in reference to certain topolog-
ical spaces or simplicial sets associated with a model category. We are intro-
ducing it here for its convenience in Example 4.1.14, Proposition 4.5.9 and
Lemma 5.6.20 below.

We note that this notion of contractibility is self dual only when the model
category is pointed as in Definition 4.1.26 below. In the category T op of
topological spaces without base point, a contractible space is not one that admits
a weak equivalence from the empty set.

Remark 4.1.6. The original model category axioms. These axioms are
slightly stronger than those originally given by Quillen in [Qui67]. His MC1
required only finite limits and colimits, and he did not require the factoriza-
tions of MC5 to be functorial. Experience has shown that the strengthened
axioms are more convenient and are satisfied in nearly every interesting ex-
ample.

There is a weaker notion of a homotopical category, in which one has
weak equivalences satisfying a stronger form of MC2. Logically, they should
be studied before model categories, but historically they were introduced
decades later. We will treat them in §5.1 below.

Remark 4.1.7. The hard part. In order to use model category theory, one
must show that the category one is interested in really has a model structure.
Often the hardest part of this is verifying MC5, which can involve delicate
set theoretic arguments. We will discuss this further in §4.8.

Proposition 4.1.8. Any two of the three morphisms classes (fibra-
tions, cofibrations and weak equivalences) determines the third.

Proof If we know the fibrations and cofibrations, then the trivial fibrations
(trivial cofibrations) are those morphisms haveing the right (left) lifing prop-
erty with respect to all cofibrations (fibrations).
If we know the fibrations and the weak equivalences, then the cofibrations
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(trivial cofibrations) are those morphisms having the left lifting property with
respect to all trivial fibrations (all fibrations).
A dual argument works for cofibrations and weak equivalences.

Remark 4.1.9. Changing model structures: the seesaw effect. We
will sometimes want to consider more than one model structure on the same
underlying category. We may wish to alter the model structure by keeping one
of the three morphism classes fixed and expanding another one. This invariably
means shrinking the third class.

For example we may want to expand the class of weak equivalences and keep
the same class of cofibrations. This process is called Bousfield localization
and is the subject of Chapter 6 below. This means more of the cofibrations
will be trivial. Since fibrations are required to have the right lifting property
with respect to trivial cofibrations, there will be fewer of them, and fibrant
replacement will be more interesting. On the other hand, the class of trivial
fibrations, being those morphisms with the right lifting property with respect
to all cofibrations, will remain the same.

If we expand the classes of fibrations and weak equivalences, we will have both
fewer cofibrations and fewer trivial cofibrations, because the lifting properties
they must satisfy will be more demanding. We will see an instance of this in
Remark 5.4.23 below.

Definition 4.1.10. Injective morphisms and objects. For a class C of
morphisms in a model category M, a C-injective morphism g is one that
has the right lifting property with respect to each map in C. A C-injective
object X is one for which the morphism X Ñ � is C-injective. A map is a
C-cofibration if it has the left lifting property with respect to every C-injective
map.

In the notation of Definition 2.3.10, the classes of C-injective morphisms
and C-cofibrations are Cm and mpCmq respectively.

Example 4.1.11. Fibrations as injective morphisms. Let C be the class
of all cofibrations (trivial cofibrations) in M. Then

 the C-injective morphisms are the trivial fibrations (fibrations),
 the C-injective objects are the contractible (meaning weakly equivalent to �)

fibrant objects (all fibrant objects) and
 the C-cofibrations are the cofibrations (trivial cofibrations).

Proposition 4.1.12. Pushouts (pullbacks) of cofibrations (fibrations).
Let

A //

i
�� p q

X

p

��
B // Y
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be a pullback (pushout) diagram in a model category M. If p is a fibration (i
is a cofibration), so is the map i (p). If p is a trivial fibration (i is a trivial
cofibration), so is the map i (p).

Proof We will prove the pullback form of the statements, leaving the dual
pushback form to the reader. To show that i is a fibration, suppose j : C Ñ D

is a trivial cofibration and we have a commutative diagram

C //

j

��

A //

i

��

X

p

��
D //

h1

66lllllllllll

h2

<<y
y

y
y

y
y

B // Y.

Then the lifting h1 exists because p is a fibration, and the lifting h2 exists
because the right square is a pullback. The existence of h2 for any trivial
cofibration j means that i is a fibration as claimed.
Similarly, suppose p is a trivial fibration and j is any cofibration. Then the

liftings exist as before, making i a trivial fibration.

The above generalizes as follows.

Proposition 4.1.13. Limits (colimits) preserve fibrations and trivial
fibrations (cofibrations and trivial cofibrations). Let F and F 1 be func-
tors from a small category J to a model category M, and let θ : F ñ F 1 be
a natural transformation. Then if the map θj : F pjq Ñ F 1pjq is a fibration
(cofibration) for each object j of J , then the induced map lim

J
F Ñ lim

J
F 1

(colim
J

F Ñ colim
J

F 1) is a fibration (cofibration).
In particular any limit (colimit) of fibrant (cofibrant) objects is fibrant (cofi-

brant).

Proof We will prove the statement for colimits, leaving the dual statement
for limits to the reader. Let MJ denote the category of functors from J to
M. It has a model structure in which a morphism is a weak equivalence or
a fibration if its value on each object in J is one. (There is a different model
structure in which a morphism is a weak equivalence or a cofibration if its value
on each object in J is one. It is needed for the dual case. Both will be studied
further in §5.4 below.) Thus F and F 1 can be regarded as objects in MJ and
θ as a morphism between them. Recall (Proposition 2.3.24) that the colimit
functor MJ ÑM is the left adjoint of the diagonal functor ∆ : MÑMJ .
Let p : X Ñ Y be a trivial fibration in M, making ∆ppq a trivial fibration
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in MJ . Consider the following adjoint pair of diagrams in M and MJ .

colim
J

F //

colim
J

θ

��

X

p

��
colim
J

F 1 //

99s
s

s
s

s
s

Y

and F //

θ

��

∆pXq

∆ppq

��
F 1 //

::t
t

t
t

t
t

∆pY q.

The hypothesis that each θj is a cofibration is equivalent to the existence of
a lifting in the diagram in on the right. That lifting is adjoint to one on the
left, which makes colim

J
θ a cofibration as claimed.

Similarly let p : X Ñ Y be a fibration in M, making ∆ppq a fibration in
MJ , and consider the same diagrams as before. The hypothesis that each θj
is a trivial cofibration is equivalent to the existence of a lifting in the diagram
in on the right. That lifting is adjoint to one on the left, which makes colim

J
θ

a trivial cofibration as claimed.

The following may seem pedantic, but it is surprisingly useful.

Example 4.1.14. Overcategories and undercategories of a model cat-
egory. Let M be a model category and let A be an object in it. Then we have the
undercategory pAÓMq and the overcategory pMÓAq as in Definition 2.1.51.
In both cases there is a forgetful functor U to M obtained by ignoring the
structure map ω or υ . It is known that both categories admit model structures
in which a morphism X Ñ Y (meaning a triangle as in (2.1.52) or (2.1.53))
is a weak equivalence, fibration or cofibration if its image under the forgetful
map is one. A proof can be found in [Hir15].

It follows that the initial object of pAÓMq is 1A : AÑ A while the terminal
object is A Ñ �. An object υX : A Ñ X is cofibrant if υX is a cofibration in
M, fibrant if X is fibrant in M and contractible if X is contractible in M.

Dually, the terminal object of pMÓAq is 1A : AÑ A while the initial object
is ∅ Ñ A. An object ωX : X Ñ A is fibrant if ωX is a fibration in M,
contractible if ωX is a weak equivalence, and cofibrant if X is cofibrant in M.

4.1B Some toy examples
In the next section we will discuss Quillen’s three classical examples of model
categories, namely topological spaces, chain complexes of R-modules and sim-
plicial sets. Some drier examples are the following.

Definition 4.1.15. The dual of a model category. Let M be a model
category. Then the opposite category Mop has a model structure in which
weak equivalences are dual to those of M and fibrations (cofibrations) are
dual to the cofibrations (fibrations) of M.
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Definition 4.1.16. The product of a set of model categories. For model
categories M and N we can define a model category structure on M�N (see
Definition 2.1.5) as follows. A morphism pf, gq is a weak equivalence fibration
or cofibration if both f and g are. This definition can be extended to any set
of model categories.

We learned the following from Tom Goodwillie. Also see [Rie14, Example
11.2.5] and [AC14].

Example 4.1.17. Model structures on Set. There are nine model struc-
tures on Set, with morphisms as in the following table. In it we say a map
is empty if its domain is empty; otherwise it is nonempty. The empty
isomorphism is the map from the empty set to itself.

Cofibrations Weak equivalences Fibrations
All maps Isomorphisms All maps
Isomorphisms All maps All maps
All maps All maps Isomorphisms
Injections All maps Surjections
Surjections All maps Injections
Split injections All maps Surjections and

empty maps
All nonempty maps
and the empty
isomorphism

All maps Isomorphisms and
empty maps

All maps All nonempty maps
and the empty
isomorphism

Isomorphisms and
empty maps

Injections All nonempty maps
and the empty
isomorphism

Surjections and
empty maps

Now consider the inclusion functor F : Set Ñ T op that gives each set the
discrete topology. The standard model structure (as opposed to the toy ones in
the next example) on T op is given below in Definition 4.2.1. The only model
structure above for which F preserves weak equivalences is the first one, and
for that structure it preserves neither fibrations nor cofibrations. Hence none
of the model structures on Set above is compatible with the standard one on
T op. Functors between model categories will be discussed further in §4.5 below.

Example 4.1.18. Three toy model structures on a bicomplete cat-
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egory. In each of the following let M be a bicomplete category (Defini-
tion 2.3.25), so MC1 is satisfied. Let one of the three classes of morphisms
(weak equivalences, cofibrations and fibrations) be the isomorphisms in M and
let the other two classes consist of all morphisms. In each case we get a model
structure on M for which there are obvious factorizations. For example if the
cofibrations are isomorphisms, then αpfq and γpfq are each the identity on
the domain of f , while βpfq and δpfq are each f itself.

The structure in which all weak equivalences are isomorphisms is called the
minimal model structure, and the other two are called maximal model
structures. These adjectives refer to the class of weak equivalences.

4.1C Fibrant and cofibrant objects
Definition 4.1.19. Fibrant and cofibrant objects. An object X is cofi-
brant if the morphism ∅Ñ X is a cofibration, and fibrant if the morphism
X Ñ � is a fibration. An object X is cofibrant-fibrant if it is both cofibrant
and fibrant. We use the words fibrancy and cofibrancy for the quality of
being fibrant or cofibrant.

A cofibrant (fibrant) approximation of an object X is a weak equiva-
lence Xc Ñ X (X Ñ Xf ) where Xc is cofibrant (Xf is fibrant). A fibrant
cofibrant (cofibrant fibrant) approximation of X is a cofibrant (fibrant)
approximation in which the weak equivalence is a trivial fibration (trivial co-
fibration).

Hence in a fibrant cofibrant approximation Xc to X, the word “fibrant” does
not refer to Xc (which is cofibrant but not necessarily cofibrant), but to the
fact that the weak equivalence Xc Ñ X is a trivial fibration.

Hirschhorn [Hir03] denotes such weak equivalences by rX Ñ X and X Ñ pX.
One has the following canonical examples.

Definition 4.1.20. Fibrant and cofibrant replacement. Let εX : QX Ñ
X be the functorial (in X) trivial fibration obtained by applying the first
factorization of MC5 to the morphism ∅Ñ X, giving us

∅ // QX
εX // X.

The object QX is a called the cofibrant replacement of X. It is a fibrant
cofibrant approximation. The pair pQ, εq is an augmented functor as in Defi-
nition 2.2.8.

Dually, by applying the second factorization of MC5 to the morphism X Ñ
� we get a trivial cofibration and hence a weak equivalence ηX : X Ñ RX to
the fibrant replacement of X, which is a cofibrant fibrant approximation.
The pair pR, ηq is a coaugmented functor as in Definition 2.2.8.
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Proposition 4.1.21. Universal properties of QX and RX. Any mor-
phism f : X Ñ Y to a fibrant object Y factors through RX. Dually, any
morphism g :W Ñ X from a cofibrant object W factors though QX.

Proof For the first statement, consider the diagram

X
f //

��

Y

��
RX //

pf
88r

r
r

r
r

�
The left vertical map is a trivial cofibration and the right one is a fibration,
so the factorization, i.e., the indicated lifting exists.
The argument for the second statement is similar.

Proposition 4.1.22. Fibrant (cofibrant) objects as retracts. Let X be
a fibrant (cofibrant) object in a model category. Then for any trivial cofibration
i : X Ñ X 1 (any trivial fibration p : X 1 Ñ X), X is a retract of X 1, meaning
there is a morphism j : X 1 Ñ X (q : X Ñ X 1) with ji � 1X (pq � 1X).

Proof We will prove the statement about fibrant objects. Consider the lifting
diagram

X

i
��

X

��
X 1 //

j

99r
r

r
r

r �
The map i is a trivial cofibration by assumption, and the other vertical map is
a fibration since X is fibrant. Therefore the desired map j exists by MC4.

Applying the functor R to the map εX : QX Ñ X and vice versa leads to
a diagram

QX

ηQX cofibration

��

εX

fibration
// X

ηXcofibration

��

QX
εX

fibration
oo

QηXcofibration

��
RQX

RεX

fibration //
66S U W Y [ ] _ a c e g i k

RX QRX
εRX

fibrationoo
(4.1.23)

where each morphism is a weak equivalence, each horizontal map is a fibration
and each vertical map is cofibration. The objects RQX and QRX are both
fibrant and cofibrant. The indicated factorization of RεX exists by Proposi-
tion 4.1.21 because it is a map to RX from a cofibrant object.

Remark 4.1.24. It’s awkward. Functorial factorization is useful for theo-
retical purposes, but difficult to use in practice beyond toy examples like those
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of Example 4.1.18. It is described for the category of topological spaces below
in §4.2B.

There are other functorial cofibrant and fibrant approximations besides the
ones associated with the two functorial factorizations. They are discussed by
Hirschhorn in [Hir03, Chapter 8]. Even they do not have the properties one
might want. For example, one rarely has a functorial cofibrant approximation
which does not alter objects that are cofibrant to begin with.

The following is Hirschhorn’s [Hir03, Definition 8.1.15].

Definition 4.1.25. Functorial cofibrant (fibrant ) approximations.

(i) A functorial cofibrant (fibrant) approximation on M is an aug-
mented functor pQ, εq (coaugmented functor pR, ηq) on M as in Defini-
tion 2.2.8 such that εX : QX Ñ X (ηX : X Ñ RX) is a cofibrant (fibrant)
approximation to X for every object X of M.

(ii) A functorial fibrant cofibrant (cofibrant fibrant) approximation
on M is a functorial cofibrant (fibrant) approximation such that εX is a
trivial fibration (ηX is a trivial cofibration) for every object X of M.

In [Hir03, §8.1] Hirschhorn shows that any two functorial cofibrant (or fi-
brant) approximations are equivalent in a certain sense. He also proves a
similar result for fibrant and cofibrant approximations to maps. In [Hir03,
§14.6] he considers categories of approximations (either fibrant or cofibrant)
to an object, map or subcategory of a model category M and shows that in
most cases they have contractible classifying spaces.

4.1D Pointed model categories
Definition 4.1.26. A model category M is pointed if the map ∅Ñ � (from
the initial object to the terminal one) is an isomorphism, and in that case �
is called the null object. This means that for any objects A and B there is a
unique morphism A Ñ B factoring through the initial/terminal object �. We
will denote it by 0 and refer to it as the trivial map. We will denote the
product and coproduct operations in M by ^ and _, the smash product and
wedge.

For an arbitrary model category M, the associated pointed model cat-
egory M� is the category p�ÓMq (see Definition 2.1.51) under the terminal
object �, meaning the category whose objects are maps m : � ÑM , often writ-
ten as pM,mq, where M is an object of M. A morphism f : pM,mq Ñ pN,nq
is a morphism f :M Ñ N in M with n � fpmq.
It needs to be proved that M� as defined in Definition 4.1.26 is actually a

model category. This is done in [Hov99, Proposition 1.1.8]. There is a functor
MÑM� given byM ÞÑM� :�M

² � (adding a disjoint base point), which
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is the left adjoint of the forgetful functor U : M� Ñ M. If M is already
pointed, then these define an equivalence of categories. A morphism f in M�

is a cofibration, fibration or weak equivalence iff Uf is one in M.

4.1E Kernel, cokernels, fibers and cofibers
Definition 4.1.27. The kernel or fiber, and cokernel or cofiber of a
morphism f : X Ñ Y in a pointed model category are the pullback and
pushout objects in the diagram

ker f //

��

X //

f

��

�

��
� // Y // coker f

The kernel and cokernel are the equalizer and coequalizer (as in Defini-
tion 2.3.27) of f with the trivial map X Ñ � Ñ Y . The term fiber (cofiber)
above has the expected meaning only when f is a fibration (cofibration). For
example the kernel of � Ñ Y is �, and has nothing to do with Y .

Definition 4.1.28. Homotopy fibers and cofibers. Let CX, the reduced
cone object of X and PY , the reduced path object of Y , be obtained by
factoring the unique maps X Ñ � and � Ñ Y as

X
iX // CX

� // � and � � // PY
pY // Y

where iX is cofibration, pY is a fibration, and the other two maps are weak
equivalences.

Then the homotopy fiber and homotopy cofiber of f are the pullback
and pushout objects in the diagram

Ff
pf //

��

X
iX //

f

��

CX

��
PY

pY // Y
if // Cf .

The weak equivalences � Ñ PY and CX Ñ � in the factorizations induce
maps

η : ker f Ñ Ff and ε : Cf Ñ coker f. (4.1.29)

We will see in §5.8 (specifically Example 5.8.5(iii)) that η (ε) is a weak equiv-
alence when f is a fibration (cofibration). In Corollary 5.6.9 we will see that
he map ε is also a weak equivalence when f is an h-cofibration. The homotopy
fiber Ff (homotopy cofiber Cf ) is the homotopy equalizer (coequalizer) of f
and the trivial map.
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Definition 4.1.30. Reduced path space and reduced cone. Let M � T ,
the category of pointed topological spaces to be studied in §4.2A. Then for a
pointed space X, the reduced path space PX can be taken to be the space
XI of paths ω in X with ωp0q � x0 (the base point), with the map PX Ñ X

being ω ÞÑ ωp1q. The base points of I and PX are 0 and the constant x0-valued
path. The reduced cone CX is X ^ I, where the base point of I is 1.

We can use PX and CX to define the suspension and loop objects as the
pullback and pushout objects in the diagram

PX

��@
@@

@@
CX

""D
DD

DD

ΩX

=={{{{{

!!C
CC

CC
X

??~~~~~

��@
@@

@@
ΣX.

PX

??~~~~~
CX

<<zzzzz

(4.1.31)

We will take this up again in Definition 4.6.17 and §4.7.

4.2 Three classical examples of model categories

Following [Qui67, §I.1], we will describe model structures on

(i) T op, the category of compactly generated weak Hausdorff spaces and its
pointed analog T ,

(ii) ChR, the category of nonnegatively graded (or bounded below) chain com-
plexes of R-modules for an arbitrary ring R and

(iii) the category Set∆ of simplicial sets.

4.2A The model structure on topological spaces
The details of (i) can be found in [DS95, §8].

Definition 4.2.1. Continuous fibrations and cofibrations. A continuous
map f : X Ñ Y map is a weak equivalence if it induces isomorphisms in
homotopy groups (and in path component sets) with respect to every base point.
It is a Serre fibration if it has the right lifting property with respect to the
inclusion

jn : In � t0u Ñ In � I

for any n ¥ 0. It is a cofibration if it has the left lifting property with respect
to every trivial Serre fibration.

These choices of weak equivalences, fibrations and cofibrations give a model
structure on T op. Replacing each by their pointed analogs defines a model
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structure on T � T op� (see Definition 4.1.26), the category of pointed com-
pactly generated weak Hausdorff spaces. In both cases all spaces are fibrant.
The cofibrant spaces are retracts of generalized CW complexes, meaning
spaces obtained from a discrete space by attaching cells, not necessarily in
dimensional order.
Every cofibration f : X Ñ Y is the inclusion into a retract of a generalized

relative CW complex, meaning that Y is the retract of a space obtained from
X by attaching cells, again not necessarily in dimensional order.
A proof of the following can be found in [Hov99, pages 54–57].

Proposition 4.2.2. Detecting trivial Serre fibrations. A continuous map
f : X Ñ Y map is a trivial Serre fibration (meaning it is both a Serre fibration
and a weak equivalence) if it has the right lifting property with respect to the
inclusion of the boundary

in : Sn�1 Ñ Dn

for any n ¡ 0.

Definition 4.2.3. A continuous map f : X Ñ Y is a Hurewicz fibration
if it has the right lifting property with respect to the inclusion

j : X � t0u Ñ X � I

for any space X.

It is known that a map is a trivial Hurewicz fibration iff it has the right
lifting property with respect to all h-cofibrations as in Definition 3.5.6. The
map e0 of (3.5.8) is a trivial Hurewicz fibration.

Example 4.2.4. Some spaces that are not cofibrant.

(i) Let C be the Cantor set, regarded as a subset of the unit interval I. A
cofibrant approximation is the map p : C 1 Ñ C, where C 1 denotes the same
set with the discrete topology. We can use Proposition 4.2.8 to show that p
is a trivial Serre fibration. Suppose we have a commutative diagram

Sn�1 α //

in
��

C 1

p

��
Dn β //

88qqqqqq
C.

Since C is totally disconnected, the map β must send all of Dn to a single
point in C. Therefore α sends all of Sn�1 to the corresponding point in C 1

and the lifting exists uniquely.
(ii) The map f : N Ñ X of Example 3.5.31 is also a cofibrant approximation

to the noncofibrant space X. A similar argument to the above shows that
f is a trivial Serre fibration. The map Σf is a continuous bijection from
a countable wedge of circles (which is cofibrant) to the Hawaiian earring
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ΣX. The two spaces have distinct fundamental groups, one countable and
one uncountable, so Σf is not a weak equivalence

Consider the lifting diagram

Sn�1 α //

in
��

ΣN

Σf

��
Dn β //

h

77pppppp
ΣX.

Since Σf is a bijection, there is a unique lifting h, but it cannot be con-
tinuous in general. If it were, then Σf would be a trivial Serre fibration,
contradicting the fact that it is not a weak equivalence.

We do not have a description of a cofibrant approximation of ΣX or its
suspensions.

There is another model structure on T op and a close relative of T due to
Strøm [Str72] in which the weak equivalences are actual homotopy equiva-
lences. It has recently been generalized by Barthel and Riehl in [BR13]. In
the pointed case one must assume that the base points are nondegenerate
as defined in Definition 3.5.27. Strøm calls such spaces well pointed. His
model structure is sometimes called the h-model structure (for Hurewicz)
while the one discussed above is sometimes called the q-model structure,
for Quillen. We will use the terms “h-cofibration” and “Hurewicz fibration”
for the maps of Definition 3.5.6 and Definition 4.2.3, and the unadorned “co-
fibration” and “fibration” for those of Definition 4.2.1. In all four cases we will
use the adjective “trivial” when the map is also an equivalence in the sense of
Hurewicz or Quillen as appropriate.
The map in : Sn�1 Ñ Dn for n ¥ 0, the inclusion of the boundary, is both

a cofibration and an h-cofibration. We will see later that all Quillen cofibra-
tions are generated by the in through operations described below in Defini-
tion 4.8.13. These operations also preserve h-cofibrations. This means that all
Quillen cofibrations are h-cofibrations, but not all h-cofibrations are
Quillen cofibrations. For example the inclusion of a point into the Cantor
set is an h-cofibration but not a Quillen cofibration. See Proposition 5.6.10
below for an alternate proof that all Quillen cofibrations are h-cofibrations.
The following construction is dual to the mapping cylinder of Definition 3.5.1,

as one sees by comparing the diagrams (4.2.6) and (3.5.3). We will see the
two of them again as examples of homotopy limits and colimits in Exam-
ple 5.8.5(ii) below.

Definition 4.2.5. The mapping path space Nf for a map f : X Ñ Y is
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the pullback in the diagram

Nf
χf //

φf

��

Y I

p0

��
X

f // Y,

(4.2.6)

where Y I is the path space of Y , meaning the space of maps I Ñ Y , and p0
is a evaluation at 0. Thus

Nf � X �Y Y I �
 px, ωq P X � Y I : fpxq � ωp0q( .

Define maps

X
j // Nf

π // Y

x
� // px, ωfpxqq

px, ωq � // ωp1q,
(4.2.7)

where ωy is the constant y-valued path in Y .

We will see this space again as a homotopy limit below in Example 5.8.5(ii).

Proposition 4.2.8. The map π of (4.2.7) is a Serre fibration.

Proof We need to show that there is always a lifting in the diagram

In � t0u α //

jn

��

Nf

π

��
In � I

β
//

h

77oooooo
Y.

for jn as in Definition 4.2.1. Since the diagram commutes, βpx, 0q � παpxq for
each x P In. The restriction of β to txu � I is a path in Y starting at παpxq.
We can define the second coordinate (in Y I) of the same restriction of h in
terms of this path.

4.2B Quillen’s factorizations of continuous maps
Now we will outline Quillen’s method of factoring a map f : X Ñ Y in T op.
The following is [Qui67, Lemma II.3.3]. The method he used is the small
object argument, which we will describe more formally below in §4.8.

Theorem 4.2.9. The first factorization. Any morphism f : X Ñ Y in
T op can be factored as a composite

X
i // Z

p // Y,

where i is a cofibration and p is a trivial fibration.
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Proof Consider the diagram

X � Z�1 `0 //

f�p�1

!!C
CC

CC
CC

CC
CC

C Z0 `1 //

p0

��

Z1 `2 //

p1

����
��
��
��
��

� � �

Y

constructed inductively as follows. To get from Zn to Zn�1, consider the set
Ln of diagrams of the form

Sk�1 α //

ik
��

Zn

pn

��
Dk β // Y,

(4.2.10)

for all k ¡ 0,where ik is the inclusion of the boundary. Thus Ln is the set of
all maps of spheres into Zn with null homotopies in Y . Then Zn�1 will be
the space obtained form Zn by attaching cells using all such maps α. It is the
pushout in the diagram º

Ln

Sk�1

²
ik

��

²
α // Zn

`n

��º
Ln

Dk // Zn�1.

(4.2.11)

Thus `n is a cofibration because Zn�1 is obtained from Zn by attaching a set
of cells indexed by the set Ln.
The maps pn : Zn Ñ Y give us a map

p : Z � colim
n

Zn Ñ Y, (4.2.12)

and composing the cofibrations `n gives us a cofibration i : X Ñ Z with
f � pi as desired.
We need to show that our map p is a trivial Serre fibration. This means we

need a lifting for any diagram of the form

Sm�1 α //

im
��

Z

p

��
Dm β //

88qqqqqq
Y.

(4.2.13)

The compactness of Sm�1 implies that α factors through some Zn, so the



276 Quillen’s theory of model categories

diagram above can be replaced by

Sm�1 α //

im

��

Zn

`n�1

��

// Z

p

��
Dm β // Zn�1

pn�1

//

;;wwwwwwwwwwww
Y

The diagonal arrow on the right exists due to the way Z is defined in (4.2.12),
and it gives us the lifting needed in (4.2.13).

Note that, while the space Z constructed above gives the desired factoriza-
tion, it is not an object that one would like to deal with in practice.
Following this proof, Quillen remarked (paraphrasing)

The argument used above relied primarily on the fact that

T oppSk, colim
n

Znq � colim
n

T oppSk, Znq

and may be used to prove factorization whenever the fibrations (or
trivial fibrations) are characterized by the right lifting property with
respect to a set of maps tAi Ñ Biu where each Ai is “sequentially
small” in the sense that T oppAi, �q commutes with sequential colim-
its. We will have further occasions to use this argument and will refer
to it as the small object argument.

We will refer to (4.2.11) as Quillen’s diagram. We will see similar di-
agrams below in (11.1.36) and (11.4.12). The small object argument is the
subject of §4.8 below.

Corollary 4.2.14. The second factorization. Any morphism f : X Ñ Y

in T op can be factored as a composite

X
i // Z

p // Y,

where i is a trivial cofibration and p is a fibration.

Proof We could follow Quillen’s suggestion and mimic the proof of Theo-
rem 4.2.9, replacing the inclusion ik : Sk�1 Ñ Dk in (4.2.10) by the inclusion
jk : Ik Ñ Ik � I, but he used a different approach.
Let Y I denote the space of paths in Y , and let

X �Y Y I �
 px, ωq P X � Y I : ωp0q � fpxq( .

Then define maps

g : X Ñ X �Y Y I by x ÞÑ px, ωfpxqq
where ωy is the constant path at y P Y , and

p1 : X �Y Y I Ñ Y by px, ωq ÞÑ ωp1q
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Then f � p1g, and it is easy to see that g is a weak equivalence and p1 is a
fibration.
Now use Theorem 4.2.9 to factor the map g. The resulting cofibration is

trivial since g is a weak equivalence.

Both Theorem 4.2.9 and Corollary 4.2.14 have pointed analogs which we
leave to the reader.

Proposition 4.2.15. Fibrations are surjective and cofibrations are
injective.

(i) Any Serre fibration as in Definition 4.2.1 with nonempty domain and path
connected codomain is surjective.

(ii) Any cofibration f : A Ñ B sends distinct points in A to distinct points in
B.

Proof (i) Let p : X Ñ Y be such a fibration and consider the lifting diagram

� α //

j

��

X

p

��
I

β
//

h

99tttttt
Y,

where the image of α is a point x P X, and β is a path from ppxq to some
other point y P Y . Since Y is path connected, any point y can be reached by
such a path, and is therefore in the image of p.
(ii) Let f : AÑ B be a cofibration. Then consider the lifting diagram

A
α //

f
��

I

p

��
B //

h

99ssssss �.
The map p is a trivial Serre fibration, so the lifting h exists. Given two distinct
points in A, we can choose a map α sending them to distinct points in I since
A is weak Hausdorff. It follows that hf and therefore f also have distinct
values on them.

4.2C The model structure on chain complexes
The details of (ii), the model structure on ChR, can be found in [DS95, §7].

Definition 4.2.16. Fibrations and cofibrations of nonnegatively graded
chain complexes. A morphism in ChR (a chain map) is a weak equiva-
lence if it induces an isomorphism in homology. It is a fibration if it is
surjective in all degrees. It is a cofibration if it is a monomorphism with
projective cokernel in each degree.
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These choices of weak equivalences, fibrations and cofibrations give a model
structure on ChR. The cofibrant objects are chain complexes of projective
modules, and all objects are fibrant.

4.2D The model structure on the category of simplicial sets
We are now ready to define the model structure on Set∆.

Definition 4.2.17. Fibrations and cofibrations of simplicial sets. A
morphism of simplicial sets f : X Ñ Y is a weak equivalence if its geometric
realization |f | is a weak equivalence of topological spaces. (Since |f | is a weak
equivalence of CW complexes, it is an actual homotopy equivalence.) It is a
cofibration if each map fn : Xn Ñ Yn is one to one. It is a Kan fibration
if |f | has the right lifting property with respect to each inclusion Λni Ñ ∆n. It
is anodyne if it has the left lifting property with respect to all Kan fibrations.

Exercise. Define a Kan fibration directly in terms of simplicial sets, without
referring to the geometric realization. Show that a map is a cofibration as
defined above iff it has the left lifting property with respect to each inclu-
sion B∆n Ñ ∆n. Show that simplicial set X is a Kan complex as in Defini-
tion 4.2.18 iff the map X Ñ � is a Kan fibration.

Definition 4.2.18. A Kan complex is a simplicial set in which a map from
each horn Λni extends to a map from ∆n. The extension is not required to
be unique.

Kan complexes are the fibrant objects in the Quillen model structure on
Set∆ to be discussed below in §4.2D.

Remark 4.2.19. Variants of Kan fibrations are defined by Joyal in
[Joy02, Definition 2.1] by requiring |f | to have the right lifting property with
respect to some but not necessarily all of the horn inclusions Λni Ñ ∆n.
A left fibration is a map that has it for 0 ¤ i   n, an inner fibration or
mid fibration is a map that has it for 0   i   n, and a right fibration is a
map that has it for 0   i ¤ n. Left, inner and right anodyne maps are defined
similarly. See [Lur09, Definition 2.0.0.3].

These choices of weak equivalences, cofibrations and fibrations give a model
structure on Set∆, sometimes called the Quillen model structure, also
known as the Kan model structure. All objects are cofibrant, and the
fibrant objects are the Kan complexes, meaning simplicial sets X for which
every map from the simplicial set corresponding to the horn Λni extends to
∆pr�s, rnsq, the simplicial set corresponding to ∆n.
The following was stated by Quillen in [Qui67] and a proof can be found in

[Hov99, Theorem 3.6.7].
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Proposition 4.2.20. The Quillen equivalence of Set∆ and T op and of
their pointed analogs. The equivalence of categories of Proposition 3.4.10
is a Quillen equivalence (see Definition 4.5.14 below) of model categories.

4.3 Homotopy in a model category

So far we have said nothing about homotopy. Classical homotopy theory be-
gins with the definition of a homotopy between two continuous maps. Recall
the following, where the diagrams mimic those of [Qui67, I.1.3].

Example 4.3.1. Two ways to define homotopy in T op. Given two con-
tinuous maps of topological spaces f0, f1 : A Ñ B, there are two equivalent
ways to say when they are homotopic:

(i) Use f0 and f1 to define a map A � t0, 1u Ñ B and try to extend it to all
of I �A.

A
²
A

B0
²
B1

&&NN
NNN

NNN
NNN

NNN
f0
²
f1 //

∇

��

B

A A� I
σoo

h

OO�
�
�
�

(4.3.2)

Here the cofibration B0
² B1 is the product of A with the inclusion of t0, 1u

into the unit interval I, the composite of σpB0
² B1q with the inclusion of

either summand is the identity on A, and σ is a trivial fibration. In other
words, σpB0

² B1q : A
²
A Ñ A is the fold map ∇. The map h is usually

called a homotopy between f0 and f1. In order to distinguish it from
what comes next, we will call it a left homotopy.

(ii) Use f0 and f1 to define a map A Ñ B � B and try to lift it to the path
space BI along the map d0 � d1 sending a path to its two endpoints.

BI

d0�d1

&&MM
MMM

MMM
MMM

MMM
M B

soo

∆

��
A

f0�f1 //

k

OO�
�
�
�

B �B

(4.3.3)

Here the trivial cofibration s sends each y P B to the constant path at y,
the composite of pd0�d1qs with the projection onto either factor summand
is the identity on B, and s is a trivial cofibration. In other words,

pd0 � d1qs : B Ñ B �B

is the diagonal map ∆. The map k is a right homotopy between f0
and f1.
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Example 4.3.4. Two ways to define homotopy in T . Recall that the prod-
uct and coproduct operations in T (Definition 2.1.48) are the smash product
^ and the wedge _. Hence we replace the diagram of (4.3.2) by

A_A

B0_B1

''NN
NNN

NNN
NNN

NNN
N

f0_f1 //

∇

��

B

A A� I,
σoo

h

OO�
�
�
�

where A� I is the reduced cylinder, namely A� I{ ta0u � I where a0 P A
is the base point. The map h is required to be based point preserving, so we
get a pointed left homotopy.

Dually, we replace (4.3.3) by

BI�

d0^d1

&&NN
NNN

NNN
NNN

NNN
N B

soo

∆

��
A

f0^f1 //

k

OO�
�
�
�

B ^B.

Here BI� , the space of base point preserving maps I� Ñ B, is the same as
unbased path space BI . Its base point is the constant path at the base point
b0 P B. That path is required to be the image of a0 under the right homotopy
k.

Remark 4.3.5. Homotopy in a topological model category. In a (pointed)
topological model category M, meaning one that is enriched, bitensored (see
Definition 3.1.31) over T op (T ), the objects A� I and BI (A� I and BI�)
are defined and one can consider morphisms h and k as above. Nearly all
of the model categories we will study in this book are topological.
Topological model categories will be formally introduced in Definition 5.6.3
below.

In a general model category we can mimic the diagrams (4.3.2) and (4.3.3),
replacing A� I and BI by objects CylpAq and PathpBq having similar prop-
erties. The two hypothetical maps are called left and right homotopies,
and their existences are not equivalent in general.
More formally we have the following.

Definition 4.3.6. Left and right homotopies. Let f0, f1 : AÑ B be two
morphisms in a model category M. A left homotopy between them is a map
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h making the following diagram commute.

A
²
A

B0
²
B1

%%KK
KKK

KKK
KKK

KKK
K

f0
²
f1 //

∇

��

B

A rAσoo

h

OO�
�
�
�

where σ is a weak equivalence. When it exists we write f0
`� f1.

A right homotopy between them is a map k making the following diagram
commute. rB

d0�d1

%%LL
LLL

LLL
LLL

LLL
L B

soo

∆

��
A

f0�f1 //

k

OO�
�
�
�

B �B

where s is a weak equivalence. When it exists we write f0
r� f1.

When both left and right homotopies exist, we write f0 � f1, and say that
f0 and f1 are homotopic.

Two objects X and Y are homotopy equivalent if there are maps f :

X Ñ Y and g : Y Ñ X with gf � 1X and fg � 1Y . The maps f and g then
are homotopy equivalences.

Definition 4.3.7. Cylinder and path objects. Let A and B be objects in
a model category M. A cylinder object for A is a factorization

A
²
A

B0
²
B1 // CylpAq σ // A

of the fold map ∇ : A
²
A Ñ A, where B0

² B1 is a cofibration and σ is a
weak equivalence. The functorial cylinder object for A is the one where
the factorization above is the functorial one in which σ is a trivial fibration.

Dually, a path object for B is a factorization

B
s // PathpBq d0�d1 // B �B

of the diagonal map B Ñ B � B, where s is a weak equivalence and d0 � d1
is a fibration. The functorial path object is similarly defined.

The existence of functorial cylinder and path objects is proved by Hirsch-
horn in [Hir03, Lemma 7.3.3].

Remarks 4.3.8. Properties of cylinder and path objects.

(i) Functoriality. In [Qui67, page 1.6] Quillen noted that his cylinder and
path objects, which he denotes by A � I and BI , are neither functorial
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nor the product or power of an object I. The notation was chosen only for
convenience.

(ii) Duality. The notions of left and right homotopy are dual, meaning that a
right homotopy in a model category M is the same thing as a left homotopy
in Mop. The same goes for cylinder and path objects. Hence statements
about left homotopies and cylinder objects are equivalent to dual statements
about right homotopies and path objects.

(iii) The topological case. As in Remark 4.3.5, when M is a (pointed) topo-
logical model category (as in Definition 5.6.3 below), we can define

CylpAq � A� I and PathpBq � BI�
CylpAq � A� I and PathpBq � BI�

�
,

Quillen’s caution of (i) notwithstanding. These definitions are easier than
the functorial factorizations described in §4.2B.

The following three results and two definitions are originally due to Quillen
[Qui67, §I.1], and are stated and proved as [Hov99, 1.2.5–8].

Proposition 4.3.9. Properties of left and right homotopy. Let M be
a model category in which we have morphisms

X
a // A

f0 //
f1

// B
b // Y.

(i) Suppose f0
`� f1 as in Definition 4.3.6. Then bf0

`� bf1. Dually, if f0
r� f1,

then f0a
r� f1a.

(ii) If B is fibrant and f0
`� f1, then f0a

`� f1a. Dually, if A is cofibrant and
f0

r� f1, then bf0
r� bf1

(iii) If A is cofibrant (B is fibrant) then left (right) homotopy is an equivalence
relation on MpA,Bq.

(iv) If A is cofibrant and b is a trivial fibration or weak equivalence of fibrant
objects, then b induces an isomorphism

MpA,Bq{ `� � //MpA, Y q{ `� .

Dually, if B is fibrant and a is a trivial cofibration or weak equivalence of
cofibrant objects, then a induces an isomorphism

MpA,Bq{ r� � //MpX,Bq{ r� .

(v) If A is cofibrant, then f0
`� f1 implies f0

r� f1. Furthermore if B1 is any
path object for B, then there is a right homotopy k : AÑ B1 from f0 to f1.
Dually, if B is fibrant, then f0

r� f1 implies f0
`� f1 and for any cylinder

object A1 for A, there is a left homotopy h : A1 Ñ B from f0 to f1.
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Corollary 4.3.10. Maps from a cofibrant object to a fibrant one. With
notation is in Proposition 4.3.9, suppose that A is cofibrant and B is fibrant.
Then left and right homotopy coincide and each is an equivalence relation in
MpA,Bq. Moreover, if f0 � f1, for any cylinder object A1 for A (path object
B1 for B), there is a left homotopy h : A1 Ñ B (right homotopy k : AÑ B1)
between f0 and f1.

Definition 4.3.11. The sets π`pA,Bq, πrpA,Bq and πpA,Bq. Let A be a
cofibrant object in a model category M. For another object B in M, π`pA,Bq
denotes the set of left homotopy classes (see Proposition 4.3.9(iii)) of mor-
phisms A Ñ B. Dually, for arbitrary A and fibrant B, πrpA,Bq denotes the
set of right homotopy classes of morphisms AÑ B. When A is cofibrant and
B is fibrant, πpA,Bq (or π0pA,Bq) denotes the set of homotopy classes of
morphisms AÑ B.

Proposition 4.3.12. Homotopy as an equivalence relation. Given a
model category M, in the full subcategory Mcf of cofibrant-fibrant objects
(see Definition 4.1.19) homotopy is an equivalence relation among morphisms
compatible with composition, and a map is a weak equivalence iff it is a
homotopy equivalence as in Definition 4.3.6.

There is a Whitehead theorem saying that a weak equivalence of cofibrant-
fibrant objects (Definition 4.1.19) is a homotopy equivalence. For more details
see[Hir03, Chapter 7] or [Hov99, §1.2]. Proposition 4.3.12 enables us to make
the following.

Definition 4.3.13. The classical homotopy category πMcf of a model
category M is the category whose objects are cofibrant-fibrant objects (as
in Definition 4.1.19) of M and whose morphisms are homotopy classes of
morphisms in M. For objects X and Y in Mcf we will sometimes denote the
morphisms set πMcfpX,Y q by rX,Y s.
Remark 4.3.14. The use of square brackets. We also used square brackets
in Definition 3.2.18 in connection with enriched functors, with rD, Cs for
categories D and C denoting the category whose objects are certain functors
D Ñ C. Hopefully the distinction between the two usages will be clear from
the context.

A related notion is the localization of M with respect to its weak equiva-
lences. For this we need the following.

Definition 4.3.15. Localization of a category. If C is a category and W

is a class of maps in C, then a localization of C with respect to W is a category
LWC and a functor γ : C Ñ LWC such that

(i) if w P W, then γpwq is an isomorphism, and
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(ii) if D is a category and F : C Ñ D is a functor such that F pwq is an
isomorphism for every w P W, then there is a unique functor δ : LWC Ñ D
with δγ � F .

A refinement of this notion for model categories will be given below in
Definition 4.5.13.
It is easy to show that if such a localization exists, then it is unique up to

unique isomorphism. Its existence is discussed in [Hov99, §1.2], [Hir03, §8.3],
and originally by Quillen in [Qui67, §I.1]. It exists for any model category M
[Hir03, Theorem 8.3.5]) and is known [Hir03, Theorem 8.3.6] to be equivalent
to πMcf as in Definition 4.3.16.

Definition 4.3.16. The Quillen homotopy category HoM of a model
category M is its localization with respect to its class of weak equivalences.

More explicitly, morphisms AÑ B in HoM are equivalence classes of “zig
zag” diagrams of the form

AÐ  Ñ  Ð � � � Ñ B (4.3.17)

where each arrow pointing to the left (the wrong way) is a weak equivalence.
If M is not small, the collection of such equivalence classes could be a proper
class, which means that HoM could fail to be locally small.
It is known [DHKS04, 7.7] that zig zag diagrams of (4.3.17) can be assumed

to have the three arrow form

AÐ  Ñ  Ð B.

Example 4.3.18. Homotopy categories for maximal and minimal
model structures. Suppose a bicomplete category M has a maximal model
structure as in Example 4.1.18, i.e., one in which every morphism is a weak
equivalence. Then in its homotopy category, all objects are isomorphic, so
HoM is equivalent to the trivial category. At the other extreme, when the
model structure is minimal, the homotopy category is M itself.

The following was proved by Quillen as [Qui67, Corollary I.1.1].

Proposition 4.3.19. Morphisms in HoM. Let A be a cofibrant object and
B a fibrant object in a model category M. Then in the homotopy category
HoM of Definition 4.3.16, the morphism set rγA, γBs � HoMpγA, γBq is
naturally isomorphic to the set πpA,Bq of homotopy classes of morphisms
AÑ B of Definition 4.3.11.
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4.4 Nonhomotopical and derived functors

Homotopy theorists like to work with functors like π� and H� that depend
only on the homotopy type of the space involved. In terms of a model cat-
egory M, this means a functor that factors through the homotopy category
HoM. Unfortunately we sometimes have to deal with functors not having
this property.
The following is taken from [DS95, §10]; also see [Lur09, A.2.4].

Example 4.4.1. Pushouts need not preserve weak equivalences. Let
J denote the category taÐ bÑ cu, T op the category of compactly generated
weak Hausdorff spaces, and T opJ the category of functors J Ñ T op, i.e.,
pushout diagrams in T op. Then we have the functor colim : T opJ Ñ T op
which assigns to each diagram its pushout. It is left adjoint to the diagonal
functor ∆ : T opÑ T opJ which assigns to each space X the constant X-valued
diagram. A morphism in T opJ is the obvious sort of commutative diagram.

Now consider the morphism

Dn

��

Sn�1oo //

��

Dn

��� Sn�1oo // �
(4.4.2)

in which each vertical map, and hence the morphism in T opJ , is a weak
equivalence. However the pushout of the top row (where the two maps are
inclusion of the boundary) is Sn, while that of the bottom row is a point. Thus
the pushout functor fails to preserve this weak equivalence in T opJ .

It turns out there is a model structure on T opJ in which the top row of
(4.4.2) is cofibrant but the bottom row is not, and the pushout functor does
preserve weak equivalences between cofibrant objects. This will be discussed
further in Example 5.4.14 below. Let f : X Ñ Y be a morphism in T opJ . It
consists of three maps, fa : Xa Ñ Ya, fb : Xb Ñ Yb and fc : Xc Ñ Yc.
We define the model structure on T opJ by saying that f is a weak equiva-

lence/fibration if each of the three maps is, but the definition of a cofibration
is more complicated. Let Bbf � Xb and define Baf to be the pushout of

Xb
//

fa
��

Xa

��
Yb // Baf

with a similar definition for Bcf . For each index we get a map

i�pfq : B�pfq Ñ Y�.

For the indices a and c these are the corner maps of Definition 2.3.9. We say
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that f is a cofibration if each of these three maps is. It is a routine exercise
[DS95, 10.6] to verify that this defines a model structure on T opJ .

Proposition 4.4.3. Cofibrant objects in T opJ . An object X in T opJ is
cofibrant iff Xb is a CW complex and the two maps from it are cofibrations.

Proof By Definition 4.1.19, an object X in T opJ is cofibrant if the map to it
from the initial object (the constant ∅-valued diagram) is a cofibration. Thus
we have to consider the morphism represented by the diagram

∅

��

∅

��

//oo ∅

��
Xa Xb

//oo Xc.

The first requirement for the map being a cofibration in T opJ is that the
map ∅ Ñ Xb be a cofibration in T op, which means that Xb is cofibrant.
Next observe that the two pushouts are each Xb. Hence the corner maps,
which are also required to be cofibrations, are the maps in the bottom row as
claimed.

In (4.4.2), the top row is cofibrant but the bottom row is not.

Remark 4.4.4. The projective model structure. We will see much more
of the ideas in this example in what follows. The model structure on T opJ
above is an instance of the projective model structure on the category of
J-diagrams (for an arbitrary small category J) in a suitable model category
to be spelled out in Definition 5.4.2 and Definition 5.4.8 below.

More generally we can ask to what extent a functor F : MÑ N from
between model categories can be factored through the homotopy category
Ho pMq of Definition 4.3.16. The following definitions and results are stan-
dard in model category theory and have been lifted from [Hir03, §8.4].

Definition 4.4.5. Derived functors. Let M be a model category equipped
with a functor F to an arbitary category D. Consider the diagram

M F //

γ !!B
BB

BB
BB

D

HoM

>>~
~

~
~

A left (right) derived functor LF (RF ) of F is a right (left) Kan extension
(see §2.5) of F along γ. If LF (RF ) exists, it comes equipped with a natural
transformation

ε : LF � γ ñ F pη : F ñ RF � γq .
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Note the reversal of handedness above and in Definition 4.4.7
below; it is not a typo. Recall from §2.5B that right (left) Kan extensions
are known to exist when the source category is small and the target category
is complete (cocomplete), but not in general. Derived functors will be studied
in the more genral setting of homotopical categories below in §5.1B.
The following is proved as [Hir03, Proposition 8.4.4].

Proposition 4.4.6. Existence of derived functors. Let F be as in Defi-
nition 4.4.5. If it takes trivial cofibrations (trivial fibrations) between cofibrant
(fibrant) objects to isomorphisms, then LF (RF ) exists.

Definition 4.4.7. Total derived functors. Let M and N be model cate-
gories and F : MÑ N a functor. Consider the diagram

M F //

γ ##G
GG

GG
GG

G N δ // HoN

HoM

::ttttt

A total left (right) derived functor LF (RF ) of F is a right (left) Kan ex-
tension of δF along γ. If LF (RF ) exists, it comes equipped with a natural
transformation ε : LF � γ ñ δF (η : δF ñ RF � γ). Equivalently a total left
(right) derived functor is such a natural transformation.

The following is a special case of Proposition 4.4.6.

Proposition 4.4.8. Existence of total derived functors. Let F be as
in Definition 4.4.7. If it takes trivial cofibrations (trivial fibrations) between
cofibrant (fibrant) objects to weak equivalences, then LF (RF ) exists.

Remark 4.4.9. Deriving left and right Quillen functors. Functors F
satisfying the hypotheses above are known as left (right) Quillen functors (Def-
inition 4.5.1) and are the subject of §4.5 below. It is known that they preserve
all weak equivalences between cofibrant (fibrant) objects, as explained in Re-
mark 4.5.5. This means that the restriction of δF to the full subcategory Mc

of cofibrant objects (the full subcategory Mf of fibrant objects) in M con-
verts weak equivalences to isomorphisms and therefore extends uniquely to a
functor HoF from HoMc � LWMc (HoMf � LWMf ). Meanwhile the func-
torial cofibrant (fibrant) approximation functor Q (R) (see Definition 4.1.20)
induces a functor HoQ : HoM Ñ HoMc (HoR : HoM Ñ HoMf ), so we
have

LF � HoF HoQ pRF � HoF HoRq.

Hovey [Hov99, Definition 1.3.6] uses this as the definition of LF and RF .
It is equivalent to our Kan extension definition.
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Example 4.4.10. Derived functors in homological algebra. This notion
of a derived functor of Definition 4.4.7 is related to the one in homological
algebra in the following way. For a ring R let ChR denote the category of non-
negatively graded chain complexes of left R-modules. It has a model structure
given in Definition 4.2.16 in which the cofibrant objects are chain complexes
of projective R-modules. For an R-module N , let KpN, 0q denote the chain
complex which is N concentrated in degree 0. It has a cofibrant approximation
P Ñ KpN, 0q where P is a projective resolution of N .

For a right R-module M , the functor Mbp� q defines a functor F : ChR Ñ
ChZ. It has a total left derived functor LF : Ho ChR Ñ Ho ChZ. Then it follows
from the above that there is a natural isomorphism

HiLF pKpN, 0qq � TorRi pM,Nq for alli ¥ 0.

If LF as in Definition 4.4.7 exists, one could ask for a lifting of

LFγ : MÑ HoN

to N that is (unlike F ) homotopical.
The following definition is due to Shulman [Shu06, Definition 2.5]. It is

repeated by Riehl in [Rie14, Definition 2.1.18], where she calls them simply
“derived functors.”

Definition 4.4.11. Point set derived functors. A point set left (right)
derived functor LF : M Ñ N (RF : M Ñ N ) of a functor between model
categories F : M Ñ N is a homotopical functor together with a natural
transformation λ : LF ñ F (µ : F ñ RF ) such that δλ : δLF ñ δF (δµ :

δF ñ δRF ) is a total left (right) derived functor of F as in Definition 4.4.7.

Hence in the left derived case we have a diagram

M
F //
LF

//

γ

��

N

δ
��

HoM LF // HoN

in which both pLF qγ and δpLF q are homotopical functors MÑ HoN which
support natural transformations to δF , which need not be homotopical.

4.5 Quillen functors and Quillen equivalences

The following definitions and results are standard in model category theory.
Unless otherwise stated, proofs can be found in [Qui67, §I.4], [Hov99, §1.3]
and [Hir03, §8.5].
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Definition 4.5.1. Quillen pairs. Let M and N be model categories with a
pair of adjoint functors

F : M K
//
N : U.oo

and a natural isomorphism ϕ : N pFX, Y q �ÝÑMpX,UY q for objects X in M
and Y in N . We say

(i) F is a left Quillen functor,
(ii) U is a right Quillen functor, and

(iii) pF,Uq is a Quillen pair, or pF,U, ϕq is a Quillen adjunction and ϕ is
the adjunction isomorphism,

if

(a) the left adjoint F preserves both cofibrations and trivial cofibrations, and
(b) the right adjoint U preserves both fibrations and trivial fibrations.

When N � M, we say that F and U are left and right Quillen endo-
functors which together comprise a Quillen endopair.

Remark 4.5.2. Fibrancy and cofibrancy. The left adjoint functor F need
not preserve fibrations, so it need not send fibrant objects to fibrant objects.
Similary the image of a cofibrant object under the right adjoint U need not be
cofibrant.

The following is new as far as we know, and will be used in Definition 5.7.3
below.

Definition 4.5.3. A Quillen pair pF,Uq is invertible if there is an adjunc-
tion

U�1 : M K // N : F�1,
oo

with F�1 (U�1) commuting with F (U) up to natural isomorphism, and with
natural transformations

f : FF�1 ñ 1N and u : 1M ñ UU�1

that induce weak equivalences on cofibrant and fibrant objects respectively.

The following is a consequence of Proposition 2.3.36.

Proposition 4.5.4. Left (right) Quillen functors preserve colimits
(limits).

The effect of right Quillen functors on homotopy Cartesian squares of fi-
brations as in Definition 5.8.37 is the subject of Proposition 5.8.45 below.
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Remark 4.5.5. Quillen functors and Ken Brown’s Lemma. A left
(right) Quillen functor preserves trivial cofibrations (fibrations) in general by
definition, and hence trivial cofibrations (fibrations) between cofibrant (fibrant)
objects in particular. This is known (see Ken Brown’s Lemma 5.1.7 below)
to imply that such functors preserve all weak equivalences between cofibrant
(fibrant) objects.

Example 4.5.6. Some Quillen pairs.

(i) The diagonal product and coproduct diagonal adjunctions. Let
M be a model category and let S be a set. Then the product MS has a
model category structure described in Definition 4.1.16. The product functor±

: MS Ñ M is defined because model categories have small limits by
definition. It preserves fibrations and trivial fibrations. Its left adjoint is
the diagonal functor ∆ : M Ñ MS, which preserves both fibrations and
cofibrations as well as weak equivalences. Hence p∆,±q is a Quillen pair,
the diagonal product adjunction. Similarly there is a coproduct functor²

: MS ÑM which preserves cofibrations and trivial cofibrations. Its right
adjoint is ∆, so p²,∆q is also a Quillen pair, the coproduct diagonal
adjunction.

(ii) The disjoint base point conjunction. Let M be a model category and
let M� be the category of pointed objects in M (Definition 4.1.26). Then we
have the disjoint base point functor F : MÑM� and the forgetful functor
U : M� Ñ M with F % U . Then U preserves fibrations, cofibrations and
weak equivalences. In particular it is a right Quillen functor, so pF,Uq is
a Quillen pair.

(iii) The undercategory and overcategory adjunctions. In the undercat-
egory pAÓMq of Example 4.1.14, the forgetful functor U has a left adjoint
F : M Ñ pAÓMq that sends an object X to the cofibration AÑ A > X,
and pF,Uq is a Quillen pair. In the overcategory pMÓAq, the right adjoint
G of the forgetful functor sends an object X to the fibration A �X Ñ A,
and pU,Gq is a Quillen pair.

(iv) The inclusion projection adjunction. Let M and N be model cate-
gories. Let M�N have the product model structure of Definition 4.1.16.
Define functors

M � // pM,∅q
I : M K

//
M�N : P1oo

M pM,Nq�oo

These two functors are easily seen to be adjoint. Both preserve weak equiv-
alences, cofibrations and fibrations, so I is a left Quillen functor and P1 is
a right one. Hence pI, P1q is a Quillen pair. This would still be the case
were we to alter the model structure on N in some way. Hence the
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existence of a Quillen adjunction between two model categories does not
mean that the model structure of one determines that of the other.

As an extreme case of this, M could be the trivial model category with
just two objects, ∅ and �, and a single nonidentity morphism that is defined
to be a cofibration, with the other two morphisms being trivial fibrations.
Then such a Quillen adjunction exists for any model category N .

Remark 4.5.7. Fibrations defined by a right adjoint functor. In a
Quillen pair pF,Uq as in Definition 4.5.1, we require the functor U to preserve
fibrations and trivial fibrations. This is not the same as defining a morphism
in N to be a fibration or trivial fibration if its image under U is one. In
the Crans-Kan Transfer Theorem 5.2.27 below, we start with an adjunction
pF,Uq and a model structure on M. We then define a model structure on N
by requiring a morphism in it to be a fibration or a weak equivalence if its
image under U is one. This leads to pF,Uq being a Quillen pair. As indicated
in Example 4.5.6(iv), N could have other model structures for which U is a
right Quillen functor.

The first of the examples listed above enables us to prove the following.

Proposition 4.5.8. Products and coproducts of weak equivalences.
A product (coproduct) of weak equivalences between fibrant (cofibrant) objects
is a weak equivalence.

Proof We will prove the statement about coproducts, making use of the
Quillen adjunction p²,∆q of Example 4.5.6(i). The functor

²
is a left Quillen

functor, so it preserves trivial cofibrations, and in particular trivial cofibra-
tions between cofibrant objects. By Ken Brown’s Lemma 5.1.7 below, a functor
which does this preserves all weak equivalences between cofibrant objects, not
just trivial cofibrations. The result follows.

Proposition 4.5.9. Pushouts and pullbacks of weak equivalences. Let

A //

�� p q

B

��
X // Z

be a pullback (pushout) diagram in a model category M. If the two morphisms
to Z (from A) are trivial fibrations (trivial cofibrations), so are the other two.

Proof We will prove the statement about pullbacks and leave the dual state-
men about pushouts to the reader. We first consider the case where Z � �,
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the terminal object in M. Then the pullback diagram is

X �B
p2 //

p1

��

B

r2

��
X

r1 // �,
where the maps r1 and r2 are trivial fibrations, and the maps p1 and p2 are
projections onto the factors. The two latter maps are fibrations by Propo-
sition 4.1.12. The product X � B is fibrant since X and B are. Then the
composite morphism

r1p1 � r1 � r2 � r2p2

is a weak equivalence by Proposition 4.5.8 because it is the product of two
weak equivalences of fibrant objects.
In the general case the diagram is

X �
Z
B

p2 //

p1

��

B

r2

��
X

r1 // Z.

Thus each object in the diagram is equipped with a map to Z, so we can treat
it is a diagram in the overcategory pMÓZq as in Example 4.1.14. Then the
object Z, more precisely the morphism 1Z : Z Ñ Z, is the terminal object in
the category, the objects B and X are contractible as in Definition 4.1.4, and
the pullback X �

Z
B is the categorical product of B and X. Hence we have

reduced the general case to the special case above.

Definition 4.5.10. Parametrized fibrancy and cofibrancy. Let A be an
object in a model category M. A parametrized cofibrant object X, or
cofibrant object parametrized under A in M is an object with a co-
fibration υX : A Ñ X, i.e., a cofibrant object in the undercategory pAÓMq.
A parametrized morphism, or morphism parametrized under A be-
tween such objects is a morphism in pAÓMq. Parametrized fibrant objects and
parametrized morphisms (over A) between are similarly defined in terms of
the overcategory pMÓAq.
Example 4.5.11. The disjoint base point functor as a pseudoend-
ofunctor on Mod. The disjoint base point functor F : M ÞÑ M� leads
to a pseudo-2-functor (Definition 2.7.10) from the 2-category Mod of model
categories (Example 2.7.2 (v)) to itself that is not a 2-functor.

Proposition 4.5.12. Properties of Quillen pairs. For model categories
M and N with a pair of adjoint functors F : M Õ N : U , the following are
equivalent:
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(i) pF,Uq is a Quillen pair.
(ii) The left adjoint F preserves both cofibrations and trivial cofibrations.

(iii) The right adjoint U preserves both fibrations and trivial fibrations.
(iv) The left adjoint F preserves cofibrations and the right adjoint U preserves

fibrations.
(v) The left adjoint F preserves trivial cofibrations and the right adjoint U

preserves trivial fibrations.
(vi) The left adjoint F preserves cofibrations between cofibrant objects and all

trivial cofibrations.
(vii) The right adjoint U preserves fibrations between fibrant objects and all

trivial fibrations.

The last two clauses above are due to Dugger [Dug01].
The following is Hirschhorn’s [Hir03, Definition 3.1.1] and is a refinement

of Definition 4.3.15. It is related to Bousfield localaization, as we will see in
Theorem 6.2.6 below.

Definition 4.5.13. Left and right localization. Let M be a model category
with a morphism class (possibly a set) E. A left (right) localization with
respect to E is a model category LEM (REM) receiving a left (right) Quillen
functor j from M such that

(i) the total left (right) derived functor of j sends images of E in Ho pMq to
isomorphisms in Ho pLEMq (Ho pREMq), and

(ii) if N is another model category and φ : M Ñ N is a left (right) Quillen
functor whose total left (right) derived functor takes the images in Ho pMq
of the elements of E into isomorphisms in Ho pN q, then there is a unique
left (right) Quillen functor δ : LEM Ñ N (δ : REM Ñ N ) such that
δj � φ.

Definition 4.5.14. A Quillen adjunction pF,U, ϕq (or Quillen pair pF,Uq)
as in Definition 4.5.1 is a Quillen equivalence if for all cofibrant X in M
and all fibrant Y in N , a map f : FX Ñ Y is a weak equivalence in N iff
ϕpfq : X Ñ UY is a weak equivalence in M. In that case we say that F is
a left Quillen equivalence and U is a right Quillen equivalence and
pF,Uq is a pair of Quillen equivalences. We will sometimes write M � N
to indicate the existence of a Quillen equivalence.

Remark 4.5.15. Quillen equivalence and categorical equivalence. A
Quillen equivalence induces an equivalence (as in Definition 2.2.4) of ho-
motopy categories, but need not be an equivalence of the model categories
themselves. One can show that when there is a Quillen adjunction (or any
adjunction) for which a map FX Ñ Y is an isomorphism in N iff the adjoint
map X Ñ UY an isomorphism in M, the categories M and N are equivalent.
However the requirements of a Quillen equivalence are weaker in two respects:
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(i) we only consider morphisms in which X is cofibrant in M and Y is fibrant
fibrant in N , and

(ii) the logical equivalence in the definition concerns weak equivalence rather
than isomorphism.

The following is an immediate consequence of the above definition.

Proposition 4.5.16. Comparing two model structures on the same
underlying category. Suppose pF,U, ϕq is a Quillen adjunction as above in
which the underlying categories are the same and F and U are each the identity
functor. Suppose further that M and N have the same weak equivalences. Then
pF,U, ϕq is a Quillen equivalence.

The following is proved by Hirschhorn as [Hir03, Theorem 8.5.23] and by
Dwyer and Spalinski as [DS95, Theorem 9.7].

Theorem 4.5.17. Quillen equivalences and homotopy categories. If
pF,U, ϕq is a Quillen equivalence in Definition 4.5.14, then the total derived
functors

LF : HoMÕ HoN : RU

are equivalences of the homotopy categories HoM and HoN .

The following is implied by [Hov99, Proposition 1.3.13], as explained there
by Hovey.

Proposition 4.5.18. Quillen equivalences, units and counits. Suppose
pF,U, ϕq as above is a Quillen adjunction as in Definition 4.5.1. Then the
following are equivalent.

(i) pF,U, ϕq is a Quillen equivalence as in Definition 4.5.14.
(ii) The composite

X
ηX // UFX

UrFX // URFX (4.5.19)

(where η is the counit of the adjunction and rY : Y Ñ RY is functorial
fibrant replacement in N ) is a weak equivalence for all cofibrant X in M,
and the composite

FQUY
FqUY // FUY

εY // Y (4.5.20)

(where qX : QX Ñ X is functorial cofibrant replacement in M and ε is
the unit of the adjunction) is a weak equivalence for all fibrant Y in N .

(iii) The total derived functors LF : HoM Õ HoN : RU are equivalences of
the homotopy categories HoM and HoN .

The following is proved by Hovey as [Hov99, Corollary I.3.14].
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Corollary 4.5.21. A single functor can determine a Quillen equiva-
lence. Suppose pF,U, ϕq and pF,U 1, ϕ1q are Quillen adjunctions from M to
N . Then pF,U, ϕq is a Quillen equivalence if and only if pF,U 1, ϕ1q is one.
Dually, if pF 1, U, ϕ2q is another Quillen adjunction, then pF,U, ϕq is a Quillen
equivalence if and only if pF 1, U, ϕ2q is one.

Hence it makes sense to say that a left (right) Quillen functor F (U) is
Quillen equivalence without mentioning its adjoint or an adjunction isomor-
phism.

Proposition 4.5.22. Composing Quillen adjunctions. Suppose we have
model categories M0, M1, and M2 with functors

M0

F1

K
//
M1

U1

oo

F2

K
//
M2

U2

oo

where pF1, U1q and pF2, U2q are Quillen pairs as in Definition 4.5.1. Then so
is pF2F1, U1U2q.

Proof Since F1 and F2 both preserve cofibrations, so does their composite
F2F1. Dually, U1U2 preserves fibrations since U1 and U2 do. It follows that
pF2F1, U1U2q is a Quillen pair.

4.6 The suspension and loop functors

We follow the original treatment of this topic given in [Qui67, §I.2], to which
we refer the reader for more details. After continuing the discussion of ho-
motopy begun in §4.3, we define the suspension and loop functor in Defini-
tion 4.6.17 and state their basic properties in Theorem 4.6.24, which is [Qui67,
Theorem I.2.2].
A newer treatment can be found in [Hov99, Chapter 6]. It relies on a struc-

ture Hovey calls a framing, developed in [Hov99, Chapter 5], building on
results of [DK80]. For any model category M, the homotopy category HoM
is a module (as in Definition 2.6.22) over HoSet∆, the homotopy category of
simplicial sets as in Definition 4.2.17. This is explained in §4.7 below.
Using the definitions and notation of §4.3, we need to define a higher homo-

topy between two (left or right) homotopies between two maps f0, f1 : AÑ B.
As before we start by illustrating the idea in the case of T op.

Example 4.6.1. A higher left homotopy. Let h, h1 : A � I Ñ B be two
left homotopies (see Example 4.3.1(i) and Definition 4.3.6) between f0 and
f1. The pushout of I Ð S0 Ñ I is a circle S1, so h and h1 give us a map
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h
²
h1 : A� S1 Ñ B. Then a higher left homotopy between h and h1 is

a map H : A�D2 Ñ B making the following diagram commute.

A� S1
h
²
h1 //

A�i2

''NN
NNN

NNN
NNN

NNN
N

σ
²
σ1

��

B

A A�D2

H

OO

τoo

where i2 : S1 Ñ D2 is the usual inclusion and the maps σ and σ1 are the
homotopy equivalences associated with h and h1.

There is a dual notion of higher right homotopy between given right
homotopies k and k1 in which A�D2 (a solid cylinder) is replaced by BD2 ,
the space of disk-like surfaces in B.

This suggests the following analog of Definition 4.3.7, which we have not
seen in the literature.

Definition 4.6.2. Solid cylinder and surface objects. Let A and B be
objects in a model category M. A solid cylinder object for A is a factor-
ization

CylpAq²A
²
A CylpAq

ι2 // SolpAq τ // A

of the secondary fold map σ
²
σ : CylpAq²A

²
A CylpAq Ñ A, where ι2 is a

cofibration and τ is a weak equivalence.
Dually, a surface object for B is a factorization

B
s2 // SurfpBq t2 // PathpBq �

B�B
PathpBq

of the secondary diagonal map s� s : B Ñ PathpBq �
B�B

PathpBq, where s2
is a weak equivalence and t2 is a fibration.

The following is [Qui67, Definition I.2.1].

Definition 4.6.3. Higher left and right homotopies. Let f0, f1 : AÑ B

be two morphisms in a model category M, and let h and h1 be left homotopies
between them. Then a higher left homotopy between h and h1 is a map
H : SolpAq Ñ B making the following diagram commute.

CylpAq²A
²
A Cyl

1pAq h
²
h1 //

ι2

))RRR
RRR

RRR
RRR

RRR
RRR

R

σ
²
σ1

��

B

A SolpAq

H

OO

τoo
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where Cyl1pAq is another cylinder object for A, and the maps σ and σ1 are
the homotopy equivalences associated with h and h1.

A higher right homotopy K : A Ñ SurpBq between right homotopies k
and k1 is similarly defined.

Quillen showed that these higher homotopies lead to sets

π`1pA,B; f0, f1q and πr1pA,B; f0, f1q (4.6.4)

of higher homotopy classes of left and right homotopies between f0
and f1.

Next we consider the relation between left and right homotopies.

Definition 4.6.5. Corresponding left and right homotopies. As in
Definition 4.3.6, let f0, f1 : A Ñ B be two morphisms in a model cate-
gory M with left and right homotopies h and k, where rA � CylpAq andrB � PathpBq as in Definition 4.3.7. A correspondence between h and k is
a map H : CylpAq Ñ PathpBq making the following diagram commute.

CylpAq σ //

H

��

h

zzuu
uu
uu
uu
uu
uu
u

A

f1

��

B1 // CylpAq

H

��

A
B0oo

k

zzuu
uu
uu
uu
uu
uu
u

B PathpBq
d0

oo d1 // B
s // PathpBq

If such an H exists, we say that the left homotopy h corresponds to the right
homotopy k.

Again we start with an example in T op. The map H below (Quillen’s no-
tation) is unrelated to the map he called H in Definition 4.6.3.

Example 4.6.6. Some correspondences. Returning to Example 4.3.1, sup-
pose we have a map H : A� I Ñ BI (where I � r0, 1s as usual), making the
following diagram commute.

A� I
σ //

H

��

h

{{ww
ww
ww
ww
ww
ww
w

A

f1

��

B1 // A� I

H

��

A
B0oo

k

{{ww
ww
ww
ww
ww
ww
w

B BI
d0oo d1 // B

s // BI

(4.6.7)

The map H is adjoint to a map I2 Ñ BA, that is a family of maps A Ñ B

parametrized by the unit square, which we will also denote by H. Its restrictions
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to the vertices and edges of the square are indicated in the drawing below.

f0

k

f1 f1σ f1

sf1

f1h

H (4.6.8)

Now suppose we have a third map f2 : AÑ B that is homotopic to f1 with
left and right homotopies h1 and k1, and a map H 1 : A � I 1 Ñ BI

1 (where
I 1 � r1, 2s) making the following diagram commute.

A� I 1
σ1 //

H1

��

h1

{{ww
ww
ww
ww
ww
ww
w

A

f2

��

B2 // A� I 1

H1

��

A
B1oo

k1

{{ww
ww
ww
ww
ww
ww
w

B BI
1d1oo d2 // B

s1 // BI
1

(4.6.9)

The corresponding map on the square pI 1q2 has the form

f1

k1

f2 f2σ
1 f2

s1f2

f2h1

H 1 (4.6.10)

Combining (4.6.8) and (4.6.10) we can form a map H2 : pI2q2 Ñ BA,
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where I2 � r0, 2s, as follows.

f2 f2σ f2 f2σ
1 f2

k1 σ � k1 H 1k1 s1f2

f1
f1

f1
h1

k H sf1 h1 � s sf2

f0

f2

f2

f1σ

f1h h1

The analog of (4.6.7) and (4.6.9) is

A� I2
σ2 //

H2

��

h1�h

{{vv
vv
vv
vv
vv
vv
v

A

f2

��

B2 // A� I2

H2

��

A
B1oo

k1�k

{{vv
vv
vv
vv
vv
vv
v

B BI
2d1oo d2 // B

s2 // BI
2

where I2 � r0, 2s and the composite left and right homotopies h1 �h and
k1 � k are defined by

ph1 � hqpa, tq �
"
hpa, tq for 0 ¤ t ¤ 1

h1pa, t� 1q for 1 ¤ t ¤ 2
(4.6.11)

and

pk1 � kqpaqptq �
"
kpaqptq for 0 ¤ t ¤ 1

k1paqpt� 1q for 1 ¤ t ¤ 2.
(4.6.12)

In particular we could have f2 � f0 with h1 and k1 the inverse homotopies h�1

and k�1 of h and k given by

h�1pa, tq :� hpa, 1� tq and k�1paqptq :� kpaqp1� tq. (4.6.13)

Proposition 4.6.14. The bijection of left and right homotopy sets.
With notation as in Definition 4.6.5, for each left homotopy h there is a
corresponding right homotopy k and vice versa. The sets π`1pA,B; f0, f1q and
πr1pA,B; f0, f1q of (4.6.4) are naturally isomorphic, and we denote them by
π1pA,B; f0, f1q.
Proposition 4.6.15. The composition of left and right homotopies
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of maps in T op defined in (4.6.11) and (4.6.12) can be defined in a general
model category M. Hence we have maps

π`1pA,B; f1, f2q � π`1pA,B; f0, f1q Ñ π`1pA,B; f0, f2q
and similarly for right homotopies. This composition is compatible with the
bijection of Proposition 4.6.14.

Finally, consider the category MpA,Bq whose objects are morphisms AÑ
B and whose morphisms are homotopies, either left or right, with composition
of morphisms being composition as in (4.6.11) and (4.6.12). It is a groupoid
in which the inverse of a morphism is defined as in (4.6.13).

Definition 4.6.16. Quillen’s fundamental group π1pA,Bq. Let M be a
pointed model category as in Definition 4.1.26. For cofibrant A and fibrant B
we will abbreviate the group π1pA,B; 0, 0q of Proposition 4.6.14 by π1pA,Bq.
This group is not to be confused with the set πpA,Bq (for cofibrant A and

fibrant B) of Definition 4.3.11.
Now we are ready to discuss the suspension and loop functors.

The reader is invited to compare this definition with the one suggested in
(4.1.31).

Definition 4.6.17. The suspension and loop objects and functors. For
a cofibrant object A in a pointed model category M, the suspension object
ΣA is the cokernel (Definition 4.1.27) of the map

A_AÑ CylpAq, (4.6.18)

where CylpAq is the functorial cylinder object of A as in Definition 4.3.7.
Dually, for a fibrant object B, the loop object ΩB is the kernel of the map

PathpBq Ñ B ^B, (4.6.19)

where PathpBq is the functorial path object of B.
Both of these definitions are natural, so we can regard Σ and Ω as functors.

Remark 4.6.20. The functoriality of suspension and loop objects.
The maps of (4.6.18) and (4.6.19) can be regarded components of natural trans-
formations between the evident functors, so Σ and Ω themselves are functors.
We will see in Corollary 4.7.2 below that these define functors Σ : Mc ÑMc

and Ω : Mf Ñ Mf , where Mc and Mf denote the full subcategories of
cofibrant and fibrant objects of M.

For an adjunction relating these two functors in the case of a topological
model category, see Example 5.6.12 below.

Remark 4.6.21. In the case M � T , ΣA as in Definition 4.6.17 is the usual
reduced suspension and ΩB is the usual loop space.
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Recall that a morphism f : X Ñ Y in a pointed model category has a
homotopy fiber Ff and cofiber Cf as in Definition 4.1.28. In the case of T
(or more generally a pointed topological model category as in Definition 5.6.3
below),

Ff � tpx, ωq P X ^ PY : fpxq � ωp1qu
and

Cf � CX _X Y,

the mapping cone of f , which is a quotient of the union of Y and X � I.

Definition 4.6.22. The pinch map. Let M be a pointed topological model
category. As noted in Remarks 4.3.8(iii), the cylinder object for a cofibrant
object A can defined as CylpAq � A � I. This makes suspension ΣA the
cokernel of the map

A^ pBIq� Ñ CylpAq, where BI � t0, 1u .
Let

B1I � t0, 1{2, 1u ,
which has BI as a subspace. Then the cokernel of A ^ pB1Iq� Ñ CylpAq is
isomorphic to ΣA_ ΣA. Using this isomorphism, we define the pinch map

ΣA
A // ΣA_ ΣA

to be the map of cokernels of the horizontal maps in the diagram

A^ pBIq� //

��

CylpAq

A^ pB1Iq� // CylpAq.
We leave the following as an exercise for the reader.

Proposition 4.6.23. The pinch map and homotopy groups. For a
cofibrant object A in a pointed topological model category, the pinch map
A : ΣA Ñ ΣA _ ΣA of Definition 4.6.22 induces a natural (in X) group

structure in the set π`pΣA,Xq of Definition 4.3.11 (which is πpΣA,Xq when
X is fibrant) which is abelian if A itself is a suspension.

The following was stated and proved by Quillen as [Qui67, Theorem I.2.2].

Theorem 4.6.24. Total derived suspension and loop functors. In a
pointed model category M, π1pA,Bq (see Definition 4.6.16) for cofibrant A
and fibrant B gives a group valued functor on HoMop � HoM. There are
also functors LΣ, RΩ : HoMÑ HoM and canonical isomorphisms

πpΣA,Bq � π1pA,Bq � πpA,ΩBq,



302 Quillen’s theory of model categories

the isomorphisms being those of Proposition 4.3.19.

Remarks 4.6.25. Total derived functors.

(i) As the notation indicates, the adjoint functors LΣ and RΩ are the total
left and right derived functors (Definition 4.4.7) of the functors Σ and Ω

of Definition 4.6.17.
(ii) The functors Σ and Ω can be iterated. For any X, LΣnX (RΩnX) is a

cogroup (group) object in HoM for n ¥ 1 which is abelian for n ¥ 2.

4.7 Fiber and cofiber sequences

Again we follow the treatment of this topic by Quillen in [Qui67, §I.3]. He
called them fibration and cofibration sequences. Assume throughout this
section that M is a pointed model category as in Definition 4.1.26. We
will summarize Quillen’s development of fiber sequences, leaving most of the
dual theory of cofiber sequences as exercises for the reader. Fiber and cofiber
sequences are defined in Definition 4.7.6.

Lemma 4.7.1. The fiber of a fibrant fibration is fibrant, the first Dr.
Seuss lemma. Let f : X Ñ Y be a fibration in a pointed model category
M. Then its kernel as in Definition 4.1.27 is fibrant, and both X and the
homotopy fiber Ff as in Definition 4.1.28 are fibrant if Y is.

Dually, if f is a cofibration, then its cokernel is cofibrant, and both Y and
the homotopy cofiber Cf are cofibrant if X is.

The second Dr. Seuss lemma is Lemma 5.6.20 below.

Proof We will only prove the fibration statement.
To show that ker f is fibrant, let j : A Ñ B be a trivial cofibration and

consider the following commutative diagram, in which α is arbitrary.

A
α //

j

��

ker f
i //

��

X

f

��
B //

h1
::t

t
t

t
t

h

88

d f h j l
n

p

� // Y

The lifting h : B Ñ X exists because f is a fibration. Once it has been chosen,
the lifting h1 : Y Ñ F exists uniquely because the right square is a pullback
diagram. We can find such an h1 for any trivial cofibration j, so the map
ker f Ñ � is a fibration and ker f is fibrant.
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For the homotopy fiber Ff , consider a similar commutative diagram

A
α //

j

��

Ff
pf //

��

X

f

��
B

β
//

h1
::v

v
v

v
v

h

88

e g h j l
n

q

PY
pY // Y

As above, we conclude that the map Ff Ñ PY is a fibration. Since pY is a
fibration, so is the map fpf . It follows that X and Ff are fibrant if Y is.

Corollary 4.7.2. The loop (suspension) functor of Definition 4.6.17
sends fibrant (cofibrant) objects to fibrant (cofibrant) objects.

Proof If A is cofibrant, so are the objects A_A and CylpAq. Thus we can ap-
ply Lemma 4.7.1 to the cokernel of (4.6.18) and conclude that ΣA is cofibrant.
The object ΩB for fibrant B is fibrant by a similar argument.

We will illustrate Quillen’s construction in the pointed model category T
(pointed topological spaces), in which the functorial path object for X is XI

as in Definition 4.1.30.

Example 4.7.3. The homotopy action of ΩY on F . For a sequence in T

F // X
f // Y

in which f is a fibration with kernel F , consider the diagram

F �X XI� �X F
p2 //

π

��

XI�

pd0,p
I� q

��
F � ΩY

i�j // X �Y Y I� ,
(4.7.4)

where Y I� � T pI�, Y q and XI� � T pI�, Xq are the spaces of paths in Y

and X. The space in the upper left is that of paths in X with endpoints in
F � f�1py0q � X (where y0 P Y is the base point), so the projection p2 is the
inclusion map into the full path space of X. The map π sends such a path ω
to the ordered pair consisting of its starting point in F and its image in Y I� ,
which is necessarily closed at the base point y0 P Y (since the endpoints of ω
lie in F � f�1py0q) and thus a point in ΩY . The map on the right sends a
path ω in X to the ordered pair consisting of its starting point d0pωq P X and
the path fω P Y I� . In the bottom map, j : ΩY Ñ Y I is the inclusion of the
loop space into the path space Y I� .

It is easy to show that diagram is a pullback diagram, both vertical maps
are weak equivalences and the spaces on the right are weakly equivalent to X.
Since π is an equivalence, it has an inverse in Ho T , where we define
m � p3π

�1 : F ^ ΩY Ñ F .
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The following was proved by Quillen as [Qui67, Proposition I.3.1]. It is also
proved with a different method by Hovey as [Hov99, Theorem 6.2.1].

Proposition 4.7.5. The homotopy action of ΩY on F . In a pointed
model category M, let f : X Ñ Y be a fibration with kernel F with Y fibrant
as in Lemma 4.7.1. Then the analog of (4.7.4),

F ^X PathpXq ^X F
p2 //

π

��

PathpXq
pd0,Pathpfqq

��
F ^ ΩY

p^j // X ^Y PathpY q,

leads to a right action m : F ^ΩY Ñ F in HoM of the group object ΩY (see
Remarks 4.6.25 (ii)) on F which is independent of the choices of path objects.

Definition 4.7.6. Fiber and cofiber sequences. A fiber sequence in
HoM for a pointed model category M is a diagram

W ÝÑ X ÝÑ Y with a right action W ^ ΩY ÑW

which is isomorphic to a diagram

F
pÝÑ X

fÝÑ Y with a right action F ^ ΩY
mÝÑ F (4.7.7)

where f is a fibration, Y is fibrant, and F is the fiber of f , namely its kernel
as in Definition 4.1.27. The right action m is as in Proposition 4.7.5.

Dually, a cofiber sequence is a diagram isomorphic to

X
fÝÑ Y

iÝÑ C with a right coaction C
m1ÝÝÑ C _ ΣX (4.7.8)

where X is cofibrant, f is a cofibration, and C is the cofiber of f , namely
its cokernel as in Definition 4.1.27. The construction of the right coaction m1

is dual to that of the right action m above.

The next two results are [Qui67, Propositions I.3.3 and I.3.4].

Proposition 4.7.9. Extending fiber and cofiber sequences. If (4.7.7)
is a fiber sequence, so is

ΩY
BÝÑ F

pÝÑ X with a right action ΩY ^ ΩX
nÝÑ ΩY

where B is the composite

ΩY
p0,ΩY q // F ^ ΩY

m // F

and the map induced by the action n,

πpA,ΩY q � πpA,ΩXq n� // πpA,ΩY q
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(see Definition 4.3.11 for the definition of the set πp� , �q) for cofibrant A
is given by

pλ, µq ÞÑ ppΩpq�µq�1 � λ.
Dually, if (4.7.8) is a cofiber sequence, then so is

Y
iÝÑ C

δÝÑ ΣX with a right coaction ΣX
n1ÝÑ ΣX _ ΣY,

where δ is the composite

C
m1

// C _ ΣX
p�,ΣXq // ΣX

and the coaction

πpΣX,Bq � πpΣY,Bq pn1q� // πpΣX,Bq
for fibrant B is given by

pλ1, µ1q ÞÑ ppΣuq�µ1q�1 � λ1.
Corollary 4.7.10. Long fiber and cofiber sequences. Let f : X Ñ Y be
a morphism in a pointed topological model category.

(i) If Y is fibrant, f is a fibration, and Ff is as in Definition 4.1.28, then we
have an infinite sequence of morphisms, a long fiber sequence,

� � � // Ω2Y
�ΩBf // ΩFf

�Ωpf // ΩX
�Ωf // ΩY

Bf // Ff
pf // X

f // Y,

in which any two adjacent morphisms form a fiber sequence.
(ii) Dually if X is cofibrant, f is a cofibration, and Cf is as in Definition 4.1.28,

then we have an infinite sequence of morphisms, a long cofiber sequence,

X
f // Y

if // Cf
δf // ΣX

�Σf // ΣY
�Σif // ΣCf

�Σδf // Σ2X // � � � ,
in which any two adjacent morphisms form a cofiber sequence.

Classically, the above are known as Puppe sequences, named after Dieter
Puppe (1930–2005). We will refer to the two exact sequences below as the
Puppe exact seqences.

Proposition 4.7.11. Exact sequences for fiber and cofiber sequences.

(i) Given the long fiber sequence of Corollary 4.7.10(i), for each cofibrant
A the sequence

� � � // πpA,ΩqF q pΩ
qpf q� // πpA,ΩqXq pΩqfq� // πpA,ΩqY q pΩ

q�1Bf q�// � � �

� � � pBf q� // πpA,F q ppf q� // πpA,Xq f� // πpA, Y q
(see Definition 4.3.11 for the meaning of πp� , �q, and Theorem 4.6.24
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for the group structures on πp� ,Ω�q and πpΣ�, �q) is exact in the
following sense:

(a) The image of ppf q� in πpA,Xq is the preimage of the trivial element
in πpA, Y q.

(b) The composite ppfBf q� is trivial and ppf q�pα1q � ppf q�pα2q iff α2 �
α1 � λ for some λ P πpA,ΩY q

(c) The composite Bf�pΩfq� is trivial and pBf q�pλ1q � Bf�pλ2q iff λ2 �
pΩfq�µ � λ1 for some µ P πpA,ΩXq.

(d) The sequence of group homomorphisms from πpA,ΩXq to the left is
exact in the usual sense.

(ii) Dually, given the long cofiber sequence of Corollary 4.7.10(ii), for each
fibrant B the sequence

� � � // πpΣqC,Bq pΣ
qif q

�

// πpΣqY,Bq pΣqfq� // πpΣqX,BqpΣ
q�1δf q

�

// � � �

� � � pδf q
�

// πpC,Bq pif q
�

// πpY,Bq f� // πpX,Bq

is exact in the sense of (i)(a)–(i)(d) above with pBf q� and ppf�q replaced
by pδf q� and pif q� , and the action m� of (i)(b) and n� of (i)(c) replaced
by pm1q� and pn1q�.

In § 5.7A below, we will see that these exact sequences can be extended
indefinitely to the right in the case of spectra.

4.8 The small object argument

The small object argument is a method introduced by Quillen in [Qui67] (and
here in the proof of Theorem 4.2.9) and later improved by Bousfield in [Bou77]
to construct the factorizations needed for a model structure. It is also needed
to construct localization functors, the subject of Chapter 6 below.
We will state the theorem first and then give the relevant definitions. Proofs

can be found in [Hov99, 2.1.4], [Hir03, 10.5.16], [Lur09, A.1.2.5] and [MP12,
§15.1]. See [Gar09] for further discussion.

Theorem 4.8.1. The small object argument. Let C be a cocomplete
(meaning that all small colimits exist) category with a class of morphisms
I having small domains relative to I, with smallness as in Definition 4.8.18
below. Then there is a functorial factorization of an arbitrary morphism f

as f � f2f 1, where f 1 is in the saturated class generated by I (see Defi-
nition 4.8.13 below) and f2 is in Im, meaning that it has the right lifting
property (Definition 2.3.10) with respect to I.
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Definition 4.8.2. A class of morphisms in a cocomplete category C permits
the small object argument if it satisfies the hypothesis of Theorem 4.8.1.

First we need to define small objects. The set theoretic notions (ordinals
and cardinals) relevant to the definition Definition 4.8.8 below are discussed in
[Hov99, §2.1.1], [SS00, §2] and in [Hir03, Chapter 10]. We recall them briefly.
Two sets A and B have the same cardinality if there is a bijection

between them. The the cardinalilty of B exceeds that of A if there is a
bijection between A and a subset of B but not one between A and B itself.
An ordinal λ is the well ordered set of all smaller ordinals. It can also be

regarded as a category in which there is a unique morphism αÑ β whenever
α ¤ β. Every ordinal λ has a successor λ� 1. A limit ordinal is one that is
neither zero nor a successor. The smallest infinite ordinal, often denoted by
ω, is the first limit ordinal.

Example 4.8.3. The first few ordinals. Since an ordinal is the well ordered
set of all smaller ordinals, the smallest ordinal, commonly denoted by 0, is
the empty set ∅. The next few are

1 :� t∅u � t0u ,
2 :� t∅, t∅uu � t0, 1u
3 :� t∅, t∅u , t∅, t∅uuu � t0, 1, 2u

and so on, with n � 1 being the successor of n. The smallest infinite ordinal
and its successors are

ω :� t0, 1, 2, 3, . . . u (the set of all nonegative integers)
ω � 1 :� ω Y tωu
ω � 2 :� pω � 1q Y tω � 1u � ω Y tω, ω � 1u

...

The next limit ordinal is

2ω :� ω Y tω, ω � 1, ω � 2, . . . u
:� t0, 1, 2, . . . , ω, ω � 1, ω � 2, . . . u .

An ordinal is a cardinal if its cardinality exceeds that of all smaller ordinals.
Thus all finite ordinals are cardinals, as is ω. The ordinals ω � 1 and 2ω are
not cardinals because there is a bijection between ω and each of them.

Definition 4.8.4. Transfinite composition. Let C be a cocomplete category
and λ an ordinal. A λ-sequence is a colimit preserving functor X : λ Ñ C,
i.e., is a diagram

X0
// X1

// � � � // Xβ
// � � �
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For any limit ordinal γ   λ, the map

colim
β γ

Xβ Ñ Xγ

is an isomorphism. The composition of the λ-sequence is the map

X0 Ñ colim
β λ

Xβ . (4.8.5)

If I is a collection of morphisms that includes the maps Xβ Ñ Xβ�1 for all
β with β� 1   λ, we say that the map (4.8.5) is a transfinite composition
of maps in I.

Example 4.8.6. Pedestrian cases of transfinite composition.

(i) For λ � 0, a λ-sequence is an object X0 in C, and the map of (4.8.5) is its
identity morphism.

(ii) For λ � ℵ0, a λ-sequence is an ordinary one, and the map of (4.8.5) is
evident map from X0 to the sequential colimit.

The cardinality |A| of a set A is the smallest ordinal for which there is a
bijection |A| Ñ A. A cardinal κ is an ordinal for which |κ| � κ.

Definition 4.8.7. Ordinals filtered by a cardinal. Let γ be a cardinal.
An ordinal α is γ-filtered if it is a limit ordinal and, if A � α and |A|   γ,
then the supremum of A is less that α, supA   α.

The above is a lower bound on the limit ordinal α. Any limit ordinal is
filtered by a finite cardinal.

Definition 4.8.8. Small objects. Let C be a cocomplete category, D a sub-
category of C, and let κ be a cardinal. Then an object A in C is κ-small
relative to D if for all κ-filtered ordinals λ and all λ-sequences as in Defini-
tion 4.8.4 such that each map Xβ Ñ Xβ�1 is in D for β � 1   λ, the map of
sets

colim
β λ

CpA,Xβq Ñ CpA, colim
β λ

Xβq

is an isomorphism. It is small relative to D if it is κ-small relative to D
for some κ. It is small if it is small relative to C itself.

The object A is finite (relative to D) if it is small relative to D for a
finite cardinal κ. In this case, maps from A commute with colimits of arbitrary
λ-sequences, as long as λ is a limit ordinal.

In the case of a finite cardinal κ, the above notions are the same as those
in Definition 2.3.63 and Definition 2.3.69.
The following properties of small objects are proved as [Hir03, 10.4.8 and

10.4.9].
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Proposition 4.8.9. Colimits preserve smallness. Let C be a cocomplete
category with a subcategory D. Then any colimit of objects that are small
relative to D is also small relative to D.

Proposition 4.8.10. Smallness and factorization. Let C and D be as in
Definition 4.8.8, and let I be a set of maps in C for which each domain and
codomain is small relative to D. Then if X is small relative to D and the map
X Ñ Y is a transfinite composition of pushouts of elements of I, then Y is
small relative to D. In particular if f : X Ñ Z is a morphism in C with X

small relative to D, and f 1 : X Ñ Y is the map given by Theorem 4.8.1, then
Y is also small relative to D.

Definition 4.8.11. Combinatorial model categories. A model category
M is combinatorial if it is cofibrantly generated (see §5.2 below) and locally
presentable, meaning that each of its objects is a colimit of small objects in
a set W . An object A is small if there is a regular cardinal κ such that
for every small category T with morphism set of size   κ and every functor
X : T ÑM, there is an isomorphism

colim
tPT

MpA,Xtq ÑMpA, colim
tPT

Xtq.

In Set∆ (but not in T op or T ) we know that finite complexes are small and
that every object is a colimit of finite complexes, so it is combinatorial.

Definition 4.8.12. Accessible categories. An object X in a category C is
κ-compact for a cardinal number κ if the functor CpX,�q preserves κ-directed
colimits. A category C is accessible if there is a κ such that C is closed under
κ-directed colimits and each object in it is such a colimit of objects in a set K
of κ-compact objects.

A category if locally presentable if it is accessible and cocomplete.

Next we need to discuss saturation.

Definition 4.8.13. Let C be a cocomplete category and let I be a class of
morphisms in it. The regular class RegpIq generated by I is the smallest
class containing I and all isomorphisms that is closed under coproducts, push-
outs, and transfinite compositions as in Definition 4.8.4. A class of morphisms
closed under these operations is said to be regular. The pushout operation
refers to pushout diagrams of the form

A
i //

f
��

B

��
X

j
// Y

(4.8.14)

where i is in I and f is arbitrary. Then the map j is in the regular class
generated by I.
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The saturated class SatpIq generated by I is the smallest class contain-
ing I and all isomorphisms that is closed the operations above and under
retracts. A class of morphisms closed under these operations is said to be
saturated.

Lurie uses the term weakly saturated for saturated as above in [Lur09,
Definition A.1.2.2], as does Riehl in [Rie14, §11.1]. She uses saturated in con-
nection with homotopical categories (to be studied below in §5.1) in [Rie14,
Remark 2.1.8], following [DHKS04]. May and Ponto use the term left satu-
rated in [MP12, Definition 14.1.7.] for the notion of Definition 4.8.13. They
define a dual notion that involves pullbacks and transfinite sequential limits
instead of pushouts and transfinite compositions, which are transfinite sequen-
tial colimits by definition. See [CF00] for more discussion.
The following is implied by the relevant definitions. See [MP12, Proposition

14.1.8] or [Hir03, Proposition 10.3.2] for a proof.

Proposition 4.8.15. Morphisms defined by a left lifting property. Let
R be a class of morphisms in a cocomplete category C. Then the class mR
(the class of morphisms having the left lifting property with respect to R as in
Definition 2.3.10) is saturated as in Definition 4.8.13.

Proposition 4.8.16. Removing redundant maps. Suppose the category
C in Definition 4.8.13 is cocomplete with coproduct >. Suppose the morphism
class I contains morphisms f : AÑ B, g : C Ñ D and f >g : A>C Ñ B >D.
Let I 1 be the same class with f > g removed. Then I 1 generates the same
saturated class as I.

Proof Consider the diagram

A

f

��

// A > C
f>C

��
B // B > C

B>g

��

Coo

g

��
B > D Doo

in which both squares are pushouts. Then all vertical maps are in the saturated
class of I 1, including the composite

pB > gqpf > Cq � f > g.
The following is [Hir03, Proposition 10.3.4].

Proposition 4.8.17. Saturated classes in a model category. In any
model category the classes of cofibrations and of trivial cofibrations are each
saturated.
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A closely related definition is the following generalization of the notion of
a cell complex.

Definition 4.8.18. Let C be a category with pushouts and an initial object
�, and let I be a class of morphisms of C. Then a morphism f :W Ñ X in
C is relative I-cellular or a relative I-cell complex, if it is transfinite
composition of pushouts of maps in I. An object X in C is an I-cell complex
if the map � Ñ X is in that class.

An object in C is small relative to I or I-small if it is small relative to
the category of I-cell complexes, as in Definition 4.8.8.

The class of relative I-cell complexes is smaller than the saturated class
(Definition 4.8.13) generated by I because it need not be closed under retracts.

Proposition 4.8.19. Smallness with respect to a smaller saturated
class. Let C be a category with pushouts and let J be a class of morphisms in
it, each of which is in the saturated class generated by I. If an object A is
I-small as in Definition 4.8.18, then it is also J -small.

Proof Since A is I-small, the map

colim
β λ

CpA,Xβq Ñ CpA, colim
β λ

Xβq

is an isomorphism when each map Xβ Ñ Xβ�1 is in the saturated class
generated by I. Our assumption about J implies that the saturated class
generated by it is contained in the one generated by I, so the result follows.

Example 4.8.20. CW complexes as I-cell complexes. Let C � T op and
let

I � tin : n ¥ 0u where in is the map Sn�1 � BDn Ñ Dn

as in (5.2.10) below. Then the saturated class (Definition 4.8.13) generated
by I consists of all composites of maps j : X Ñ Y where Y is obtained from
X by attaching an n-cell for some n. Hence the pushout diagram of (4.8.14)
reads

Sn�1 f //

in
��

X

j

��
Dn

g
// Y.

Then a CW complex is an I-cell complex, but I-cell complexes are more
general. In a CW complex we start with the initial object (the empty set),
attach some 0-cells (points) to get a discrete set (the 0-skeleton), then attach
some 1-cells to get the 1-skeleton, and so on. In an I-cell complex we start
with the initial object and add cells in any order regardless of dimension.
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Model category theory since Quillen

By definition a model category is just an ordinary category with three
specified classes of morphisms, called fibrations, cofibrations and weak
equivalences, which satisfy a few simple axioms that are deliberately
reminiscent of properties of topological spaces. Surprisingly enough, these
axioms give a reasonably general context in which it is possible to set up
the basic machinery of homotopy theory. The machinery can then be used
immediately in a large number of different settings, as long as the axioms
are checked in each case. Although many of these settings are geometric
(spaces (§8), fibrewise spaces (3.11), G-spaces [DK85], spectra [BF78],
diagrams of spaces [DK84]...), some of them are not (chain complexes
(§7), simplicial commutative rings [Qui70], simplicial groups [Qui69b]...).
Certainly each setting has its own technical and computational
peculiarities, but the advantage of an abstract approach is that they can
all be studied with the same tools and described in the same language.

William Dwyer and Jan Spalinksi, [DS95, Introduction]

In this chapter we discuss some tools in model category theory developed
since Quillen’s work that we will need later. The best such tool, Bousfield
localization, is the subject of Chapter 6.
All of the model categories of interest in this book are pointed and topolog-

ical, meaning that they are enriched (Definition 3.1.1) and bitensored (Def-
inition 3.1.31) over T , the category of pointed topological spaces. How this
enrichment interacts with the model structure is the subject of §5.6.
We prefer topological model categories to simplicial ones (meaning ones

enriched over simplicial sets) because equivariant homotopy theory does not
play nicely with simplicial sets. Being in the topological world enables us
to speak of maps or functors inducing weak equivalences between mapping
spaces. This means we do not need to rely on the theory of framings devel-
oped by Hovey in [Hov99, Chapter 5], in which he shows that the homotopy
category of an arbitrary model category looks like that of a simplicial model
category. In other words it is a module (in the sense of Definition 2.6.22) over
HoSet∆. Thus when Hovey would speak of an isomorphism between
simplicial mapping sets that he can define in the homotopy category
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of a model category M, we can speak instead of weak equivalences
between mapping spaces in the topological model category M itself.

Homotopical categories are treated in §5.1. They were first introduced
by Kan et al in [DHKS04]. Here we have weak equivalences but no defined class
of fibrations or cofibrations, and no requirement of completeness or cocom-
pleteness. These weak equivalences are required to satisfy a 2-of-6 property
(spelled out in Definition 5.1.1) that implies the two-out-of-three axiom of
Definition 4.1.1.
Every category has a homotopical structure in which the weak equivalences

are the isomorphisms. We can use a functor F : C Ñ D to define a homo-
topical structure on C in which weak equivalences are morphisms mapping
to isomorphisms in D; see Proposition 5.1.5. In that case we say that F is
a homotopy functor. For example, weak equivalences in T and T op are
defined to be maps inducing isomorphisms of homotopy groups. A functor
between homotopical categories that preserves weak equivalences is said to be
homotopical.
A homotopical category M has a homotopy category HoM similar to

that of a model category as in Definition 4.3.16. Given a functor F between
homotopical categories that is not homotopical, in favorable cases we can
define derived functors LF and RF as in Definition 4.4.5, and total de-
rived functors LF and RF as in Definition 4.4.7. See Definition 5.1.11 and
Theorem 5.1.13.
In §5.1C we discuss precofibrations (called flat maps in [HHR16, Definition

B.9]), flat functors and flat objects. A precofibration (Definition 5.1.15) is
a map that plays nicely with pushouts. A flat functor (Definition 5.1.20)
between cocomplete homotopical categories is one that is homotopical and
preserves colimits. When we have a monoidal structure ^, we define a flat
object X to be one for which the functorX^p�q is flat. Being able to identify
flat objects in a model category can be very helpful, as we shall see below in
Chapter 9.

Cofibrantly and compactly generated model categories are the sub-
ject of §5.2. These are model categories in which we specify sets of morphisms
I and J (cofibrant generating sets) which in some sense generate all of
the cofibrations and trivial cofibrations respectively, and therefore, along with
the homotopical structure, determine the entire model structure. Experience
has shown this to be a convenient way to describe a model structure. We will
use it in all model categories in this book from now on.
In theory, one could dualize this notion and define fibrantly generated

model categories in which fibrations and trivial fibrations are generated by
specified sets, but we know of no work where this is done. The study of
model categories is self dual in theory but not in practice.
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From a technical standpoint, the advantage of cofibrant generation is the
following. If one want to show that a morphism has the right lifting property
with respect to all (trivial) cofibrations, it is enough to show that it has with
respect to all morphisms in the set I (J ). Generating sets for T op and T are
given in Example 5.2.9.
The notion of cofibrant generation leads to the following question. Given

a bicomplete homotopical category M, when does a pair of morphism sets I
and J lead to a model structure? This question is answered by the Dwyer-
Hirschhorn-Kan Recognition Theorem 5.2.24.
Suppose we have a cofibrantly generated model category M and an adjunc-

tion

M
F

K
//
N

U
oo

with N bicomplete. It is a transfer adjunction if it meets certain technical
conditions given in Definition 5.2.25. The Crans-Kan Transfer Theorem 5.2.27
says there is a cofibrantly generated model structure on N in which a map
in N is a weak equivalence if its image under U is one, and with cofibrant
generating sets FI and FJ . We will use this several times later in the
book to construct new model categories.
One example is Theorem 5.2.34, where we describe a way to enlarge the

class of cofibrations (and therefore shrink the class of fibrations) in a model
category without changing the class of weak equivalences. We will use this
in the category SpG of orthogonal G-spectra as indicated in Model structure
conditions 9.0.4(i).

Proper model categories. A model category is left (right) proper if the
pushout (pullback) of any weak equivalence along a cofibration (fibration) is
again a weak equivalence, as explained in Definition 5.3.1. In §5.3 we study
proper model categories, that is ones that are both left and right proper. Many
model categories of interest, including T op, T , Set∆ and its pointed analog,
are proper.
Recall that in T a morphism is a weak equivalence if it induces an isomr-

phism in all homotopy groups. This is generalized in Theorem 5.6.21 as fol-
lows. LetM be a left proper cofibrantly generated (pointed) topological model
category. Then a morphism f : X Ñ Y in M is a weak equivalence iff

f� : MpK,Xq ÑMpK,Y q
is a weak equivalence of (pointed) topological spaces for each K that is a
domain or codomain of a generating cofibration. In the case M � T , such Ks
are spheres and disks, so we get our condition about homotopy groups.

Functor categories. In §5.4 we study the category MJ of functors from a
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small category J (the indexing category) to a cofibrantly generated model
category M. We need this because we will see Chapter 7, specifically in §7.2,
that various categories of spectra can be described in such terms. MJ has a
model structure, called the projective one, in which a morphism (meaning
natural transformation between functors) f : X Ñ Y is a weak equivalence
or a fibration if its jth component is one for each object j in J . We can then
define cofibrations in terms of left lifting properties.
This theory works best when M is closed symmetric monoidal, and J along

with the category of M-valued functors on it are enriched over M. Strictly
speaking we cannot discuss this until we have developed the notion of a mon-
oidal model category in §5.5, culminating with Definition 5.5.9. The monoidal
and model structures need to mesh in a certain way. We also need to know
what it means for a one model category to be enriched over a symmetric mon-
oidal one, which is the subject of §5.6. Thus the formal theory of enriched
functor categories will have to wait until §5.6B, when we will have the needed
technical tools.
Even when J and M are ordinary categories, they are enriched over Set,

and M is bitensored over it (as in Definition 3.1.31) since it is bicomplete
as in Definition 2.3.25. Thus for each object j in J , the Yoneda functor Hj

(which sends each j1 in J to the set Jpj, j1q) is Set-valued. Furthermore its
product with other objects and morphisms in M is defined. We will see in
Theorem 5.4.10 that cofibrant generating sets forMJ can be formed by taking
the set of products of these Yoneda functors Hj with maps the cofibrant
generating sets I and J of M. Its enriched analog is Theorem 5.6.26.
Now suppose that J has a full subcategory K with inclusion functor α :

K Ñ J . The latter induces a precomposition functor α� : MJ Ñ MK . It
has a left adjoint α! which sends a functor K ÑM to its left Kan extension
along α. In Theorem 5.4.21 we show that pα!, α

�q is a transfer adjunction.
We can use it to transfer the projective model structure on MK to get a new
model structure on MJ . In it a morphism is a weak equivalence or a fibration
if its kth component is one for each object k in the subcategory K � J .
These conditions are weaker than those for the projective model structure,
which involve all components of the morphism. Hence we have more weak
equivalences and fibrations and therefore fewer cofibrations than before.
For this reason we call the new model structure on MJ a confinement of
the projective one. In the extreme case when the subcategory K is empty, all
maps in MJ are fibrations and weak equivalences, and the only cofibrations
are isomorphisms.
We give an enriched version of Theorem 5.4.21 in Theorem 5.6.38. The rela-

tion between confinement and enlargement is studied in §5.4D. Its application
to G-spectra is the subject of Example 5.4.33.

Monoidal model categories, which we call Quillen rings, are the sub-
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ject of §5.5. Let pM,^, Sq be a model category with a monoidal structure.
This choice of notation reflects a bias toward pointed topological model cate-
gories equipped with a smash product. A monoidal structure in a cocomplete
category enables one to define the pushout product f lg of morphisms f and
g as in Definition 2.6.12. In the pushout product axiom of Definition 5.5.9,
we require it to be a cofibration when f and g are cofibrations.
In many examples, such as the usual smash product in T , the unit object

S is cofibrant, but we do not require this. Indeed, for reasons explained
below in Remark 7.0.7(ii), we will need a model structure on the category of
spectra in which the unit object S�0 (the sphere spectrum) is not cofibrant.
Instead of requiring S to be cofibrant, we require that the smash product of
its cofibrant approximation QS Ñ S with any cofibrant object be a weak
equivalence. This is the unit axiom of Definition 5.5.9.
A third requirement, the monoid axiom of Definition 5.5.22, was formu-

lated by Schwede and Shipley in [SS00, Definition 3.3]. It says that the smash
product of any object with a trivial cofibration is a weak equivalence, and
likewise for any morphism that is obtained as a transfinite composition of
pushouts of such maps. They use it to construct MSs on certain categories
associated with a monoidal model category in [SS00, Theorem 4.1], which is
stated below as Theorem 5.5.25.
Given a Quillen ring pM,^, Sq, we define modules and algebras over it in

Definition 5.5.17. Suppose we have such a module N with a cofibrant object
C and fibrant object X. In ?? we show that the morphism object N pC,Xq is
fibrant and that certain maps between such objects are fibrations.

Enriched model categories are introduced in §5.6. In an ordinary model
category N one is concerned with lifting diagrams (2.3.11), namely

A
f //

i
��

X

p

��
B

g //

h

99ssssss
Y.

In the enriched setting we do not have individual morphisms that can com-
mute in this way. We need to reformulate the above in terms of maps between
morphism objects in N . This is done in Definition 5.6.3, which is a restate-
ment of Definition 5.5.17. We are primarily interested pointed topological
model categories, meaning model categories enriched over variants of T .
Certain notions associated with T can be extended to them.
For an object X in such a category M, we can define π0X to be the pointed

set of path connected components in the pointed space MpS0, Xq. In Defini-
tion 5.6.7 we define h-cofibrations in M. In Proposition 5.6.11 we show that
π0 of a sequential colimit of h-cofibrations behaves as expected. In Exam-
ple 5.6.12 we discuss suspension and loop functors in such categories.
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In Corollary 5.6.16 we show that topological model categories are special
cases of simplicial ones. This is convenient because most of the literature on
model categories concerns the simplicial case.
In Lemma 5.6.17, Theorem 5.6.21 and Corollary 5.6.24, we indicate use-

ful technical tools for identifying weak equivalences in terms of maps from
cofibrant to fibrant objects.
In §5.6C we will show that modifying the model structure on a Quillen ring

in certain ways, without altering the monoidal structure, leads to another
Quillen ring which satisfies the monoid axiom if the original one did.

 Theorem 5.6.34 says this about enlarging a model structure as in Theo-
rem 5.2.34.

 Theorem 5.6.39 says this about confining a model structure as in Theo-
rem 5.4.21.

Theorem 5.6.35 is a similar statement about the monoidal structure on a
functor category rJ,Ms given by the Day convolutions, when M is a Quillen
ring and J is a symmetric monoidal category enriched over it.
In Chapter 9 we will see that there are eight different model structures on

the category of orthogonal G-spectra. The one monoidal structure provided by
the Day convolution is compatible with each of them, so we get eight different
Quillen rings.

Homotopy limits and colimits are the subject of §5.8. As we saw in §4.4,
an objectwise weak equivalence of diagrams, that is of M-valued functors on
a (small) indexing category J , may not lead to a weak equivalence of limits or
colimits. Example 2.3.66 and Example 2.3.65 show that sequential limits and
colimits can behave in unexpected ways. A related difficulty is the failure of
the homotopy category Ho C of a model category C to have limits and colimits.
The construction of homotopy limits and colimits is designed to address

these problems. After defining them, there are two questions one can ask:

 Under what circumstances are they weakly equivalent to the corresponding
ordinary limits and colimits? We will see that there is a canonical map
(5.8.2) from the limit to the homotopy limit, and dually for colimits (5.8.3).
Theorem 5.8.16 below is a partial answer to this question.

 When are they homotopy invariant, meaning when does an objectwise weak
equivalence of diagrams induce a weak equivalence of their homotopy limits
or colimits?

In §5.8A we give the original definition of Bousfield and Kan [BK72, Chapter
XI] in Definition 5.8.1. We list some standard examples in Example 5.8.5.
Their homotopy invariance properties are discussed in §5.8B. The effect of
changing the indexing category on a homotopy limit or colimit is the subject
of §5.8D.
In §5.8E we specialize to the case where diagram is indexed by a generalized
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direct M-category as in Definition 5.6.31. This includes the case of telescopes,
which are homotopy sequential colimits. They figure prominently in our study
of spectra starting in Chapter 7.
In §5.8F we discuss homotopy limits in right proper model categories as in

Definition 5.3.1. We define homotopy pullbacks in Definition 5.8.30, homotopy
fiber squares in Definition 5.8.38, and homotopy fibers in Definition 5.8.42.

5.1 Homotopical categories

In [DHKS04] (the “blue beast”), Dan Kan and three of his former students,
Bill Dwyer, Phil Hirschhorn and Jeff Smith, initiated the study of homotopical
categories. Roughly speaking, these are model categories for which fibrations
and cofibrations have not yet been defined. The authors wanted to see how
much of the theory could be deduced from having only defined weak equiv-
alences. Summaries of their work can be found in [Shu06, §2-4] and [Rie14,
Chapter 2]. It is relevant for us because in the categories of spectra (Chap-
ter 7) and G-spectra (Chapter 9) we know what the weak equivalences are
(see Definition 7.0.9), but there is more than one plausible way to define a
model structure.
The material in the first two subsections below is similar to that of [HHR16,

§B.1], while that of §5.1C matches [HHR16, §B.2].

5.1A Basic definitions
Definition 5.1.1. A homotopical category is a category M equipped with
a wide subcategory W (“wide” meaning every object of M is in W) whose mor-
phisms (the weak equivalences) satisfy the 2-of-6 property: given a diagram
of the form

 f //  g //  h // 
with gf and hg in W, the morphisms f , g, h and hgf are also in it. It is
a minimal homotopical category if in addition the only morphisms in W

are isomorphisms.
A homotopy functor F : M Ñ C is one that sends weak equivalences

to isomorphisms. A homotopical functor between homotopical categories is
one that preserves weak equivalences. A homotopical equivalence between
homotopical categories is a pair of homotopical functors as in Definition 2.2.4.
We will refer to W, the collection of weak equivalences, as a homotopical
structure on M.

The definition of a homotopical category above is taken from [Rie14, 2.1.1].
In the original definition of [DHKS04, 7.5], repeated as [Shu06, 2.1], W is a
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class of morphisms satisfying the 2-of-6 property and containing all identity
morphisms. The two definitions are equivalent.
We are using the symbol M to suggest that a homotopical category is some-

what like a model category, but note that the definition has no requirement
of completeness or cocompleteness.
The following is proved in [DHKS04, Proposition 9.2].

Proposition 5.1.2. Every model category is homotopical.

Definition 5.1.3. Functors from a small category to a homotopical
one. Let J be a small category and M a homotopical category. Given a
functor X : J Ñ M, we denote its value on an object j of J by Xj, and
similarly for natural transformations between such functors. We define a the
strict homotopical structure on the functor category MJ by saying that
morphism f : X Ñ Y weak weak equivalence if fj is one for each j in J .

The following is an immdediate consequence of the definitions above.

Proposition 5.1.4. Homotopical equivalences between functor cat-
egories. For a homotopical category M, an equivalence of small categories
J Ñ K induces a homotopical equivalence MK ÑMJ .

An isomorphism f is necessarily a weak equivalence, as we see from the
diagram

 f // f
�1

//  f // .
Hence every category has a minimal homotopical structure in which the
weak equivalences are the isomorphisms.
The 2-of-6 condition implies the 2-of-3 property required of weak equiva-

lences in a model category, as we see from the diagrams

 f //  g //  ,  f //   g //  and   f //  g // .
It is known that every model category satisfies this condition and is therefore
underlain by a homotopical category. This is proved in [DHKS04, 9.3] as
follows. They modify the model category axioms of §4.1 by strengthening the
2-of-3 condition of MC2 to the 2-of-6 condition, and dropping the requirement
of MC3 that retractions preserve weak equivalences. Then they show that
their modified axioms are equivalent to those of §4.1.

Proposition 5.1.5. Homotopical structures defined by functors. For
any category M with a functor F to a homotopical category C, the class of
morphisms in M mapping to weak equivalences in C defines a homotopical
structure on M, which we will say is defined by F .

In particular for any category C, the class of morphisms in M mapping to
isomorphisms in C under F defines a homotopical structure on M.
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Proof The 2-of-6 condition for weak equivalences in C implies it for maps in
M that map to weak equivalences in C.

Indeed this is how weak equivalences are defined in the three classical model
categories of §4.2. Stable equivalences of spectra are by definition maps in-
ducing isomorphisms of stable homotopy groups or equivalences of morphism
spaces into Ω-spectra.
The following is a tool for producing a homotopical structure on a category

M via a functor to another homotopical category C. If M had a homotopical
structure to begin with, it could acquire another one. This will be particularly
helpful in §9.3 below.

Proposition 5.1.6. Homotopical structures for equivalent categories.
Suppose we have functors F : M Ñ C and G : C Ñ M inducing an equiva-
lence of categories as in Definition 2.2.4 with C homotopical. Then M has a
homotopical structure defined by F as in Proposition 5.1.5, and the categorical
equivalence is homotopical as in Definition 5.1.1.

Proof We need to show that both functors preserve weak equivalences. The
homotopical structure on M is defined so that F is homotopical. To show
that G is homotopical, let g : X Ñ Y be a weak equivalence in C. Then Gg is
by definition a weak equivalence in M iff FGg is one in C. Since the categories
are equivalent, there is a natural equivalence ε : FG ñ 1C . This means we
have the following diagram in C.

FGpXq εX

�
//

FGpgq

��

X

g

��
FGpY q εY

�
// Y

This means
FGpgq � pεY q�1gεX ,

making it the composite of three weak equivalences and hence a weak equiv-
alence itself.

The following is proved as [DHKS04, 14.5], and in slightly different lan-
guage, as [Hov99, Lemma 1.1.12] and [Hir03, Corollary 7.7.2].

Ken Brown’s Lemma 5.1.7. Let F : M Ñ C be a functor from a model
category M to a homotopical category C, e.g., to another model category. If
it sends trivial cofibrations between cofibrant objects (trivial fibrations between
fibrant objects) to weak equivalences, then it sends all weak equivalences
between cofibrant (fibrant) objects to weak equivalences.

It would be nice to generalize this to the case where M is a homotopical
category and F sends “trivial precofibrations” (weak equivalences which are
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precofibrations as in Definition 5.1.15 below) between precofibrant objects in
to weak equivalences in C, but we do not know how to prove it. The proof of
Ken Brown’s Lemma 5.1.7 uses factorization in the model category M, which
we do not have in a homotopical category.

5.1B Deformations and derived functors
A homotopical category M has a homotopy category HoM with a local-
ization functor γ : M Ñ HoM as in Definition 4.3.15, subject to the set
theoretic difficulties cited there. For the minimal homotopical structure (in
which weak equivalences are isomorphisms), HoM is M itself. A homotopy
functor MÑ C factors uniquely through HoM; see Corollary 5.1.10 below. A
homotopical functor F : M Ñ N induces a functor between their homotopy
categories.

Proposition 5.1.8. Homotopy functors and the homotopy category.
The transformation MpX,�q Ñ HoMpX,�q induced by γ is the universal
natural transformation from MpX,�q to a homotopy functor.

Proof The assertion is that if F : M Ñ Set is a homotopy functor and
MpX,�q ñ F a natural transformation, then there is a unique dotted arrow
making the diagram

MpX,�q +3

γ

��

F

HoMpγX, γp�qq

4<qqqqqq

qqqqqq
(5.1.9)

commute. Before describing the proof we make an observation about the prop-
erty characterizing the functor γ : MÑ HoM. For homotopy functors F and
G on M, this property supplies unique factorizations F � rF �γ and G � rG�γ.
It also implies that composition with γ gives a bijection between the set of
natural transformations rGÑ rF and GÑ F .
With this in mind we now turn to the proof of the proposition. By the

Yoneda Lemma 2.2.10, the horizontal arrow in (5.1.9) is given by an element
of F pXq. By the observation above, the set of natural transformations

HoMpγX, γp�qq Ñ F

is in bijection with the set of natural transformations

HoMpγX,�q Ñ rF
which, again by Yoneda, is in one to one correspondence with the elements ofrF pγXq � F pXq. The map between these sets corresponding to the two ways
of going around (5.1.9) is the identity.
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Corollary 5.1.10. Homotopy functors on M factor through its homo-
topy category. Suppose that M is a homotopical category, and that X PM
has the property that MpX,�q is a homotopy functor. Then the natural trans-
formation MpX,�q Ñ HoMpX,�q is a bijection.

Now let F : M Ñ N be a functor that is not necessarily homotopical. In
favorable cases we can define derived functors LF and RF as in Defini-
tion 4.4.5, and total derived functors LF and RF as in Definition 4.4.7.
However our previously stated existence results for them, Proposition 4.4.6
and Proposition 4.4.8, do not apply here because they are stated in terms of fi-
brations and cofibrations. They say that a left/right derived (or total left/right
derived) functor exists if the original functor behaves well on cofibrant/fibrant
objects.
Recall that each object X in a model category has a cofibrant replacement

Xc Ñ X and a fibrant replacement X Ñ Xf with both maps being weak
equivalences that are functorial in X. In the homotopical setting we seek sim-
ilar functors from or to a subcategory of “good” objects on which the functor
we are trying to derive behaves well. For the rest of this subsection we
shall only concern ourselves with left derived functors and related
notions, leaving the formulation of their right analogs as exercises
for the reader.
With this in mind we have the following.

Definition 5.1.11. A left deformation on a homotopical category M is a
functor Q : MÑM (denoted by R in the right case) together with a natural
transformation q : Qñ 1 inducing a weak equivalence on each object. We will
abusively say that objects in the image of Q are cofibrant, even though M
does not have a model structure. A left deformation retract MQ � M is
the full subcategory of objects in the image of Q. It is a left F -deformation
retract if the restriction to MQ of a functor F defined on M is homotopical.

A left deformation of a functor F : MÑ N of homotopical categories
is a left deformation on M such that F is homotopical on an associated
subcategory MQ of cofibrant objects. When F admits a left deformation, we
say that F is left deformable.

Example 5.1.12. Adding a whisker as a left deformation. Suppose F
is a functor on T that is homotopical on spaces with nondegenerate base point.
Then the functor X ÞÑ rX of Definition 3.5.29 is a left deformation of F .

The functor Q is always homotopical. When M is a model category, cofi-
brant replacement is a left deformation for any left Quillen functor (Defini-
tion 4.5.1) F . The notation is meant to suggest that Q is a generalization of
cofibrant replacement.
A proof of the following can be found in [DHKS04, 41.2-5] and [Rie14,

2.2.8].
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Theorem 5.1.13. Existence of a left derived functor. If a functor
F : MÑ N between homotopical categories has a left deformation Q, then
FQ is a left derived functor of F .

5.1C Precofibrations, flat functors and flat objects
The precofibrations that we will define here (called flat maps in [HHR16,
Definition B.9]) will be used in our study of G-spectra in Chapter 9, in par-
ticular in our teatment of indexed smash products in §9.6B.
We give the following model category definition here for the reader’s conve-

nience. Model categories with this property are the subject of §5.3 and §5.8F
below.

Definition 5.1.14. Proper model categories. A model category is left
proper if the pushout of any weak equivalence along a cofibration is again a
weak equivalence. In other words, given a pushout diagram

A
h //

f
��

B

g

��
C

k
// D

where h is a weak equivalence and f is a cofibration, k is also a weak equiva-
lence. There is a dual notion of right proper that involves fibrations and pull-
backs, and a model category with both properties is said to be simply proper.

In general a bicomplete homotopical category M may have more than one
model structure. The classes of cofibrations and fibrations are not determined
by the homotopical structure. However there is a property shared by cofib-
rations in many model categories, such as left proper ones, which can be de-
scribed in terms of the homotopical structure alone, assuming cocompleteness.
We call such maps precofibrations. This suggests a class of preferred objects
(precofibrant objects) analogous to cofibrant objects in a model category.

Definition 5.1.15. Precofibrations and related notions.

(i) A precofibration f : AÑ B in a cocomplete homotopical category is a
morphism with the property that for every map A Ñ C and every weak
equivalence h : C Ñ C 1, the induced map of pushouts, i.e., the map k in

C

��

h

�
&&

A
goo g1 //

f

��

C 1

��
B YA C

k

44Boo // B YA C 1,

(5.1.16)
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is also a weak equivalence. A trivial precofibration is a precofibration
that is also a weak equivalence.

(ii) An object in such a category is precofibrant if the map to it from the
initial object is a precofibration. This means its coproduct with any weak
equivalence is again a weak equivalence.

(iii) Such a category has enough precofibrants if each object in it admits a
weak equivalence from a precofibrant object.

Remark 5.1.17. Cocompleteness is more than we need for this defi-
nition to make sense. The only colimits we need are the pushouts in (i) and
the initial object in (ii).

If f is a cofibration in a model category, then so are the other two vertical
maps in (5.1.16) by Proposition 4.1.12.

Remark 5.1.18. Precofibrant objects are discussed by Michael Batanin
and Clemens Berger in [BB17]. They use the term “h-cofibration,” short
for homotopical cofibration and not to be confused with h-cofibration as in
Definition 3.5.6, for precofibration in [BB17, Definition 1.1].

[BB17, Lemma 1.4] says (i) An object Z is precofibrant if and only if Z_p�q
preserves weak equivalences.

(ii) The class of weak equivalences is closed under finite coproducts if and
only if all objects of the model category are precofibrant.

(iii) The class of weak equivalences is closed under arbitrary coproducts
whenever all objects are precofibrant and weak equivalences are closed under
filtered colimits along coproduct injections.

The following is an immediate consequence of the two preceding definitions.

Proposition 5.1.19. A model category is left proper as in Definition 5.1.14
iff its cofibrations are precofibrations, its cofibrant objects are pre-
cofibrant, and it has enough precofibrants.

Definition 5.1.20. A flat functor F : M Ñ N between cocomplete homo-
topical categories is a functor that is homotopical and preserves colimits. A
flat object X in a cocomplete monoidal homotopical category pM,^, Sq is
one for which the endofunctor X ^ p� q is flat.

In homological algebra one defines Tor in terms of projective resolutions.
It can also be defined in terms of flat resolutions, where an R-module M is
flat if the functor M bR p� q preserves exactness, or equivalently it preserves
monomorphisms.
The following is an exercise for the reader.

Proposition 5.1.21. Properties of precofibrations.

(i) Limits and colimits of precofibrations are precofibrations.
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(ii) Composites (including transfinite ones) of precofibrations are precofibra-
tions.

(iii) Any cobase change (see §2.3A) of a precofibration is a precofibration.
(iv) If a retract of a weak equivalence is a weak equivalence, then a retract of

a precofibration is precofibration. In particular, this is true when M is a
model category.

Proposition 5.1.22. Precofibrations and pushouts. Suppose that

X1

�

��

A1
5oo 5 //

�

��

Y1

�

��
X2 A2
oo 5 // Y2

(5.1.23)

is a diagram in which the morphisms denoted by the musical flat symbol 5 are
precofibrations. If the vertical maps are weak equivalences, then so is the map

X1 Y
A1

Y1 Ñ X2 Y
A2

Y2

of pushouts.

Proof First suppose that A1 � A2 � A. Then

X1 Y
A
Y1 Ñ X1 Y

A
Y2

is a weak equivalence since AÑ X1 is a precofibration. The mapX1 Ñ X1Y
A
Y2

is a precofibration, since it is a cobase change of A 5ÝÑ Y2 along AÑ X1. But
this implies that

X1 Y
A
Y2 Ñ X2 Y

X1

�
X1 Y

A
Y2

	
� X2 Y

A
Y2.

is a weak equivalence. Putting these together gives the result in this case.
For the general case, consider the following diagram

X1

��
�

��

A1
5 //5oo

�

��

Y1

��
�

��

X1 Y
A1

A2

��

A2
//oo A2 Y

A1

Y1

��
X2 A2

5 //oo Y2 .

The fact that the maps A1 Ñ X1 and A1 Ñ Y1 are precofibrations implies that
the upper vertical maps (hence all the vertical maps) are weak equivalences,
and that the maps in the middle row are precofibrations. It also implies that

A1 Ñ X1 Y
A1

Y1
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is a precofibration. Since A1 Ñ A2 is a weak equivalence, this means that

X1 Y
A1

Y1 Ñ A2 Y
A1

�
X1 Y

A1

Y1



is a weak equivalence. But this is the map from the pushout of the top row of
(5.1.23) to the pushout of the middle row. By the case in which A1 � A2, the
map from the pushout of the middle row to the pushout of the bottom row is
a also a weak equivalence. This completes the proof.

Proposition 5.1.24. Precofibrations in factorizations. If M has the
property that every map can be factored into a precofibration followed by a
weak equivalence, then Proposition 5.1.22 holds with the assumption that only
one of the maps in the top row of (5.1.23) is a precofibration.

Proof Suppose that the map A1 Ñ X1 is a precofibration, and factor A1 Ñ
Y1 into a precofibration A1 Ñ Y 1

1 followed by a weak equivalence Y 1
1 Ñ Y1

Now consider the diagram

X1 A1
5oo 5 // Y 1

1

�

��
X1

�

��

A1
5oo //

�

��

Y1

�

��
X2 A2
oo

5
// Y2 .

By Proposition 5.1.22, the map from the pushout of the top row to the pushout
of the middle row is a weak equivalence, as is the map from the pushout of
the top row to the pushout of the bottom row. The map from the pushout of
the middle row to the pushout of the bottom row is then a weak equivalence
by the two out of three property of weak equivalences.

Remark 5.1.25. Precofibrations in the category of G-spectra. In the
category SpG equipped with the stable weak equivalences (Definition 9.0.2 and
Proposition 9.1.4), the h-cofibrations (Definition 5.6.7) will turn out to be
precofibrations; see Theorem 7.3.13 below. The mapping cylinder construction
then factors every map into a precofibration followed by a weak equivalence,
so Proposition 5.1.24 applies.

We will use the following below in Proposition 9.6.6.

Proposition 5.1.26. Smashing with weak equivalences of flat objects.
Suppose that every object Z in a symmetric monoidal homotopical category
pM,^, Sq admits a weak equivalence rZ Ñ Z from a flat object rZ as in
Definition 5.1.20. If X Ñ Y is a weak equivalence of flat objects, then X^Z Ñ
Y ^ Z is a weak equivalence for any Z.
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Proof This follows from the diagram

X ^ rZ � //

�
��

X ^ Z

��
Y ^ rZ � // Y ^ Z.

5.2 Cofibrantly and compactly generated model
categories

5.2A Generating sets of cofibrations and trivial cofibrations
In any model category the fibrations are those morphisms having the right lift-
ing property with respect to all trivial cofibrations, and the trivial fibrations
are those morphisms have the right lifting property with respect to all cofibra-
tions. The cofibrations are determined by the fibrations in a similar manner.
Every weak equivalence can be factored as a trivial cofibration followed by a
trivial fibration. This means that the model structure is determined by any
two of the following three collections of morphisms:

 weak equivalences (W)
 cofibrations (C) and trivial cofibrations (WX C)
 fibrations (F) and trivial fibrations (WXF).

It is often convenient to define a model structure by identifying the weak
equivalences and a minimal set I (J ) of (trivial) cofibrations with domains
that are small in the sense of Definition 4.8.8, which generate all the others
in the sense of Definition 4.8.13.
As far as we know, the following first appeared in [DHK97, Chapter 2].

That work was the precursor to [DHKS04].

Definition 5.2.1. A model category M is cofibrantly generated if there
are sets of morphisms I, the set of generating cofibrations and J , the
set of generating trivial cofibrations, each permitting the small object
argument (Definition 4.8.2), such that

(i) the class F of fibrations is J m, i.e., a map is a fibration iff it has the right
lifting property (Definition 2.3.10) with respect to each morphism in J and

(ii) the class WXF of trivial fibrations is Im.

We will refer to I and J as cofibrant generating sets of M. We will
sometimes say that M is cofibrantly generated by pI,J q. As in (2.3.12),
we will denote by cofibpIq (cofibpJ q) the classes mpImq (mpJ mq), that of
cofibrations (trivial cofibrations) in M.
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The class C (WX C) of (trivial) cofibrations, that is cofibpIq (cofibpJ q), is
easily seen to contain the regular and saturated classes (as in Definition 4.8.13)
generated by I (J ). Morphisms in the regular class generated by I (J ) are
called regular I-cofibrations (J -cofibrations) in [DHK97, 7.2(iii)] and
elsewhere. See [Hir03, Proposition 11.2.1] for a proof of the following, which
says that all cofibrations are in the saturated class.
It also makes it much easier to determine whether a given morphism is a

(trivial) fibration.

Proposition 5.2.2. The set I (J ) generates all (trivial) cofibrations.
In a cofibrantly generated model category the class C (W X C) of (trivial)
cofibrations is the saturated class (Definition 4.8.13) generated by I (J ).

A similar definition could be made in terms of fibrations, but this comes
up in practice far less frequently. It is discussed briefly in [DHK97, §7.6] and
used in [Isa04] and in [BHK�15].

Remark 5.2.3. Notation for the sets of generating cofibrations and
generating trivial cofibrations. It is common in the literature to denote
these sets by I and J . We prefer to use the symbols I and J (note the different
font) so we can reserve I for the unit interval r0, 1s and J for a generic small
category.

Remark 5.2.4. One generating (trivial) cofibration is enough. We
could replace the typically infinite sets I and J of Definition 5.2.1 by singletons
consisting in each case of the coproduct of all the maps in the original set. This
would lead to the same structure since any retract of a (trivial) cofibration is
a (trivial) cofibration. However it is usually more convenient to deal with the
infinitely many maps in I and J one at a time.

The following is an exercise for the reader.

Proposition 5.2.5. The product of two cofibrantly generated model
categories. Let M and M1 be cofibrantly generated model categories with
pairs of cofibrant generating sets pI,J q and pI 1,J 1q. Then M � M1 (see
Definition 4.1.16) is a model category cofibrantly generated by the pair�pI � �q Y p� � I 1q, pJ � �q Y p� � J 1q� ,
where � denotes the identity map in the terminal object in either category. A
similar statement holds for any such product of cofibrantly generated model
categories.

In other words, the generating sets for the product are the unions of those
for the two factors.
The following is introduced by Mandell et al in [MMSS01, Definition 5.9].



5.2 Cofibrantly and compactly generated model categories 329

Definition 5.2.6. An object in a topological model category is compact if
for any sequence of h-cofibrations (Definition 3.5.6)

� � � Ñ Xn�1 Ñ Xn Ñ Xn�1 Ñ � � � ,
the map colimMpA,Xnq Ñ MpA, colimXnq is a homeomorphism. A com-
pactly generated model category M is a cofibrantly generated topological
model category (Definition 5.2.1) in which each object A appearing as a do-
main or codomain in I and J is compact.

This use of the term “compactly generated” is not the same as that of
Definition 2.1.48 in connection with topological spaces.
This notion of compactness is a form of relative finiteness as in Defini-

tion 2.3.69. It is also a form of relative smallness (with respect to a finite
cardinal and the subcategory of h-cofibrations) as in Definition 4.8.8.
In T op this definition of compactness is equivalent to the usual one.
Most model categories one encounters in practice are cofibrantly

generated, and when they are topological they are compactly gen-
erated.
The following is a variant of [Hov01b, Definition 4.1], which Hovey at-

tributes to Voevodsky.

Definition 5.2.7. An object in a topological model category M is finitely
presented if for any sequential diagram

X0 Ñ � � � Ñ Xn�1 Ñ Xn Ñ Xn�1 Ñ � � � ,
the map colimMpA,Xnq ÑMpA, colimXnq is a homeomorphism.

A cofibrantly generated topological model category M (Definition 5.2.1) with
cofibrant genrating sets I and J is

(i) finitely generated if each object A appearing as a domain or codomain
in I and J is finitely presented, and

(ii) almost finitely generated if the domains and codomains of the gen-
erating cofibrations are finitely presented, and if there is a set of trivial
cofibrations J 1 with finitely presented domains and codomains such that
a map f whose codomain is fibrant is a fibration if and only if f has the
right lifting property with respect to J 1.

A more general notion of compactness that we will need in Definition 6.3.1
below is the following.

Definition 5.2.8. Compact objects relative to a set of morphisms I.
An object W is compact relative to I if there is a cardinal γ such that for any
relative I-cell complex X Ñ Y (meaning Y is obtained from X by attaching a
sequence of “cells” via pushouts along morphisms in I as in (5.2.12) below),
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any map W Ñ Y lifts to an object obtained from X by attaching at most γ
cells.

Example 5.2.9. Cofibrantly generated model structures on topologi-
cal spaces, T op, and pointed topological spaces, T . In T op (see §4.2A),
let the set of generating cofibrations be

I � tin : n ¥ 0u where in is the map Sn�1 � BDn Ñ Dn (5.2.10)

(with D0 � � and BD0 � ∅), and let the set of generating trivial cofibrations
be

J � tjn : n ¥ 0u where jn is the map pt0u Ñ r0, 1sq � In. (5.2.11)

Pushing out along one of the former, that is forming the pushout of a diagram
of the form

Sn�1 f //

��

X

Dn

(5.2.12)

is the same thing as attaching an n-cell to X with attaching map f . Thus
one can produce all cofibrant objects (CW complexes) by starting with the
terminal object (a point) and repeatedly (perhaps transfinitely) pushing out
along the maps of (5.2.10). All cofibrations from an arbitrary space X can be
obtained by repeatedly attaching cells, not necessarily in order of dimension.
Such maps X Ñ Y are called relative CW complexes. This is a special
case of Definition 4.8.18.

The analogous sets for T are

I� � tin� : n ¥ 0u and J� � tjn� : n ¥ 0u (5.2.13)

where in� is the map Sn�1
� Ñ Dn

� and jn� is the map In� Ñ In�1
� . The analog

of (5.2.12) is the diagram

Sn�1
�

f� //

��

X

Dn
�

with f�|Sn � f , for which the pushout is the same as that of (5.2.12). Thus
the cofibrant objects are pointed CW complexes.

As in Definition 4.2.1, a Serre fibration is a map with the right lifting
property for all maps in (5.2.11) or (5.2.13).
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Example 5.2.14. A cofibrantly generated model structure on sim-
plicial sets. In Set∆ with the Quillen model structure of Definition 4.2.17,
a set of generating cofibrations is

I∆ �  
i∆n : n ¥ 0

(
where iDn is the map B∆n Ñ ∆n, (5.2.15)

the inclusion of the boundary of the standard n-simplex as in Definition 3.4.2.
Let the set of generating trivial cofibrations be

J∆ �  
j∆n,i : 0 ¤ i ¤ n

(
where j∆n,i is the map Λni Ñ ∆n, (5.2.16)

where Λni is the ith horn as in Definition 3.4.2.

Remark 5.2.17. The Strøm model structure on T op, which was intro-
duced in [Str72] and discussed in § 4.2, in which the weak equivalences are
actual homotopy equivalences, is known not to be cofibrantly generated. See
[Rap10, Remark 4.7] and [BR13] for further discussion.

Given a bicomplete homotopical category M (Definition 5.1.1 below), one
can ask when two classes of morphisms I and J could serve as the gener-
ating sets of cofibrations and trivial cofibrations for a cofibrantly generated
model structure on M. The domains of both I and J must be small as in
Definition 4.8.8. The following is proved as [Hir03, 11.2.9].

Proposition 5.2.18. The generating trivial cofibrations can be as-
sumed to be relative I-cell complexes. Let M be a cofibrantly generated
model category with a generating set I of cofibrations. If J is a generating
set of trivial cofibrations, then there is a bijection of it with a set rJ having
the same domains as J in which each map is a relative I-cell complex as in
Definition 4.8.18.

This is proved by using the small object argument Theorem 4.8.1 based on
I to factor the maps in J .

5.2B Transferring a model structure from one category to
another

The following definition and proposition are taken from [HKRS17, §2.1].

Definition 5.2.19. Right and left induced model structures. Let
pM,W,C,Fq define a model category as in Definition 4.1.1, and suppose
there are adjoint functors

K
V

K
//
M

L //

R
oo C

U

Koo

where the categories K and C are bicomplete. If they exist,
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 the right induced model structure on C is given by

pC, U�1
W, mpU�1pFXW qq, U�1

Fq

and
 the left induced model structure on K is given by

pK, V �1
W, V �1

C, pV �1pCXW qqmq.

We say that U makes fibrations and weak equivalences in C, they
are created by U and that they are lifted along the right adjoint U .
Similarly V makes cofibrations and weak equivalences in K, they are
created by V and they are lifted along the left adjoint V .

The Crans-Kan Transfer Theorem 5.2.27 is a classical example of a right
induced model structure. Left induced model structures are harder to come
by, but we will see eight of them in Corollary 9.3.17 below.
If the right induced model structure exists on C, then both of its weak

factorization systems are right induced from the weak factorization systems
on M of (4.1.2), i.e., the right classes are created by U . Similarly if the
left induced model structure exists on K, then both of its weak factorization
systems are left induced from the ones on M, i.e., left classes are created by
V .
The following is proved by Kathryn Hess, Magdalena Kedziorek, Emily

Riehl and Brooke Shipley as [HKRS17, Proposition 2.1.4].

Proposition 5.2.20. The acyclicity condition. Suppose we have a model
category M and adjunctions as in Definition 5.2.19, namely

K
V

K
//
M

L //

R
oo C,

U

Koo

and that the right (left) induced (from those of (4.1.2)) factorization systems
exist in C (K). Then

 the right induced model structure exists on C iff
mpU�1

Fq � U�1
W

and
 the left induced model structure exists on K iff

pV �1
Cqm � V �1

W.

Corollary 5.2.21. A left induced acyclicity condition. With hypotheses
as in Proposition 5.2.20, suppose in addition that each generating cofibration
in M is isomorphic to one in the image of V . Then pV �1

Cqm � V �1
W.
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Proof Suppose that p : X Ñ Y is a morphism K lying in pV �1
Cqm. This

means that for any morphism i : AÑ B for which V piq is a cofibration in M,
there is a lifting h in

A

i
��

// X

p

��
B

h

99sssssssssss // Y

We need to show that V ppq is a weak equivalence in M. It would be a trivial
fibration and hence a weak equivalence if we knew that it had the right lifting
property with respect to each generating cofibration in M. Since these are
all, up to isomorphism, in the image of V by assumption, we have the desired
right liftings.

Corollary 5.2.22. Factorization systems in retract categories. With
hypotheses as in Proposition 5.2.20, suppose in addition that C (K) is a full
reflective (coreflective) subcategory of M as in Definition 2.2.49, meaning that
the composite functor LU (RV ) is identity functor on C (K). Then the right
(left) induced factorization systems exist in C (K).

Proof In the left case, let f : X Ñ Y be a morphism in K, and let V pfq � pi

be either of the factorizations of its image in the model category M. Then in
K we have

f � RV pfq � Rppiq � RppqRpiq,
giving the desired factorization in K.

Corollary 5.2.23. A left induced model structure. With hypotheses as
in Proposition 5.2.20, suppose in addition that RV is the identity functor on
K and V R is naturally equivalent to the identity functor on M, making K and
M equivalent as categories. Then there is a left induced model structure on K
such that the left adjunction in Proposition 5.2.20 is a Quillen equivalence.

Proof Since RV is the identity functor, K has the desired factorization sys-
tems by Corollary 5.2.22. Since V R is naturally equivalent to the identity
functor, the set of generating cofibrations of M is isomorphic to a set in the
image of V . Thus we have the left acyclicity condition by Corollary 5.2.21.

In other words, the right (left) induced model structure exists in C (K) iff
the maps one would expect to be trivial cofibrations (trivial fibrations) really
are weak equivalences. In the right induced case one is asking for certain
“cofibrations” in C to behave nicely under the right adjoint U , and similarly
in the left induced case. In general there is no expectation that a right adjoint
should play nicely with cofibrations. This makes the condition difficult to
verify.
The authors of [HKRS17] discuss ways of verifying their acyclicity condition
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for a class of model categories they call accessible. These are not to be con-
fused with accessible categories as in Definition 4.8.12. Their accessible model
categories include cofibrantly generated ones, which we will now discuss.
The next result is proved by Hirschhorn in [Hir03, Theorem 11.3.1], where

he attributes it to Dan Kan. It is also is also proved as [DHK97, 8.1] and
as [Hov99, Theorem 2.1.19]. We will use both it and the Crans-Kan Transfer
Theorem 5.2.27 below repeatedly in this book.

Dwyer-Hirschhorn-Kan Recognition Theorem 5.2.24. Let M be a bi-
complete homotopical category (Definition 5.1.1 below), for which W is the
class of weak equivalences, with morphisms sets I and J such that:

(i) Both I and J permit the small object argument as in Definition 4.8.2,
meaning that both have small domains relative to themselves (Definition 4.8.18).

(ii) Every J -cofibration is an I-cofibration and a weak equivalence, that is

SatpJ q � SatpIq XW,

for SatpIq and SatpJ q as in Definition 4.8.13.
(iii) Every morphism with the right lifting property with respect to I also has it

with respect to J and is a weak equivalence, that is Im � J m XW.
(iv) One of the following two conditions holds:

(a) a weak equivalence that is an I-cofibration is also a J -cofibration, that
is SatpIq XW � CpJ q, or

(b) a weak equivalence having the right lifting property with respect to J
also has it with respect to I, that is J m XW � Im.

Then M has a cofibrantly generated model category structure with the speci-
fied weak equivalences for which I and J are the generating sets of cofibrations
and trivial cofibrations. In particular both conditions of (iv) hold.

There is an alternative formulation due to May and Ponto [MP12, Theo-
rem 15.2.3] which requires, in addition to the smallness condition of (i), that
J � W, the acyclicity condition and W X J m � Im, the compatibility
condition.

Definition 5.2.25. Transfer adjunctions. Let M be a cofibrantly generated
model category, let N be a bicomplete category and let

M
F

K
//
N

U
oo

be a pair of adjoint functors (§ 2.2). For cofibrant generating sets I and J
be of M, let FI � tFi : i P Iu and FJ � tFj : j P J u. Then the above is a
transfer adjunction, and pF,Uq is a transfer pair, if
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(i) both FI and FJ permit the small object argument (see Definition 4.8.2)
in N and

(ii) U takes relative FJ -cell complexes (Definition 4.8.18) in N to weak equiv-
alences in M.

One might call the above a right transfer adjunction, but we will make no
use of the dual notion.
The next result is an exercise for the reader.

Proposition 5.2.26. The product of transfer adjunctions is a transfer
adjunction. Suppose we have transfer adjunctions

Mi

Fi

K
//
Ni

Ui

oo for i � 1, 2

as in Definition 5.2.25. Then the product of Proposition 2.2.18,

M1 �M2

F1�F2

K
//
N2 �N2,

U1�U2

oo

is also a transfer adjunction.

The following is an example of a right induced model structure in the sense
of Definition 5.2.19 that will be used repeatedly in this book. It is proved by
Hirschhorn in [Hir03, Theorem 11.3.2], where he attributes it to Dan Kan. It
is very similar to [Cra95, Theorem 3.3] (which is cited as its source in [DHK97,
Lemma 9.1]), [Bla96, Theorem 4.14] and [SS00, Lemma 2.3], where some other
references are given.

Crans-Kan Transfer Theorem 5.2.27. Let

M
F

K
//
N

U
oo

be as in Definition 5.2.25. Then there is a cofibrantly generated model struc-
ture on N (the transferred model structure), for which fI and FJ are
cofibrant generating sets, and the weak equivalences and fibrations are re-
spectively the maps taken by U to weak equivalences and fibrations in M.
Furthermore, with respect to this model structure, pF,Uq is a Quillen pair as
in Definition 4.5.1.

This can be proved by showing that the indicated structure in N satisfies
the conditions of the Dwyer-Hirschhorn-Kan Recognition Theorem 5.2.24. A
more direct argument is given by David Blanc in [Bla96, Theorem 4.14]. We
say that U makes weak equivalences in N or that they are lifted along
the right adjoint U .
As noted in Remark 4.5.7, N could have other model structures for which

pF,Uq is again a Quillen pair.
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Remark 5.2.28. The hard part of using the Crans-Kan Transfer
Theorem 5.2.27. In practice the second of Crans and Kan’s two conditions,
which says that the right adjoint U takes trivial cofibrations in N to weak
equivalences in M, is the harder one to verify. It is an instance of the acyclicity
condition of Proposition 5.2.20.

Corollary 5.2.29. Fibrations in the transferred model structure. In
the situation of the Crans-Kan Transfer Theorem 5.2.27, the fibrations in N
are those maps whose images under U are fibrations in M, i.e., U makes
fibrations in N .

Proof This is a special case of Proposition 2.3.13. A map p : X Ñ Y in N is
a fibration iff it has the right lifting property with respect to Fj : FAÑ FB

for each map j : A Ñ B in J . In other words there is always a lifting in the
following diagram in N

FA //

Fj

��

X

p

��
FB //

88r
r

r
r

r
Y

Since F % U , this is equivalent to the existence of a lifting in the corresponding
diagram in M

A //

j

��

UX

Up

��
B //

88rrrrrr
UY.

This lifting exists for each j P J iff Up is a fibration in M.

Remark 5.2.30. Model structures on categories of algebras. In many
applications of the Crans-Kan Transfer Theorem 5.2.27, the category N is the
category of objects in M with some additional structure, U is the forgetful
functor and its left adjoint F sends an object in M to the appropriate sort
of free object generated by it. N could be the category MT of T -algebras
for a monad pT, η, µq (see Definition 2.2.40) on M where the functor T

preserves cofibrations and trivial cofibrations, making pF,Uq a Quillen pair
as explained in Proposition 4.5.12. Condition (ii) in the Crans-Kan Transfer
Theorem 5.2.27 means that if we have a pushout diagram in N ,

FA
Fj //

��

FB

��
X

f // Y,

where j : A Ñ B is a generating trivial cofibration in M (which means that
Fj is a trivial cofibration in N ), then f is a weak equivalence.
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Corollary 5.2.31. The case where M is bireflective in N . Let M be a
cofibrantly generated model category with generating sets I and J of cofibra-
tions and trivial cofibrations, let N be a bicomplete category and let

M
A

K
//
N

B
oo

be a pair of adjoint functors making M a bireflective subcategory of N as in
Definition 2.2.50. Then pA,Bq is a transfer pair as in Definition 5.2.25, so N
has a transferred model structure, making pA,Bq a Quillen pair. If in addition
AB is naturally isomorphic to the identity functor on N , then the adjunction
is a Quillen equivalence.

Proof For Definition 5.2.25(i), AI and AJ permit the small object argument
because BAI � I and BAJ � J do. Permitting the small object argument
has to do with colimits, and these are preserved by B (see Proposition 2.3.36)
since it is a left adjoint. For (ii), B takes relative AJ -cell complexes (Defi-
nition 4.8.18) to BAJ -cell complexes, which are J -cell complexes and hence
weak equivalences in M.
Now suppose that AB is is naturally isomorphic to the identity functor

on N , X is cofibrant in M, Y is fibrant in N , and f : AX Ñ Y is a weak
equivalence in N .

In the §5.4 we will study the functor category MJ for a cofibrantly gen-
erated model category M and a small category J . We will see that it has a
cofibrantly generated model structure defined in terms of the one on M. The
same goes forMK for a full subcategoryK of J . In §5.4C we will see thatMK

is a bireflective subcategory of MJ , so the two are related by an adjunction
as above. In this case the right category as well as the left one comes equipped
with a model structure, and Corollary 5.2.31 gives us a way to construct a
new model structure on it. The new structure has fewer cofibrations than the
old one, and we will refer to the former as a confinement of the latter.
We will use the following in §5.4D below to show that the composite ad-

junctions in (5.4.27) are transfer adjunctions.

Proposition 5.2.32. Certain composites of transfer adjunctions are
transfer adjunctions. Suppose we have cofibrantly generated model cat-
egories M and M1 with cofibrant generating sets pI,J q and pI 1,J 1q re-
spectively, a bicomplete category N , and transfer adjunctions as in Defini-
tion 5.2.25,

M
F1

K
//
M1

U1

oo and M1
F2

K
//
N .

U2

oo (5.2.33)

Assume additionally that
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(a) the morphism sets F2F1I and F2F1J (as well as F2I 1 and F2J 1) permit
the small object argument in N ;

(b) U1 sends weak equivalences in the given model structure on M1 to weak
equivalences in M; and either

(c 1) induced trivial cofibrations in M1 are trivial cofibrations in its given model
structure or

(c 2) M1 is a bireflective subcategory of N .

Then the composite adjunction of Proposition 2.2.19,

M
F2F1

K
//
N

U1U2

oo

is also a transfer adjunction.

Note that the requirement that the adjunction on the left of (5.2.33) be a
transfer adjunction does not involve the given model structure on M1. The
Crans-Kan Transfer Theorem 5.2.27 produces a right induced model structure
on M1 which may differ from the given one. The proposition leads to model
structures on N induced from the given ones on M and M1. The variants (c 1)
and (c 2) are satisfied in the clockwise and counterclockwise ways of going
around from the lower left to the upper right in the diagrams of (5.4.27),
(5.4.32) and (5.4.34) below.
Unlike earlier statements about composites of adjunctions (Proposition 2.2.19

and Proposition 4.5.22), this one requires additional hypotheses for the fol-
lowing reason. Requiring the second adjunction of (5.2.33) to be a transfer
adjunction with respect to the given model structure on M1 is not the same
as requiring it to be one with respect to the model structure on M1 induced
by the first adjunction. Even if we knew it was such a transfer, showing that
the composite adjunction is one would still be more than a formality.

Proof The smallness condition needed for the composite adjunction is as-
sumption (a).
For the second condition of Definition 5.2.25 in the composite adjunction,

we need to show that U1U2 sends a relative F2F1J -cell complex (Defini-
tion 4.8.18) f to a weak equivalence in M.
Assumption (c 1) implies that such a map are also a relative F2J 1-cell com-

plexes. Hence its image under U2 is a weak equivalence since pF2, U2q is a
transfer pair. Its image under U1U2 is then a weak equivalence by (b).
Assumption (c 2) implies that U2F2F1J is isomorphic to F1J , so U2F2F1J

is a set of weak equivalences in M. This means that U1U2 sends relative
F2F1J -complexes in N to weak equivalences in M1 as desired.

The following example of right induction (as in Definition 5.2.19) appears
not to be in the literature. It will be useful for us in Chapter 9. It gives us
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a way to add more cofibrations without altering the weak equivalences in a
cofibrantly generated model category M. We will refer to the given model
structure on M as the orginal model structure and call the new one the
enlarged model structure or the model structure enlarged by F . The
word “enlarged” here refers to the class of cofibrations, not that of weak
equivalences, which is unchanged, or that of fibrations, which becomes smaller.
It will be used to construct the model structure we need on the category of
G-spectra starting in (9.2.7) below.

Theorem 5.2.34. Enlarging the class of cofibrations in a cofibrantly
generated model category. Let M and M1 be cofibrantly generated model
categories with pairs of cofibrant generating sets pI,J q and pI 1,J 1q. Suppose
further that there is an adjunction (which need not be a Quillen adjunction)

M1
F

K
//
M

U
oo (5.2.35)

such that both FI 1 and FJ 1 permit the small object argument in M, U sends
relative FJ 1-complexes to weak equivalences in M1, and U preserves weak
equivalences. Thus pF,Uq is a transfer pair, a condition which does not involve
the model structure on M, with the additional requirment that U preserves
weak equivalences.

Consider the following composite adjunction, which we will refer to as the
enlarging adjunction.

pX,X 1q � // pX,FX 1q � // X > FX 1

M�M1
M�F

K
//
M�M

M�U
oo

>

K
//
M

∆
oo

pY, UY q pY, Y q�oo Y,
�oo

(5.2.36)

where the adjunction on the right is the coproduct diagonal adjunction of
Example 4.5.6(i).

Then the composite adjunction of (5.2.36) is a transfer adjunction as in
Definition 5.2.25, and there is a cofibrantly generated model structure on M
for which the above is a Quillen adjunction. It has the same weak equivalences
as the original one but more cofibrations and hence fewer fibrations. It has
cofibrant generating sets I Y FI 1 and J Y FJ 1.

The same holds if we replace the adjunction of (5.2.35) with a set of ad-
junctions having similar properties, all having the same M on the right but
possibly different M1s on the left, and modify (5.2.36) accordingly.

Remark 5.2.37. Not a Quillen adjunction. To repeat, the adjunction of
(5.2.35) need not be a Quillen adjunction. The theorem is of interest only
in the case when it is not. If it were, the new model structure on M would
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coincide with the old one since it would have the same weak equivalences and
cofibrations.

Since there are more enlarged cofibrations in M than original ones, there
are fewer enlarged fibrations. A morphism in M is an enlarged fibration iff it
is an original one and its image under U is a fibration in M1.

Proof The pair p>pM � F q, pM � Uq∆q is a transfer pair as in Defini-
tion 5.2.25, so M has a model structure for which a set of generating co-
fibrations is  

i1 > Fi2 : i1 P I, i2 P I 1
(
.

For the statement about enlarged weak equivalences, note that the right
adjoint sends a morphism f : Y Ñ Z in M to pf, Ufq in M �M1. If f is a
weak equivalence in the original module structure in M, then Uf is a weak
equivalence in M1 by assumption. It follows that pf, Ufq is a weak equivalence
in M �M1, so f is also weak equivalence in the enlarged model structure.
For the converse, an enlarged weak equivalence g maps to pg, Ugq so g must
be an original weak equivalence.
The statement about generating sets follows from Proposition 5.2.5.

5.3 Proper model categories

Now, as promised in §5.1C, we take up the study of proper model categories
as in Definition 5.1.14, which we repeat here.

Definition 5.3.1. Proper model categories again. A model category is
left proper if the pushout of any weak equivalence along a cofibration is again
a weak equivalence. In other words, given a pushout diagram

A
h //

f
��

B

g

��
C

k
// D

(5.3.2)

where h is a weak equivalence and f is a cofibration, k is also a weak equiva-
lence. There is a dual notion of right proper that involves fibrations and pull-
backs, and a model category with both properties is said to be simply proper.

When (5.3.2) is a pushout diagram, g is a cofibration whenever f is, without
any assumption on h or left properness. When it is a pullback diagram, f is
a fibration whenever g is one.
The right proper version of the following is proved by Bousfield in [Bou01,

Lemma 9.4].
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Proposition 5.3.3. Weaker conditions for right and left properness.
A model category is left proper as in Definition 5.3.1 if given a pushout diagram
(5.3.2) where h is a weak equivalence, f is a cofibration and A is cofibrant,
k is also a weak equivalence. It is right proper if given a pullback diagram
similar to (5.3.2) where k is a weak equivalence, g is a fibration and D is
fibrant, h is also a weak equivalence.

The following is proved by Hirschhorn as [Hir03, Corollary 13.1.3].

Proposition 5.3.4. A model category is left (right) proper if all ob-
jects in it are cofibrant (fibrant).

Corollary 5.3.5. The categories T and T op are right proper, and Set∆ and
its pointed analog are left proper.

The following is proved by Hirschhorn as [Hir03, Theorems 13.1.10 and
13.1.13].

Theorem 5.3.6. The categories T op, T , Set∆ and its pointed analog
are all proper.

5.4 The category of functors from a small category to a
cofibrantly generated model category

5.4A The projective and injective model structures on MJ

Let M be a model category and let J be a small category. We now consider
the functor category MJ , the category of J-shaped diagrams in M. For such
a diagram X we will denote its value on an object j of J by Xj , and similarly
for morphisms f : X Ñ Y of diagrams.
Functoriality means that each morphism θ : j Ñ j1 in J induces a morphism

Xθ : Xj Ñ Xj1 in M.

Collectively these define a structure map

εXj,j1 : Jpj, j1q �Xj Ñ Xj1 (5.4.1)

with suitable properties.
In order to define a model structure on MJ , we make the following.

Definition 5.4.2. A morphism f : X Ñ Y in MJ is

(i) A projective weak equivalence or strict weak equivalence if each fj
is a weak equivalence;

(ii) A projective fibration or strict fibration if each fj is a fibration;
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(iii) A projective cofibration if it has the left lifting property with respect to
strict trivial fibrations.

This is the projective model structure on MJ . In the injective model
structure a map f is a injective weak equivalence or cofibration if each fj is
one, and injective fibrations are defined in terms of right lifting properties.

The above use the word “injective” is unrelated to that of Definition 4.1.10,
and that of “projective ” is unrelated to its use in homological algebra. We will
make little use of the injective model structure in this book. This is another
instance of the lack of symmetry in the subject.

Definition 5.4.3. Cofibrant (fibrant) diagrams. For model category M
and a small category J , a projectively cofibrant (injectively fibrant)
diagram is an object in MJ which is cofibrant (fibrant) in the projective
(injective) model structure.

Proposition 5.4.4. Cofibrations and cofibrant objects in MJ . Let MJ

have the projective model structure as in Definition 5.4.2.

(i) For a cofibration i : AÑ B in MJ , each map ij : Aj Ñ Bj is a cofibration.
(ii) Each object Xj of a cofibrant diagram X in MJ is cofibrant in M.

Proof (i) The map i : AÑ B is a cofibration if it has the left lifting property
with respect to each trivial fibration p : X Ñ Y . Since trivial fibrations in
MJ are defined objectwise, this means that for each object j in J there is a
lifting in the diagram

Aj //

ij

��

Xj

pj

��
Bj //

99ssssss
Yj .

To show that ij is a cofibration, we need to know that every trivial fibration
q : W Ñ Z in M is the jth component of one in MJ . For this we can use
the constant diagram functor ∆ : MÑMJ of §2.3C. For any j, q is the jth
component of the trivial fibration ∆pqq.
(ii) A diagram A in MJ is cofibrant iff the map to it from constant �-valued

diagram is a cofibration. Cofibrations in MJ are defined in terms of the left
lifting property with respect to trivial fibrations, which are defined objectwise.
Thus the map � Ñ Xj must be a cofibration for each object j in J , so Aj
must be cofibrant in M as claimed.

However, the structure maps of (5.4.1) for a cofibrant diagram (in the pro-
jective model structure on MJ) need not be cofibrations, as the following
illustrates.
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Example 5.4.5. A cofibrant diagram whose structure maps are not
all cofibrations. Let K be a cofibrant object other than � in a pointed model
category M, and let j be an object in a small category J suchthat Jpj1, jq is
empty for all objects j1 distcint from j. Let X be a functor in MJ defined by

Xj1 �
"
K for j1 � j

� otherwise

The left lifting property that the map � Ñ X needs to have to be cofibration
need only be checked at the object j since the functor is trivial everwhere else.
Hence X is cofibrant in MJ because K is cofibrant in M. On the other hand,
for any object j1 � j for which the morphism set Jpj, j1q is nonempty, the
structure map

Jpj, j1q �Xj � Jpj, j1q �K
εX
j,j1 // Xj1 � �

is not a cofibration.

Remark 5.4.6. The insuffiency of objectwise cofibrancy. The necessary
cofibrancy condition of Proposition 5.4.4 is not sufficient in general for the
following reason. Let p : X Ñ Y be a trivial cofibration in MJ and let A be
a cofibrant object in MJ . Hence for each object j in J we need a lifting hj in
the diagram

� //

��

Xj

pj

��
Aj

fj

//

hj

99ssssss
Yj ,

where pj is a trivial fibration in M. In addition we must be able to assemble
such diagrams in M to a similar one in MJ . This means that the liftings hj,
like the maps fj and pj, must be compatible with the structure maps.

Similarly if i : AÑ B is a cofibration in MJ , then each map ij is necessarily
a cofibration, but this condition is not sufficient.

Strict maps are designated by the words “level” in [MMSS01], [MM02] and
[GM11], and “objectwise” in [Hir03]. We will use the words strict and ob-
jectwise interchangeably. In the simplicial case (meaning when M is Set∆),
the projective structure is also known as the Bousfield-Kan model struc-
ture since it was introduced in [BK72, XI.8]. The injective or Heller model
structure was introduced in [Hel88]. Both were shown by their original au-
thors to be proper and cofibrantly generated, and both are combinatorial,
as in Definition 4.8.11. The two are known to be Quillen equivalent, and in
the Bousfield-Kan (Heller) model structure every object is cofibrant (fibrant)
when the same is true in M.
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Example 5.4.7. The case where J is a finite groupoid. Groupoids were
studied in § 2.1E. There we saw (Proposition 2.1.33) that a finite groupoid
is made up of connected components, also known as orbits, each determined
up to isomorphism by its isotropy group (see Definition 2.1.29(iv)) and its
cardinality. Important examples for us are groupoids BTG associated with a
finite G-set T for a finite group G; see Definition 2.1.31.

For a model category M and a groupoid J , an object X in the functor
category MJ is a collection of objects Xj in M for each object j in J . When
j and j1 are in the same connectected component of j, then the functor X
gives is a family of isomorphisms Xj Ñ Xj1 related by a free transitive action
of the group Gj � Jpj, jq by precomposition and by a similar action of the
isomorphic group Gj1 by postcomposition. In particular, the Yoneda functor
H
j assigns the value ∅ to each j1 not in the connected component of j, and a

free transitive Gj-set to each j1 in its connected component.
Cofibrations in MJ with its projective model structure (Definition 5.4.2)

have the following description. Choose an object t in each connected component
of J . Then a cofibration i : X Ñ Y is determined by an arbitrary collection
of cofibrations it : Xt Ñ Yt for each such t. The maps ij for other j P J
are uniquely determined by this data. The same goes for fibrations and weak
equivalences in MJ . It follows that the projective and injective model
structures are the same.

We will discuss this further in §5.5E below.

5.4B Cofibrant generation in functor categories
Definition 5.4.8. Generating cofibrations and trivial cofibrations in
MJ . Let M be a cofibrantly generated model category with generating sets I
and J . For each object j in J as above, let Hj in SetJ be the Yoneda functor
of Yoneda Lemma 2.2.10, namely the functor defined by Hjpkq � Jpj, kq.
Define morphism sets in MJ by

F JI :�
!
H
j b f : f P I, j P J

)
and F JJ :�

!
H
j b f : f P J , j P J

)
(the meaning of b will be explained in Remark 5.4.9 below) where for a
morphism f : AÑ B in M

pHj b fqk �
º
Jpj,kq

f,

the disjoint union indexed by the set Jpj, kq of copies of f . (We are using the
fact that the cocomplete category M is tensored (see Definition 3.1.31) over



5.4 The category of functors to a model category 345

Set.) A morphism λ : k Ñ ` in J induces the morphism

λ� :
º
Jpj,kq

f Ñ
º
Jpj,`q

f

that sends the copy of f in the source corresponding to κ P Jpj, kq to the one
in the target corresponding to λκ P Jpj, `q.
Remark 5.4.9. Left and right tensor products. Here we are tensoring
objects and morphisms in M on the left with the Set-valued Yoneda functor
H
j, using the fact that M is tensored over Set as in Definition 3.1.31. In

§ 5.6 below we will consider enriched functors J Ñ N where J and N are
both enriched over a symmetric monoidal model category M, to be defined in
Definition 5.5.9. With additional assumptions on J , such functors are known
as spectra (see §7.2), which are the subject of stable homotopy theory. Given
such a functor X and an object M in M, we will write their tensor product
on the other side as M ^ X rather than X bM . See Proposition 7.2.49
below.

The following is proved as [Hir03, Theorem 11.6.1], where the term level
model structure is used.

Theorem 5.4.10. The projective model structure on MJ for a small
category J and cofibrantly generated model category M. The pro-
jective model structure on MJ of Definition 5.4.2 is proper (Definition 5.3.1
below) if M is, and cofibrantly generated with generating sets F JI and F JJ
of Definition 5.4.8. Its weak equivalences (fibrations) are strict weak equiva-
lences (fibrations). Its cofibrations are retracts of transfinite compositions of
pushouts of elements of F JI.

Corollary 5.4.11. Some cofibrant objects in MJ . For any cofibrant
object K in M and any object j in J , the object Hj bK is cofibrant in MJ .

Using Theorem 5.3.6 we have

Corollary 5.4.12. The projective model structure on MJ for a small
category J is proper when M is T op, T , Set∆ or its pointed analog.

The enriched analogs of Theorem 5.4.10 and Corollary 5.4.11 are Theo-
rem 5.6.26 and Corollary 5.6.27 below.
Here is a sketch of Hirschhorn’s proof. He compares MJ with M |J|, where

|J | is the discrete category associated with J as in Definition 2.1.7, that is
the category having the same objects as J but only identity morphisms. The
category M |J| is simply the product of copies of M indexed by the object set
of J . The model structure of M |J| is straightforward; a morphism in it is a
fibration, cofibration or weak equivalence iff it is a strict fibration, cofibra-
tion or weak equivalence. There is a forgetful functor U � u� : MJ ÑM |J|
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induced by the inclusion functor u : |J | Ñ J . It sends a functor X in MJ to
its collection of values Xj on the objects j of J .

In [Hir03, Definition 11.5.27] he constructs a left adjoint functor

F J � u! : M|J| ÑMJ

to U and shows that it satisfies the hypotheses of the Crans-Kan
Transfer Theorem 5.2.27. For an object X in M|J|, for each object k in J
we have

pu!Xqk �
º
jPJ

Jpj, kq �Xj , so u!X �
º
jPJ

H
j �Xj .

The resulting generating sets of morphisms inMJ are those of Definition 5.4.8.
Given an object X in M|J|, meaning a collection of objects in M indexed by
the set of objects in J , consider the diagram

|J | X //

u
%%JJ

JJJ
JJJ

JJJ
M

J

LanuX

99ttttttttttt

where as usual LanuX denotes the left Kan extension of X along u. Then
u!X � LanuX, the left adjoint of the precomposition functor U � u�; see
Proposition 2.5.4. We will refer to the Quillen adjunction

M|J|
FJ�u!

K
//
MJ

U�u�
oo (5.4.13)

as the Hirschhorn adjunction. For each object j in J , the composition of
U with the projection functor pj : M|J| Ñ M (the precomposition functor
induced by the inclusion of the one object discrete category into |J | corre-
sponding to j) is the evaluation map Evj of Definition 2.2.37.
Theorem 5.4.10 can be generalized in two ways:

(i) The injective model structure on MJ for a combinatorial model cate-
gory M (defined below in Definition 4.8.11) has weak equivalences and co-
fibrations (instead of fibrations) defined strictly. This is discussed in [Lur09,
§A.2.8 and §A.3.3]. The two structures are Quillen equivalent since they
have the same weak equivalences.

(ii) We can assume that both J and M are enriched over a closed symmetric
monoidal category V � pV0,b,1q. This is discussed in [BDS16, §6.2]. We
will take it up in §5.6 below. In particular the enriched analogs of Theo-
rem 5.4.10 and Theorem 5.4.21 are Theorem 5.6.26 and Theorem 5.6.38.

Example 5.4.14. The projective model structure on the category
of pushout diagrams. Let J be the pushout category taÐ bÑ cu as in
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Example 4.4.1, and let M be as in Theorem 5.4.10. Then MJ is the category
of pushout diagrams in M. We denote a typical object X in this category by

Xa Xb
αXoo βX // Xc,

and a typical morphism g : X Ñ Y by

Xa

ga

��

Xb
αXoo βX //

gb

��

Xc

gc

��
Ya Yb

αYoo βY // Yc.

Then g is a weak equivalence or fibration if each of ga, gb and gc is one.
The three Yoneda functors J Ñ Set are given by

H
apjq �

" � for j � a

∅ for j � a

H
bpjq � � for all j

H
cpjq �

" � for j � c

∅ for j � c

It follows that for each g : A Ñ B in I or J , we get three generating
cofibrations or trivial cofibrations in MJ , namely

A

g
��

∅oo //

��

∅,

��

A

g
��

A

g
��

A

g
��

and ∅

��

∅oo //

��

A

g
��

B ∅oo // ∅ B B B ∅ ∅oo // B.

Note that if A and B are cofibrant (as is the case with T op), then in each of
the above diagrams the horizontal maps are cofibrations. Thus we can conclude
that if the domains of I and J are cofibrant, then a cofibrant object X in MJ

must not only be objectwise cofibrant, its maps must be cofibrations as
well. The bottom row of (4.4.2) does not meet this requirement, so it is not a
cofibrant object in T opJ , as noted in Example 4.4.1.

Example 5.4.15. The projective model structure on MG. Let G be a
group, and let M be as in Theorem 5.4.10. Then MG, the category of objects
in M with G-action, is the category of M-valued functors on the one object
category J associated with G, as explained in Example 2.3.35 (iii). Therefore
it has a projective model structure with generating sets as in Definition 5.4.8.
The Yoneda functor (Yoneda Lemma 2.2.10) Hj for the unique object j of
J is the free G-set G. It follows that the generating sets for the projective
model structure on MG are GbI and GbJ , where b denotes the categorical
product in M. We call this the underlying model structure on MG since
a morphism in it is a weak equivalence if the underlying morphism in M is
one. There are other model structures on MG that we will study below in §8.6.
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Example 5.4.16. The walking arrow category. Let J be the walking
arrow category 2 of Definition 2.1.6, let K � |J | be the discrete category (as
in Definition 2.1.7) with two objects, and let α : K Ñ J be the functor that
is an isomorphism on object sets. Then MK �M�M and MJ �M1, the
arrow category of Definition 2.1.51(v), whose objects are morphisms in M.
Then the functor α� sends a object f : X Ñ Y in MJ (morphism in M) to
the object pX,Y q in M �M. The left Kan extension α! sends pX,Y q to the
morphism X Ñ X >Y and the right Kan extension α� sends it to X�Y Ñ Y .

An object pX,Y q in MK is cofibrant iff X and Y are each cofibrant in M.
An object f : X Ñ Y in MK is cofibrant iff X and Y are each cofibrant in
M and f is a cofibration. Thus the left adjoint α! sends pX,Y q to the map
X Ñ X > Y , which is a cofibration, so α! preserves cofibrant objects. The
right adjoint α� sends pX,Y q to the map X � Y Ñ Y , which need not be a
cofibration, so α� does not preserve cofibrant objects.

Objects pX,Y q in MK and f : X Ñ Y in MK are fibrant iff X and Y

are each fibrant in M. In the latter case there is no condition on f since we
are using the projective model structure. The left adjoint α! may not preserve
fibrant objects since the coproduct of fibrant objects need not be fibrant. The
right adjoint α� does preserve fibrant objects since the product of fibrant objects
is fibrant.

In the following M is assumed to be pointed for convenience, but this
hypothesis is not essential.

Proposition 5.4.17. The projective model structure for the coprod-
uct of two indexing categories. Let M be a pointed cofibrantly generated
model category with generating sets I and J , and let J and K be small cat-
egories. Consider the projective models structures as in Definition 5.4.2 on
MJ , MK and MJ>K for J > K as in Definition 2.1.5. The last of these is
isomorphic as a category to the product (as in Definition 4.1.16 and Proposi-
tion 5.2.5) of the first two. Then the projective model structure on MJ>K is
isomorphic to the product (as in Proposition 5.2.5) of those on MJ and MK .

Proof In MJ>K a map f : X Ñ Y is a weak equivalence or a fibration iff fj
is one for each j P J and fk is one for each k P K.
For j P J , the Yoneda functor Hj is defined by

pHjq` � pJ > Kqpj, `q �
"
Jpj, `q for ` P J
∅ for ` P K,

and Hk for k P K is similarly defined. It follows that for i P I and j P J ,�
H
j b i

	
`
�

"
Jpj, `q b i for ` P J
� for ` P K,

and similarly for Hk b i for k P K.
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It follows that the cofibrant generating sets for the projective model struc-
ture on MJ>K are the same as those for the product of the projective model
structures on MJ and MK . A projective weak equivalence on MJ>K is the
same as the product of projective weak equivalences on MJ and MK .

The next two statements, Proposition 5.4.18 and Corollary 5.4.20, have dual
analogs involving the injective model structure which we leave to the reader.

Proposition 5.4.18. Quillen adjunctions between projective model
structures. Let M be a model category and let α : K Ñ J be a functor
between small categories K and J . Let the functor categories MK and MJ

have the projective model structures of Theorem 5.4.10. Then the functors α� :

MJ Ñ MK and α! : MK Ñ MJ given respectively by precomposition with
α and left Kan extension, form a Quillen pair pα!, α

�q as in Definition 4.5.1
between the projective model structures on MK and MJ of Definition 5.4.2.

We will give an enriched analog of the above in Proposition 5.6.29.

Proof The functor α! is the left adjoint of α� by Proposition 3.2.37. To show
that we have a Quillen adjunction it suffices by Proposition 4.5.12 (iii) to
show that the right adjoint α� preserves fibrations and trivial fibrations. This
follows immediately from Definition 5.4.2.

Remark 5.4.19. The right Kan extension. In the situation of Proposi-
tion 5.4.18, the functor α� also has a right adjoint α� given by right Kan
extension. A similar argument shows that pα�, α�q is a Quillen pair relat-
ing MK and MJ with their injective model structures. However it is not a
Quillen pair with respect to the projective model structures, as Example 5.4.16
illustrates.

Corollary 5.4.20. The colimit as a left Quillen functor. For a model
category M and a small category J , the functors

colim
J

: MJ
K

//
M : ∆oo

form a Quillen pair relating the model categories MJ (with the projective
model structure) and M.

Dually, there is a Quillen adjunction

∆ % lim
J

involving the injective model structure on MJ .

Proof We apply Proposition 5.4.18 to the functor α : J Ñ �, where � is the
trivial category and α sends each object of J to the single object of �. This
means that M� �M and α� : MÑMJ is the constant diagram or diagonal
functor ∆ of §2.3C. Its left adjoint α! : MJ Ñ M is the colimit functor by
Proposition 2.3.24.
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5.4C Confinement or right induction from subcategories of J
The following will be needed in Chapter 7 and Chapter 9 below to construct
positive model structures on categories of spectra. We will sometimes refer to
the new model structure on the functor category MJ as a confinement of
the original one, since it has fewer cofibrations than before.

Theorem 5.4.21. Confined model structures on MJ right induced
from subcategories of J . Let M be a cofibrantly generated model category
with generating sets I and J , and let α : K Ñ J be a fully faithful functor
(as in Definition 2.1.12) between small categories. In particular, K could be
a full subcategory of J . Then

(i) The functors pα!, α
�q form a transfer pair as in Definition 5.2.25, so the

projective model structure on MK induces a model structure on MJ as in
the Crans-Kan Transfer Theorem 5.2.27, and

(ii) the sets ¤
kPobK

H
αpkqI and

¤
kPobK

H
αpkqJ

are cofibrant generating sets for the induced model structure on MJ .
(iii) Furthermore, with respect to this model structure on MJ , pα!, α

�q is a
Quillen equivalence as in Definition 4.5.14.

An enriched analog of this is Theorem 5.6.38 below.

Proof (i) Recall that Proposition 2.5.15 deals with left Kan extensions along
fully faithful functors such as α. It says that MK is a retract of MJ , so
Corollary 5.2.31 implies that α!, α

� is a transfer adjunction.
(ii) By the Crans-Kan Transfer Theorem 5.2.27 it suffices to show that the

indicated generating sets are the images under α! of the generating sets of
Theorem 5.4.10 for the projective model structure on MK , namely¤

kPobK

H
kI and

¤
kPobK

H
kJ .

For each object k of K we have the diagram

K
H

k

//

α ��;
;;

;;
;;

M

J.
α!H

k

@@�
�

�
�

Recall that α! is the left adjoint of the precomposition functor α� by defi-
nition. Thus for k P K and any Y PMJ we have

MJpα!H
k, Y q �MKpHk, α�Y q � pα�Y qk � Yαpkq �MJpHαpkq, Y q,

so α!H
k � Hαpkq as desired.



5.4 The category of functors to a model category 351

(iii) The adjunction is a Quillen equivalence by Corollary 5.2.31.

Remark 5.4.22. The positive stable model structure in [MMSS01,
§14]. That reference is concerned with the case where J is the natural numbers
and nondecreasing maps, and K is the set of positive integers. In [MMSS01,
Theorem 14.1] they say that a cofibration in the positive model structure must
be a homeomophism in degree 0. Their situation is simpler than ours since in
their case there are no maps from objects in K to objects in J not in K. The
case of the ordinary Mandell-May category J is similar, but the equivariant
Mandell-May category JG is not.

Remark 5.4.23. Comparing the confined and projective model struc-
tures on MJ . In the model structure on MJ induced from that on MK , a
map f is a fibration or a weak equivalence iff fj is one for each object j of
J in the image of α. In the projective model structure on MJ a map f is
a fibration or a weak equivalence iff fj is one for all objects j of J . This
weaker condition in the induced case means there are more fibrations and weak
equivalences than in the projective model structure.

Hence there are fewer cofibrations and trivial cofibrations because they are
required to have the left lifting property with respect to more morphisms. This
also follows from the fact that the cofibrant generating sets in the induced
structure are smaller than those in the projective one.

Theorem 5.4.21 gives us a distinct model structure on the diagram category
MJ for each full subcategory of the small category J . In the extreme case
when the subcategory of J is empty, all maps in MJ are fibrations and weak
equivalences, and the only cofibrations, trivial or otherwise, are isomorphisms.
This is one of the two maximal model structures of Example 4.1.18.

Proposition 5.4.24. Cofibrant approximations in the confined model
structure. With notation as in Theorem 5.4.21, let A be a projectively cofi-
brant object in MJ . For a fully faithful functor α : K Ñ J , define a functor
QαA in MJ by the coend (see Definition 2.4.5)

pQαAqj �
»
kPK

Jpαpkq, jq �Aαpkq

with the evident structure maps. Equivalently,

QαA � α!α
�pAq.

Let qα : QαA Ñ A be the counit εA of the adjunction α! % α� as in Defini-
tion 2.2.20. Then it is a cofibrant approximation to A in the confined model
structure on MJ .

Proof First we need to show that qα is a weak equivalence in the confined
model structure. By definition this holds if

α�qα � α�α!α
� : α�QαAÑ α�A
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is a weak equivalence in the projective model structure for MK . By Propo-
sition 2.5.15, the functor α�α! is naturally equivalent to the identity functor,
so α�QαA is naturally isomorphic to, and hence weakly equivalent to α�A.
Next we need to show that QαA � α!α

�A is cofibrant in the confined model
structure on MJ . Since the left adjoint α! sends projectively cofibrant objects
in MK to confined cofibrant objects in MJ , it suffices to show that α�A is
cofibrant.
For this we will show that pα�, α�q is a Quillen adjunction between the

projective model structures on MJ and MK , by showing that α� preserves
fibrations and trivial fibrations. For a functor X in MK , we know by (2.5.12)
that for each j in J ,

α�pXqj �
» kPK

X
Jpj,αpkqq
k . (5.4.25)

For a fibration or trivial fibration p : X Ñ Y in MK , each induced map
pk : Xk Ñ Yk is a fibration or trivial fibration in M, as is the map pJpj,αpkqqk ,
being the product fibrations or trivial fibrations. It follows that he same is
true of the map of ends α�ppq. Thus α� is a right Quillen functor, so α� is
a left Quillen functor. This means that α�A and hence QαA � α!α

�A are
cofibrant as required.

5.4D The relation between confinement and enlargement of
model structures

Now we will discuss the relation between confinement as in Theorem 5.4.21
and enlargement as in Theorem 5.2.34.

Theorem 5.4.26. Confinement and enlargement. Let L, L1, M, and
M1 be cofibrantly generated model categories. Suppose we have a commutative
diagram

M�M1

M
²
F

K
//

B�B1

��

M
M�U

oo

B

��
L� L1

L
²
E

K
//

A�A1 %

OO

L
L�V

oo

A %

OO

(5.4.27)

where pF,Uq, pE, V q, pA,Bq and pA1, B1q are transfer adjunctions (as in Def-
inition 5.2.25) in which each right adjoint preserves weak equivalences in the
given model structure on the category on the right, L (L1) is a bireflective
subcategory of M (M1) as in Definition 2.2.50, and the functors A and A1
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preserve trivial cofibrations. Suppose that the images of the cofibrant generat-
ing sets of L� L1 in M permit the small object argument there.

Then the two composite adjunctions between the lower left and upper right
corners in the diagram are also transfer adjunctions. Starting with the given
model structures in M, M1, L and L1, we get three more model structures
on M transferred from those on the three other categories in the diagram.
The top horizontal adjunction gives the enlarged model structure, the right
vertical adjunction the confined model structure, and the composite adjunction
gives what could be called the enlarged confined or the confined enlarged
model structure. Only the last of these depends on the choice of L1 and its
adjunctions.

Note that the top adjunction in (5.4.27) is the enlarging adjunction of The-
orem 5.2.34, while the one on the right is a generalization of the one in The-
orem 5.4.21. Given these two adjunctions, one might want to choose L1 and
its adjunctions so as to make the diagram a pullback in some sense, like the
one in (5.4.34) below. We leave such a formulation to the future.
Note also that the adjunctions in the diagram are not assumed to be Quillen

adjunctions. The transfer adjunction hypothesis depends on the model struc-
ture on the domain of the left adjoint, making no reference to the one on the
codomain.

Proof It is easy to check that the horizontal adjunctions are transfer adjunc-
tions. It follows from Proposition 5.2.26 that the left vertical adjunction is is
one as well.
In the left vertical adjunction, the lower category is a bireflective subcate-

gory (as in Definition 2.2.50) of the upper one by Proposition 2.2.51.
We will show that the hypotheses of Proposition 5.2.32 are met for each

of the composite adjunctions. The first of them, the smallness condition, is
met by assumption. For the second, note that B � B1 and L � V preserve
given weak equivalences because B, B1 and V each do. The functor A � A1

preserves trivial cofibrations, so (c 1) is satisfied by the clockwise composite of
left adjoints. In the counterclockwise case (c 2) is satisfied.

Example 5.4.28. A trivial choice of L1 leading to an uninteresting
enlarged confined model structure on M. Assuming that M and M1

in Theorem 5.4.26 are pointed, L1 could be the trivial pointed category with
a single object and a single morphism. Then the adjunctions of pA1, B1q and
pE, V q would lead to model structures on L and M1 in which all morphisms
are trivial fibrations and all cofibrations are isomorphisms. Thus the resulting
class of cofibrations in M would be minimal (isomorphisms only) while those
of weak equivalences and fibrations would be maximal, meaning all maps.

Corollary 5.4.29. Four model structures on M. With notation as in
Theorem 5.4.26, denote the enlarged, confined and enlarged confined model
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structures on M by Menla, Mconf , and Menco. Then the diagram of (5.4.27)
can be expanded to

Menla %

//

��

&&MM
MMM

MMM
M Moo

��

{{ww
ww
ww
ww

M�M1

ffMMMMMMMMM
%

M
²
F

% //

B�B1

��

M
M�U
oo

;;wwwwwwww

%

B

��
L� L1

L
²
E

% //

A�A1 %

OO

xxrrr
rrr

rrr
r

%

L
L�V
oo

A %

OO

##G
GG

GG
GG

GG
%

Menco %

//

%

OO

88rrrrrrrrrr
Mconfoo

%

OO

ccGGGGGGGGG

(5.4.30)

where the horizontal and vertical arrows on the outer square and the upper
right diagonal arrows are all identity functors, and the other diagonal left
(right) adjoints are such that the diagram of left (right) adjoints commutes.
The diagonal and outer adjunctions are Quillen pairs, but the inner ones are
not.

Note that none of the left adjoints in the inner square of (5.4.30) is the
composite of other left adjoints in the diagram that are left Quillen functors,
so Proposition 4.5.22 does not imply that any of the inner left adjoints are
left Quillen functors. The same goes for right adjoints.
Note also the reversal of direction of the outer horizontal left adjoints from

the inner ones. Categorically the outer functors are both left and right adjoints
since they are all identity functors, but only the ones indicated as left (right)
adjoints preserve cofibrations (fibrations).

Corollary 5.4.31. Confinement and enlargement for functor cate-
gories. Let M, M1 and M2 be cofibrantly generated model categories and let
α : K Ñ J be a fully faithful functor between small categories. Suppose we
have a commutative diagram of the form

MJ �M1

MJ ² F

K
//

α��B

��

MJ

MJ�U

oo

α�

��
MK �M2

MK ²
E

K
//

α!�A %

OO

MK

MK�V

oo

α! %

OO

(5.4.32)

where pF,Uq, pE, V q and pA,Bq are transfer adjunctions (as in Definition 5.2.25)
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in which U and V preserve weak equivalences, and M2 is a bireflective sub-
category of M1 as in Definition 2.2.50.

Then the two composite adjunctions in the diagram are also transfer ad-
junctions. Starting with the projective model structures in MJ and MK , and
the given ones on M1 and M2, we get three more model structures on MJ

transferred from those on the three other categories in the diagram. The top
horizontal adjunction gives the enlarged model structure, the right vertical
adjunction the confined model structure, and the composite adjunction gives
what could be called the enlarged confined or the confined enlarged model
structure. The last of these depends on the choice of M2 and its adjunctions.

Proof Note thatMK is a bireflective subcategory ofMJ by Proposition 2.5.15,
and pα!, α

�q is a transfer adjunction by Theorem 5.4.21. This makes the
present situation a special case of Theorem 5.4.26.

We do not have an abstract description of the optimal choice of L1 in terms
of the other categories in Theorem 5.4.26, but we do have a good one in the
following case.

Example 5.4.33. Application to G-spectra. Let

M � T G, J � JG and K � J
�
G;

MJ � rJG, T Gs � SpG

MK � rJ�
G, T

Gs �: SpG�
M1 �

¹
H�G

rJH , T H s �
¹
H�G

SpH

M2 �
¹
H�G

rJ�
H , T

H s �:
¹
H�G

SpH� ,

Here Sp� denotes the category of positively indexed spectra. (See Chapter 9
below for more discussion of these categories.) Hence (5.4.27) reads

¹
H�G

SpH

�
G


H
p�q

K
//

±
α�

��

SpG±
iGH

oo

α�

��¹
H�G

SpH�

�
G


H
p�q

K
//

±
α! %

OO

SpG�.±
iGH

oo

α! %

OO

(5.4.34)

Here each category in the lower row is a bireflective subcategory of the one
above it. Each right adjoint functor preserves weak equivalences.

The resulting four model structures on SpG are the ones on the left in
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Figure 7.1 and the four unstable ones listed in Theorem 9.2.13, where cofibrant
generating sets are indicated for each of them.

5.5 Monoidal model categories

A monoidal model category is more than simply a model category as in Defi-
nition 4.1.1 equipped with a closed monoidal structure as in def-closed-SMC.
We need the monoidal structure to mesh with the model structure in certain
ways.
A closed symmetric monoidal structure is a special case of a two variable

adjunction as in Definition 2.6.26. Just as Quillen adjunctions as in Defini-
tion 4.5.1 are the right adjunctions to use in model category theory, we will
define a two variable Quillen adjunction in Definition 5.5.3. It is a functor
C � D Ñ E , for model categories C, D and E , in which the pushout product
of cofibrations in C and D is a cofibration in E , which is trivial if either of
its factors is. Such adjunctions and related constructions are the subject of
§5.5A.
This sets the stage for the definition of a monoidal model category, which we

call a Quillen ring, and related notions in §5.5B. A Quillen ring is required
to satisfy the pushout product and unit axioms stated in Definition 5.5.9.
The unit axiom is only needed in the case where the unit object fails to be
cofibrant. While it is cofibrant in the most familiar examples (see Proposi-
tion 5.5.13), we will need a model structure on the category of spectra in
which it is not. See Remark 5.5.11.
In §5.5C we will consider additional axioms that a Quillen ring M might

satisfy. They are designed to insure that certain additional categories associ-
ated with M are again model categories and possibly Quillen rings.
The first of these is the Schwede-Shipley monoid axiom of Defini-

tion 5.5.22. It says that certain morphisms in M that one would expect to
be weak equivalences really are weak equivalences. In Theorem 5.5.25 we see
that the categories of suitably defined modules or algebras over a monoid R
in M have their own model structures. Schwede and Shipley prove this in
each case by showing that a certain adjunction is a transfer adjunction as in
Definition 5.2.25, so the Crans-Kan Transfer Theorem 5.2.27 can be used to
give a model structure on the new category.
Next we have the White commutative monoid axiom of Definition 5.5.26.

It is relevant to the existence of a model structure on the category of com-
mutative monoids in a Quillen ring M; see Theorem 5.5.27. The proof of this
theorem is not difficult, but verifying its hypotheses in the case of orthogonal
G-spectra is. We take up this problem in Chapter 10.
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In §5.5D we study the arrow category of a compactly generated Quillen
ring. The results there will be needed in §10.3.

5.5A Quillen bifunctors
The definitions in this subsection are taken from [Hov99, §4.2], where Hovey
attributes them to Jeff Smith.
Before defining monoidal model categories (in Definition 5.5.9 below), we

will state a result about monoidal categories that might be model categories.
In §9.2 we will use the Dwyer-Hirschhorn-Kan Recognition Theorem 5.2.24 to
show that the category of G-spectra, which is known to be closed symmetric
monoidal, has a cofibrantly generated model structure defined in terms of
certain generating sets I and J .
Recall that a set of morphisms I in a category C generates a set of cofib-

rations cofibpIq defined in terms of lifting properties in Definition 5.2.1. The
following is proved in [Hov99, Lemma 4.2.4].

Lemma 5.5.1. Pushout corners of cofibrations. Suppose

b : C1 � C2 Ñ C

is a two variable adjunction (see Definition 2.6.26), and that I 1, I2 and I
are sets of maps in the three categories. Suppose as well that I 1l I2 � I; see
Definition 2.6.12. Then

cofibpI 1ql cofibpI2q � cofibpIq.
The special case where the three categories and the three collections of

maps are the same yields the following.

Corollary 5.5.2. Pushout corner maps in closed monoidal categories.
Let I be a set of maps in a closed monoidal category pC,b,1q (Defini-
tion 2.6.33). Then

cofibpIql cofibpIq � cofibpIq.
Now we have a variation on Definition 2.6.26, which is taken from [Hov99,

Definition 4.2.1].

Definition 5.5.3. For model categories C, D and E, a two variable adjunction
p^,Hom`,Homr, ϕ`, ϕrq as in Definition 2.6.26 is a two variable Quillen
adjunction if for each pair of cofibrations f : C1 Ñ C2 in C and g : D1 Ñ D2

in D, the pushout corner map (see Definition 2.6.12) f l g is a cofibration in
E which is trivial if either f or g is trivial. The functor ^ here is said to be
a Quillen bifunctor.

The pushout corner condition above is simplified by the following, which is
proved by Hovey as [Hov99, Corollary 4.2.5].
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Proposition 5.5.4. Cofibrant generating sets and Quillen bifunctors.
Suppose we have model categories C, D and E with a two variable adjunction as
in Definition 2.6.26. Suppose further that C and D are cofibrantly generated
with generating sets pI,J q and pI 1,J 1q respectively. Then ^ is a Quillen
bifunctor if and only if I l I 1 consists of cofibrations and both I l J 1 in E
and J l I 1 consist of trivial cofibrations in E.

The following is [Hov99, Lemma 4.2.2] and its proof is an exercise for the
reader. The maps D3pi, pq and C3pj, pq are instances of the lifting test map
of Definition 2.3.14.

Lemma 5.5.5. Quillen bifunctors and lifting test maps. For model
categories C, D and E, let

p^,Hom`,Homr, ϕ`, ϕrq
be a two variable adjunction as in Definition 2.6.26. Then the following are
equivalent:

(i) ^ is a Quillen bifunctor.
(ii) Given a cofibration i : A Ñ B in C and a fibration p : X Ñ Y in E, the

induced map

D3pi, pq : Hom`pB,Xq Ñ Hom`pB, Y q �
Hom`pA,Y q

Hom`pA,Xq

is a fibration in D which is trivial if either i or p is trivial.
(iii) Given a cofibration j : A1 Ñ B1 in D and a fibration p : X Ñ Y in E, the

induced map

C3pj, pq : HomrpB1, Xq Ñ HomrpB1, Y q �
HomrpA1,Y q

HomrpA1, Xq

is a fibration in C which is trivial if either j or p is trivial.

Corollary 5.5.6. Special cases of lifting test maps. For model categories
C, D and E, let

p^,Hom`,Homr, ϕ`, ϕrq
be a two variable Quillen adjunction as in Definition 5.5.3. Then

(i) Given a cofibrant object B in C and a fibration p : X Ñ Y in E, the induced
map

p� : Hom`pB,Xq Ñ Hom`pB, Y q
is a fibration which is trivial when p is trivial.

(ii) Given a cofibrant object B1 in D and a fibration p : X Ñ Y in E, the
induced map

p� : HomrpB1, Xq Ñ Hom`pB1, Y q
is a fibration which is trivial when p is trivial.
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(iii) Given a cofibration i : AÑ B in C and a fibrant object X in E, the induced
map

i� : Hom`pB,Xq Ñ Hom`pA,Xq

is a fibration in D which is trivial if i is trivial.
(iv) Given a cofibration j : A1 Ñ B1 in D and a fibrant object X in E, the

induced map

j� : HomrpB1, Xq Ñ HomrpA1, Xq

is a fibration in D which is trivial if j is trivial.

Proof The first two statements are the second and third parts of Lemma 5.5.5
for A � ∅ and A1 � ∅ by Proposition 2.3.18(i). The second two statements are
the second and third parts of Lemma 5.5.5 for Y � � by Proposition 2.3.18(ii).

Corollary 5.5.7. Cofibrant generating sets in two variable adjunc-
tions. Suppose b : C � D Ñ E is a two variable adjunction between model
categories. Suppose also that C and D are cofibrantly generated, with gener-
ating cofibrations I and I 1 respectively, and generating trivial cofibrations J
and J 1 respectively. Then b is a Quillen bifunctor if and only if IlI 1 consists
of cofibrations and both I lJ 1 and J l I 1 consist of trivial cofibrations in E.

Proposition 5.5.8. Quillen adjunctions associated with a Quillen bi-
functor. Suppose we have a two variable Quillen adjunction as in Defini-
tion 5.5.3.

(i) The ordinary adjunctions of (2.6.27) and (2.6.28),

pC ^�q : D K
//
E : Hom`pC, �qoo

and

p� ^Dq : C K
//
E : HomrpD, �q,oo

are Quillen adjunctions as in Definition 4.5.1 when C and D are cofibrant
objects in C and D respectively, and thus fibrant objects in Cop and Dop.

(ii) The equivalent ordinary adjunctions of Proposition 2.6.31,

Homop
` pE, �q : C K

//
Dop : HomrpE, �qoo

and

Homop
r p� , Eq : D K

//
Cop : Hom`p� , Eq,oo

are Quillen adjunctions when E is a fibrant object in E.
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Proof By Proposition 4.5.12 it suffices to show that the left (right) adjoints
preserve cofibrations (fibrations) and trivial cofibrations (trivial fibrations).
For the first adjunction of (i), let d : D1 Ñ D2 be a cofibration in D. Then,

as explained in Example 2.6.14, C ^ d is the map p∅C Ñ Cql d, where ∅C is
in the initial object in C. Therefore it is a cofibration which is trivial when g
is trivial. The argument for the second adjunction is similar.
For the first adjunction of (ii), each fibration in Dop corresponds to a cofib-

ration d : D1 Ñ D2 in D. Thus we need to show that the map

d� : HomrpD2, Eq Ñ HomrpD1, Eq
is a fibration in C. This follows from Corollary 5.5.6(iv). Similarly, the second
adjunction of Proposition 2.6.31 is a Quillen adjunction by Corollary 5.5.6(iii).

5.5B Quillen rings
Definition 5.5.9. A (symmetric) monoidal model category or (com-
mutative) Quillen ring is a closed (symmetric) monoidal category pM,^, Sq
with a model structure satisfying the following two axioms.

(i) Pushout product axiom. The operation ^ is a Quillen bifunctor as
in Definition 5.5.3. This means that f l g (see Definition 2.6.12) is a
cofibration whenever f and g are, and it is a trivial cofibration if in addition
either f or g is one.

(ii) Unit axiom. Let q : QS Ñ S be the cofibrant replacement (see Defini-
tion 4.1.20) of the unit object S. Then smashing the source and target of q
on either side with a cofibrant object K gives a weak equivalence.

From now on, all Quillen rings are assumed to be commutative
unless otherwise stated.

Remark 5.5.10. This is a followup to Remark 2.6.24. The terms Quillen
ring and Quillen module (see Definition 5.5.17 below) are not common in
the literature. Their use was suggested by Vigleik Angeltveit in [Ang08, §3].

Remark 5.5.11. Applying the pushout product axiom to the maps � Ñ A

and � Ñ B for cofibrant A and B leads to the conclusion that A ^ B is also
cofibrant.

The unit axiom is redundant if the unit object S is cofibrant, but in general it
is needed to ensure that the homotopy category has a monoidal structure with
unit S. See [Hov99, Theorem 4.3.2]. We will see below in Corollary 7.4.49 that
in our model structure of choice for the category SpG of equivariant G-spectra,
the sphere spectrum S�0 (its unit object) is not cofibrant.

In [Lur09, Definition A.3.1.2], Lurie’s definition of a monoidal model cat-
egory, he assumes that the unit object is cofibrant.
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Example 5.5.12. Set as a Quillen ring. Let the symmetric monoidal cat-
egory pSet,�, �q have the model structure in which weak equivalences are iso-
morphisms and all maps are fibrations and cofibrations; see Example 4.1.17.
It is a Quillen ring. While every category is enriched over Set, and every
bicomplete category is a Set-module as in Definition 2.6.42, we will see in
Remark 5.5.20 below a similar statement about model categories is not true.

The following is proved by Hovey in [Hov99, Propositions 4.2.8 and 4.2.11,
and Corollaries 4.2.10 and 4.2.12]. Recall (Definition 2.1.48) that for us, topo-
logical spaces are assumed to be compactly generated weak Hausdorff. Thus
our category T op is not the same as Hovey’s Top, the category of all topo-
logical spaces.

Proposition 5.5.13. Some Quillen rings. The following model categories
are Quillen rings as in Definition 5.5.9:

pSet∆,�, �q (simplicial sets under Cartesian product),
pSet∆�,^, S0q (pointed simplicial sets under smash product),
pT op,�, �q (topological under Cartesian product) and
pT ,^, S0q (pointed topological spaces under smash product).

Proposition 5.5.4 implies the following.

Proposition 5.5.14. The pushout product axiom in the cofibrantly
generated case. Let pM,^, Sq be a closed monoidal model category that is
cofibrantly generated with generating sets I and J . Then the pushout product
axiom of Definition 5.5.9(i) holds iff each morphism in I l I is a cofibration,
and each one in J l I, I l J and J l J is a trivial cofibration.

The following is the application of Lemma 5.5.5 to the case where all three
categories are the same, and we denote it by N . In that case the functor
^ : N �N Ñ N is a closed monoidal structure.

Proposition 5.5.15. The pushout product and the lifting test map.
Let pN ,^, Sq be a model category with a closed symmetric monoidal structure.
Then the following are equivalent:

(i) ^ satisfies the pushout product axiom, meaning it is a Quillen bifunctor.
(ii) Given a cofibration i : AÑ B and a fibration p : X Ñ Y in M, the induced

map
N3pi, pq : N pB,Xq Ñ N pB, Y q �

N pA,Y q
N pA,Xq

is a fibration in N which is trivial if either i or p is trivial.

Definition 5.5.16. Given Quillen rings pM,^, Sq and pN ,b, T q, a strong
(weak) monoidal Quillen adjunction between them is a Quillen adjunc-
tion pF,U, ϕq (Definition 4.5.1) such that the left adjoint F is strong (oplax
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monoidal) as in Definition 2.6.19 and the map F pqq : F pQSq Ñ F pSq (where
q : QS Ñ S is functorial cofibrant replacement in M) is a weak equivalence.

The condition on F pqq above is of course redundant when the unit object
S is cofibrant. Hovey [Hov99, Definition 4.2.16] requires the left adjoint F to
be strong monoidal. Schwede-Shipley [SS03a, Definition 3.6] only require it
to be oplax monoidal, but they also require that for the oplax functor F , the
map F pX ^ Y q Ñ F pXq b F pY q is a weak equivalence for cofibrant X and
Y . More precisely, they require the right adjoint U to be lax monoidal, which
by Proposition 2.6.21 is equivalent to requiring F to be oplax monoidal.
It can be shown that (symmetric) monoidal model categories and strong

monoidal Quillen pairs form a 2-category as in §2.7; see [Hov99, page 113].
The following is the model category analog of Definition 2.6.42. We will

approach this definition from a different perspective below in Definition 5.6.3.

Definition 5.5.17. Quillen modules. Given a Quillen ring pM,^, Sq as in
Definition 5.5.9, an M-model category or Quillen M-module is a closed
M-module category N (Definition 2.6.42) with a model structure such that
the functor

M�N ^ // N (5.5.18)

is a Quillen bifunctor (and hence part of a two variable Quillen adjunction
as explained in Definition 5.5.3) and, when S is not cofibrant in M and
q : QS Ñ S is its functorial cofibrant replacement, the map the

q ^X : QS ^X Ñ S ^X

is a weak equivalence for all cofibrant X in N . When M � T , we say that N
is a pointed topological model category.

An M-model Quillen functor between two such model categories is an
M-module functor that is also a Quillen functor. An M-model Quillen
adjunction is similarly defined. An M-model natural transformation
between two such functors is any natural transformation between them.

A Quillen M-module N is a Quillen M-algebra if it is also a Quillen
ring.

The Quillen ring M is topological (simplicial) if it is a Quillen T op-
algebra (Quillen Set∆-algebra).

Proposition 5.5.19. An adjunction isomorphism. For M and N as in
Definition 5.5.17, let M be an object in M and let X and Y be objects in N .
Then there is a natural isomorphism

N pM ^X,Y q �MpM,N pX,Y qq.
Proof This is the adjunction ϕr of Definition 2.6.26 for the case

pC,D, Eq � pM,N ,N q with objects pC,D,Eq � pM,X, Y q.
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Remark 5.5.20. Not all model categories are Quillen Set-modules.
Let M � Set as in Example 5.5.12, and let N � T op, so the functor of
(5.5.18) sends the object pA,Xq in Set�T op to the Cartesian product A�X
with the discrete topology on A. It is not a Quillen bifunctor because the
pushout product f l g of a cofibration (meaning any map) f in Set with a
cofibration g in T op will be another cofibration in T op only when f is one to
one.

Thus, even though all bicomplete categories are closed Set-modules as in
Definition 2.6.42, there appears to be no Quillen ring over which all model cat-
egories are Quillen modules. On the other hand it is known [Hov99, Chapter
5, specifically Theorem 5.5.3] that the homotopy category (Definition 4.3.16)
HoM of an arbitary model category M is enriched over HoSet∆, the ho-
motopy category for the model structure of Definition 4.2.17 on the category
Set∆ of simplicial sets.

We will use the following below in the proof of Theorem 7.3.29.

Proposition 5.5.21. The tensor cotensor and smash Hom adjunc-
tions, and lifting test maps. For M and N as in Definition 5.5.17,

(i) for each cofibrant object A of M there is a Quillen adjunction

A^ p� q : N K
//
N : p� qAoo

and for each cofibrant object C of N there is a Quillen adjunction

p� q ^ C : M K
//
N : N pC, �q;oo

(ii) for each fibrant object X in N there are Quillen adjunctions

pN p� , Xqqop : N K
//
Mop : Xp� q

oo

and

pX � qop : M K
//
N op : N p� , Xq;oo

(iii) given a cofibration i : A Ñ B in M and a fibration p : X Ñ Y in N , the
induced map

N3pi, pq : XB Ñ Y B �
Y A

XA

is a fibration in N which is trivial if either i or p is;
(iv) given a cofibration j : C Ñ D in N and a fibration p : X Ñ Y in N , the

induced map

M3pj, pq : N pD,Xq Ñ N pD,Y q �
N pC,Y q

N pC,Xq

is a fibration in M which is trivial if either j or p is.
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Proof The first two statements follow from Proposition 5.5.8 and the second
two follow from Lemma 5.5.5.

As in the case of Definition 2.6.42, the collection of M-model categories,
Quillen adjunctions and natural transformations form a 2-category.

5.5C The monoid axiom and friends
The following is [SS00, Definition 3.3].

Definition 5.5.22. A Quillen ring pM,^, Sq as in Definition 5.5.9 satisfies
the monoid axiom if every morphism that is obtained as a transfinite com-
position of pushouts of smash products of any object with trivial cofibrations
is a weak equivalence. Equivalently, the regular class (as in Definition 4.8.13)

RegppWX Cq ^Mq
generated by the class of trivial cofibrations, W X C, (this is the notation of
Definition 4.1.1) smashed with objects in M, is made up of weak equivalences.

In the definition above, the pushouts of cofibrations may be smashed with
differing objects before being transfinitely composed. This condition is there-
fore stronger than requiring that the smash product of any trivial cofibration
with any object be a weak equivalence.
The following is [SS00, Lemma 3.5].

Lemma 5.5.23. The monoid axiom in the cofibrantly generated case.
The monoid axiom of Definition 5.5.22 holds if every morphism that is ob-
tained as a transfinite composition of pushouts of smash products of any object
with maps in J is a weak equivalence

The following is implied by [Hov98, Lemma 2.3], as explained there by
Hovey.

Theorem 5.5.24. The symmetric monoidal categories pT op,�, �q and
pT ,^, S0q both satisfy the monoid axiom.

The following is proved by Schwede and Shipley as [SS00, Theorem 4.1].
The idea of the proof is to show that the adjunction of (2.6.67) is a transfer
adjunction as in Definition 5.2.25, so the Crans-Kan Transfer Theorem 5.2.27
applies to it. This is the point of the monoid axiom.

Theorem 5.5.25. Some model categories associated with a Quillen
ring. Let pM,^, Sq be a cofibrantly generated Quillen ring as in Defini-
tion 5.5.9 satisfying the monoid axiom of Definition 5.5.22, in which every
object is small relative to M.

(i) Let R be a monoid in M as in Definition 2.6.58. Then the category of
left R-modules is a cofibrantly generated model category.
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(ii) Let R be a commutative monoid in M. Then the category of R-modules
is a cofibrantly generated, monoidal model category satisfying the monoid
axiom.

(iii) Let R be a commutative monoid in M. Then the category of R-algebras
as in Definition 2.6.63 is a cofibrantly generated model category. Every
cofibration of R-algebras whose source is cofibrant as an R-module is
also a cofibration of R-modules. In particular, if the unit S of the smash
product is cofibrant in M, then every cofibrant R-algebra is also cofibrant
as an R-module.

The following is defined by David White in [Whi17, Definitions 3.1 and 3.4].

Definition 5.5.26. A Quillen ring pM,^, Sq satisfies the White commu-
tative monoid axiom if whenever h is a trivial cofibration, so is hln{Σn
for all n ¡ 0. Here hln denotes the n-fold pushout power in M, defined in
Definition 2.6.12(iii).

It satisfies the strong commutative monoid axiom if in addition hln{Σn
is a cofibration whenever h is one. In particular this means that the n-fold
symmetric power of Definition 2.6.63,

SymnpXq � X^n{Σn.
is cofibrant when X is, making Symn a left Quillen functor.

The following, with a slightly weaker smallness hypothesis, is proved by
White as [Whi17, Theorem 3.2]. Here the idea of the proof is to show that the
adjunction of (2.6.68) is a transfer adjunction as in Definition 5.2.25, so the
Crans-Kan Transfer Theorem 5.2.27 applies to it. The commutative monoid
axiom is designed for this purpose.

Theorem 5.5.27. The category of commutative monoids in a Quillen
ring. Let pM,^, Sq be a cofibrantly generated Quillen ring satisfying the com-
mutative monoid axiom of Definition 5.5.26 and the monoid axiom of Defini-
tion 5.5.22, and assume that the domains of the generating cofibrations and
trivial cofibrations are small as in Definition 4.8.8. Let R be a commutative
monoid in M, and assume that the functor SymR of Definition 2.6.63 com-
mutes with filtered colimits. Then the category CommRM of commutative
R-algebras is a cofibrantly generated model category in which a map is a weak
equivalence or fibration if and only if it is one in M. In particular, when
R � S, this gives a model structure on the category CommM commutative
monoids in M.

Remark 5.5.28. The existence of a model structure on CommM of commu-
tative algebras in a Quillen ring pM,^, Sq implies that the fibrant replacement
Sf (see Definition 4.1.19) is a commutative algebra, but there are cases where
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it is known not be one. For example, in the original category of spectra (see
Chapter 7) the fibrant replacement of the sphere spectrum would have to be a
commutative ring object. This would mean that its 0th space, the infinite loop
space

hocolim
n

ΩnSn

would have to be a commutative ring object in the category T of pointed
topological spaces. However such objects are known to be products of Eilenberg-
Mac Lane spaces, which the above space clearly is not. See [SS00, Remark 4.5]
and [MMSS01, §14] for more discussion. Another aspect of this difficulty is
described in Example 10.5.2 below.

5.5D The arrow category of a compactly generated Quillen
ring

Next we will discuss the notions of §2.6F in the case of a compactly gener-
ated (see Definition 5.2.6) Quillen ring. Given such a category pM,^, Sq with
generating sets I and J , we denote its arrow category by M1. As we saw
in §2.6F, it has a closed symmetric monoidal structure defined in terms of
the pushout product operation l based on the formation of pushout corner
maps. Since M1 �MJ for J � p0Ñ 1q, the two object category with a single
nonidentity morphism, the results of §5.4 apply here.
The following is a special case of [Hov99, Theorem 5.1.3], in which J could

be a category of the form p0 Ñ 1 Ñ 2 Ñ � � � q where the chain of morphisms
is of arbitrary length. See also [Hov14, Theorem 3.1]. we will use it below in
§10.3.

Proposition 5.5.29. The arrow category of a compactly generated
Quillen ring. Let pM,^, Sq be a Quillen ring with generating sets I and J
and let M1 be its arrow category.

Under the projective (in the sense of Definition 5.4.2), a morphism

pX0 Ñ X1q Ñ pY0 Ñ Y1q (5.5.30)

is a weak equivalence or fibration iff each of Xi Ñ Yi is. It is a cofibration iff
both X0 Ñ Y0 and the corner map

X1 Y
X0

Y0 Ñ Y1 (5.5.31)

are cofibrations. An object X0 Ñ X1 is cofibrant if X0 is cofibrant and X0 Ñ
X1 is a cofibration.

The model structure on M1 is cofibrantly generated. The generating (trivial)
cofibrations in M1 are of two types. Type I are the maps

pK Ñ Kq Ñ pLÑ Lq,
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where the inner arrows are identity maps, and type II are the maps

p� Ñ Kq Ñ p� Ñ Lq
were K Ñ L is running through the set I (respectively J ).
M1 is a Quillen ring under the monoidal structure given by the pushout

product operation.

Proof We will derive this description of M1 � MJ for the case for J �
p0Ñ 1q from Theorem 5.4.10. Since J has two objects, there are two Yoneda
functors, H0 and H1. The sets Jp0, 0q, Jp0, 1q and Jp1, 1q each have one el-
ement, and Jp1, 0q is empty. This means that for a morphism f : K Ñ L in
M, H0 b f is

pK Ñ Kq Ñ pLÑ Lq
and H1 b f is p� Ñ Kq Ñ p� Ñ Lq. This accounts for the two types of
morphisms in F JI and F JJ .
Hirschhorn’s left adjoint functor of (5.4.13) F J : M|J| Ñ MJ in this case

is given by
pX0, X1q ÞÑ pX0 Ñ X0 >X1q.

From this it is easy to verify the adjunction isomorphism

M|J|ppX0, X1q, UpY0 gÝÑ Y1qq �MJpF JpX0, X1q, pY0 gÝÑ Y1qq
�MpX0, Y0q �MpX1, Y1q.

We refer the reader to [Hov99, Theorem 5.1.3] for the rest of the proof that
M1 is cofibrantly generated. The statement about the monoid structure is
proved in [Hov14, Theorem 3.1 (5)].

The following is proved by Hovey in [Hov14, Theorem 3.1 and Proposition
3.2]. We will use it below in Proposition 10.3.5.

Proposition 5.5.32. Let pM,^, Sq be a cofibrantly generated Quillen ring
with generating sets I and J . Equipped with the structure of Proposition 5.5.29,
M1 is a cofibrantly generated Quillen ring which satisfies the monoid axiom
if M does.

Hovey’s proof relies on results of [SS00]. He mentions their Lemma 2.3, and
their Theorems 3.1 and 3.3. As far as we can tell these should be Lemma 3.5,
and Theorems 4.1 and 4.3 respectively.

5.5E Indexed products in an enriched monoidal model
category

In this subsection we will study the indexed monoidal products of §2.9 in a
monoidal model category as in Definition 5.5.9. It has two monoidal structures
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relating to wedges and smash products, and the results of §2.9 apply to both.
Recall the notion of a finite covering category p : rK Ñ K of Definition 2.8.1,
exemplified by the functor between groupoids induced by a map of finite G-
sets as explained in Example 2.9.1.

We will assume throughout this subsection that the categories rK
and K are finite groupoids, meaning each has finitely many objects and
morphisms, with each morphism being invertible. Each has a finite number of
connected components (see Definition 2.1.21), each of which is characterized
up to isomorphism by its isotropy group (see Definition 2.1.29(iv)) and number
of objects; see Remark 2.1.34.

Example 5.5.33. Group induction. Let G be a finite group with a subgroup
H, let K � BG and rK � BG{HG, so the finite covering category p : rK Ñ K is
induced by the map of G-sets G{H Ñ G{G. The category MK is that of objects
in M with G-action. By the case of Proposition 2.1.38 where T � H{H, there
is a categorical equivalence j : BH Ñ rK, so by Corollary 2.1.40, M�K is
equivalent to MBH , the category of H-objects in M. The composite functor

MBH MBG{HG
j�

�
oo MBGp�oo

is the forgetful functor iGH (as in Definition 2.2.25) that sends an object in
M with an action of G to the same object with the action restricted to H. It
has a left adjoint that sends an H-object X in M to the appropriate indexed
coproduct. In the pointed topological case it is

X ÞÑ G

H
X,

the group induction functor of Definition 2.2.25. The space on the right is the
orbit space under the diagonal action of H on G
X.

Let pN ,^, Sq be a compactly generated (Definition 5.2.6) Quillen ring with
generating sets I and J , enriched (as in Definition 5.6.3) over a concrete
compactly generated closed symmetric monoidal model category pM,b,1q.
By Proposition 5.4.17, a coproduct decomposition of rK orK into connected

components (as in Definition 2.1.5 and Definition 2.1.21) induces a product
decomposition of the projective model structure on N�K or NK .
The finite covering (Definition 2.8.1) p : rK Ñ K above induces functors

p^� : N�K Ñ NK and p_� : N�K Ñ NK , (5.5.34)

the indexed smash product and indexed wedge respectively, as in Defini-
tion 2.9.6. Here the superscripts on p refer to the smash product and wedge
operations. When K has one object �, it is isomorphic to the category BG,
where G is the automorphism group of �. In that case for each k P rK, the
functor p induces a monomorphism Gk Ñ G, where Gk is the automorphism
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group of k. For an element X of N�K , we denote p^�X by X^�K . We will make
use of the maps p^� and p_� in §9.3B and §10.2 below.
Given a map f : AÑ B in N�K , that is a suitable collection of maps

fk : Ak Ñ Bk for k P rK,
we get an indexed corner mapü

kP�K
fk : BAB^�K Ñ B^�K

(5.5.35)

as in Definition 2.9.29, namely the pushout product (as in Definition 2.6.12)
of the maps fk. Under the projective model structure on N�K , a generating
cofibration consists of a collection�

H
k ^ ik � Gk 


Hk

ik



(5.5.36)

where ik P I, the set of generating cofibrations for N , and we have one k from
each connected component (as in Definition 2.1.21) in rK.
Let M be a pointed model category and let S be a finite set. The coproduct

diagonal adjunction of Example 4.5.6(i) can be used to show that a wedge of
cofibrations indexed by S is again a cofibration. We can regard S as a discrete
category (Definition 2.1.7) and consider the functor category MS . Its objects
are simply collections of objects in M indexed by S. The projective and
injective model structures on MS (Definition 5.4.2) coincide with the product
model sructure of Definition 4.1.16. It follows that a discretely indexed wedge
of cofibrations is again a cofibration.
The first step in dealing with the nondiscrete case is to consider the category

MBΣnΣn . In the language of §2.1E, the groupoid BΣn
Σn is 1-connected and is

the universal cover (as in Definition 2.1.27) of BΣn under the evident covering
p : BΣn

Σn Ñ BΣn. We have an adjunction of functor categories

MBΣnΣn

p_�

K
//
MBΣn

p�
oo (5.5.37)

as in Example 2.1.41 with G � Σn and H � e. The category on the left is
equivalent to M. An object in the category on the right is an object of M with
an action of the group Σn. The right adjoint p� is equivalent to the forgetful
functor to M, and the left adjoint sends an object in M to its n-fold wedge
with the symmetric group Σn permuting its summands.
If we endow the two categories of (5.5.37) with their projective model struc-

tures, then the adjunction is not a Quillen adjunction. Projective cofibrations
on the right have domains and codomains with trivial group action, so the
image under the left adjoint of a cofibration in M is not a projective cofibra-
tion. We can rectify this difficulty by enlarging the collection of cofibrations
in MBΣn by applying Theorem 5.2.34 to (5.5.37).
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Similarly, given finite groups H � G, we have a groupoid covering (as in
Definition 2.1.23) p : BG{HGÑ BG and an adjunction

MBG{HG

p_�

K
//
MBG

p�
oo

with the category on the left being equivalent to MBH . Starting with the pro-
jective model structures on the two categories and applying Theorem 5.2.34
to this adjunction, we get an enlarged model structure on MBG in which for
each cofibration i : AÑ B in M, the indexed wedge

G

H
A

G

H
i

// G

H
B

is a cofibration in MBG.
More generally, given a finite G-set T , we get an adjunction

MBTG

p_�

K
//
MBG.

p�
oo (5.5.38)

Applying Theorem 5.2.34 to it gives us an enlarged model structure on MBG

in which a T -indexed wedge of cofibrations in M is again a cofibration. Since
an ordinary wedge of cofibrations is a cofibration (this being discrete case
discussed above), as long as T contains a copy of G{H for each subgroup H up
to conjugacy, any indexed wedge of cofibrations in M is again a cofibration in
the enlarged model structure. Two examples of finite G-sets with this property
are º

H�G

G{H and PpGq,

where the disjoint union on the left is over all subgroups H of G, and PpGq
denotes the power set of G, on which G acts by left multiplication, the subject
of Example 8.1.2 below. The power set has a subset isomorphic to the disjoint
union. These considerations lead to the following, which will be used below
in the proof of Theorem 9.8.4. See Remark 8.6.19 below for an explanation of
the word “equifibrant.”

Proposition 5.5.39. The equifibrant model structure on MBG. For a
finite group G, let T be a finite G-set containing a subset isomorphic to G{H
for each subgroup H � G, and let p : BTG Ñ BG be the evident covering.
For a pointed model category M, let MBG have the model structure given
by the application of Theorem 5.2.34 to the adjunction of (5.5.38) starting
with the projective model structure on both categories. We call this model
structure, which is independent of the choice of such a T , the equifibrant
model structure.
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Let S be another finite G-set, r : BSG Ñ BG the evident covering, and
i : AÑ B a projective cofibration in MBSG. Then the indexed wedge r_� i is a
cofibration in the equifibrant model structure on MBG.

Similar considerations lead to an equifibrant model structure on MBTG for
any finite G-set T . Any map of G-sets rT Ñ T leads to a groupoid covering
r : B rTGÑ BTG and therefore an adjunction

MB�TG
r_�

K
//
MBTG.

r�
oo (5.5.40)

similar to that of (5.5.38). We can use Theorem 5.2.34 to enlarge the model
structure on the right so that any rT -indexed wedge of cofibrations is again a
cofibration. The finite G-set T is isomorphic to a disoint union of orbits G{H
for various H. We can require that the map rT Ñ T be such that the preimage
of each summand G{H contains a copy of G{K for each K � H.

Corollary 5.5.41. The equifibrant model structure on MBTG. For a
finite group G and finite G-set T , let rT Ñ T be a map of finite G-sets such
that the preimage of each summand of T of the form G{H contains a subset
isomorphic to G{K for each subgroup K � H, and let p : B rTG Ñ BTG be
the evident covering. For a pointed model category M, let MBTG have the
model structure given by the application of Theorem 5.2.34 to the adjunction
of (5.5.40) starting with the projective model structure on both categories. This
model structure is independent of the choice of such a rT .

Let S be another finite G-set over T , r : BSGÑ BTG the evident covering,
and i : AÑ B a projective cofibration in MBSG. Then the indexed wedge r_� i
is a cofibration in the equifibrant model structure on MBTG.

5.6 Enriched model categories

5.6A Motivation
The category SpG of G-spectra and equivariant maps, to be defined below
in Definition 9.0.2, is enriched over the closed symmetric monoidal model
category of pointed G-spaces T G, so it is convenient to have a notion of an
enriched model category.
We suppose that N is an M-category (Definition 3.1.1) for a closed sym-

metric monoidal category M, and that the underlying categories N0 and M0

are both model categories. We will assume that M0 is concrete as ex-
plained in Remark 3.1.27. This means that objects inM, such asN pX,Y q,
are sets with additional structure (such as a topology and possibly a base point
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and/or a G-action) which is preserved by all maps in sight. The enrichment
of the model structure on N0 needs to be compatible with the one on M0.
In order to motivate the definition, consider the following.
In an ordinary model category N one is concerned with lifting diagrams

(2.3.11), namely

A
f //

i
��

X

p

��
B

g //

h

99ssssss
Y.

From this we can derive a diagram of morphism sets as in (2.3.15),

h � //__________________
_

���
�
�
�
�
�
�
�
� g_

��

N pB,Xq p� //

i�

��

N pB, Y q

i�

��
N pA,Xq p� // N pA, Y q

f � // pf � gi,

(5.6.1)

which in general is not a pullback diagram. The existence of h thus depends
on the surjectivity of the pullback corner map, also known as the lifting test
map of Definition 2.3.14,

N3pi, pq : N pB,Xq Ñ N pA,Xq �
N pA,Y q

N pB, Y q. (5.6.2)

Now suppose instead that N is a category enriched over a Quillen ring M.
This means that the objects N p� , �q above are not morphism sets but
objects in M, and we could hope that N3pi, pq is a fibration.
This suggests the following, which is a restatement of Definition 5.5.17

and can be found in [GM11, Definition 4.19]. In the simplicial case, where
M � Set∆, this definition (but not the terminology) coincides with [Hir03,
Definition 9.1.6] and [Qui67, Definition II.2.2]. In the latter, conditions (i) and
(ii) below are denoted by SM0 and SM7 respectively, while Hirschhorn denotes
them by M6 and M7. In the topological case, where M � T op, this definition
coincides with [EKMM97, Definition VII.4.2]. In the pointed topological case,
where M � T , it can found in [MMSS01, Definition 5.12].

We are mainly interested in the pointed topological case, where
M is some variant of T and is in any case enriched over it. Most of
the model categories we will study later in this book have such a
structure.

Definition 5.6.3. Quillen M-modules. Let M be a Quillen ring as in
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Definition 5.5.9. A Quillen M-module is an M-category (Definition 3.1.1)
N underlain by a model category N0 such that, with notation as above,

(i) N is bitensored over M, i.e., it is equipped with a two variable adjunction
(with V and C replaced by M and N ) as in Proposition 3.1.47.

(ii) When i is a cofibration and p is a fibration in N0, the map of (5.6.2) in M
is a fibration which is a weak equivalence if either i or p is one in N0. In
this case we say that i has the homotopy left lifting property with
respect to p, and p has the homotopy right lifting property with
respect to i.

When M � pT op,�, �q (M � pT ,^, S0q), we say that N is a (pointed)
topological model category.

When M � Set∆ (M � Set∆�), we say that N is a (pointed) simplicial
model category.

A Quillen M-module N is a Quillen M-algebra if it is also a Quillen
ring as in Definition 5.5.9.

Definition 5.6.4. The set π0X. Let X be an object in a pointed topological
(simplicial) model category M. Then π0X is the pointed set of path connected
components in the pointed space (simplicial set) MpS0, Xq, the base point of
the set being the component of the map that factors through the initial object
� of M. Given two objects X and Y in M, we will abbreviate π0MpX,Y q by
π0pX,Y q, which coincides with the set πpX,Y q of Definition 4.3.11 when X

is cofibrant and Y is fibrant.

This set has a natural group structure when there is a mapX_X Ñ X with
suitable properties, such as the pinch map of Definition 4.6.22 when X � ΣA

for some cofibrant A. See Proposition 4.6.23.
We will make use of the following in §7.3B.

Definition 5.6.5. Homotopy invariants. Suppose that there is a set of
compact cofibrant objects tAαu in M such that map g : X Ñ Y in M is a
weak equivalence iff the induced map

π0MpAα, Xq
g� // π0MpAα, Y q

is an isomorphism for each α. We will abbreviate π0MpAα,�q by παp�q. Then
the collection of functors πα is a complete set of homotopy invariants
for M.

It is possible to convert the collection of Set-valued functors tπαu into a
single functor into a suitable bicomplete category C. We leave the details to
the reader.
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Example 5.6.6. The category T G of pointed G-spaces and equivariant
maps for a finite group G has a model structure (see Theorem 8.6.2 below) in
which a map f : X Ñ Y is a weak equivalence iff for each subgroup H � G,
the fixed point map fH : XH Ñ Y H is an ordinary weak equivalence. This
means it has a complete set of homotopy invariants as in Definition 5.6.5 for
which the set of objects Aα is"

G

H
Sn : n ¥ 0,H � G

*
.

For trivial G, this set is that of spheres of all nonnegative dimensions, and
the weak equivalence condition of Definition 5.6.5 coincides with that of Def-
inition 4.2.1.

As indicated following Definition 3.5.6, we have the following.

Definition 5.6.7. As in Definition 3.5.6, let j : S0 Ñ I� (where the target
is the unit interval I with disjoint base point) be the map sending the nonbase
point to 0. A map i : X Ñ Y in a pointed topological model category M is
an h-cofibration if the indicated lifting exists in all commutative diagrams
of the form

X
α //

i

��

Y I�

e0

��
Y

β //

h

::v
v

v
v

v
Y S

0

,

where Y is fibrant and e0 is the map of cotensor products induced by the
inclusion i0 : S0 Ñ I� that sends the nonbase point to 0.

Equivalently there is a map rh : Y � I Ñ Y , the left adjoint of h, making
the following diagram commute,

X

i
��

X^j // X � I

i�I
�� rα

  B
BB

BB
BB

BB
BB

BB
BB

BB
B

Y
Y^j //

rβ
++XXXX

XXXXX
XXXXX

XXXXX
XXXXX

XXXXX
XX Y � I

rh
((P

PPPPPP

Y,

where rα and rβ are the left adoints of α and β.

The following can be proved using the argument of [Hat02, Proposition
0.17].

Lemma 5.6.8. The case where X is contractible. For an h-cofibration
i : X Ñ Y as in Definition 5.6.7, let q : Y Ñ coker f be the map of Defini-
tion 4.1.27. If X is contractible, q is a weak equivalence.
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Corollary 5.6.9. Cofibers and quotients. For an h-cofibration f : X Ñ Y ,
let Cf be the mapping cone or cofiber of f as in Definition 4.1.27. Then the
map ε : Cf Ñ coker f � Y {X of (4.1.29) is a weak equivalence.

Proof The subspace CX of Cf is contractible, its inclusion into Cf is an
h-cofibration, and Cf � Y {X, so the result follows from Lemma 5.6.8.

Proposition 5.6.10. In a pointed topological model category M, every co-
fibration is an h-cofibration.

Proof The map i0 in Definition 5.6.7 is a trivial cofibration. This means that
Corollary 5.5.6(iii) (or (iv)) implies that the map e0 is a trivial fibration. It
follows that the lifting h exists for any cofibration i.

Proposition 5.6.11. For a pointed topological model category M, let

X0 Ñ X1 Ñ X2 Ñ � � �
be a diagram in which each map is an h-cofibration as in Definition 5.6.7.
Then for π0 as in Definition 5.6.4,

π0colim
n

Xn � colim
n

π0Xn.

Proof Every h-cofibration is a closed inclusion by definition. The compact-
ness of the unit interval implies that any pointed path in colim

n
Xn in the

image of one in some Xn, so the corresponding element in π0colim
n

Xn is in
the image of π0Xn.

Example 5.6.12. The suspension and loop functors in pointed topo-
logical model categories. Let M � pT ,^, S0q as in Definition 5.6.3. Then
the isomorphisms of (3.1.48), with C � N and K � S1, read

ΩN pX,Y q N pΣX,Y q φ`

�
//φr

�
oo N pX,ΩY q, (5.6.13)

where ΣX � S1^X and ΩY � Y S
1 . For N � T , this is the usual adjunction

between the suspension and loop functors related to Example 2.2.30 (ii).

We learned the following from Phil Hirschhorn.

Example 5.6.14. Mapping to a nonfibrant object is not a right
Quillen functor. Let M be a pointed topological model category with an
object X that is not fibrant. Then the functor Xp� q : T op Ñ M sending
a space K to XK is not a right Quillen functor. Consider the cofibration
i : � Ñ S0 in T , which corresponds to a fibration in T op. The induced map

X XS0 i� // X� �
is not a fibration because X is not fibrant.
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We can apply Proposition 2.6.45 to this situation as follows.

Proposition 5.6.15. Changing Quillen rings. Let M be a commutative
Quillen ring as in Definition 5.5.9 and let N be a M-enriched model category
as in Definition 5.6.3 underlain by an ordinary model category N0. Suppose
there is another commutative Quillen ring M1 with a strong monoidal Quillen
adjunction as in Definition 5.5.16,

F : M1
K

//
M : G.oo

Then there is a Quillen M1-module N 1 underlain by N0.

Proof The two variable adjunction of Definition 5.6.3(i) exists by Propo-
sition 2.6.45. Right adjoints preserve limits and hence pullbacks by Propo-
sition 2.3.36. Hence we can apply the right adjoint functor G to the map
N3pi, pq of (5.6.2) and get a similar map in M1.
Since G is a right Quillen functor, it preserves fibrations and
N 1

3pi, pq � GpN3pi, pqq is a fibration which is trivial if either i or p is a
weak equivalence, as required by Definition 5.6.3(ii).

By applying Proposition 5.6.15 to the Quillen equivalence of Proposition 4.2.20,
we get the following.

Corollary 5.6.16. Topological model categories are simplicial model
categories. If N is a (pointed) topological model category, there is a (pointed)
simplicial category N 1 having the same objects as N with morphism objects

N 1pX,Y q :� SingpN pX,Y qq,
where Sing denotes the singular functor of Definition 3.4.7.

This means that any theorem about simplicial model categories
is also true for topological model categories. Most of the literature on
model categories concerns the simplicial case.
The following lemma will be of great help in Chapter 6. It is proved (in the

simplicial setting) as [Hir03, Theorem 9.7.4]. The simplicial statement implies
the topological one by Corollary 5.6.16. See Theorem 5.6.21 and Lemma 5.8.51
below for similar statements.

Lemma 5.6.17. Detecting weak equivalences in a topological Quillen
module with fibrant and cofibrant approximations. Let M and N be as
in Definition 5.6.3 with M topological. If f : X Ñ Y is a map in a topological
model category N , then the following are equivalent:

(i) The map f is a weak equivalence.
(ii) For some fibrant approximation pf : pX Ñ pY to f (Definition 4.1.19) and

every cofibrant object W the map pf� : N pW, pXq Ñ N pW, pY q of topological
spaces is a weak equivalence.
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(iii) For every fibrant approximation pf : pX Ñ pY to f and every cofibrant object
W the map pf� : N pW, pXq Ñ N pW, pY q is a weak equivalence.

(iv) For some cofibrant approximation rf : rX Ñ rY to f and every fibrant object
Z the map rf� : N prY ,Zq Ñ N p rX,Zq is a weak equivalence.

(v) For every cofibrant approximation rf : rX Ñ rY to f and every fibrant object
Z the map rf� : N prY ,Zq Ñ N p rX,Zq is a weak equivalence.

The simplicial form of the following is proved by Hirschhorn as [Hir03,
Corollary 9.7.5].

Corollary 5.6.18. Detecting weak equivalences which are maps be-
tween fibrant or cofibrant objects. Let M and N be as in Definition 5.6.3
with M topological. (In particular N could be M itself.) Let f : X Ñ Y be a
map in N .

(i) If X and Y are fibrant, then f is a weak equivalence if and only if for
every cofibrant object W in N the map f� : N pW,Xq Ñ N pW,Y q is a
weak equivalence of pointed topological spaces.

(ii) If X and Y are cofibrant, then f is a weak equivalence if and only if for
every fibrant object Z in N the map f� : N pY, Zq Ñ N pX,Zq is a weak
equivalence of pointed topological spaces.

Corollary 5.6.19. Homotopy invariance of morphism objects. The
functor

N p� , �q : N op �N ÑM

is homotopical when the first variable is cofibrant in N (and thus fibrant in
N op) and the second variable is fibrant.

The following is comparable to Lemma 4.7.1.

Lemma 5.6.20. The fiber of a trivial fibrant fibration is contractible,
the second Dr. Seuss lemma. Let M be a pointed topological model category
as in Definition 5.6.3 and let p : X Ñ Y be a fibration between fibrant objects.
Then p is a trivial fibration iff its fiber F as in Lemma 4.7.1 is contractible
as in Definition 4.1.4.

The first Dr. Seuss lemma is Lemma 4.7.1.

Proof The contractibility of F is equivalent to that of MpW,F q for all cofi-
brant W by Lemma 5.6.17. Consider the long exact sequence of Proposi-
tion 4.7.11,

πpW,ΩXq pΩpq� // πpW,ΩY q B� // πpW,F q i� // πpW,Xq p� // πpW,Y q

πpΣW,Xq p� //

φ` �

OO

πpΣW,Y q.
φ` �

OO
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The vertical isomorphisms φ` are the maps of (5.6.13). Recall (Corollary 4.7.2)
that the suspension of a cofibrant object is cofibrant.
Hence if p is a weak equivalence, both maps labeled p� are isomorphisms

and hence πpW,F q has one element. This set is π0MpW,F q, and we can say
the same about πnMpW,F q � πpΣnW,F q for each n ¥ 0. It follows (using
Lemma 5.6.17 again) that MpW,F q and hence F itself are contractible.
Conversely, if F is contractible, the map p� : πpW,Xq Ñ πpW,Y q is an

isomorphism for all cofibrant W , so p is a weak equivalence.

The following is proved in simplicial form by Hovey in [Hov01b, Proposition
3.2]. It is similar to Lemma 5.6.17 with the additional assumption that M is
cofibrantly generated.

Theorem 5.6.21. Detecting weak equivalences. Let M be a left proper
cofibrantly generated (pointed) topological model category as in Definition 5.2.1
with generating set of cofibrations I. Then a morphism f : X Ñ Y in M is
a weak equivalence iff

f� : MpK,Xq ÑMpK,Y q (5.6.22)

is a weak equivalence of (pointed) topological spaces for each K that is a
domain or codomain of a morphism in I. If each such K is cofibrant, then
the left properness condition is not needed.

Remark 5.6.23. Warning about a reference to [Hir03]. Hovey’s proof
of the simplicial form of Theorem 5.6.21 (and also his proof of [Hov01b,
Corollary 3.5]) makes use of Lemma 5.6.17, which he refers to as “Theorem
18.8.7” of [Hir03], but Hirschhorn’s book (which was in preprint form at the
time) has since been revised, and the result in question is now [Hir03, Theorem
9.7.4]. Hovey also cites Hirschhorn’s “Lemma 11.3.2,” which is now (thanks,
Phil!) [Hir03, Proposition 13.5.6].

Theorem 5.6.21 in the pointed case says that a morphism f : X Ñ Y

in M is a weak equivalence iff certain maps f� are weak equivalences in T .
Since such weak equivalences are characterized by their behavior on homotopy
groups, we can refined this statement further as follows.
For each i ¥ 0 have

MpSi ^K,Xq � T pSi,MpK,Xqq by Proposition 5.5.19 below
� ΩiMpK,Xq,

so π0MpSi ^K,Xq � π0Ω
iMpK,Xq � πiMpK,Xq.

If M is compactly generated as in Definition 5.2.6, then each K in (5.6.22) is
compact, as is Si ^K. Thus we have the following.

Corollary 5.6.24. Detecting weak equivalences with π0. Let M be a
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left proper compactly generated (pointed) topological model category. Then a
morphism f : X Ñ Y in M is a weak equivalence iff the induced map

π0f� : π0MpL,Xq Ñ π0MpL, Y q
is an isomorphism for each compact object L in M. If the domains and codo-
mains of I are all cofibrant as well as compact, then f is a weak equivalence
iff π0f� is an isomorphism for all compact cofibrant L.

5.6B Functors into an enriched model category
We will now discuss the enriched analog of Theorem 5.4.10, Theorem 5.6.26
below, which was originally proved by Brun-Dundas-Stolz’ as [BDS16, Theo-
rem 6.2.7]. It concerns functors into an enriched model category. Let N and
M be as in Definition 5.6.3. Suppose there is a small indexing category D
enriched over M. For each object d of D, let Endd be its endomorphism cat-
egory, meaning the one object full subcategory of D as before. We denote the
functor category by rD,N s as in Definition 3.2.18. Let � denote the trivial
M-category, meaning the category with one object � whose endomorphism
object is the initial object 1 of M.
Then for each functorX in rD,N s and each object d in D we have a diagram

� //

EvdX

!!B
BB

BB
BB

BB
BB

BB
B Endd //

Ev1dX

��

D

X

}}{{
{{
{{
{{
{{
{{
{{

N
where the horizontal maps are the obvious inclusions, the map EvdX is eval-
uation of X at d and Ev1dX is the restriction of X to Endd. This leads to a
diagram of categories and functors.

N r�,N s�oo rEndd,N soo rD,N s
Ev1d

oo

Evd

vv

An object K in rEndd,N s is an object in N equipped with an action of the
endomorphism monoid Enddpd, dq � Dpd, dq. When the functors above have
left adjoints, we get

N � // r�,N s
Dpd,dqbp� q

//

Fd

))
rEndd,N s

Gd

// rD,N s

where Fd and Gd are the enriched tensored Yoneda and corestriction func-
tors; see Yoneda Lemma 2.2.10 and Definition 3.1.68. For an object K in N ,
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Dpd, dq bK is the corresponding object with free action of Dpd, dq, and the
functor FdK is given by FdKpd1q � Dpd, d1q bK.
The functor Gd on K endowed with a Dpd, dq-action is given by

GdKpd1q � Dpd, d1q bDpd,dq K.

This object in N is the coequalizer of the maps

Dpd, d1q bDpd, dq bK Ñ Dpd, d1q bK

given by the right action of Dpd, dq on Dpd, d1q and its left action on K.
Now assume that for each object d in D, the enriched functor category

rEndd,N s is underlain by a cofibrantly generated model category Nd with
generating sets Id and Jd and weak equivalences Wd. Assume also that the
left adjoints Gd above exist, and use them to define sets of maps GI, GJ and
W in rD,N s0 by

GI :�
¤
dPD

GdId, GJ :�
¤
dPD

GdJd (5.6.25)

and
W :�  

f P rD,N s0 : Ev1df P Wd @ d P D
(
.

Then [BDS16, Theorem 6.2.7], the enriched analog of Theorem 5.4.10, is the
following.

Theorem 5.6.26. A cofibrantly generated model structure on the
category underlying rD,N s. With notation and assumptions as above, as-
sume further that each functor category rEndd,N s is bitensored over M, the
domains of GI and GJ (see (5.6.25)) are small relative to GI-cell and GJ -cell
respectively, and that GJ -cell is contained in W. Then the underlying category
rD,N s0 is a cofibrantly generated model category where a map f : X Ñ Y is
a fibration (weak equivalence) iff for each d P D, Ev1df is a fibration (weak
equivalence) in the model structure Nd on rEndd,N s0. The set of generating
(trivial) cofibrations is (GJ ) GI.

Like Theorem 5.4.10, this is proved by showing that the data satisfy the
conditions of the Dwyer-Hirschhorn-Kan Recognition Theorem 5.2.24. The
following is the analog of Corollary 5.4.11.

Corollary 5.6.27. Some cofibrant objects in rD,N s. For any cofibrant
object K in M and any object D in D, the object HD b K is cofibrant in
rD,N s.
Proposition 5.6.28. The enriched Yoneda adjunction as a Quillen
pair. Let pM,^, Sq be a Quillen ring as in Definition 5.5.9. Suppose there
is a small indexing category D enriched over M. For each object D in the
small category D, let EvD : rD,Ms Ñ M be the enriched evaluation functor
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that sends an enriched functor X : D Ñ M to XD, its value in M. Let
H
D : D ÑM be the enriched Yoneda functor that sends an object E in D to

the morphism object DpD,Eq in M, and let FD : M Ñ rD,Ms be given by
M ÞÑ H

D ^M , the enriched tensored Yoneda functor as in Definition 3.1.68.
Then we have Quillen adjunction

M � // HD ^M

FD : M K
// rD,Ms : EvDoo

XD X.�oo

In particular, if M is a cofibrant object in M, then HD ^M is cofibrant in
rD,Ms, and if X if fibrant in rD,Ms, then XD is fibrant in M.

Proof The adjunction FD % EvD is that of Proposition 3.1.71. We need to
show that it is a Quillen adjunction, which we will do by showing that EvD is
a right Quillen functor, meaning a functor that preserves fibrations and trivial
fibrations. This is immediate because by definition, a morphism in rD,Ms is
a (trivial) fibration if its evaluation at each D is one.

The following is an enriched analog of Proposition 5.4.18, and it can proved
the same way.

Proposition 5.6.29. Quillen adjunctions between enriched projective
model structures. Let M be a model category and let α : K Ñ J be an M-
functor between small categories K and J enriched over M. Then the functors

U � α� : MJ ÑMK

given by precomposition with α and F � α! : MK Ñ MJ given by left
Kan extension, form a Quillen pair pF,Uq as in Definition 4.5.1 between the
projective model structures on MK and MJ of Definition 5.4.2.

Proposition 5.6.30. Projective model structures for similar indexing
categories. With notation as in Proposition 5.6.29, suppose in addition that
the functor α : K Ñ J induces an isomorphism of object sets. Then pF,Uq is
a Quillen equivalence as in Definition 4.5.14.

The following is an M-category (for a Quillen ring M) analog of Defini-
tion 2.1.58.

Definition 5.6.31. Let M � pM0,^, Sq be a Quillen ring as in Defini-
tion 5.5.9. A generalized direct (inverse) M-category D is a small
M-category as in Definition 3.1.1 equipped with a function that assigns a
nonnegative integer, the degree (denoted by |α| for an object α), to each
object of D, satisfying that the following.
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 Every degree preserving morphism in D0, the ordinary category underlying
D, is an isomorphism.

 Every morphism in D0 that is not an isomorphism raises (lowers) degree.
 Let α and β be objects of D. If |α| ¡ |β| (|α|   |β| ), then Dpα, βq is the

initial (terminal) object in M.
 For |α| ¤ |β| (|α| ¥ |β|), Dpα, βq is cofibrant (fibrant) in M.
 For |α| � |α1| ¤ |β| (|α| ¥ |β1| ¤ |β|), the reduced composition morphism

Dpα1, βq ^
Dpα1,α1q

Dpα, α1q Ñ Dpα, βq�
Dpβ1, βq ^

Dpβ1,β1q
Dpα, β1q Ñ Dpα, βq



of Proposition 3.1.10 is an isomorphism.

Example 5.6.32. Some generalized direct M-categories. We will study
several such categories later in this book.

(i) The category J
N
K of Definition 7.1.13 below used to define presymmetric

spectra.
(ii) The categories J

N
K , J

Σ
K and J

O
K of Definition 7.2.4 below used to define

presymmetric, symmetric and orthogonal spectra in Definition 7.2.33.
(iii) The J

O
K -algebras J

F
L of Definition 7.2.19 below. They are generalizations

of (ii) that will provide a framework for the study of (iv) below.
(iv) The Mandell-May category JG and of Definition 8.9.24 below. It is en-

riched over TG, the category of pointed G-spaces (for a finite group G)
with the Bredon model structure of Definition 8.6.1. The functor category
rJG, TGs is that of orthogonal G-spectra as in Definition 9.0.2 below.

Remark 5.6.33. Altering the degree function. The degree of each object
in direct category is a nonnegative integer, but no use is made of addition of
degrees in Definition 5.6.31. Therefore if we were to alter the degree function
linearly, replacing |α| by m|α|�b for fixed integers m ¡ 0 and b ¥ 0, we would
not change the structure of the category.

5.6C Monoidal structures in enriched model categories
Here we will show that when we modify the model structure on a Quillen
ring (Definition 5.5.9), the same monoidal structure makes the new model
category a Quillen ring again under appropriate circumstances. The model
category constructions we will study are

(i) enlargement as in Theorem 5.2.34, the subject of Theorem 5.6.34 below,
(ii) functor categories of Definition 5.4.2, the subject of Theorem 5.6.35, and
(iii) induction from a subcategory of the indexing category as in Theorem 5.4.21,

also known as confinement, the subject of Theorem 5.6.39.
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Theorem 5.6.34. The monoidal structure for an enlarged monoidal
model category. With notation as in Theorem 5.2.34, which concerns an
adjunction

M1
F

K
//
M,

U
oo

assume in addition that pM1,^, S1q and pM,^, Sq are both algebras (as in
Definition 5.5.17) over a Quillen ring pL,^, S0q. We also assume that the
right adjoint U is symmetric monoidal as in Definition 2.6.20. Then with
respect to the enlarged model structure, the original monoidal structure on M
satisfies

(i) the pushout product axiom of Definition 5.5.9(i),
(ii) the unit axiom Definition 5.5.9(ii), and

(iii) (if it holds for M with its original model structure and for M1) the monoid
axiom of Definition 5.5.22.

The example we have in mind is L � T , M � SpG (the category of or-
thogonal G-spectra for a finite group G, the subject of Chapter 9 below) and
M1 � SpH for H � G, with pF,Uq being the change of group adjunction of
(9.1.18).

Proof (i) We need to show that for enlarged cofibrations i1 and i2, i1 l i2
is also an enlarged cofibration which is trivial if either i1 or i2 is trivial.
Recall that M and M1 are cofibrantly generated model categories with pairs
of cofibrant generating sets pI,J q and pI 1,J 1q. To show that i1 l i2 is a
cofibration, it suffices to consider the case where they are both generating
cofibrations in the enlarged model structure, meaning that both are elements
of I YFI 1. In the case where one or both is a trivial cofibration, it suffices to
treat the case where one or both is an element of J Y FJ 1. In each of these
situations the pushout product axiom in M �M1 inplies that the pushout
product in the enlarged model structure of M has the desired property.
(ii) The assumption that U is symmetric monoidal implies that S1 is iso-

morphic to UpSq, making pS, S1q isomorphic to pS,UpSqq in M �M1. Thus
we can take it to be the unit in M � M1. Since U preserves trivial fibra-
tions (such as the cofibrant approximation q : QS Ñ S), Upqq is a cofibrant
approximation in M1. Thus

pq, Upqqq : pQS,QUpSqq Ñ pS,UpSqq.
is a cofibrant approximation to the unit in M�M1.
Now let K be a cofibrant object in the enlarged model structure on M. We

need to show that q^K is a weak equivalence in the enlarged model structure
on M, which means showing that pq^K,Upqq^UpKqq is a weak equivalence
in M�M1. This is the case since M and M1 both satisfy the unit axiom.
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(iii) Since the enlarged model structure on M is cofibrantly generated,
by Lemma 5.5.23 it suffices to that every morphism that is obtained as a
transfinite composition of pushouts of smash products of any object with
maps in its generating set J Y FJ 1 of trivial cofibrations in M is a weak
equivalence. This means showing the ta image of such a map under U is a
weak equivalence in M�M1. Again this is the case bacause both M with its
original model structure M1 satisfy the monoid axiom.

Theorem 5.6.35. Quillen rings and the Day convolution. Let pM,^, Sq
be a Quillen ring as in Definition 5.5.9, and let pJ,`, 0q be a symmetric
monoidal category enriched over M in which all morphism objects are cofibrant
with Jp0, 0q � S. Let the functor category rJ,Ms have the projective model
structure of Definition 5.4.2. Then the closed symmetric monoidal structure
on N given by the Day Convolution Theorem 3.3.5, which we will also denote
by ^, makes it a Quillen ring with unit H0. In other words, the monoidal
structure satisfies

(i) the pushout product axiom,
(ii) the unit axiom, and

(iii) (if M satisfies it) the monoid axiom.

Proof We will abbreviate the functor category rJ,Ms by N .
(i) We use Proposition 5.5.15, which says that it is equivalent to the map

N3pi, pq being a fibration which is trivial if either the cofibration i : A Ñ B

or the fibration p : X Ñ Y is. In the projective model structure, a map
f : W Ñ Z is a (trivial) fibration iff for each object j in J, fj : Wj Ñ Zj
is a (trivial) fibration in M. The domain of N3pi, pq is N pB,Xq, whose jth
component is the end

N pB,Xqj �
» kPJ

MpBk, Xj�kq

by Proposition 3.3.7(ii).
We now examine the codomain 3pi, pq (see Definition 2.3.14) of N3pi, pq.

For each pair of objects j and k in J, we have the diagram

MpBk, Xj�kq
ppj�kq� //

pikq
�

��

MpBk, Yj�kq
pikq

�

��
MpAk, Xj�kq

ppj�kq� //MpAk, Yj�kq

with the pullback corner map

M3pij , pj�kq : MpBk, Xj�kq Ñ3pik, pj�kq. (5.6.36)



5.6 Enriched model categories 385

It follows that

3pi, pqj �
» kPJ

3pik, pj�kq.

The pushout product axiom for M implies that the map of (5.6.36) is a
fibration which is trivial if either ik or pj�k is, so it is trivial if either the
cofibration i : A Ñ B of the fibration p : X Ñ Y is trivial.It follows that for
each j and k in J, the map of (5.6.36)is a fibration that is trivial if either i or
p is. (By Proposition 5.5.15 this is equivalent to the pushout axiom for M.)
This means that the same is true of the map N3pi, pq. The pushout product
axiom for prJ,Ms,^,H0q follows.
(ii) Let q : QS Ñ S be a cofibrant approximation in M. Then

H
0 ^ q : H0 ^QS Ñ H

0 ^ S � H0 (5.6.37)

is a cofibrant approximation in N . The unit axiom requires that for any
cofibrant object X in N , the map

X ^H0 ^ q � X ^ q

is a weak equivalence in N . This will be true if for each j in J, the map
Xj ^ q is a weak equivalence in M. Now the cofibrancy of X implies that of
Xj is cofibrant by Proposition 5.4.4(ii), so Xj ^ q is a weak equivalence by
the unit axiom for M.
(iii) Now suppose that M satisfies the monoid axiom of Definition 5.5.22.

We need to show that if i : AÑ B is a trivial cofibration in N , then i^X is a
weak equivalence for any object X in N . Once we have done so, pushouts and
transfinite compositions in N can be computed objectwise, so the monoidal
axiom for N will follow from the same property in M.
If i : A Ñ B is a trivial projective cofibration in N , then ij1 : Aj1 Ñ Bj1

is trivial cofibration in M for each object j1 in J. The monoid axiom for M
implies that

ij1 ^Kj2 : Aj1 ^Kj2 Ñ Bj1 ^Kj2

is a weak equivalence for all j1, j2 P J. For each k P J we have

pA^Kqk �
»
pj1,j2qPJ�J

Jpj1 � j2, kq ^Aj1 ^Kk

by (3.3.3), and there is is a similar formula for pB ^Kqk. It follows that for
each j1, j2, k P J, the map

Jpj1� j2, kq^ ij1 ^Kk : Jpj1� j2, kq^Aj1 ^Kk Ñ Jpj1� j2, kq^Bj1 ^Kk

is a weak equivalence, so the maps pi ^Kqk for each k, and therefore i ^K

itself are weak equivalences.
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The following enriched analog of Theorem 5.4.21 and Proposition 5.4.24
can be proved in the same way. For J and M as in Theorem 5.6.35 with an
ideal K � J as in Definition 2.6.9, we have the confined model structure on
rJ,Ms of Theorem 5.4.21. We want to study it as a monoidal model category.

Theorem 5.6.38. An induced model structure on rJ,Ms. Let M be
a cofibrantly generated Quillen ring with generating sets I and J , and let
α : K Ñ J be a fully faithful M-functor between small categories K and J

enriched over M. In particular, K could be a full subcategory of J. Then

(i) the projective model structure on rK ,Ms induces a model structure on
rJ,Ms as in the Crans-Kan Transfer Theorem 5.2.27,

(ii) the sets

IK �
¤

kPobK

H
αpkqI and JK �

¤
kPobK

H
αpkqJ

are cofibrant generating sets for the induced model structure on rJ,Ms,
and

(iii) For a projectively cofibrant object A in rJ,Ms, let

QαA � α!α
�pAq.

and let qα : QαAÑ A be the counit εA of the enriched adjunction α! % α�

as in Definition 2.2.20. Then it is a cofibrant approximation to A in the
induced model structure on rJ,Ms.

Theorem 5.6.39. The confined model structure as a closed symmet-
ric monoidal category. Let J and M be as in Theorem 5.6.35, and let
K � J be an ideal as in Definition 2.6.9. Assume further that M is cofi-
brantly generated with generating sets I and J . Then under the confined model
structure on rJ,Ms of Theorem 5.6.38 and the closed symmetric monoidal
structure on rJ,Ms given by the Day Convolution Theorem 3.3.5, rJ,Ms is
a Quillen ring with unit H0. In other words, the monoidal structure satisfies

(i) the pushout product axiom,
(ii) the unit axiom, and

(iii) (if M satisfies it) the monoid axiom.

Proof (i) Recall that the confined model structure on rJ,Ms has more fi-
brations and weak equivalences and fewer cofibrations than the projective one.
Its cofibrant generating sets are IK and JK as in Theorem 5.6.38(ii). Here we
omit α from the notation since we are assuming that K is a subcategory of
J rather than a category mapping to it via a functor α.
By Proposition 5.5.14 the pushout product axiom reduces to showing that

each map in the set IKlIK is a cofibration, and replacing either or both factors
by JK yields a set of trivial cofibrations. Let i1 : A1 Ñ B1 and i2 : A2 Ñ B2
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be two generating cofibrations of M, and let k1 and K2 be two objects of K .
Then

pHk1i1ql pHk2i2q � Hk1�k2pi1 l i2q,
which is a cofibration in rJ,Ms because i1 l i2 is a cofibration in M. The
argument for trivial cofibrations is similar.
(ii) The domain of the map of (5.6.37) that we used in the proof of Theo-

rem 5.6.35 need not be cofibrant if the object 0 in J is not in K . We will use
the cofibrant approximation QαH0 of H0 given by Theorem 5.6.38(iii). Thus
we have

QαH
0 ^QS

qα^QS // H0 ^QS
H

0
^q // H0 ^ S � H0.

The middle object is projectively cofibrant. The unit axiom for M implies
that the map qα ^QS is a weak equivalence in the induced model structure.
The composition above is therefore a cofibrant approximation to the unit H0

(which need not be projectively cofibrant) in the induced model structure.
We can now proceed roughly as in the proof of the unit axiom in Theo-

rem 5.6.35. It requires that for any induced cofibrant object A in rJ,Ms,
the map A^ qα ^ q is a weak equivalence in rJ,Ms with the induced model
structure. This will be true if for each j and j1 in J with j � j1 in K , the
map Aj ^ pqαqj1 ^ q is a weak equivalence in M. The domain of that map is
nontrivial only when j and j1 are both in K , so those are the only cases we
need to consider.
Now the cofibrancy of A implies that of Aj by Proposition 5.4.4(ii), and

that of the domain of pqαqj1 is implied by the cofibrancy of morphism objects
in J. Therefore Aj ^ pqαqj1 ^ q is a weak equivalence by the unit axiom for
M.
(iii) Assuming that M satisfies the monoid axiom, we need to show that the

smash product of any generating trivial induced cofibration i of rJ,Ms with
another object K in rJ,Ms is an induced weak equivalence. This will imply
the monoid axiom for rJ,Ms since pushouts and transfinite compositions in
rJ,Ms can be computed objectwise.
By Theorem 5.6.38(ii), each generating trivial cofibration has the form

H
αpkq ^ j for an object k in K and a generating trivial cofibration i : AÑ B

for M. The jth component of this map is Jpαpkq, jq ^ i. This is a trivial co-
fibration since i is one and Jpαpkq, jq is cofibrant. We can show that for each
object k1 in K , the αpk1qth component of Hαpkq^ i^K is a weak equivalence
by an argument similar used in the proof of Theorem 5.6.35(iii).

The following is a consequence of the previous four theorems and should be
compared to Corollary 5.4.29.

Corollary 5.6.40. Four monoidal model structures on rJ,Ms. Let M,
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M 1, F and U be as in Theorem 5.6.34. Let J be as in Theorem 5.6.35, and
let K � J be an ideal as in Definition 2.6.9. Similarly let pJ1,`, 0q be a
symmetric monoidal category enriched over M1 with similar properties and
an ideal K

1 � J
1. For brevity, let

N :� rJ,Ms N 1 :� rJ1,M1s
P :� rK ,Ms P 1 :� rK 1,M1s

Then we have a diagram similar to (5.4.30),

Nenla %

//

��

%%KK
KKK

KKK
K Noo

��

||xx
xx
xx
xx

N �N 1

eeKKKKKKKKK

%

N
²
F

% //

B�B1

��

N
N�U
oo

<<xxxxxxxx
%

B

��
P � P 1

P
²
E

% //

A�A1 %

OO

yysss
sss

sss
s

%

P
P�V
oo

A %

OO

""F
FF

FF
FF

F

%

Nenco %

//

%

OO

99ssssssssss
Nconfoo

%

OO

bbFFFFFFFF

(5.6.41)

in which N � rJ,Ms has the monoidal structure given by the Day convolution
of Definition 3.3.2. Under the four model structures on N , it is a Quillen ring
that satisfies the monoid axiom whem M and M1 do.

Proof. The diagram is obtained from (5.4.30) via the substitutions

M ÞÑ N , M1 ÞÑ N 1,

L ÞÑ P, and L1 ÞÑ P 1.

Remark 5.6.42. The case of orthogonal G-spectra. Our application of
this diagram is the case where N � rJ,Ms is the category of orthogonal
G-spectra rJG, T Gs for a finite group G. It is illustrated in Figure 7.1, where
the four model structures on the left are instances of the four outer ones in
(5.6.41) as follows.

Nenla
� //

equifibrant
model

structure
N � //

projective
model

structure

Nenco
� //

positive
equifibrant

model
structure

Nconf
� //

positive
model

structure
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The four model structures on the right in Figure 7.1 are obtained by stabilizing
the ones on the left, and stabilization is a form of Bousfield localization, the
subject of Chapter 6.

5.7 Stable and exactly stable model categories

The following is due to [Hov99, Definition 7.1.1].

Definition 5.7.1. A pointed model category Sp is stable if the functors
LΣ, RΩ : HoSpÑ HoSp of Theorem 4.6.24 are equivalences on the homotopy
category of Sp.

Stable model categories are studied in great depth by Schwede and Shipley
in [SS03b]. We will denote such a category by Sp rather than M to remind
the reader that we are typically dealing with spectra rather than spaces.
The following notion of exact stability is new as far as we know. We will

see in Theorem 5.7.6 and in §5.7B that it is helpful in establishing certain
exact sequences of homotopy groups. In §7.3E and §7.4E, we will show that
the categories of spectra we are interested in are exactly stable.
It may be the case that all stable model categories are exactly stable, and

this might follow from the results of [SS03b]. We leave this question for the
interested reader.
Before giving the definition, we need the following observation. For a fi-

brant replacement functor R with coaugmentation r in any pointed topologi-
cal model category, there is a natural transformation µ : RΩñ ΩR. For each
object X, the map µX is the image of the identity morphism on ΩX under
the composite map

SppΩX,ΩXq � // ΩSppΩX,Xq

ΩpRΩX,Xq

��
ΩSppRΩX,RXq � // SppRΩX,ΩRXq

1ΩX
� // µX ,

(5.7.2)

where the vertical arrow is induced by the endofunctor R as in (3.1.14), and
the horizontal isomorphisms are those of (5.6.13).

Definition 5.7.3. A model category Sp is exactly stable if it is pointed
topological and the following conditions are met.

(i) For each k ¡ 0, the Quillen pair pΣk,Ωkq is invertible as in Definition 4.5.3.
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We will refer to Σ�1 (Ω�1) as desuspension (delooping), and we denote
ΩkΩ�k by Θk. The accompanying natural transformations are denoted by

σk : ΣkΣ�k ñ 1Sp and θk : 1Sp ñ Θk.

The superscripts on σ, θ and Θ are not exponents. Instead we have

σkX � σXpΣσΣ�1Xq � � � pΣk�1σΣ1�kXq
and θkX � pΩk�1θΩ1�kXqpΩk�2θΩ2�kXq � � � θX ,

and these maps are weak equivalences on cofibrant and fibrant objects re-
spectively.

(ii) For each object X and each k ¡ 0, the unit and counit maps for the Quillen
adjunction Σk % Ωk,

ηkX : X Ñ ΩkΣkX and εkX : ΣkΩkX Ñ X,

are weak equivalences.
(iii) For each object X, the morphism µX of (5.7.2) is a weak equivalences.

Such a category has an endofunctor Θ8 with coaugmentation θ8. For each
object X, Θ8X is the homotopy colimit or telescope (see Example 5.8.5(iv)
and Lemma 5.8.20 below) of the diagram

X
θX // ΘX

θΘX // Θ2X
θΘ2X // � � �, (5.7.4)

and θ8X is the evident map X Ñ Θ8X.

Proposition 5.7.5. Exact stability implies stability.

Proof The existence of functors in the homotopy category induced by Σ�1

and Ω�1 means that LΣ and RΩ are equivalences.

5.7A Extending the Puppe exact sequences
Now we show that the exact sequences of Proposition 4.7.11 can be extended
indefinitely to the right in the stable setting, as promised at the end of §4.7.

Theorem 5.7.6. Exact sequences in the exactly stable case. Let Sp
be a model category that is exactly stable as in Definition 5.7.3. Then the
long exact sequences of Proposition 4.7.11 can be extended indefinitely to the
right with all terms having natural abelian group structures. In the case of
Proposition 4.7.11(i) we have

� � � // πpA,Ω�qF q pΩ
�qpf q�// πpA,Ω�qXq pΩ

�qfq� // πpA,Ω�qY qpΩ
�q�1Bf q�// � � �

(where πp�,�q is as in Definition 4.3.11) and for Proposition 4.7.11(ii) we
have

� � � // πpΣ�qC,Bq pΣ
�qif q

�

// πpΣ�qY,Bq pΣ
�qfq� // πpΣ�qX,BqpΣ

�q�1δf q
�

// � � �
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Proof For the fiber sequence of (4.7.7) we have a diagram of fibrant objects

F
pf //

ωF �
��

X
f //

ωX �
��

Y

ωY �
��

ΩΩ�1F
ΩΩ�1pf// ΩΩ�1X

ΩΩ�1f// ΩΩ�1Y
Ω�1Bf // Ω�1F

Ω�1pf // Ω�1X
Ω�1f // Ω�1Y,

(5.7.7)

where the maps ωp�q are induced by the natural transformation ω of Defini-
tion 5.7.3(i), and the bottom row is an extended fiber sequence. Applying the
functor πpA, �q for cofibrant A enables us the extend the exact sequence of
Proposition 4.7.11(i) three more terms to the right, and this procedure can
be repeated any number of times.
A dual procedure can be applied to extend the exact sequence of Proposi-

tion 4.7.11(ii).

5.7B The Adams exact sequence
Now we will show that when the pointed topological model category Sp is
exactly stable, applying the functor πpA,Rp�qq to a cofiber sequence

X
fÝÑ Y

iÝÑ C

as in (4.7.8) leads to an additional long exact sequence comparable to the first
one in Theorem 5.7.6, the Adams exact sequence. This name is new to our
knowledge, but the sequence has been around for half a century, having first
appeared in [Ada64, Lecture 3].
The following was proved by Adams for original spectra in [Ada64, Lemma

3.5] and again in [Ada74b, Proposition III.3.10], and by Gaunce Lewis (1949–2006)
and May for G-spectra in [LMSM86, Lemma III.2.1]. None of those books was
written in the language of model categories, so there was no mention of fibrant
replacement.

Lemma 5.7.8. Maps into a stable homotopy cofiber sequence. Let Sp
be an exactly stable model category. For a cofibrant object A and a morphism
f : X Ñ Y in Sp with homotopy cofiber Cf as in Definition 4.1.28, the
sequence

πpA,RXq Rpfq� // πpA,RY q Rpif q� // πpA,RCf q,

is exact, meaning that the image of Rpfq� is the preimage of the trivial element
in πpA,RCf q, where R is a fibrant replacement functor.

Proof Let α : AÑ RY be a morphism for which Rpif qα is homotopic to the
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trivial map. Then consider the homotopy commutative diagram

A

Σ�1γ
���
�
� A

iA //

α

��

CA
δA //

β

���
�
� ΣA

γ

���
�
�

RX
Rpfq // RY

Rpif q // RCf
Rpδf q // RΣX,

in which the first row is a cofiber sequence and the bottom row is the fibrant
replacement of one. The map β is an extension of Rpif qα over the cone CA,
which exists because the latter map is homotopic to the trivial map. For the
map γ, note that Rpδf qβiA is homotopic to Rpδf qRpif qα, which is trivial. It
follows that there is an extension γ of Rpδf qβ to ΣA.
The map γ is adjoint to the vertical map in the following diagram.

A

��
RX

RpηXq

�
// RΩΣX

µΣX

�
// ΩRΣX.

Here the map ηX is the weak equivalence of Definition 5.7.3(ii) and µΣX is
that of Definition 5.7.3(iii). The objects in the bottom row are each fibrant,
so the functor πpA,�q converts the maps to isomorphisms. Hence we get the
desired element in πpA,RXq.
We can use exact stability to give the set πpA,RXq for cofibrant A an

abelian group structure which is natural in X. For each k ¡ 0, we have maps

πpA,RXq pRηkXq�

�
// πpA,RΩkΣkXq

πpA,ΩkRΣkXq
�

OO

� // πpΣkA,RΣkXq

(5.7.9)

where ηkX : X Ñ ΩkΣkX is the weak equivalence of Definition 5.7.3(ii). Since
ηkX is a weak equivalence, SppA,RηkXq is one by Lemma 5.6.17, so πpA,RηkXq is
an isomorphism. The vertical map is based on the composite weak equivalence
of fibrant objects

ΩkRΣkX
Ωk�1µ

ΣkX // Ωk�1RΩΣkX
Ωk�2µ

ΩΣkX // � � � // RΩkΣkX,

for µp�q as in (5.7.2). Such a morphism is converted to an isomorphism by the
functor πpA,�q. The map on the right of (5.7.9) is induced by an adjunction
isomorphism. In the case of original spectra, this isomorphism for k � 1 was
the subject of [Ada74b, Theorem III.3.7].
It follows that πpA,RXq is isomorphic to πpΣ2A,RΣ2Xq, which is an abeli-

an group. Hence application of the functor πpA,Rp�qq to the extended cofiber
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sequence

X
f // Y

if // Cf
δf // ΣX

Σf // ΣY
Σif // ΣCf

Σδf // � � � (5.7.10)

leads to a long exact sequence of abelian groups going indefinitely to the right.
We can extend it to the left with the dual of (5.7.7), namely the following
diagram of cofibrant objects

X
f // Y

if // Cf

Σ�1X
Σ�1f // Σ�1Y

Σ�1if// Σ�1Cf
Σ�1δf// ΣΣ�1X //

σX �

OO

ΣΣ�1Y //

σY �

OO

ΣΣ�1XCf

σCf �

OO

where the maps σ� are induced by the natural transformation σ of Defini-
tion 5.7.3(i).
Replacing X by Σ�kX in (5.7.9) leads to another isomorphism

πpA,RΣ�kXq � // πpΣkA,RΣkΣ�kXqRpσ
k
Xq�

�
// πpΣkA,RXq,

which leads to the following.

Theorem 5.7.11. The Adams exact sequence. Let Sp be an exactly stable
pointed topological model category. For a morphism f : X Ñ Y in Sp with
homotopy cofiber Cf as in Definition 4.1.28, there is a long exact sequence
similar to that of Proposition 4.7.11(i),

� � � // πpΣqA,RXq pRfq� // πpΣqA,RY q pRif q� // πpΣqA,RCf q // � � �

� � � // πpA,RXq pRfq� // πpA,RY q pRif q� // πpA,RCf q
pRδf q� // � � �

� � � // πpA,RΣqXq pRΣqfq�// πpA,RΣqY q pRΣqif q�// πpA,RΣqCf q
pRΣqδf q�// � � �

where the homomorphisms in the second and third rows are induced by the
maps in (5.7.10), and the last homomorphism in the top row is the composite

πpΣqA,RCf q
pRδf q� // πpΣqA,RΣXq � // πpΣq�1A,RXq,

with the isomorphism being induced by a weak equivalence similar to that of
(5.7.9).

5.8 Homotopy limits and colimits

The original source for this material is [BK72, Chapters XI and XII]. More re-
cent treatments can be found in [Hir03, Chapters 18 and 19], [Dug17], [Rie14,
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Chapters 5 and 6] and [Shu06]. Homotopy limits and colimits in a combi-
natorial model category (Definition 4.8.11 below) are described concisely in
[Lur09, A.2.8].
Very briefly, given a topological model category M as in Definition 5.6.3

and a small category J , one has functors

colim , lim : MJ ÑM

as in Definition 2.3.22, which are not homotopical in general. Here we are using
the projective (injective) model structure on MJ (as in Definition 5.4.2) in
the colimit (limit) case.
Since the two functors are not homotopical, they do not induce functors

between the corresponding homotopy categories. Example 4.4.1 is an elemen-
tary case of this difficulty. As explained in §4.4, derived functors (when they
exist) provide a way around this problem. The homotopy colimit (homo-
topy limit) is a point set left (right) derived functor (as in Defini-
tion 4.4.11) of colim (lim ).
Curiously the definition of homotopy limits and colimits does not require

a model structure on the category in question. They were originally defined
for simplicial sets, and the definition can easily be modified to work for any
topological category. On the other hand, the problems they are designed to
address, illustrated in Example 4.4.1 and Example 7.2.70 below, are model
theoretic, as are the theorems about them, such as Theorem 5.8.8, Theo-
rem 5.8.9, Theorem 5.8.10 and Theorem 5.8.16 below.

5.8A The Bousfield-Kan definition
We begin with the definitions of homotopy limits (homotopy inverse limits
in their terminology) and homotopy colimits (homotopy direct limits) of
[BK72, Chapter XI], repeated with minor differences and more modern nota-
tion in [Hir03, Chapter 18]. These concern functors from a small category J
to the category Set∆ of simplicial sets. We refer the reader to [Hir03, Chapter
19] for the case where Set∆ is replaced by a more general model category.
We will state the definitions for a topological model category as in Defini-

tion 5.6.3. We will often refer the reader to [Hir03, Chapter 18], which concerns
homotopy limits and colimits in simplicial model categories. Since all topolog-
ical model categories are simplicial as well by Corollary 5.6.16, Hirschhorn’s
results apply here.
Let J be a small category. Let M be a topological model category and let

X : J Ñ M be a functor. We denote its image on an object j in J by Xj ,
and we denote the category of such functors by MJ , in which morphisms
are natural transformations of functors. Morphism objects in both M and
MJ are topological spaces since M is topological. Given two functors (J-
diagrams) X and Y , the morphism object on MJ , meaning the set of natural
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transformations between the two functors, is the end (Definition 2.4.5)

MJpX,Y q �
» J

MpXj , Yjq

by Proposition 2.4.19 and Definition 3.2.18.
For an object c in a category C, recall the over and under categories CÓc

and cÓC of Definition 2.1.51. Note that pcÓCqop � CopÓc. The small category
J has a nerve NpJq, the simplicial set given in Definition 3.4.12, as does JÓj
for an object j of J . An n-simplex in NpJÓjq is a diagram of the form

j0 // j1 // � � � // jn // j,

and we get a map fj : NpJÓjq Ñ NpJq by dropping that last morphism
in the diagram. The simplicial set NpJÓjq has a base point, the vertex �
corresponding to the identity morphism j Ñ j. A morphism β : j Ñ j1 in J
induces a map of simplicial sets JÓβ : NpJÓjq Ñ NpJÓj1q, and hence a functor
JÓ� : J Ñ Set∆, i.e., an J-shaped diagram of simplicial sets sending j to the
nerve NpJÓjq. The maps fj lead to an isomorphism lim

J
NpJÓ�q Ñ NpJq.

The identity map on NpJÓjq is homotopic to the composite

NpJÓjq Ñ � Ñ NpJÓjq.

The following is the Bousfield-Kan definition of [BK72, XI.3.2], which they
stated for diagrams of simplicial sets, modified to work for diagrams in a
topological model category.

Definition 5.8.1. The homotopy limit and colimit of a diagram in a
topological model category. Let M be a topological model category as in
Definition 5.6.3. Note that such a model category is bitensored over T op as in
Definition 3.1.31. Let X : J Ñ M be a J-diagram in M. Its homotopy limit
and colimit are defined by

holim
J

X :�
» J

X
BpJÓjq
j

and hocolim
J

X :�
»
J

BpJopÓjq �Xj .

The homotopy limit and colimit are both natural in X. The functor

holim : MJ ÑM

is the right adjoint of the functor W ÞÑ pJÓ�q�W , which assigns to each ob-
jectW in M the functor sending each object j in J to the object NpJÓjq�W .
The corresponding functor for hocolim is the left adjoint of W ÞÑ pJopÓ� q�
W .
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The equivalence BpJÓjq Ñ � leads to a map» J
Homp�, Xjq �

» J
Xj � lim

J
X

η // holim
J

X (5.8.2)

which need not be a weak equivalence. Dually, there is a map

ε : hocolim
J

X Ñ colim
J

X. (5.8.3)

See Theorem 5.8.16 below for conditions guaranteeing that η and ε are weak
equivalences.
[BK72, XI.3.5] offers the following case where η fails to be a weak equiva-

lence.

Example 5.8.4. Bousfield-Kan’s toy counterexample. Let J be the
small category a Ñ b and let X be an object in pSet∆qJ with Xa � � and
Xb fibrant. Then lim

J
X is either � or the empty set, depending on whether

the two maps � Ñ Xb are the same. The classifying spaces BJ and BpJÓbq
are equivalent to S1, while BpJÓaq is contractible. It follows that holim

J
X is

equivalent to the loop space ΩXb and therefore not equivalent in general to
lim
J
X.

Each of the examples below save the first one is taken directly from [BK72,
Chapter XI]. In each case, there are similar examples for diagrams in
T op, T , T opG, T G for any group G, and more generally for any topological
model category or simplicial model category as in as in Definition 5.6.3. Recall
(Corollary 5.6.16) that all topological model categories are simplicial. We leave
these formulations to the reader. Simplicial versions of these examples are
discussed in more detail in [Rie14, §6.4 and §6.5].

Example 5.8.5. Some Bousfield-Kan homotopy limits and colimits.
The examples here are described as diagrams of simplicial sets, following
[BK72]. They could be replaced by diagrams of topological spaces or
of objects in a topological model category.

(i) Fixed point sets and orbit spaces of group actions. Let G be a group
and J the corresponding one object category BG of Definition 2.1.31 ; we
will denote its single object by �. Then a J-diagram X is an action of G
on simplicial set which we also denote by X, for which

lim
J
X � XG and colim

J
X � XG � X{G,

the fixed point set and orbit space of the action, as noted in Example 2.3.35(iii).
Then BJ is the classifying space BG of G while BpJÓ�q, which has a vertex
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for each element of G, is the contractible free G-space EG of Proposi-
tion 3.4.15(iv). It follows that

holimX � HompNpJÓ�q, XqG �: XhG,

the homotopy fixed point set of X, and

hocolimX � NpJopÓ�q �
G
X �: XhG,

the homotopy orbit set of the simplicial set X, also known as the Borel
construction.

When G acts trivially on X, we have limX � XG � X and

holimX � XhG � HompNpJq, Xq.

Thus the map η : XG Ñ XhG of (5.8.2) is induced by the equivariant map
EGÑ �. In general these two objects are quite different. The Sullivan con-
jecture [Sul71], proved by Miller in [Mil84], says that the two are equivalent
when G is finite and X is a finite complex.

These notions will be critical in what follows. They will be repeated as
formal definitions in §8.3A below.

(ii) Mapping path spaces and mapping cylinders. Let J be the category
a Ñ b, so a simplicial functor X on J is simply a map f : Xa Ñ Xb and
lim
J
X � Xa. A similar statement is true whenever J has an initial object.

The classifying spaces of J and JÓb are each unit intervals, while that of
JÓa is a point. It follows that

holim
J

X � Nf �
 px, ωq P Xa �XI

b : ωp0q � fpxq( ,
(where I denotes the unit interval r0, 1s and XI

b denotes the path space
of Xb) the mapping path space of f as in Definition 4.2.5. The map
η : lim

J
X � Xa Ñ holim

J
X of (5.8.2) sends x P Xa to px, ωfpxqq where ωy

is the constant y-valued path in Xb. We also have a map j : holim
J

X Ñ Xa

given by px, ωq ÞÑ x. Since jη � 1Xa , Xa is a retract of holim
J

X.
It is known to be an equivalence when Xa and Xb are fibrant. In the

pointed case the base point is the pair px0, ω0q, where x0 P Xa is the base
point and ω0 is the constant path at the base point y0 P Xb.

Dually, colim
J

X � Xb (and similarly whenever J has a terminal object),
hocolim

J
X is the mapping cylinder

Mf � ppXa � Iq >Xbq {ppx, 1q � fpxqq,
and the map ε : Mf Ñ Xb is an equivalence for cofibrant Xa and Xb. In
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the pointed case the homotopy colimit is the reduced mapping cylinder M 1
f

of Definition 3.5.1. The map ε : Mf Ñ Xb is given by px, tq ÞÑ fpxq and
y ÞÑ y. We also have an inclusion i : Xb Ñ Mf with εi � 1Xb

, so Xb is a
retract of Mf .

(iii) Homotopy pullbacks and pushouts, including homotopy fibers
and cofibers. Let J be the category a1 Ñ b Ð a2, so a simplicial functor
X on J is a pullback diagram

Xa1
f 1 // Xb Xa2

f2oo

and

lim
J
X �  px1, x2q P Xa1 �Xa2 : f

1px1q � f2px2q( :� Xa1 �
Xb

Xa2 ,

The classifying spaces of J and JÓb are unit intervals while those of JÓa1
and JÓa1 are points. It follows that

holim
J

X �  px1, x2, ωq P Xa1 �Xa2 �XI
b

: f 1px1q � ωp0q, f2px2q � ωp1q(
�: Xa1 �

Xb

h Xa2 ,

where XI
b denotes the path space of Xb. This is the homotopy pullback.

It is the ordinary pullback in

Xa1 �
Xb

h Xa2
//

��

XI
b

��

ω_

��
Xa1 �Xa2

pf 1,f2q // Xb �Xb pωp0q, ωp1qq.

(5.8.6)

Meanwhile the ordinary limit is the pullback of the diagram

Xa1 �
Xb

Xa2
//

��

Xb

∆

��
Xa1 �Xa2

pf 1,f2q // Xb �Xb,

which we can map to the diagram of (5.8.6) by using the constant path map
Xb Ñ XI

b .
The map η : lim

J
X Ñ holim

J
X of (5.8.2) is known to be an equivalence

when either f 1 or f2 is a fibration, but it need not be one in general.

 When Xa1 � Xa2 � � mapping to distinct points in a connected fibrant
Xb, the ordinary limit is empty while the homotopy limit is the space of
paths in Xb connecting the two image points. This is Example 5.8.4.
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 When Xa1 � � and Xa2 is arbitrary, the homotopy limit is known as the
homotopy fiber of the map Xa2 Ñ Xb, while the ordinary limit is the
preimage of under this map of the image of Xa1 .

Replacing J by Jop yields a pushout diagram

Xa1 Xb
f 1oo f2 // Xa2

The homotopy pushout hocolim
Jop

X is also known as the double map-
ping cylinder

cylpXa1 , Xb, Xa2q
:� ppXb � Iq >Xa1 >Xa2q {ppy, 0q � f 1pyq, py, 1q � f2pyqq.

The map ε from it to the usual pushout is an equivalence if either map is a
cofibration. When Xa1 � Xa2 � �, the ordinary pushout is also � while the
homotopy pushout is the unreduced suspension of Xb. In this case the maps
are cofibrations only when Xb � �. When Xa1 � � and Xa2 is arbitrary,
the ordinary pushout is the quotient Xa2{Xb while the homotopy pushout is
the mapping cone Cf2 of f2 : Xb Ñ Xa2 , also known as the homotopy
cofiber, namely the ordinary pushout of CXb Ð Xb Ñ Xa2 , where CXb

is the cone on Xb.

(iv) Towers and telescopes. Recall the sequential limit category Nop of Def-
inition 2.3.63,

0Ð 1Ð 2Ð 3Ð � � �

and let X be the diagram (a tower)

X0 X1
f1oo X2

f2oo X3
f3oo � � � .oo

Then the ordinary inverse limit (a sequential limit as in Definition 2.3.63)
is

lim
Nop

X �
#
px0, x1, . . . q P

¹
j¥0

Xj : fjpxjq � xj�1 for j ¡ 0

+
.

The homotopy limit is

holim
Nop

X �
#
pω0, ω1, . . . q P

¹
j¥0

XI
j : fjpωjp1qq � ωj�1p0q for j ¡ 0

+
,

where each ωj : I Ñ Xj is a path. The two are known to be weakly equivalent
when each Xj is fibrant and each map fj is a fibration; see Theorem 5.8.16
below.
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Dually, replacing Nop by N , the sequential colimit category of Defini-
tion 2.3.63, yields a telescope diagram

X0
f0 // X1

f1 // X2
f2 // X3

f3 // � � � .
The colimit (a sequential colimit as in Definition 2.3.63) is

colim
N

X �
�º
j¥0

Xj

�
{xj � fjpxjq

and the homotopy colimit is the telescope

hocolim
N

X �
�º
j¥0

Xj � I

�
{pxj , 1q � pfjpxjq, 0q.

The two are known to be weakly equivalent when each Xj is cofibrant and
each fj is a cofibration; see Theorem 5.8.16 below.

Remark 5.8.7. Telescopes as ordinary sequential colimits. For

X0
f0 // X1

f1 // X2
f2 // X3

f3 // � � � .
as in Example 5.8.5(iv), let

rXn �
� º

0¤j n

Xj � I

�
>Xn{pxj , 1q � pfjpxjq, 0q.

Then we have inclusions rfj : rXj Ñ rXj�1, and maps pn : rXn Ñ Xn. In
particular rX0 � X0, rX1 is the mapping cylinder Mf0 as in Example 5.8.5(ii),
and rXn is a quotient of the union of the first n mapping cylinders. This leads
to a diagram

rX0

p0 �

��

rf0 // rX1

p1

��

rf1 // rX2

p2

��

rf2 // � � �

X0
f0 // X1

f1 // X2
f2 // � � �

and a map p : colim
N

rXn Ñ colim
N

Xn. The ordinary colimit of the top row is

the homotopy colimit of the bottom row. In particular, rXn�1 is the pushout in
the diagram

x � // px, 1q
rXn

//

fnpn
��

rXn � I

��
Xn�1

// rXn�1.
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See Lemma 5.8.20 for further discussion.

5.8B Homotopy invariance
The following results are taken from [Hir03, Theorems 18.5.1–18.5.3], where
they are stated and proved for simplicial model categories. We are stating
them for topological model categories, which are simplicial by Corollary 5.6.16.
In each of the following three theorems, M is a topological model category,

J is a small category, and X and Y are objects in the functor category MJ ,
meaning J-diagrams in M. Thus a morphism f : X Ñ Y in MJ is a natural
transformation of functors whose value on an object j of J is denoted by
fj : Xj Ñ Yj .

Theorem 5.8.8. Homotopy limits (colimits) preserve fibrations (co-
fibrations). Let f : X Ñ Y be a morphism in MJ . Then if each fj : Xj Ñ Yj
is a fibration (cofibration), then the induced map of homotopy limits (homotopy
colimits) is fibration (cofibration).

Theorem 5.8.9. Homotopy limits (colimits) of fibrant (cofibrant)
objects are fibrant (cofibrant). Let X be an object in MJ . Then if each
Xj is a fibrant (cofibrant), then the homotopy limit (homotopy colimit) is
fibrant (cofibrant).

Theorem 5.8.10. Homotopy limits (colimits) preserve weak equiva-
lences of fibrant (cofibrant) objects. Let f : X Ñ Y be a morphism in
MJ . Then if each fj : Xj Ñ Yj is a weak equivalence of fibrant (cofibrant)
objects, then the induced map of homotopy limits (homotopy colimits) is weak
equivalence.

In the case M � T op with its usual model structure as in Definition 4.2.1,
Dugger-Isaksen [DI04, Theorem A.7] show that one can remove the cofibrancy
hypothesis in Theorem 5.8.10. They show that any objectwise weak equiva-
lence of diagrams in T op induces a weak equivalence of homotopy colimits.
They do this by comparing this model structure with that of Strøm [Str72],
in which weak equivalences are homotopy equivalences. They show that both
structures lead to the same homotopy colimits up to weak equivalence in the
usual sense. In the Strøm model structure all objects are cofibrant, so no
cofibrant replacement is needed.
Since all objects in T op are fibrant, any objectwise weak equivalence of

diagrams in T op induces a weak equivalence of homotopy limits as well.
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5.8C Homotopy colimits via the two sided bar construction
The following construction has the homotopy colimit as a special case. More
information can be found in [Rie14, Chapters 4 and 5]. We will use it in
Theorem 8.8.3 below.

Definition 5.8.11. The two sided categorical bar construction. Let J
be a small (topological) category with (continuous) functors T : Jop Ñ T op
and S : J Ñ T op. Then BpT, J, Sq � |BpT, J, Sq| (the geomtric realization of
a simplicial space) where

BnpT, J, Sq �
 pt, j, sq : j P NpJqn, t P T pjnq, s P Spj0q( ,

in which j is a diagram in J of the form

j0 Ñ j1 Ñ � � � Ñ jn.

BnpT, J, Sq is topologized as a subspace of the product�� º
jPOb pJq

T pjq
��

�� º
j1,j2POb pJq

Jpj1, j2q
�n

�
�� º
jPOb pJq

Spjq
� .

5.8D Change of indexing category
Here we will deal with questions analogous to those of § 2.3H. As we did
there, we will confine the discussion to homotopy colimits, leaving the dual
statements about homotopy limits to the reader. They can be found in [Dug17,
§6.10].
Suppose we have small categories J and K, a topological model category

M, and functors

J
S // K

X //M.

This leads to a morphism

φS : hocolim
J

XS Ñ hocolim
K

X (5.8.12)

and we want to know when it is a weak equivalence.
Here is the homotopy analog of Definition 2.3.80.

Definition 5.8.13. Homotopy final functors. A functor S : J Ñ K is
homotopy final (or homotopy terminal, or homotopy left cofinal) if for
each k P K the undercategory pkÓSq as in Definition 2.1.51 is non-empty and
contractible as in Definition 3.4.19. When S is the inclusion of a subcategory
J of K, we say that J is homotopy final in K.

Note that this contractibility requirement on pkÓαq is stronger than the
connectivity requirement of Definition 2.3.80.
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The following analog of Corollary 2.3.83 is proved by Dugger as [Dug17,
Lemma 6.8]. He states it for the case M � T op, but his proof works in the
generality stated here.

Lemma 5.8.14. Homotopy colimits indexed by categories with ter-
minal objects. Suppose the small category K has a terminal object k as
in Example 2.1.16(ii) and M is a topological model category. Let S be the
inclusion functor of the trivial category into K corresponding to k. Then for
any functor X : K ÑM, the composite

hocolim
K

X
ε // colim

K
X

φS // Xpkq,

for ε as in (5.8.3) and φS as in (2.3.79), is a weak equivalence.

For Dugger this is a step toward proving the following analog of Theo-
rem 2.3.82, which is his [Dug17, Theorem 6.7].

Theorem 5.8.15. Homotopy colimit maps induced by homotopy final
functors. Let M be a topological model category and let S : J Ñ K be a
homotopy final functor as in Definition 5.8.13. Then for any functor X :

K ÑM, the induced map φα of (5.8.12) is a weak equivalence.

5.8E Homotopy colimits indexed by generalized direct
M-categories.

Recall that a direct category as in Definition 2.1.58 is a small category in which
each object X has a nonnegative integer |X| (its degree) assigned to it, and
there are no morphisms that lower degree. Examples include the indexing
categories relevant to mapping cylinders (see Example 5.8.5(ii)), pushouts
(Example 5.8.5(iii)) and sequential colimits as in Example 5.8.5(iv). Their
duals are indexed by inverse categories. If D is a direct category and M is
a model category, then the functor category MD has the projective model
structure of Definition 5.4.2.
In the three examples cited above, J is a direct category, and a cofibrant

diagram is one in which each of the objects is cofibrant and each of the maps
is a cofibration. For more complicated D the description of cofibrant objects
in MD may not be so simple.
Projectively cofibrant (injectively fibrant) functors from generalized direct

(inverse) M-categories (as in Definition 5.6.31) are of interest in light of
the following result, which is a special case of Hirschhorn’s [Hir03, Theo-
rem 19.9.1]. He speaks there of Reedy categories, of which direct and inverse
categories are special cases.

Theorem 5.8.16. Equivalence of certain categorical and homotopy
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limits/colimits. Let M be a topological model category and D a direct (in-
verse) category as in Definition 2.1.58. Then for a projectively cofibrant (in-
jectively fibrant) diagram in MD, the natural map

ε : hocolim
D

X Ñ colim
D

X

�
η : lim

D
X Ñ holim

D
X



of (5.8.3) ( of (5.8.2)) is a weak equivalence. In particular this holds for a
sequential colimit (limit) in which the objects are all cofibrant (fibrant) and
the maps are all cofibrations (fibrations).

Corollary 5.8.17. The case of telescopes, pushouts, coequalizers and
their duals. Let M be a topological model category and let N be the sequential
colimit category

0Ñ 1Ñ 2Ñ 3Ñ � � � ,
so an object X in MN is a diagram

X0
f0 // X1

f1 // X2
f2 // X3

f3 // � � � . (5.8.18)

Its homotopy colimit is the telescope of Example 5.8.5(iv). If each object Xj

is cofibrant and each map fj is a cofibration, then the map

ε : hocolim
N

X Ñ colim
N

X

of (5.8.3) from the homotopy colimit to the categorical colimit is a weak equiv-
alence.

Similar statements hold for pushouts and coequalizers (e.g. cofibers).
For the dual diagrams, meaning towers, pullbacks and equalizers, the map

η from the ordinary limit to the homotopy limit is a weak equivalence when
the objects in the diagram are fibrant and the maps are fibrations.

The following results will be useful in our study of spectra in Chapter 7 and
later chapters. They are elementary and surely known to the experts, but we
have not seen them explicitly stated in the literature.
The following is needed in the proof of Lemma 7.3.22 below.

Lemma 5.8.19. Telescopes and towers of weak equivalences and of
isomorphisms. Let M and N be as in Corollary 5.8.17.

(i) If each map fn in (5.8.18) is a weak equivalence, then the evident map
from X0 to the homotopy colimit is also a weak equivalence.

(ii) If each map fn in (5.8.18) is an isomorphism, then X0 is a retract of the
homotopy colimit, meaning there is a map rX : hocolimX Ñ X0 such that
the composite

X0
// hocolimX

rX // X0

is the identity.
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Dually, if each map in a sequential limit X is a weak equivalence, then
so is the evident map from the homotopy limit to X0. If each map is an
isomorphism, then X0 is a retract of the homotopy limit.

Proof We will only prove the statements about telescopes.
(i) Consider the coend of Definition 5.8.1 that defines the homotopy colimit.

In this case each of the classifying spaces BpNopÓnq is contractible. Thus the
coend is the quotient of a countable coproduct of objects each equivalent to
X0 obtained by identifying them with each other via the maps fn. The result
follows.
(ii) Since each Xj is isomorphic to X0, the coend of Definition 5.8.1 is

isomorphic to

X0 �
»
J

BpJopÓjq,

and the desired map rX is projection onto the first factor.

The following is needed in the proof of Proposition 7.1.19, Lemma 7.3.22
and Corollary 7.3.24 below.

Lemma 5.8.20. Telescopes as sequential colimits. Let M be a topological
model category.

(i) Telescopes, that is homotopy colimits over the sequential colimit category
N of Definition 2.3.63, preserve finite limits. In particular they preserve
pullbacks.

(ii) A functor that preserves sequential colimits also preserves homotopy se-
quential colimits.

(iii) A homotopy sequential colimit is also an ordinary sequential colimit in
which each map is an h-cofibration as in Definition 5.6.7.

(iv) If A is compact as in Definition 5.2.6, then the map

hocolimMpA,Xnq ÑMpA, hocolimXnq

is a homeomorphism.
(v) For π0 as in Definition 5.6.4,

π0phocolimXnq � colimπ0pXnq.

(vi) Let X 1 Ñ X denote the following map of sequential diagrams in a topolog-
ical model category M.

∅ //

��

X0
f0 //

f0��

X1
f1 //

f1��

� � �

X0
f0 // X1

f1 // X2
f2 // � � �

(5.8.21)

Then the induced map hocolimX 1 Ñ hocolimX is a weak equivalence.
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In view of this result and Definition 5.2.6, we make the following.

Definition 5.8.22. Compact Quillen functors. A right Quillen functor
is compact if it commutes with homotopy sequential colimits. A left Quillen
functor is compact if its right adjoint is. A Quillen pair is compact if both of
its functors are.

In a Quillen ring pM,^, Sq, for an object K that is compact as in Defini-
tion 5.2.6, the Quillen adjoint functors K^p�q and MpK,�q are compact as
above.

Proof of Lemma 5.8.20 For each n ¥ 0, let rns be the full subcategory of N
whose objects are the natural numbers ¤ n. Then there are functors rns Ñ rms
for n ¥ m and N Ñ rms given by i ÞÑ minpm, iq. For simplicity we denote
the restriction of a functor X : N ÑM to the subcategory rns by X as well.
This leads to a diagram

hocolim
r0s

X Ñ hocolim
r1s

X Ñ hocolim
r2s

X Ñ � � � Ñ hocolim
N

X, (5.8.23)

so we can define a functor rX : N ÑM by rXn � hocolim
rns

X. Then we have

hocolim
N

X � colim
N

rX, (5.8.24)

and (i) and (ii) follow. Since the maps in the diagram rX are standard inclusion
maps associated with mapping cylinders, they are h-cofibrations as claimed
in (iii).
For (iv), each of the maps (but the last) in the diagram (5.8.23) is an

h-cofibration (Definition 5.6.7), so the result follows.
For (v), rXn is weakly equivalent to Xn. The former should be thought of

as a telescope with n � 1 lenses joined by n cylinders. One has an inclusion
map in : Xn Ñ rXn, and a projection map pn : rXn Ñ Xn. Both are weak
equivalences with

fn � pn�1
rfnin for n ¥ 0.

It follows that π0 rXn � π0Xn, and

π0hocolimXn � π0colim rXn by (5.8.24)

� colimπ0 rXn by Proposition 5.6.11 since each map

in the diagram is an h-cofibration

� colimπ0Xn since Xn and rXn are weakly equivalent.

For (vi), the map of homotopy colimits associated with (5.8.21) is the map
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of ordinary colimits associated with the middle rows of

∅ // X0
f0 //

i0� ��

X1
f1 //

i1� ��

� � �

∅ //

��

rX0

rf0 //

rf0��
rX1

rf1 //

rf1��
� � �

rX0

rf0 // rX1

rf1 //

p1�
��

rX2

rf2 //

p2�
��

� � �

X0
f0 // X1

f1 // X2
f2 // � � �

The induced map of colimits is a weak equivalence.

Proposition 5.8.25. Telescopes and homotopy Cartesian squares. Let
J be as in Corollary 5.8.17 and let M be a topological model category in which
sequential colimits preserve finite products. Let p : X Ñ Y be a morphism in
MJ , namely a diagram

X0
f0 //

p0

��

X1
f1 //

p1

��

X2
f2 //

p2

��

X3
f3 //

p3

��

� � �

Y0
g0 // Y1

g1 // Y2
g2 // Y3

g3 // � � �
Suppose further that for each n ¡ 0, the diagram

X0

fn�1fn�2���f0
��

p0 // Y0

gn�1gn�2���g0

��
Xn

pn // Yn

(5.8.26)

is homotopy Cartesian as in Definition 5.8.37. Then the diagram

X0

f8

��

p0 // Y0

g8

��
hocolim

J
X

p8 // hocolim
J

Y,

(5.8.27)

where the maps f8, g8 and p8 are the homotopy colimits of the corresponding
maps in (5.8.26), is also homotopy Cartesian.

Proof The pullback in (5.8.26) is Wn :� Y0 �
Yn

Xn, and the pullback corner

map to it from X0 is a weak equivalence since the diagram is homotopy
Cartesian. Thus we get a diagram

X0
// W1

// W2
// W3

// � � �
in which each map is a weak equivalence. Its homotopy colimit, which we
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denote by W8, is the pullback object of (5.8.27) by Lemma 5.8.20(i). By
Lemma 5.8.19, the map X0 Ñ W8 is also a weak equivalence, which means
that (5.8.27) is homotopy Cartesian as claimed.

We will use following definition in our study of spectra in Chapter 7.

Definition 5.8.28. A model category is telescopically closed if every ho-
motopy sequential colimit (telescope) of fibrant objects is fibrant.

Model categories in which all objects are fibrant, such as T , are, in partic-
ular, telescopically closed.
Hovey defines (with attribution to Voevodsky) a condition in [Hov01b, Def-

inition 4.1] guaranteeing that every sequential colimit of fibrant objects is fi-
brant. It is that of Definition 5.2.7(ii). The fibrancy consequence is the subject
of [Hov01b, Lemma 4.3]

5.8F Homotopy limits in right proper model categories
Right proper model categories as in Definition 5.3.1 are a convenient setting
to generalize the notions of homotopy pullback and homotopy fiber in T op
and its variants (all of which are proper) introduced in Example 5.8.5(iii). As
before we start with a pullback diagram

X 1 f 1 // Y X2f2oo (5.8.29)

The homotopy pullback is defined by replacing the maps f 1 and f2 by fi-
brations using a functorial factorization F1 as in MC5 and then taking the
ordinary pullback, as explained in [Hir03, §13.3.1].

Definition 5.8.30. Homotopy pullbacks in a right proper model cat-
egory. Let F be a functorial factorization as in Definition 2.2.9, similar to
F1 of MC5 in that it factors every map f : X Ñ Y in a right proper model
category M as

X
jf // F pfq pf // Y,

where jf is a trivial cofibration and pf is a fibration. Then the homotopy
pullback of (5.8.29) is the ordinary pullback of

F pf 1q pf 1 // Y F pf2q.pf2oo

The diagram

X 1 f 1 //

jf 1

��

Y X2f2oo

jf2

��
F pf 1q pf 1 // Y F pf2q.pf2oo
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leads to a natural map from the ordinary pullback to the homotopy pullback,

jf 1,f2 : X 1 �
Y
X2 Ñ F pf 1q �

Y
F pf2q (5.8.31)

Strictly speaking, this map depends on the choice of functorial factorization
F , but we will see below in Proposition 5.8.34 any two such differ by a weak
equivalence.

Remark 5.8.32. Warning. The homotopy pullback is not to be confused
with the homotopy limit (Definition 5.8.1) of a pullback diagram discussed in
Example 5.8.5(iii). It is known (Proposition 5.8.36 below) that the two are
weakly equivalent when X 1, X2 and Y are each fibrant.

For the following see [Hir03, Proposition 13.3.4 and 13.3.9].

Proposition 5.8.33. Homotopy invariance of the homotopy pullback.
In a right proper model category M, suppose we have a commutative diagram

X 1
0

f 10 //

�

��

Y0

�

��

X2
0

f20oo

�

��
X 1

1

f 11 // Y1 X2
1

f21oo

in which the vertical maps are weak equivalences. Then the induced map of
homotopy pullbacks is also a weak equivalence. If in addition at least one map
in each row is a fibration, then the induced map of ordinary pullbacks is also
a weak equivalence.

It turns out that resulting object is also independent (up to weak equiva-
lence) of the choice of functorial factorization F . The following are proved by
Hirschhorn as [Hir03, Proposition 13.3.7 and Corollary 13.3.8].

Proposition 5.8.34. Flexibility of the homotopy pullback. If in a right
proper model category

X 1 j1 // W 1 p1 // Y and X2 j2 // W 2 p2 // Y

are factorizations of f 1 and f2 in which j1 and j2 are weak equivalences, and
p1 and p2 are fibrations, then the homotopy pullback of (5.8.29) is naturally
weakly equivalent to each of W 1 �

Y
W 2, X 1 �

Y
W 2 and W 1 �

Y
X2.

Corollary 5.8.35. Pullbacks involving a fibration. If either f 1 or f2

in (5.8.29) is a fibration, then the map jf 1,f2 of (5.8.31) from the ordinary
pullback to the homotopy pullback is a weak equivalence.

The following is proved by Hirschhorn as [Hir03, Proposition 19.5.3].
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Proposition 5.8.36. Homotopy pullbacks and homotopy limits. Let
M be a right proper topological model category with a pullback diagram

X 1 f 1 // Y X2f2oo

in which all three objects are fibrant. Then its homotopy pullback as in Defi-
nition 5.8.30 is naturally weakly equivalent to its homotopy limit X 1 �hY X2

as in Definition 5.8.1 and Example 5.8.5(iii).

Definition 5.8.37. Homotopy Cartesian squares. Let

A
g2 //

g1

��

X2

f2

��
X 1 f 1 // Y

be a commutative diagram in a model category. The diagram with A removed
is a pullback diagram X and there is a canonical map α : A Ñ limX, the
pullback corner map of Definition 2.3.9. The diagram above is homotopy
Cartesian if α is a weak equivalence. Dually, it is homotopy coCartesian
if the map to Y from the evident pushout is a weak equivalence.

The following definition should be compared to the above.

Definition 5.8.38. Homotopy fiber squares. Let

A
g2 //

g1

��

X2

f2

��
X 1 f 1 // Y

(5.8.39)

be a commutative diagram in a right proper model category. It is a homotopy
fiber square is the map from A to the homotopy pullback of (5.8.29) is a
weak equivalence.

Proposition 5.8.40. Equivalence of homotopy fiber squares and ho-
motopy Cartesian squares. Let M be a right proper model category and
suppose that either f 1 or f2 in (5.8.39) is a fibration. Then (5.8.39) is a
homotopy fiber square iff it is a homotopy Cartesian square.

Proof Corollary 5.8.35 says that in this case the map jf 1,f2 from the cate-
gorical pullback to the homotopy one is a weak equivalence. This means that
one of the maps to them from from A is a weak equivalence iff the other one
is.

Remark 5.8.41. Comparison with the Bousfield-Friedlander defini-
tion of [BF78, A.2] and Definition 5.8.37. The former involves a factor-
ization of only one of the maps f 1 and f2, meaning they require the map from
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A to either X 1 �
Y
W 2 or W 1 �

Y
X2 to be a weak equivalence. This is equivalent

to Definition 5.8.38 by Proposition 5.8.34.

Definition 5.8.42. Consider the diagram (5.8.29) with X2 � � in a right
proper model category M. Then a point in Y is a map f2 : � Ñ Y and the
fiber of f 1 at that point is the pullback of that diagram.

The homotopy pullback of the diagram of Definition 5.8.38 need not be
fibrant, but the following object always is.

Definition 5.8.43. Consider the diagram (5.8.29) with X2 � � in a right
proper model category M. Then the homotopy fiber of f 1 at that point is
the homotopy pullback of the diagram

F pf 1q pf 1 // Y �.f2oo

Homotopy fibers will be used in the study of localizing subcategories in
§6.3C below. These in turn figure in the slice filtration of §11.1.
The following is [Hir03, Proposition 13.4.6].

Proposition 5.8.44. The homotopy fiber of a fibration. When the map
f 1 is a fibration, then the fiber of Definition 5.8.42 is weakly equivalent to the
homotopy fiber of Definition 5.8.43.

The next two results concern homotopy Cartesian squares as in Defini-
tion 5.8.37. They will be used in the proof of Theorem 7.3.29.

Proposition 5.8.45. Right Quillen functors preserve homotopy Carte-
sian squares of fibrations. Let M be model category in which

X0
p0 //

f0
��

Y0

g0

��
X1

p1 // Y1

(5.8.46)

is a homotopy Cartesian square (as in Definition 5.8.37) where p0 and p1 are
fibrations, and let U : MÑ N be a right Quillen functor. Then

UX0
Up0 //

Uf0
��

UY0

Ug0
��

UX1
Up1 // UY1

(5.8.47)

is a homotopy Cartesian square in N in which Up0 and Up1 are fibrations.

Proof Let P0 denote the pullback in (5.8.46), so the pullback corner map
X0 Ñ P0 is a weak equivalence. The map P0 Ñ Y0 is a fibration because
p1 is one. This means that the pullback corner map is a weak equivalence of
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fibrant objects parametrized over Y0, as in Definition 4.5.10. It follows from
?? that right Quillen functors preserve such weak equivalences. We also know
that right Quillen functors preserve limits (Proposition 4.5.4), so UP0 is the
pullback of (5.8.47). The map to it from UX0 is a weak equivalence, so the
result follows.

The following is a homotopy analog of Proposition 2.3.6. It will be used in
the proof of Theorem 7.3.29 below.

Proposition 5.8.48. Composing homotopy Cartesian squares. Sup-
pose we have homotopy Cartesian squares

X0
p0 //

f0
��

Y0

g0

��
X1

p1 // Y1

and X1
p1 //

f1
��

Y1

g1

��
X2

p2 // Y2

(5.8.49)

in a right proper model category M, in which each pi is a fibration. Then

X0
p0 //

f1f0
��

Y0

g1g0

��
X2

p2 // Y2

(5.8.50)

is also homotopy Cartesian.

Proof Let P0 and P1 denote the pullbacks of the two squares in (5.8.49).
Then we have a diagram

X0
a0 //

f0 %%KK
KKK

KKK
KKK

P0

a10 //

b0
��

P 10
p10 //

b10
��

Y0

g0

��
X1

a1 //

f1 %%LL
LLL

LLL
LL

P1

p11 //

b1
��

Y1

g1

��
X2

p2 // Y2

in which p10 and p11 are fibrations, a0 and a1 are weak equivalences and each
square is a pullback. Then P 10 is the pullback of (5.8.50) by Proposition 2.3.6,
so it suffices to show that the map a10 is a weak equivalence.
To this end we factor the vertical map b10 functorially as a trivial cofibration

followed by a fibration and choose P1{2 to be the pullback of the lower square
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in the following diagram.

P0

a10 //

b0,0

��

P 10

b10,0
��

P1{2

a1{2 //

b0,1

��

P 11{2

b10,1

��
X1

a1 // P1

The left column need not be the functorial factorization of b0. Since b10,1 is a
fibration, b0,1 is also one. Recall that a1 is a weak equivalence by hypothesis,
so a1{2 is a one since M is right proper.
Then it follows from Proposition 2.3.6 that P0 is the pullback of the upper

square. Since a1{2 and b10,0 are weak equivalences, Proposition 4.5.9 tells us
that a10 is also one.

The following lemma will be used in the proof of Theorem 7.4.43 below,
in which the map corresponding to i is a trivial fibration between cofibrant
objects.

Lemma 5.8.51. A homotopy Cartesian diagram and a weak equiv-
alence of morphism objects. Let M be a right proper Quillen ring as in
Definition 5.5.9, and let N be a Quillen M-module as in Definition 5.6.3.
Let i : A Ñ B be a weak equivalence between cofibrant objects in N and let
p : X Ñ Y be a fibration between fibrant objects in N . Then the following
diagram in M is homotopy Cartesian as in Definition 5.8.37.

N pB,Xq p� //

i�

��

N pB, Y q
i�

��
N pA,Xq p� // N pA, Y q

(5.8.52)

Moreover both vertical maps are weak equivalences.

Proof Suppose first that i is a trivial cofibration. Then the diagram coincides
with that of (5.6.1) and the map of (5.6.2) is a weak equivalence. This means
our diagram is homotopy Cartesian in that case.
It follows from Proposition 5.5.8 that both maps labelled p� are fibrations

since A and B are both cofibrant, so N pA, �q and N pB, �q are right Quillen
functors, which we are applying to the fibration p.
Since X and Y are fibrant, the functors

N p� , Xq,N p� , Y q : N op ÑM

are right Quillen functors by Proposition 5.5.8. Hence they preserve weak
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equivalences between fibrant objects in N op. A weak equivalence between
cofibrant objects in N is opposite to such a map between fibrant objects in
N op.
Thus the maps i� and p� in (5.8.52) are weak equivalences and fibrations

respectively. Since M is right proper, the pullback of a weak equivalence along
a fibration is again a weak equivalence. Hence N pB,Xq is weakly equivalent
to both the pullback and N pA,Xq, so the diagram is homotopy Cartesian.



6

Bousfield localization

The problem that led to Bousfield’s model category structure was that of
constructing a localization functor for a homology theory. That is, given a
homology theory h�, the problem was to define for each space X a local
space Lh�X and a natural homology equivalence X Ñ Lh�X. There had
been a number of partial solutions to this problem (perhaps the most
complete being that of Bousfield and Kan [BK72]), but each of these was
valid only for some special class of spaces, and only for certain homology
theories. In [Bou75], Bousfield constructed a functorial h�-localization for
an arbitrary homology theory h� and for every simplicial set. In
Bousfield’s model category structure, a fibrant approximation to a space
(i.e.„ a weak equivalence from a space to a fibrant space) was exactly a
localization of that space with respect to h�.

Phillp Hirschhorn, [Hir03, page ix]

Bousfield localization, first introduced by Bousfield in [Bou75], is one of
the most useful constructions in model category theory. Briefly, one starts
with a model category M and enlarges the class of weak equivalences to form
a new model category M1 with the same underlying category as M. The
cofibrations and trivial fibrations of M1 are the same as those of M. Recall
that trivial fibrations are by definition maps having the right lifting property
with respect to cofibrations, and fibrations are by definition maps having the
right lifting property with respect to trivial cofibrations. Since there are more
weak equivalences in M1 than in M, there are more trivial cofibrations
and hence fewer fibrations. There are also fewer fibrant objects, and fibrant
replacement tends to be more interesting (or drastic) in M1 than in M. As
indicated in Remark 4.1.7, the hard part of showing that the new model
structure exists is verifying that it satisfies the factorization axiom MC5.
The definition of Bousfield localization does not require that the model

category in question be cofibrantly generated. We have previously discussed
two other ways of modifying a cofibrantly generated model structure with-
out changing the underlying category. The first is the enlargement procedure
of Theorem 5.2.34, which leaves the class W of weak equivalences unchanged
while enlarging the class C of cofibrations. The second applies to a functor cat-



416 Bousfield localization

egory MJ . We can replace its projective model structure by the one induced
from the similar one on MK for a subcategory K of J as in Theorem 5.4.21.
It has both more weak equivalences and fibrations than the projective model
structure, as explained in Remark 5.4.23.
In each of these three cases there is a Quillen adjunction in which both

functors are the identity. The left adjoint has the original model category as
its domain in the first two cases and as its codomain in the third case.
Table 6.1 indicates how the classes of weak equivalences W, cofibrations C

and fibrations F in the new model structure on M or MJ compare with those
in the original one.

Table 6.1 Three methods of altering a cofibrantly generated model structure.
Compare with Figure 7.1 and Theorem 9.2.13.

Construction W C F

Identity functor from
new to original model
category

Enlargement as in
Theorem 5.2.34, e.g.
equifibrant enlargement.

Same More Less Right Quillen

Confinement as in
Theorem 5.4.21,
e.g. positivization.

More Less More Left Quillen

Bousfield localization
as in this chapter,
e.g. stabilization.

More Same Less Right Quillen

In § 6.1 we give three examples, each dating from the 1970s and due to
Bousfield. They are localization of spaces with respect to a generalized ho-
mology theory, the same for spectra, and the passage from strict equivalences
of spectra to stable ones. A fourth example, in which the nth Postnikov sec-
tion of a space is its fibrant replacement, is given below in Example 6.2.13
and Example 6.2.14.
In § 6.2 we discuss more general approaches to Bousfield localization, of

which there are two. Roughly speaking, they amount to redefining the class
of weak equivalences and redefining the fibrant replacement functor. For the
former one specifies a set or class of morphisms in M that one wants to be
weak equivalences in M1. This could be anything from a single morphism f to
the class of morphisms that induce isomorphisms after applying some functor,
such as a homology theory. In most cases the new class of weak equivalences is
bigger than the union of the original ones with the specified set of additional
morphisms. If you invite a few new morphisms to the party, they will bring
all of their friends. See Definition 6.2.1 for details.
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We assume throughout that our original model category M is enriched
over another model category, possibly itself, so that we can speak of weak
equivalences of morphism objects. We also need to assume that M is proper
as in Definition 5.3.1. Given a morphism set S, we say that an object Z
is S-local if each map f : X Ñ Y in S induces a weak equivalence f� :

MpY, Zq ÑMpY, Zq. These will turn out to be the fibrant objects in the new
model structure. Then we say a map g : A Ñ B is an S-local equivalence
the induced map

g� : MpB,Zq ÑMpA,Zq

is a weak equivalence for each S-local object Z. Such maps will be the weak
equivalences in the new model structure. This process is known as left Bous-
field localization.
There is of course a dual notion in which we enlarge the class of weak equiv-

alences but retain the same class of fibrations. This leads to fewer cofibrations
and cofibrant objects, and a more interesting cofibrant replacement functor.
We will make no use of this notion in this book.
The second major approach to left Bousfield localization is indicating what

the new fibrant replacement functor Υ should be. It is the subject of §6.2B. In
Definition 6.2.15 we say that for a homotopy idempotent functor Υ : MÑM,
a map g : X Ñ Y is Υ-equivalence (Υ-fibration) if Υg is a weak equivalence
(fibration). Υ-cofibrations are defined to be ordinary cofibrations.
Theorem 6.2.16 is about how these two approaches interact. It spells out

properties that such a Υ must have in relation to a morphism class C in order
to yield the same class of weak equivalences in a potential new model structure.
The assumptions are that Υ-local objects detect C-local equivalences the same
way that C-local objects do, and that each C-local object Z is also a Υ-
local object. The conclusions are that Υ-equivalences are C-local equivalences,
that the map X Ñ ΥX is always a C-local equivalence and that fibrant
approximation in M1 is related to that in M in a certain way.
§6.3 is a collection of results about when Bousfield localization is possible.

Hirschhorn’s Theorem 6.3.4 says that a model category M satisfying some
conditions spelled out in Definition 6.3.2 can be localized with respect to any
morphism set S.
Now suppose the morphism set S consists of cofibrations and that the topo-

logical model category M is cofibrantly generated with generating sets I and
J . In Definition 6.3.8 we define an enlargement ΛpSq of J related to S that
will, under favorable hypotheses, serve as the generating set of trivial co-
fibrations in the localized model structure. One is tempted to think this is
always the case, but there is a simple counterexample due to Bousfield (Ex-
ample 6.3.11) that shows otherwise.
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6.1 It’s all about fibrant replacement

Now we give three striking examples of fibrant replacement. They involve
Bousfield localization [Bou75] and Ω-spectra [BF78].

6.1A The Bousfield localization of a space with respect to a
homology theory E� is its fibrant replacement

We now turn to Bousfield localization of spaces, the subject of [Bou75]. It is
a special case of a more general procedure, localization of a topological model
category with respect to a class of morphisms, the subject of Definition 6.2.5
below.
Here we have a homology theory E� defined on T , and the class of mor-

phisms is that of E�-equivalences. We say that a pointed space W is E�-
local if any E�-equivalence f : X Ñ Y (meaning a map for which E�pfq
is an isomorphism) induces an isomorphism f� : rY,W s Ñ rX,W s. An E�-
localization of X is a map λ : X Ñ LEX which is an E�-equivalence to an
E�-local space. It follows that any map from X to an E�-local space factors
uniquely through LEX and that λ factors uniqely through any E�-equivalence
out of X. If LEX exists, it is unique up to weak equivalence.
The idea is to construct a new model structure on the category T in which

fibrant replacement is E�-localization. This is done by defining cofibrations to
be the usual ones and expanding the class of weak equivalences to that of E�-
equivalences. Fibrations and trivial fibrations are then defined by their lifting
properties. This means there are more trivial cofibrations and hence fewer
fibrations than in the standard model structure. We can use Lemma 5.6.17
to show that a model structure with these cofibrations and weak equivalences
has E�-localization as its fibrant replacement functor. Any E�-equivalence
has a cofibrant approximation, so every fibrant object is E�-local.
As indicated in Remark 4.1.7, the difficulty lies in proving that there really is

a model structure with the desired cofibrations and weak equivalences satisfy-
ing MC5. The factorization F0 of MC5 is easy: the one given by the standard
model structure on T will do since it consists of a standard cofibration, which
is also an E�-cofibration by definition, followed by a standard trivial fibration.
The latter is defined by the same lifting property as an E�-trivial fibration
and is automatically an E�-equivalence. In particular cofibrant replacement
is the same in the E�-model structure as in the standard one.
The factorization F1 of MC5 is another matter. It gives fibrant replacement

of the source when the target is a point. It is the subject of [Bou75, Theorem
11.1], whose proof involves a cardinality argument.
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6.1B Bousfield localization of spectra
Bousfield proves an analogous localization theorem for spectra in [Bou79],
but his proof does not use model categories. Instead he completes a program
suggested by Frank Adams.
Suppose we want to localize a spectrum A with respect to a homology

theory represented by a spectrum E. Consider the category of maps K Ñ A

where E�pKq � 0. Let EA Ñ A be the “direct limit” (or colimit in more
modern terminology) of all such maps. Then its cofiber (Definition 4.7.6) AE
is the desired localization of A.
Adams suggested this in a lecture at the University of Chicago in the early

1970s. Bousfield, who was in the audience, asked him how he knew the col-
lection tK Ñ Au was a set. Adams did not have an answer.
In [Bou79, Lemmas 1.12 and 1.13] Bousfield showed that it suffices to con-

sider E�-acyclic CW spectra K with cardinality (of the set of cells in K)
bounded by that of the union of the groups πkE for all k. For example,
this union is countable when πkE is countable for each k. This collection of
E�-acyclic CW spectra is a set, so we can form the direct limit as Adams
suggested.

6.1C Fibrant spectra are Ω-spectra
A model structure on the category of spectra was first defined by Bousfield-
Friedlander in [BF78]. In it the fibrant replacement of an arbitrary spectrum
is the Ω-spectrum equivalent to it. We will discuss this in much more detail
below in Chapter 7.

6.2 Bousfield localization in more general model
categories.

The technique introduced by Bousfield in [Bou75] and outlined in §6.1A is
quite useful and and can be used in other settings. Starting with a model
category M, we want to introduce a new model category M1 with the same
underlying category as M. We do this by enlarging the set of weak equiva-
lences, keeping the collection of cofibrations as they were, and modifying the
collection of fibrations accordingly. Assuming this can be done, note that since
M1 has more weak equivalences than M, it has more trivial cofibrations and
hence fewer fibrations and fewer fibrant objects. Hence fibrant replace-
ment in M1 is more drastic than it is in M, producing objects with stronger
properties. The resulting Bousfield localization functor is fibrant replacement.
The term “Bousfield localization” is also used for the passage from
M to M1.
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As noted in Remark 4.1.7, the hardest part of showing that the new collec-
tions of weak equivalences, fibration and cofibrations constitute a model struc-
ture is the verification of the factorization axiom, MC5 of Definition 4.1.1. It
can involve delicate set theoretic arguments.
One way to enlarge the class of weak equivalences in a model category M

is to consider a functor F from M to either an ordinary category C or another
model category N , possibly M itself. It must convert weak equivalences to
either isomorphisms in C or to weak equivalences in N . Then our new notion
of a map f being a weak equivalence is that F pfq is either an isomorphism in
C or a weak equivalence in N . One case of this will be studied in §6.2B.
Another way enlarge the class of weak equivalences in M is to specify a

class E of morphisms (which could consist of a single map) that one would
like to be weak equivalences in the new model structure and then enlarge it
appropriately. This will be done in Definition 6.2.1 below.

6.2A Localization with respect to a collection of morphisms
We need to work in a model category that is enriched over another model cat-
egory (possibly itself) so that we can speak of weak equivalences, rather than
isomorphisms, of morphism objects. We will assume that the model category
M is topological, i.e., that the morphism sets MpX,Y q come equipped with
natural topologies. The following terminology is taken from [Hir03, Definitions
3.1.4 and 3.1.1].

Definition 6.2.1. E-local notions. Let E be a class (possibly a set) of mor-
phisms in a topological model category M. A E-local object Z is a fibrant
object for which the morphism

f� : MpB,Zq ÑMpA,Zq
is a weak equivalence for any morphism f : A Ñ B in E. A morphism g :

X Ñ Y is a E-local equivalence if for every E-local object Z the map

g� : MpY, Zq ÑMpX,Zq
is a weak equivalence. A E-trivial cofibration is a cofibration which is also
a E-local equivalence. A morphism is a E-local fibration (or a E-fibration)
if its has the right lifting property with respect to all E-trivial cofibrations. An
object Z is E-fibrant if the map Z Ñ � is a E-fibration.

If E consists of a single morphism f , we will speak of f-local objects, f-
local equivalences, and so on. If that morphism is from the initial object to
some object A, the terms A-local and A-null are sometimes used for f -local
objects.

These notions can be dualized by saying that a cofibrant object W is E-
colocal if the map f� : MpW,Aq ÑMpW,Bq is a weak equivalence for each
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f in E, and so on. These lead to a notion of right Bousfield localization dual
to left Bousfield localization as in Definition 6.2.5.

Remark 6.2.2. The nontopological case. Hirschhorn’s definitions do not
require M to be a topological model category. The conditions on f� and g�

above are stated in terms of the homotopy function complexes mapp� , �q of
[Hir03, Chapter 17] instead the topological spaces Mp� , �q.
We will see in Proposition 6.2.12 below that under additional hypotheses,

an object is E-local iff it is E-fibrant.

Proposition 6.2.3. A weak equivalence is a E-local equivalence, and
so on. Let M and E be as in Definition 6.2.1. Then

(i) every weak equivalence is a E-local equivalence,
(ii) every E-local fibration is a fibration,

(iii) every E-fibrant object is fibrant and
(iv) a morphism is a E-local trivial fibration iff it is a trivial fibration.

Proof The first statement is part of [Hir03, Proposition 3.1.5].
For (ii), a E-local fibration has the right lifting property with respect to

every cofibration which is E-local equivalence and hence, by (i), with respect
to every trivial cofibration. Therefore it is a fibration.
For (iii), if Y Ñ � is a E-fibration, it is a fibration by (ii), so Y is fibrant.
For (iv), both model structures have the same set of cofibrations and hence

the same set of trivial fibrations.

Proposition 6.2.4. Expanding the class of weak equivalences. Let E

be a class of morphisms in a topological model category M. Suppose there is
a model category M1 having the same underlying category and the same class
of cofibrations as M, but with E-local equivalences as weak equivalences. Then
its fibrations and fibrant objects are the E-fibrations and E-fibrant objects of
M as in Definition 6.2.1.

Definition 6.2.5. The left Bousfield localization of a model category M
with respect to a class of morphisms E is the model category M1 (if it exists)
of Proposition 6.2.4. We denote by LE : M Ñ M1 the functor underlain
by the identity functor, we denote M1 by LEM, and we denote the fibrant
replacement functor in M1 by ΥE.

When E � tfu we denote these functors by Lf and Υf . When it is a set S
we denote them by LS and ΥS .

The use of the symbol LE in both the above and Definition 4.5.13 is justified
by the following, which is Hirschhorn’s [Hir03, Theorem 3.3.19].

Theorem 6.2.6. Left Bousfield localization as left localization. The
left Bousfield localization LEM of Definition 6.2.5 is a left localization as in



422 Bousfield localization

Definition 4.5.13 where the left Quillen functor j : MÑ LEM is the identity
functor.

Corollary 6.2.7. Detecting weak equivalences in LEM. Let M be a
model category with a morphism class E such that the left Bousfield localization
LEM exists. Let C be a bicomplete category and suppose that F : M Ñ C is
a functor sending weak equivalences and morphisms in E to isomorphisms.
Then F sends weak equivalences in LEM to isomorphisms in C.

Proof Recall (Example 4.1.18) that C has a model structure in which weak
equivalences are isomorphisms, and all morphisms are both fibrations and
cofibrations. Its homotopy category is isomorphic to C itself.
It follows that F is a left (and a right) Quillen functor. By Theorem 6.2.6,

the total left derived functor

LF : Ho pMq Ñ Ho pCq � C

factors uniquely through Ho pLEMq, where the images of weak equivalences
in LEM are isomorphisms. The result follows.

As in the case of Definition 6.2.1, Hirschhorn makes these definitions for
an arbitrary model category, replacing the mapping space MpX,Y q by its
simplicial analog.

The case of left localization for M � T (in which all objects are fibrant)
where E consists of a single morphism f was studied extensively by Dror
Farjoun in [Far96a].
Note that the definition of E-local equivalence of Definition 6.2.1 differs

slightly from that of [Bou75]. We are now requiring g to induce a weak equiv-
alence of mapping spaces Mp�,Kq while Bousfield only requires an isomor-
phism of sets of homotopy classes of maps r�,Ks, the set of path connected
components of Mp�,Kq. For the case M � T and E � tfu, it is shown in
[Far96b, Corollary 1.3] that the two requirements are equivalent.
When E is a set S (rather than a proper class) of morphisms

tfα : Xα Ñ Yαu ,
we could replace S by the single morphism

²
αXα

²
α fα // ²

α Yα.

However it is usually not convenient to do so, because it is easier to deal with
the fα one at a time as in Remark 5.2.4. On the other hand, considering a
proper class E of morphisms, as Hirschhorn does in [Hir03, Chapter 3], is a
priori more general. For example, when localizing with respect to a homology
theory E�, one wants to consider the class of all E�-equivalences.
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Proposition 6.2.8. Left Bousfield localization as a left Quillen func-
tor. If the functor LE of Definition 6.2.5 exists, there is a Quillen pair (Def-
inition 4.5.1)

LE : M K
//
LEM : U,oo

where the functors LE and U are each the identity functor on the underlying
category.

Proof By assumption, the model category LEM has the same underlying
category and cofibrations as M. It follows that LEM has the same trivial
fibrations as M since they are defined in term of the right lifting property
with respect to cofibrations. Every weak equivalence in M is also one in LEM,
so every trivial cofibration in M is also one in LEM. Similarly every fibration
in LEM is also one in M. This means the identity functor is left Quillen as
functor from M to LEM and right Quillen as functor going the other way.
The result follows.

Remark 6.2.9. Left Bousfield localization is not a Quillen equiva-
lence. The adjunction of Proposition 6.2.8 is generally not a Quillen equiva-
lence. Let X Ñ Y be a morphism in M which is a E-local equivalence but not
a weak equivalence. Then the same is true of the composite

QX Ñ X Ñ Y Ñ REY, (6.2.10)

where Q is a cofibrant replacement functor in M and RE is a fibrant replace-
ment functor in LEM1. Since the functors LC and U of Proposition 6.2.8 are
each the identity functor, the composite morphism of (6.2.10) can be regarded
as a morphism in either category. Being an weak equivalence in LEM does
not make it one in M.

The following is proved by Hirschhorn as [Hir03, Theorem 3.1.6].

Theorem 6.2.11. Quillen pairs and E-local objects and equivalences.
Let M and N be model categories and let

F : M K
//
N : U.oo

be a Quillen pair as in Definition 4.5.1.

(i) Let E be a class of morphisms in M. Then the following are equivalent.
(a) The total left derived functor LF : HoMÑ HoN (Definition 4.4.7) of

F takes the images in HoM of the elements of E into isomorphisms in
HoN .

(b) The functor F takes every cofibrant approximation (Definition 4.1.19)
to a morphism in E into a weak equivalence in N .

(c) The functor U takes every fibrant object of N into a E-local object of
M.



424 Bousfield localization

(d) The functor F takes every E-local equivalence between cofibrant objects
into a weak equivalence in N .

(ii) Dually, let D be a class of morphisms in N . Then the following are equiv-
alent.

(a) The total right derived functor RU : HoN Ñ HoM of U takes the
images in HoN of the elements of D into isomorphisms in HoM.

(b) The functor U takes every fibrant approximation to a morphism in D

into a weak equivalence in M.
(c) The functor F takes every cofibrant object of M into a D-local object of

N .
(d) The functor U takes every D-local equivalence between fibrant objects

into a weak equivalence in M.

Proposition 6.2.12. E-fibrant means E-local. Using the terminology of
Definition 6.2.1, if the functor LE exists, an object X is E-fibrant iff it is
E-local in the original model category M.

Proof If X is E-local, then it is fibrant by definition. Let f : A Ñ B be a
morphism in E. Then the diagram

A
a //

f
��

X

p

��
B //

h

99ssssss �.
in M0 (the ordinary category underlying the topological category M) with a
arbitrary leads to

h PM0pB,Xq_

��

MpB,Xq p� //

f�

��

MpB, �q

��

�

a PM0pA,Xq MpA,Xq p� //MpA, �q �
in which the map f� is a weak equivalence since X is E-local. Since the two
objects on the right are each �, f� is also the pullback corner map. This means
the lifting h exists, so p is an E-fibration and X is E-fibrant.
Conversely, suppose that X is E-fibrant, which means that p is an E-

fibration. Then it is also a fibration, so X is fibrant. We need to show that
it is E-local. If LE exists, Proposition 6.2.8 says there is a Quillen pair as in
Theorem 6.2.11 in which N � LEM and both functors are the identity. Then
the image under U of a fibrant object in LEM, i.e., an E-fibrant object, is
E-local by Theorem 6.2.11(i)(c).

Example 6.2.13. n-connected maps as weak equivalences. Consider
the category T of pointed topological spaces with its usual model structure.
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For a fixed integer n ¥ 0, we can expand the collection of weak equivalences
to that of maps f : X Ñ Y inducing an isomorphism in πi for i ¤ n. This
means that any n-connected space is weaky equivalent to a point. While there
is no homology theory E� for which such maps are the E�-equivalences, we
can say what fibrant replacement means. The local objects are those spaces W
for which πiW � 0 for i ¡ n. There is a functorial way to kill the homotopy
groups of a space X above dimension n by attaching cells of dimensions above
n�1, leading to the nth Postnikov section PnX. The resulting map X Ñ PnX

is fibrant replacement in the new model category structure. See Example 6.2.14
below for another approach to PnX.

Example 6.2.14. Postnikov sections as localizations. Let f be Sn�1 Ñ �
or � Ñ Sn�1. In either case X is f -local iff Ωn�1X is contractible, which
is equivalent to the requirement that πkX � 0 for k ¡ n. It follows that
LfX � PnX, the nth Postnikov section of X, meaning the space obtained
from X by killing all homotopy groups above dimension n. It was of course
originally constructed without reference to model categories by attaching cells
to X. We will use this example in constructing the slice filtration of Chap-
ter 11. It was discussed previously in Example 6.2.13 and will appear again
in Example 6.3.11.

6.2B Localization via an idempotent functor
An alternative to localizing with respect to a collection of morphisms E (which
are to be weak equivalences in the new model structure) is to localize with
respect to an idempotent coaugmented functor Υ which is to be fibrant re-
placement.
The following definition is due to Bousfield [Bou01].

Definition 6.2.15. Υ-structures on a model category. Let M be a model
category with a coaugmented endofunctor Υ : MÑM as in Definition 2.2.8
with coaugmentation η. We say Υ is homotopy idempotent if the maps
ΥηX and ηΥX from ΥX to Υ2X are weak equivalences for each object X in
M. We say that an object X is Υ-local if ηX is a weak equivalence. We say
that a morphism g : X Ñ Y in M is

 a Υ-equivalence if Υg is a weak equivalence,
 a Υ-cofibration if it is a cofibration and
 a Υ-fibration if it has the right lifting property with repect to every Υ-trivial

cofibration, meaning every cofibration that is a Υ-equivalence.

Note how Definition 6.2.15 compares with Definition 6.2.1. In the latter a
map g : X Ñ Y is an E-local equivalence if the induced map g� : MpY, Zq Ñ
MpX,Zq is a weak equivalence for each E-local object Z. In the former the
condition is that Υg is a weak equivalence. This raises two questions:



426 Bousfield localization

 Given such a functor Υ, can we find a morphism class E such that g is a
Υ-equivalence iff it is an E-equivalence? One candidate is the class of all
Υ-equivalences. It would be better to have a minimal morphism set S with
a similar relation to Υ.

 Conversely, given a morphism class E, can we find an idempotent functor Υ
such that g is a E-equivalence iff is a Υ-equivalence? One candidate might
be a fibrant replacement functor for LEM. It would be better to have a
more explicitly described functor.

The following will be used in the proof of Theorem 7.3.23 below.

Theorem 6.2.16. The relation between a morphism class and a cor-
responding homotopy idempotent functor. Let M be a pointed topolog-
ical Quillen ring as in Definition 5.5.9, and let N be a Quillen M-module
as in Definition 5.5.17 with a class of morphisms E. Let Υ : N Ñ N be a
coaugmented functor, with coaugmentation η as in Definition 2.2.8, having
the following properties:

 It is homotopy idempotent as in Definition 6.2.15.
 Every E-local object is Υ-local.

Then

(i) If g : X Ñ Y in N is a Υ-equivalence as in Definition 6.2.15, then it is a
E-local equivalence as in Definition 6.2.1.

(ii) The map ηX : X Ñ ΥX is an E-local equivalence for all X.
(iii) For a fibrant approximation functor R in N as in Definition 4.1.25 with

coaugmentation η1, for all X in N the composite morphism

X
η1X // RX

ηRX // ΥRX

is an E-local equivalence to an E-local object. In particular, if every object
in N is fibrant, then the map ηX has this property.

(iv) A map g : X Ñ Y is a E-local equivalence iff Rg is a Υ-equivalence.

Proof (i) If g : X Ñ Y is a Υ-equivalence, then the induced map

g� : N pY, Zq Ñ N pX,Zq
is a weak equivalence for each Υ-object X, and hence for each E-local object
Z by 6.2.16. This makes g an E-local equivalence by definition.
(ii) Since Υ is homotopy idempotent by hypothesis, the map ΥηX is a weak

equivalence, which makes ηX an E-local equivalence by (i).
(iii) The map η1X : X Ñ RX (the canonical map from an object to its

functorial fibrant approximation) is a trivial cofibration and hence a weak
equivalence, so its composite with the E-local equivalence ηRX : RX Ñ ΥRX

is again an E-local equivalence.
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(iv) If g is an E-local equivalence, then by (iii), the same is true of ΥRg.
Since the latter is a map of E-local objects, it is a weak equivalence.
For the converse, it follows from (i) that if ΥRg is a weak equivalence, then

Rg is an E-local equivalence. Since the map X Ñ RX is weak equivalence, g
is an E-local equivalence.

6.2C The relation between localization, confinement and
enlargement

Here we will continue the discussion of §5.4D. Recall the situation of Theo-
rem 5.4.26. We have four cofibrantly generated model categories L, L1, M,
and M1. They fit into the diagram of (5.4.27), namely

M�M1

M
²
F

K
//

B�B1

��

M
M�U

oo

B

��
L� L1

L
²
E

K
//

A�A1 %

OO

L,
L�V

oo

A %

OO

where the adjunctions are not Quillen pairs. As explained in Corollary 5.4.29,
this leads to four different model structures on M and the following diagram.

Menla %

//

��

Moo

��
Menco %

//

%

OO

Mconfoo

%

OO

Here each underlying category is M, each functor is the identity and each
adjunction is a Quillen adjunction.
Now suppose we have a morphism class E in M, and that each of the four

model structures above can be left Bousfield localized with respect to E. (In
the next section we will discuss when such localization is possible.) Then we
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get four more model structures on M as in the following diagram.

LEMenla %

//

��

$$II
III

III
I LEMoo

��

zzttt
tt
tt
tt

Menla

ddIIIIIIIII

%

%

//

��

Moo

::ttttttttt

%

��
Menco %

//

%

OO

zzuuu
uu
uu
uu%

Mconfoo

%

OO

$$II
III

III
I

%

LEMenco %

//

%

OO

::uuuuuuuuu
LEMconfoo

%

OO

ddIIIIIIIII

(6.2.17)

Again each arrow denotes the identity functor and each adjunction is Quillen.
Each diagonal adjunction is a case of the one in Proposition 6.2.8.
We will see an instance of this diagram for the category of orthogonal G-

spectra in Figure 7.1 below. In that case cofibrant generating sets for the eight
model structures are given in Theorem 9.2.13.

6.2D Localizations and Quillen rings
Given a Quillen ring pM,b,1q as in Definition 5.5.9 and a morphism class E in
M, what can we say about the monoidal structure on LEM? What conditions
on M are needed to insure that it satisfies the various axioms of §5.5? These
questions are addressed by David White in [Whi].
It is convenient to use the following, which is [Whi, Definition 4.4].

Definition 6.2.18. For a Quillen ring M and morphism class E, the functor
LE is a monoidal Bousfield localization if LEM satisfies the pushout
product and unit axioms of Definition 5.5.9, and its cofibrant objects are flat
as in Definition 5.1.20.

He proves the following as [Whi, Theorems B].

Theorem 6.2.19. Let M be a cofibrantly generated Quillen ring in which
cofibrant objects are flat. Then LE is a monoidal Bousfield localization if and
only if every map of the form fbK, where f is in E and K is cofibrant, is an E-
local equivalence. If the domains of the generating cofibrations I are cofibrant,
it suffices to consider f bK for K in the set of domains and codomains of
the morphisms in I.
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6.3 When is left Bousfield localization possible?

For which model categories M and morphism sets S does the notion of S-local
equivalence lead to a new model structure and hence a Bousfield localization
(fibrant replacement) functor US? Hirschhorn [Hir03, Theorem 4.1.1] showed
this can be done whenever M is left proper as in Definition 5.3.1 and cellular
as in Definition 6.3.1 below. Barwick in [Bar10, Theorem 4.7] and Lurie in
[Lur09, A.3.7.3] give proofs that this can be done whenever M is left proper
and combinatorial as in Definition 4.8.11, the result being originally due to
Jeff Smith. In both cases the new model category, denoted by LfM, which
has the same underlying category as M, is again left proper and cellular/com-
binatorial.

6.3A Cellular, Hirschhorn, combinatorial and accessible
model categories

The terms cellular [Hir03, Definition 12.1.1] and combinatorial [Bar10, Def-
inition 1.21] both refer to a cofibrantly generated model category M (§5.2)
with generating sets I of cofibrations and J of trivial cofibrations. Combi-
natorial and accessible model categories were defined in Definition 4.8.11 and
Definition 4.8.12.

Definition 6.3.1. A model category is cellular if it is a cofibrantly generated
with generating sets I and J in which

(i) the domain and codomain of each morphism in I is compact relative to I
as in Definition 5.2.8,

(ii) the domain of each morphism in J is small relative to I as in Defini-
tion 4.8.18 and

(iii) the cofibrations are effective monomorphisms as in Definition 2.1.10.

The categories T op, T and Set∆ with their standard model structures are
each cellular.

Definition 6.3.2. A Hirschhorn category is a cofibrantly generated model
category that is left proper (Definition 5.3.1) and cellular (Definition 6.3.1).

We will need the following to define the stable model structure in Defini-
tion 7.3.6 below.

Proposition 6.3.3. Functors into a Hirschhorn category. Let M be a
Hirschhorn category. Then for a small category J , the functor category MJ

with its projective model structure (as in Definition 5.4.2) is also a Hirschhorn
category.

Proof MJ is cofibrantly generated by Theorem 5.6.26.
To see that it is left proper, suppose we have a diagram such as (5.3.2) in
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MJ . Then for each object j in J we have a similar diagram in M. The map
fj is a cofibration since f is one, and hj is a weak equivalence because h is
one. The left properness of M means that kj is a weak equivalence, so k is a
weak equivalence in MJ .
The conditions required forMJ to be cellular can be verified objectwise.

The following is proved by Hirschhorn as [Hir03, Theorem 4.1.1] and re-
stated as [Hov01b, Theorem 2.2].

Theorem 6.3.4. Hirschhorn categories are localizable. Let M be a
Hirschhorn category (Definition 6.3.2) with a set (not a proper class) of mor-
phisms S. Then the left Bousfield localization LSM of Definition 6.2.1 exists
and is again a Hirschhorn category.

Remark 6.3.5. The cofibrant generating sets for LSM. Since the two
model categories M and LSM have the same cofibrations, I serves as a gen-
erating set for the latter as well as for the former. The original generating
set J of trivial cofibrations in M needs to be enlarged since LSM has more
weak equivalences. Hirschhorn defines a generating set JS to be a set of rep-
resentatives of the isomorphism classes of inclusions of subcomplexes that are
S-local equivalences of I-cell complexes (as in Definition 4.8.18) of suitable
cardinality. The cardinality condition ensures that it is a set rather than a
proper class. This is enough to prove the theorem, but in practice one wants a
more economical set with a more explicit description. In Theorem 7.3.36 and
Theorem 7.4.52 below we will go to some trouble to give such descriptions in
cases of interest.

The following is proved by Hovey as [Hov01b, Proposition 2.3].

Proposition 6.3.6. Localization of Quillen equivalences. Let M and
M1 be Hirschhorn categories with morphism sets S and S 1 respectively and a
Quillen equivalence (Definition 4.5.14)

F : M K
//
M1 : U.oo

Suppose further that F pQfq (where Q denotes functorial cofibrant replacment
in M) is an S 1-local equivalence for all f P S. Then F induces a Quillen
equivalence (in the sense of Corollary 4.5.21) LSM Ñ LS1M1 iff for each
S-local object X in M there is an S 1-local object Y in M1 with X weakly
equivalent to UY in M.

For the results of Barwick [Bar10, Theorem 4.7] and Lurie [Lur09, A.3.7.3]
we need Definition 4.8.11 and Definition 4.8.12. Presentable and accessible 8-
categories are the subject of [Lur09, Chapter 5]. The former can be localized
in the sense of Bousfield; this is studied in [Lur09, §5.5].
The following recognition result is due to Jeff Smith, who first announced

it at the Barcelona Conference on Algebraic Topology of 1998. It is proved as
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[Bek00, Theorem 1.7 and Propositions 1.15 and 1.19] and [Bar10, Proposition
2.2]. It states that under certain conditions, a combinatorial model category
can be defined by specifying its weak equivalences and generating cofibrations,
without having to specify a set of generating trivial cofibrations.

Theorem 6.3.7. Smith’s recognition principle. Suppose C is a complete
locally presentable category with an accessible subcategory W and set of mor-
phisms I such that

(i) W satisfies the two-out-of-three axiom.
(ii) The set Im is contained in W.

(iii) The intersection pW Xm pImqq is closed under pushouts and transfinite
composition.

Then C is a combinatorial model category with weak equivalences W, cofib-
rations mpImq, and fibrations pWXm pImqqm.

6.3B S-horns and related notions
The following is a modification of [Hir03, Definitions 4.2.1 and 4.2.2].

Definition 6.3.8. S-horns. Let M be a topological model category as in
Definition 5.6.3 with a set of cofibrations S. The full set of S-horns is the
set

ΛpSq � tf l in : f P S, n ¥ 0u
�  

A�Dn YA�Sn�1 B � Sn�1 Ñ B �Dn : pf : AÑ Bq P S, n ¥ 0
(
,

where in : Sn�1 Ñ Dn as in Example 5.2.9, and l denotes the pushout corner
as in Definition 2.6.12. In the pointed case we have

ΛpSq � tf l in� : f P S, n ¥ 0u
�

!
A^Dn

� YA^Sn�1
�

B ^ Sn�1
� Ñ B ^Dn

� : pf : AÑ Bq P S, n ¥ 0
)
.

(Compare with Definition 2.6.15.)
If M is also cofibrantly generated with generating trivial cofibrations J , the

augmented set of S-horns is the set

ΛpSq � J Y ΛpSq.
Similar morphism sets will appear below as generating sets of trivial cofib-

rations in categories of spectra in the corner map theorems, Theorem 7.3.36,
Theorem 7.4.52 and its special case Theorem 9.2.11.

Proposition 6.3.9. S-horns, S-local equivalences and S-fibrant ob-
jects. Let M be a topological Hirschhorn category (Definition 6.3.2) with a
cofibration set S. Then each map in ΛpSq as in Definition 6.3.8 is an S-local
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equivalence as in Definition 6.2.1. An object X in M is S-fibrant (Defini-
tion 6.2.1) iff the map X Ñ � is ΛpSq-injective as in Definition 4.1.10.

Proof The assertion that each map in ΛpSq as in Definition 6.3.8 is an S-
local equivalence is proved by Hirschhorn as [Hir03, Proposition 4.2.3], and he
proves in [Hir03, Proposition 4.2.4] that X is S-local (Definition 6.2.1) iff the
map X Ñ � is ΛpSq-injective. If X Ñ � is ΛpSq-injective it is also J -injective
and hence a fibration in M. This means that in addition to being S-local, X
is fibrant and hence S-fibrant by Proposition 6.2.12.

The Bousfield localization of a cofibrantly generated model category is the
subject of [Hir03, Chapter 3]. Given such a category M with generating sets
I and J , its localization at a map f has generating sets I and some superset
Jf of J . There have to be more trivial cofibrations in LfM because there are
more weak equivalences than in M. While we know that such a Jf exists, we
know of no general explicit description of it.
Suppose M � T op (or T ) with generating sets I and J (I� and J�) as

in Example 5.2.9, and S consists of a single cofibration f between cofibrant
objects, i.e., CW complexes. We are interested in the left localization (as in
Definition 6.2.1) LfT op (LfT ) as a cofibrantly generated model category.
Since its cofibrations are the same as those of T op (T ), they are generated by
I (I�). One might think that its trivial cofibrations are generated by Λpfq as
in Definition 6.3.8, but we will see in Example 6.3.11 below that this is not
always the case.
The following is proved by Hirschhorn as [Hir03, Propositions 1.4.4–1.4.7].

Proposition 6.3.10. Properties of Λpfq. Let f : A Ñ B be cofibration
in T op (T ) with A a (pointed) CW complex, and let Λpfq be as in Defini-
tion 6.3.8. Then

(i) A map p : X Ñ Y is Λpfq-injective iff it is a fibration having the homotopy
right lifting property (Definition 5.6.3 (i) with respect to f .

(ii) Every relative Λpfq-complex as in Definition 4.8.18 and every trivial cofib-
ration is a Λpfq-cofibration.

(iii) A space X is Λpfq-injective iff it is f -local as in Definition 6.2.1.

The following can also be found in [Hir03, Example 2.1.6].

Example 6.3.11. Bousfield’s counterexample. Let f : Sm Ñ Dm�1 be
the inclusion im�1 of the boundary, which is a cofibration between cofibrant
objects in T op. This is equivalent (up to change of superscript) to one of the
maps in Example 6.2.14, so the resulting functor Lf is Pm�1, the pm� 1qth
Postnikov section. We also know that

in l f � in l im�1 � im�n�1,
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so
Λpfq � J Y pI l fq � J Y tim�n�1 : n ¥ 0u .

Then the map p : PKpZ,mq Ñ KpZ,mq (where PKpZ,mq is the space of
pointed paths in KpZ,mq) has the right lifting properties needed to be Λpfq-
injective. The cofibration i : � Ñ Sm does not have the left lifting property with
respect to p, so it is not a Λpfq-cofibration. On the other hand it is an f -local
equivalence since Pm�1Sm is contractible. Therefore it is a trivial cofibration
in LfT op. This means that Λpfq is not a generating set for such maps.

6.3C Localizing subcategories of a topological model
category.

In this subsection we describe a type of Bousfield localization in a model
category M based on a subcategory with certain properties similar to those
of the subcategory of spaces with given connectivity; see Example 6.2.14. We
will use the same method in Chapter 11 to define the all important slice
filtration on the category of G-spectra.
Let M be a topological model category. The following properties of a full

subcategory τ of M imitate those of n-connected spaces. Those of its comple-
ment τK imitate those of the subcategory of spaces having trivial homotopy
groups above a given dimension.

Definition 6.3.12. Localizing subcategories.
A subcategory τ of M is localizing if

(i) Any object weakly equivalent to one in τ is also in τ .
(ii) If W Ñ X Ñ Y is a cofiber sequence (Definition 4.7.6) with W in τ , then

X is in τ iff Y is in τ .
(iii) Any coproduct (finite or infinite) of objects in τ is in τ .

The complement τK of τ is the subcategory of objects Y such that the
space MpX,Y q is contractible for all X in τ .

Remark 6.3.13. These conditions imply that τ is closed under retracts and
filtered homotopy colimits. If W � A _ B is in τ , we can show that A is by
the following variant of the Eilenberg swindle. Let Wi � Ai_Bi with Ai � A

and Bi � B for i ¥ 0. Then consider the mapª
i¥0

Wi Ñ
ª
i¥0

Wi

then maps Ai isomorphically to Ai�1 and Bi isomorphically to Bi. Since τ is
closed under arbitrary wedges, it contains the source and target of this map.
Therefore its cofiber, which is A0 � A is also in τ .

The second condition says that τ is closed under cofibers and extensions. It
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does not say that W is in τ if X and Y are, i.e., in the stable case the fiber
of a map between two objects in τ need not be in τ .

Definition 6.3.14. A localizing subcategory τ as in Definition 6.3.12 is gen-
erated by a set of objects T � tTαu if it is the smallest subcategory of
M containing the objects of T and closed under weak equivalence, cofibers,
extensions and arbitrary wedges.

Each of the localizing categories we shall consider below are generated by
a set T as above.

Remark 6.3.15. The set T in Definition 6.3.14 could be replaced by the
single object ª

α

Tα.

since τ is closed under retracts. We will denote this object abusively by T .

Example 6.3.16. The category of n-connected spaces in T is generated by
the object Sn�1.

As in Example 6.2.14 we can ask for a functor P τ : M Ñ τK, the analog
of nth Postnikov section Pn, and define PτX to be the fiber of the map
X Ñ P τX, the analog of the n-connected cover Pn�1. When M is left proper
and cellular, we have the machinery of Bousfield localization available by
Hirschhorn’s theorem [Hir03, Theorem 4.1.1].

Theorem 6.3.17. The functors P τ and Pτ . Let M be a topological model
category which is Hirschhorn as in Definition 6.3.2. Let τ be a localizing
subcategory of M (Definition 6.3.12) generated by a cofibrant object T (Defi-
nition 6.3.14), and let f : T Ñ � be the unique map. Then the Dror Farjoun
localization functor Lf of §6.2, which we denote by P τ , is the left adjoint of
the inclusion functor τK Ñ M (see Definition 6.3.12). We will denote the
fiber of the map X Ñ P τX by PτX.



PART TWO

SETTING UP EQUIVARIANT STABLE
HOMOTOPY THEORY





7

Spectra and stable homotopy theory

First I have to explain the meaning of the word “stable” in algebraic
topology. We say that some phenomenon is stable, if it can occur in any
dimension, or in any sufficiently large dimension, and if it occurs in
essentially the same way independent of dimension, provided perhaps that
the dimension is sufficiently large…

The construction of our category is in several steps. In particular, we will
distinguish between “functions”, “maps” and “morphisms”…

J. Frank Adams, [Ada74b, pages 123 and 140]

This chapter is about a model category theoretic framework for the passage
from unstable to stable homotopy theory. We have come along way since the
work of Adams quoted above.

7.0A The original definition of spectra
Originally (in [Lim59], [Spa59], [Whi62], [Ada74b] and [BF78]) a spectrum
X was defined to be a sequence of pointed spaces or simplicial sets Xn for
n ¥ 0, along with structure maps

εXn : ΣXn Ñ Xn�1. (7.0.1)

A map of spectra f : X Ñ Y is a collection of maps fn : Xn Ñ Yn
that play nicely with the structure maps. One knows that εXn is adjoint to a
costructure map

ηXn : Xn Ñ ΩXn�1. (7.0.2)

Experience has shown that spectra for which this map is a weak equivalence
for all n are convenient to work with. They are known as Ω-spectra. Some au-
thors, starting with Gaunce Lewis, Peter May, Mark Steinberger (1950–2018),
and Jim McClure [LMSM86], refer to spectra defined without requiring ηXn
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to be a weak equivalence as “ prespectra”, reserving the term “spectrum” for
what we are calling an Ω-spectrum.
There are two notions of weak equivalence one might consider here. A map

f : X Ñ Y is a strict equivalence if each fn is a weak equivalence. This
means that π�pfnq is an isomorphism for each n. It is a stable equivalence
if it induces an isomorphism of stable homotopy groups defined by

πkX � colim
n

πn�kXn. (7.0.3)

This condition is far looser and can be met even if none of the fn is a weak
equivalence. It turns out that for an Ω-spectrum X,

πkX � πn�kXn for all n.

The notion of spectrum is generalized as follows in Definition 7.1.1. Replace
T or Set∆� by a pointed model category M, and replace Σ with a left Quillen
endofunctor T with right adjoint ΩT . The resulting category is denoted by
SpNpM, T q, in which an object X is a sequence of objects Xn in M equipped
with structure maps εXn : TXn Ñ Xn�1. We call X a Hovey spectrum since
the category in this level of generality was first studied by Hovey in [Hov01b].

The special case of this when the left Quillen functor T (which is suspension,
X ÞÑ S1^X in the original case) is given by X ÞÑ K^X for a fixed cofibrant
objectK is called a presymmetric spectrum in Definition 7.1.13. (We know
of no interesting example where T does not have this form.) These objects were
studied (without being called presymmetric spectra) by Bjørn Dundas, Oliver
Röndigs, and Paul Østvær in [DRØ03]. Such a spectrum is the same thing
as an M-valued functor on a certain indexing category J

N
K enriched over

M; see Theorem 7.2.32 and Definition 7.2.4. Functors on a larger category,
that of all finite simplicial sets, were studied earlier by Manos Lydakis in
[Lyd98]. In each case, we are dealing with enriched functors, so we can use
the enriched category theory of Chapter 3 to study them. In particular this
applies to spectra as originally defined, which we refer to as the original
case.
The indexing category J

N
S1 (see Definition 7.2.4), which we abbreviate here

by J
N, is monoidal (as in Definition 2.6.1) under addition, but surprisingly

this monoidal structure is not symmetric. (How could addition fail to be
commutative?) This lack of symmetry will be explained in Remark 7.2.11.
It means that the category of M-valued functors on it, the category of pre-
symmetric spectra, does not have a symmetric monoidal structure (or even
one without symmetry) implied by functoriality. In hindsight, this is the
reason for the longstanding difficulty in defining the smash product
of spectra. To get a feel for how hard it was, try reading the 32 pages of
[Ada74b, III.4].
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Had J
N been symmetric monoidal, we could have used the Day Convo-

lution Theorem 3.3.5 to show that the functor category rJN, T s, that is the
original category of spectra, has a closed symmetric monoidal structure. In
other words, it would have a smash product with all of the nice features one
could hope for, not just up to homotopy, but on the nose! Its definition would
be categorical rather than homotopy theoretic. The failure of spectra to
have a nice smash product was a major headache for many years.

7.0B New ways to define spectra
Roughly speaking, J

N does not have enough morphisms to be symmetric
monoidal. One way to fix this is to replace it by a category J

Σ (see Defini-
tion 7.2.4) having the same objects (natural numbers) but bigger morphism
spaces. For m ¤ n, J

Σpm,nq is not just one copy of Sn�m, but a wedge of
them indexed by the set of one to one maps from the m-element set m to the
n-element set n. The number of such maps is n!{pn �mq!. The composition
map

jm,n,p : J
Σpn,pq ^J

Σpm,nq Ñ J
Σpm,pq (7.0.4)

is determined by the composition of such one to one maps. In particular
J

Σpm,mq � Σm�, the symmetric group on m letters with a disjoint base
point, also known as the wedge of m! copies of S0. The category J

Σ is
symmetric monoidal.
A T -valued functor on J

Σ is called a symmetric spectrum, and we
denote the category of such spectra by SpΣ. These were first studied by Mark
Hovey, Brooke Shipley and Jeff Smith in [HSS00], with T replaced by the
category of pointed simplicial sets. The mth component Xm of a symmetric
spectrum X comes equipped with an action of Σm. The hypotheses of the
Day Convolution Theorem 3.3.5 are met by SpΣ, so it is closed symmetric
monoidal. It has a smash product with all the nice properties one could
hope for! We will define other categories of spectra with similar properties in
Definition 7.2.33 below, where we call them .
This construction of a closed symmetric monoidal category of spectra in

[HSS00] was not the first. That distinction belongs to the category of S-
modules defined a few years earlier to Tony Elmendorf, Igor Kriz, Mike Man-
dell and Peter May in [EKMM97]. Their construction is more complicated
and we will not use it here.

Remark 7.0.5. The difference between presymmetric, symmetric
and smashable spectra. In the category J

N
K (see Definition 7.2.4), the

morphism object J
N
K pn,n� kq � K^k depends only on k. This means that

an M-valued functor X on it (a presymmetric spectrum) consists of a sequence
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of objects Xn in M, and for each n and k a structure map

εXn,k : J
N
K pn,n� kq ^Xn � K^k ^Xn Ñ Xn�k. (7.0.6)

The domain of this map is the image of Xn under the endofunctor K^k^p�q
on M, and this functor is independent of n.

This independence of n does not hold in the other indexing categories we
will consider in Definition 7.2.4 and Definition 7.2.19. This means that for
M-valued functors on those categories (symmetric and smashable spectra), the
domain of the analog of (7.0.6) cannot be described in terms of an endofunctor
independent of n, so they are not Hovey spectra.

7.0C Model structures for spectra
So far this introductory discussion, like [HHR16, Appendix A], has been cate-
gorical rather then homotopy theoretic. We will now turn to homotopy theory,
which means talking about model structures on various categories of spectra.
One can define the strict or projective model structure on the category

of spectra by saying that f : X Ñ Y is a strict fibration or weak equivalence
if the same is true of each fn. Then one defines cofibrations to be maps with
suitable left lifting properties. Once we have identified spectra as T -valued
functors on a certain indexing category J this strict model structure becomes
the projective model structure of Definition 5.4.2.
We will see that this strict model structure is inadequate for our purposes

for three different reasons. It needs to be stabilized, positivized and, in the
equivariant case, enlarged so as to be equifibrant. We will explain each of
these terms in due course. See Remark 8.6.19 for an explanation of the word
“equifibrant.”

Remark 7.0.7. Three reasons to modify the projective model struc-
ture.

(i) The first defect of the strict model structure is that its notion of weak
equivalence is too restrictive. Stable homotopy theorists are hard wired to
expand the collection of weak equivalences to include all stable equivalences,
that is to all maps inducing isomorphisms of stable homotpy groups. This
is a situation crying out for left Bousfield localization, the subject
of Chapter 6. The term stabilization refers to this instance of it. It works
very nicely, and it turns out that the stably fibrant objects are precisely
the Ω-spectra, a most pleasant state of affairs. A fibrant replacement R
(originally denoted by Q in [BF78]) can be defined to be the well known
functor

pRXqn � hocolim
k

ΩkXn�k.
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It is sometimes referred to as spectrification; this term’s first use may
be in [LMSM86, page 4].

To our knowledge, stabilization was first described as a form of Bousfield
localization by Hovey in [Hov01b]. This chapter is heavily influenced by his
point of view, as well as that of [MMSS01]. Curiously, Bousfield localization
in this context was not mentioned by Bousfield himself in [BF78].

(ii) Positivization has to do with defining a model structure on the category of
commutative ring spectra, which we also refer to as commutative algebras
in the category of spectra. We will take this up in detail in Chapter 10,
but we can illustrate the basic difficulty here. A commutative ring object R
in a closed symmetric monoidal category, such as a category of smashable
spectra Sp, is one having a map R^RÑ R with suitable properties. One
gets a category CommSp of such objects as in Definition 2.6.58. Since Sp
is cocomplete, we have the free commutative algebra functor Sym : Sp Ñ
CommSp of (2.6.65),

X ÞÑ Sym pXq :�
ª
n¥0

SymnX,

where Symn is the nth symmetric product functor,

X ÞÑ pX^nqΣn
.

The functor Sym is left adjoint to the forgetful functor

U : CommSpÑ Sp.

We would like to have a model structure on the category CommSp for
which the pair of functors pSym, Uq is a Quillen pair with the stable model
structure on Sp. This means that the functors should satisfy the hypotheses
of the Crans-Kan Transfer Theorem 5.2.27, in particular that USym should
preserve stably trivial cofibrations between cofibrant objects in Sp.

Now consider the map

s1 : S�1 ^ S1 Ñ S�0, (7.0.8)

which we will generalize in (7.3.3) below. In the original case its mth
component is " � Ñ S0 for m � 0

1Sm : Sm Ñ Sm for m ¡ 0,

and in the orthogonal case it is

Jp1,mq ^ S1 � Jp1,mq ^Jp0, 1q j0,1,m //Jp0,mq � Sm,

the domain being a point when m � 0. In any case it is a stably trivial
cofibration between cofibrant objects. However the spectra SymnpS�0q �
S�0 and SymnpS�1 ^ S1q for n ¡ 1 are wildly different, as will be
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explained in Example 10.5.2 below. This means that Symn cannot be a left
Quillen functor, unless we alter the stable model structure on Sp.

We will spell out exactly how this is done in Definition 7.4.36 below. In
the symmetric and orthogonal cases it means weakening the condition for a
map f : X Ñ Y to be a fibration or a weak equivalence. We require that fm
be one only for m ¡ 0; we no longer care about f0. This means there are
more fibrations and weak equivalences, and hence fewer cofibrations and
cofibrant objects than before. For a map i : AÑ B to be a positive cofibra-
tion, the map i0 : A0 Ñ B0 must be a pointed homeomorphism, so
in a cofibrant object K, K0 must be a point.

In particular, the sphere spectrum S�0 is no longer cofibrant, but
S�1 and S�1^S1 still are. The map of (7.0.8) is a cofibrant approximation
for S�0, but it is no longer required to be preserved as a weak equivalence
by the functor Symn. This means the bad behavior of the map Symnpe1q is
no longer a concern.

(iii) Finally we have equifibrant enlargement in the case of orthogonal G-
spectra. We will discuss it in §9.2 below.

These three modifications (stabilization, positivization and equifibrant en-
largement ) can be done independently of each other in any combination in
the categories where they are applicable, and they commute with each other.
They are indicated in Figure 7.1 by horizontal, vertical and diagonal arrows
respectively. Thus we get two model structures (projective and stable) on the
original category of spectra, four on symmetric and orthogonal spectra (those
of Definition 7.4.36 below) and eight on orthogonal G-spectra. Each of these
model structures is cofibrantly generated, and we will identify their generat-
ing sets in Theorem 9.2.13 below. The model structure we will use in
subsequent chapters is the positive stable equifibrant one on the
bottom right.
The fact that these three constructions commute with each other follows

from the commutativity of the diagram of (6.2.17). It can also be inferred
after the fact from the cofibrant generating sets of the eight resulting model
structures.
In the original case, X is called an Ω-spectrum if the map costructure

map of ηXn (7.0.2) is a weak equivalence for all n. Hovey’s generalization is the
notion of a ΩT -spectrum (which he calls a U -spectrum) in Definition 7.1.6.
In the original category of spectra, which we denote here by Sp (and by
SpNpT ,Σq in Definition 7.1.1), two notions of weak equivalence are studied
in [BF78]. In the language of §5.1, the category of spectra has two different
homotopical structures.

Definition 7.0.9. Homotopical structures on the category of spectra.

(i) A map f : X Ñ Y is a strict equivalence if fn : Xn Ñ Yn is a weak
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Figure 7.1 Model categories run amok: eight model structures on the cat-
egory of orthogonal G-spectra. This diagram is a special case of (6.2.17).
Each functor is the identity and each arrow indicates the direction of the
left Quillen functor. See Table 6.1 for the constructions and Theorem 9.2.13
for cofibrant generating sets.

equivalence for each n. In the corresponding model structure, all spectra
are fibrant.

(ii) It is a stable equivalence if certain weaker conditions are met. The maps
ηXn can be iterated as in the diagram

Xn

ηXn // ΩXn�1

ΩηXn�1 // Ω2Xn�2

Ω2ηXn�2 // � � �, (7.0.10)

which is the nth component of (5.7.4). This enables us to define the stable
homotopy groups of the spectrum X by

πkX :� colim
n

πkΩ
nXn � colim

n
πk�nXn. (7.0.11)

We can make sense of this definition even for k   0 by defining πiXn to
be trivial for i   0. The groups in the sequential colimit on the right are
then defined for all n and could be nontrivial for k�n ¡ 0. A more formal
definition will be given below in Definition 7.3.14.

A stable equivalence is a map inducing an isomorphism of stable homo-
topy groups. This notion leads to a model structure in which the fibrant
objects are the Ω-spectra.
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7.0D The stable model structure

The goal of §7.3 is to describe the stable model structure as a left
Bousfield localization of the strict one with respect to a certain set
of maps S. Alternatively it could be described in terms of the homotopy
idempotent functor Θ8 of Definition 5.7.3 using Theorem 6.2.16.

What should the morphism set S be? To see what S should be, suppose
X is an Ω-spectrum, meaning that the map ηXn : Xn Ñ ΩXn�1 is a weak
equivalence for each n ¥ 0. By Theorem 5.6.21, this is equivalent to requiring
the map

pηXn q� : T pA,Xnq Ñ T pA,ΩXn�1q (7.0.12)

to be a weak equivalence for certain pointed spaces A.
In this chapter we will see that

(i) There are spectra S�n (the Yoneda spectra of Definition 7.1.30 below)
having the property that for any spectrum Y ,

SppS�n, Y q � Yn. (7.0.13)

Note here that Sp is enriched over T , so its morphism objects are pointed
spaces.

More explicitly, the nth Yoneda spectrum S�n is defined by

pS�nqk �
" � for k   n

Sk�n otherwise (7.0.14)

with structure map εS�n

k : S1 ^ Sk�n Ñ Sk�1�n being the evident homeo-
morphism for k ¥ n.

To see that (7.0.13) holds, note that a map f : S�n Ñ Y is a compatible
collection of maps

fk : pS�nk q � Sk�n Ñ Yn for k ¥ 0.

The nth component is a pointed map S0 Ñ Yn, and the space of such
maps is Yn it self. The higher components of f must be compatible with
the structure maps. This means that for k ¥ n, the diagram

ΣpS�nqk Σfk //

εS
�n

k
��

ΣYk

εYk
��

pS�nqk�1

fk�1 // Yk�1

must commute. Since the structure map on the left is a homeomorphism
by (7.0.14), we have

fk�1 � εYk pΣfkq.
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This means that for each k ¡ n, fk is determined by fn, and that any map
of pointed spaces fn : S0 Ñ Yn can be uniquely extended for a map of
spectra f : S�n Ñ Y .

(ii) There are maps of spectra

sAn : ΣA^ S�n�1 Ñ A^ S�n, (7.0.15)

(the stabilizing maps of Definition 7.3.1 below; the smash product of a
space with a spectrum is defined in Proposition 7.1.14) such that the map
of (7.0.12) is a weak equivalence iff the map

psAn q� : SppA^ S�n, Xq Ñ SppΣA^ S�n�1, Xq
is one. Explicitly, the mth component of the map of (7.0.15) is the evident
isomorphism for m � n (when the kth components of the two spectra are
isomorphic) and the trivial one for k � n, when the domain is a point but
the codomain need not be. When A � S0, this is the map sn of (1.4.12).

Hence, in the language of Definition 6.2.1, a spectrum X is an Ω-spectrum
iff it is S-local with respect to the set of morphisms

S �  
sAn : n ¥ 0

(
where A ranges over the domains and codomains of the set of generating
cofibrations for T , namely the set I� of (5.2.13).
In §7.3 we give the details of stabilization of Hovey spectra as a form of left

Bousfield localization. Recall that localization can be defined either in terms
of a collection of morphisms that one wants to be weak equivalences in the
new model structure, or in terms of a homotopy idempotent endofunctor that
one wants to serve as fibrant replacement. The former is a set S of stabilizing
maps, defined in Definition 7.3.1. The latter is Hovey’s functor Θ8 defined
in Definition 5.7.3(iii) and studied in §7.3A.
Our Theorem 6.2.16 gives conditions under which an endofunctor and a

morphism set lead to the same Bousfield localization. Lemma 7.3.22 shows
that Θ8 and S meet these conditions.
In § 7.3D we give explicit cofibrant generating sets for the stable model

structure in terms of those for M and the set S.
In §7.4 we give a parallel treatment of smashable spectra. The four main

theorems of §7.3 each have counterparts here that are indicated in a table
at the start of the section. The punch line is Theorem 7.4.52, the smashable
analog of Theorem 7.3.36.

7.0E The prickly case of symmetric spectra
Symmetric spectra are problematic in that stable homotopy groups need not
be preserved by stable equivalences, as is emphasize by Hovey-Shipley-Smith



446 Spectra and stable homotopy theory

in [HSS00, §3.1] where they say “THIS WILL NOT WORK.” We are
introducing them only as a logical step toward defining orthogonal spectra and
orthogonal G-spectra, which we refer to collectively as smashable spectra in
Definition 7.2.33. They are our real objects of interest, and they do not suffer
from this malady. When the proof of a theorem is harder in the symmetric
case, we will only give it for the smashable case.
As an illustration of this difficulty with symmetric stable equivalences, con-

sider the stablizing map

sm : S�m�1 ^ S1 Ñ S�m

of (1.4.11). The Yoneda spectrum S�m here has to be defined differently from
the original case. We will do it for Hovey spectra in Definition 7.1.30 and for
smashable spectra in Definition 7.2.52. In particular the components of the
symmetric analog of the spectra in (1.4.11) are

pS�mqk � J
Σpm,kq �

$&%
ª

k!{pk�mq!

Sk�m for k ¥ m

� otherwise,

and therefore

pS�m�1 ^ S1qk �
$&%

ª
k!{pk�m�1q!

Sk�m for k ¥ m� 1

� otherwise.

Thus unlike in the case of ordinary spectra, the kth components of S�m and
S�m�1 ^ S1 in SpΣ differ for all k ¥ m because they have different numbers
of wedge summands.
Hence we need to be more careful about how we define the map sm. Con-

sider the diagramª
k!{pk�m�1q!

Sk�m�1 ^ S1

J
Σpm� 1,kq ^J

Σp0,1q
J

Σpm�1,kq^?
��

psmqk

++XXXXX
XXXXX

XXXXX
XXXX

J
Σpm� 1,kq ^J

Σpm,m� 1q
jm,m�1,k

//JΣpm,kq
ª

k!{pk�m�1q!

Sk�m�1 ^
ª

pm�1q!

S1
ª

k!{pk�mq!

Sk�m

where jm,m�1,k is the composition morphism of (7.0.4). Thus in order to
define the kth component of sm, we need only to choose a summand of
J

Σpm,m� 1q. These summands are indexed by one to one maps of m into
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m� 1. We choose the standard inclusion, that is the order preserving map
sending m to the first m elements of m� 1. Formally this choice is the map

αm,0,1 : J
Σp0,1q Ñ J

Σpm,m� 1q
of Definition 2.6.6.
In any case, we see that the stabilizing map sm does not induce an iso-

morphism of stable homotopy groups. This means we cannot define a
stable equivalence to be a map that does so.
In the language of §6.2, there are two ways to define stable equivalence in

SpΣ:

(i) It is a weak equivalence in the localization of SpΣ (with its projective
model structure as in Definition 5.4.2) with respect to the set S of mor-
phisms sm of (1.4.11) for m ¡ 0. See Definition 6.2.1.

(ii) It is an Υ-equivalence as in Definition 6.2.15, for a suitable homotopy
idempotent functor Υ, which is stable fibrant replacement. The functor
we will use is similar to Θ8 as in Definition 5.7.3.

For a spectrum Z in any of the categories we will consider, the map sm :

S1 ^ S�m�1 Ñ S�m (for a suitably defined S�m) induces the left vertical
map in

SppS�m, Zq � //

s�m
��

Zm

ηZm
��

SppS1 ^ S�m�1, Zq � // SppS�m�1,ΩZq � // ΩZm�1

(7.0.16)

This is a weak equivalence for each m ¥ 0 iff the right vertical map is one,
meaning iff Z is an Ω-spectrum. Hence, the S-local objects in Sp are
precisely the Ω-spectra.
In [HSS00, §5.6], they make a distinction between stable equivalences as

just defined, and stable homotopy equivalences, meaning maps inducing
isomorphisms of stable homotopy groups, which not all stable equivalences
do. In [HSS00, Theorem 3.1.11] they show that a stable homotopy equiv-
alences is a stable equivalence. The proof makes use of the functor Θk of
Definition 5.7.3(i), which he denotes by Rk.
A symmetric spectrum is said to be semistable ([HSS00, Definition 5.6.1])

if the map to its stable fibrant replacement (which is always a stable equiv-
alence) is a stable homotopy equivalence. They show that S1 ^ S�1 is not
semistable. [HSS00, Proposition 5.6.5] says that a map between semistable
spectra is a stable equivalence iff it is a stable homotopy equivalence.
For more discussion, see Stefan Schwede’s untitled book project [Sch07, Ex-

amples I.2.12, I.4.31 and II.4.2]. He discusses long exact sequences of stable
homotopy groups of symmetric spectra in [Sch07, §I.4.1]. In [Sch07, Proposi-
tion I.4.7], he gives the Adams exact sequence for a stable cofiber sequence of
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Theorem 5.7.11 and the Puppe exact sequence for a stable fiber sequence as
in Proposition 4.7.11(i). He discusses semistable spectra in [Sch07, §I.4.5].

Stabilization of orthogonal spectra (see Definition 7.2.33) is better
behaved than that of symmetric spectra. The indexing category is J

O �
J

O
S1 as in Definition 7.2.4(iii). For m ¤ n, the morphism space J

Opm,nq
is informally a wedge of copies of Sn�m parametrized by the Stiefel manifold
Opnq{Opmq of orthogonal embeddings Rm Ñ Rn. In Proposition 7.2.15 we
will see that the connectivity of the evident map Sn�m Ñ J

Opm,nq increases
linearly with n. This means that the stabilizing maps sm in SpO, like those
in SpN and unlike those in SpΣ, induce isomorphisms in stable homotopy
groups.

7.0F Comparing our approach with those of [Lyd98],
[HSS00], [Hov01b], [DRØ03], and [Sch07]

There is substantial overlap between the concepts presented in this chapter
and in the works listed above, but also some important differences. In both
cases spectra are described as enriched functors from an indexing category
J to a Quillen ring M (over which J is enriched) satisfying appropriate
technical hypotheses. The differences are as follows.

(i) For them the target category is either some variant of pointed simplicial
sets or a category suitable for motivic homotopy theory. For us it is some
variant of pointed topological spaces. We chose spaces over simplicial sets
because studying representation spheres for a finite group G is easier if
we do not have to worry about triangulations. The two approaches lead
to Quillen equivalent theories. In the equivariant case, this is spelled out
in [DRØ03, §9.3]. In our case all objects in the target category M are
fibrant, while in theirs all objects are cofibrant. Their maps tend to be
better behaved than ours.

(ii) The differing target categories lead to different fibrant replacement func-
tors. In both cases one has a sequential diagram involving costructure maps
similar to that of Definition 5.7.3(iii). For us the fibrant replacement is its
homotopy colimit or telescope, while for them it is the ordinary colimit. In
both cases one needs some technical assumptions on the target category
(which are met in the examples of interest) to insure that these (homotopy)
colimits of fibrant objects are again fibrant.

Colimits, even sequential ones, can be problematic in homotopy theory,
as we saw in Example 2.3.65. Homotopy groups do not commute with
sequential colimits in general, but they do when all the maps in the diagram
are closed inclusions. The same is true of the functor ΩK � p� qK in
SpNpM,Kq for cofibrant K, since we are assuming that K is compact as
in Definition 5.2.6. However it is not reasonable to assume that the maps
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in (7.1.8) are closed inclusions, so we use the homotopy colimit or telescope
instead.

We remind the reader that telescopes enjoy many of the properties of
ordinary sequential colimits; see Lemma 5.8.19, Lemma 5.8.20 and Propo-
sition 5.8.25. By Lemma 5.8.20(iii), a homotopy sequential colimit is an
ordinary sequential colimit in which each map is a closed inclusion, so we
avoid the pitfalls of Example 2.3.65.

(iii) Our indexing categories are leaner than theirs. For Lydakis [Lyd98], a
spectrum is a homotopical functor to simplicial sets from the full category
of finite simplicial sets. For such a functor X, the nth “space” is its value
on the simplicial set Sn � B∆n�1. His unit object (the sphere spectrum)
is the inclusion functor.

[DRØ03, §2.5 and §2.6] define categories KSph and KSphΣ which are
simplicial analogs of our J

N
K and J

Σ
K . Later they consider full symmetric

monoidal subcategories C of Setfin∆ containing KSphΣ.

Our indexing categories of Definition 7.2.19 are also symmetric monoi-
dal subcategories of M containing J

Σ
K , but they are far from full. See

Remark 7.2.25 below.

(iv) [HSS00], [DRØ03], and [Sch07] each make use of injective Ω-spectra,
where injective here means fibrant in the injective model structure of Def-
inition 5.4.2. They define a map f : X Ñ Y of symmetric spectra to be a
stable equivalence if the functor SpΣp�, Zq converts it to a weak equiva-
lence for each injective Ω-spectrum Z. For us (and in [Hov01b]) a stable
equivalence is defined to an S-local equivalence, which is equivalent (see
(7.0.16)) to requiring SpΣpf, Zq be a weak equivalence in M for each (not
necessarily injective) Ω-spectrum Z.

7.1 Hovey’s generalization of spectra

We now proceed to Hovey’s generalization of the original definition of spectra.

Definition 7.1.1. Let M be a model category with a Quillen endopair pT,ΩT q
as in Definition 4.5.1 that is compact as in Definition 5.8.22. Then the
category of Hovey spectra SpNpM, T q has as its objects sequences

pX0, X1, X2, . . . q

of objects in M equipped with structure maps εXn : TXn Ñ Xn�1. A mor-
phism f : X Ñ Y in this category is a collection tfn : Xn Ñ Yn : n ¥ 0u of
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morphisms in M that commute with the structure maps, as in the diagram

TXn

εXn //

Tfn

��

Xn�1

fn�1

��
TYn

εYn // Yn�1.

(7.1.2)

We will denote the composite map

T kXn

Tk�1εXn // T k�1Xn�1

Tk�2εXn�1 // � � � εXn�k�1 // Xn�k
(7.1.3)

by εXn,k, so εXn � εXn,1.
We will refer to the adjunction T ` % Ω`T for ` ¡ 0 as the Hovey adjunc-

tion.

Remark 7.1.4. Notation for the structure and costructure map. Our
use of the symbol ηXn for the costructure map Xn Ñ ΩXn�1 adjoint to the
structure map εXn is unusual. Hovey denotes the latter by σ (and ηXn by σ̃)
in [Hov01b, Definitions 1.1 and 3.1]. We chose our symbols to be consistent
with the uses of ε and η to denote augmentation and coaugmentation as in
Definition 2.2.8 and to denote the counit and unit of an adjunction as in
Definition 2.2.20.

He does not require his Quillen functors to be compact. Our compactness
condition means that the right adjoint functor ΩT commutes with homotopy
sequential colimits.

Strictly speaking the map we are calling εXn should be denoted by pεXqn
since it is the nth component at X of a natural transformation ε, but the
latter notation is too cumbersome. The same goes for ηXn . On the other hand,
once we see that the category of spectra is often an enriched functor category
in Theorem 7.2.32 below, then in the notation of (3.1.38), εXn will be an
abbreviation for εXn,n�1.

Remark 7.1.5. Notation for the Quillen endopair. Hovey denotes the
endopair by pT,Uq, but we prefer to reserve the symbol U for various forgetful
functors. In the original case the pair was pΣ,Ωq, and this usage is compatible
with Definition 4.6.17. In view of the latter, it would be confusing to use the
same symbols for their generalizations here. We follow [DRØ03] in replacing
U by ΩT . We will use the symbol Ω in Definition 7.2.29 below in a way that
generalizes its original usage.

Definition 7.1.6. A Hovey ΩT -spectrum is a spectrum X for which Xn

is fibrant and the right adjoint of εXn ,

ηXn : Xn Ñ ΩTXn�1, (7.1.7)
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is a weak equivalence for each n. We will denote the composite map

Xn

ηXn // ΩTXn�1

ΩT η
X
n�1 // Ω2

TXn�2
// � � � // ΩkTXn�k

(7.1.8)

by ηXn,k.

In the next section we will assume additionally that the model category M
is stabilizable as in Definition 7.2.1, and in particular telescopically closed
as in Definition 5.8.28. We will need the telescopically closed condition on M
in order to define our fibrant replacement functor Θ8 in Definition 5.7.3. For
a spectrum X, the nth component of Θ8X is a certain homotopy sequential
colimit of fibrant objects in M, and we need these telescopes themselves to
be fibrant. In §7.3D and §7.4D we will need the domains and codomains of
the cofibrant generating maps of M are cofibrant.

SpNpT ,Σq is the original category of spectra in which the Quillen endopair
is pΣ,Ωq and a ΩT -spectrum is an Ω-spectrum. In this case the model category
M � T is symmetric monoidal as in Definition 5.5.9, and the left Quillen
functor T � Σ is the smash product S1 ^�.
In Definition 7.1.13 below we will say a Hovey spectrum is presymmetric

when the left Quillen functor T of Definition 7.1.1 is given by X ÞÑ K ^ X

for a fixed compact (as in Definition 5.2.6) cofibrant object K in M. The
compactness of K will guarantee that of the two Quillen functors K ^ p�q
and p�qK and compact as in Definition 5.8.22. In that case a spectrum can be
interpreted (see Theorem 7.2.32 below) as an M-valued functor on a certain
indexing category J

N
K spelled out in Definition 7.2.4 below. Such functors

are the subject of §7.2A. This will mean we can use the enriched category
theory of Chapter 3 to study them.
This section will end with a brief description (in Proposition 7.1.33 below)

of the projective model structure on the category above. It generalizes the
strict model structure in the original case, the one in which a map of spectra
f : X Ñ Y is a fibration or weak equivalence when each fn : Xn Ñ Yn is one.
Experience has shown that it is too rigid for the purposes of stable homotopy
theory. A stable equivalence g : X Ñ Y is not required to induce a weak
equivalence in each degree.
From (7.1.2) we get the following diagram in Set.

fn PMpXn, Ynq
TXn,Yn //MpTXn, TYnq

pεYn q� //MpTXn, Yn�1q

fn�1 PMpXn�1, Yn�1q
pεXn q

�

OO
(7.1.9)

The morphisms fn P MpXn, Ynq and fn�1 P MpXn�1, Yn�1q make (7.1.2)
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commute iff they have the same image in MpTXn, Yn�1q. It follows that the
morphism set SpNpM, T qpX,Y q is the equalizer of two maps

SpNpM, T qpX,Y q //__ ±
nMpXn, Ynq ////

±
nMpTXn, Yn�1q (7.1.10)

derived from the two maps to MpTXn, Yn�1q in (7.1.9), which leads to the
end in Proposition 7.2.48 below.
Since ΩT is the right adjoint of T , we can rewrite (7.1.10) as

SpNpM, T qpX,Y q //__ ±
nMpXn, Ynq ////

±
nMpXn,ΩTYn�1q (7.1.11)

where the two maps are obtained in a similar way from the adjoint of (7.1.9),
which is

MpXn, Ynq
pΩT qXn,Yn //MpΩTXn,ΩTYnq

pηXn�1q
�

//MpXn�1,ΩTYnq

MpXn�1, Yn�1q.
pηYn�1q�

OO
(7.1.12)

For any cofibrant object K in a Quillen ring M, the functor T � K ^� is
a left Quillen functor. Categories SpNpM,K ^ �q of spectra constructed in
this way have more convenient properties those of the general Hovey spectra
of Definition 7.1.1.
Since a Quillen ring M is by definition closed as a symmetric monoidal

category, the endofunctor T � K ^ p� q always has a right adjoint

ΩK � p� qK �MpK, �q,
as explained in Definition 5.5.17 and the definitions leading to it. With this
in mind we make the following definition.

Definition 7.1.13. Presymmetric spectra. For a Quillen ring M, a cat-
egory of Hovey spectra (Definition 7.1.1) SpNpM, T q is a category of pre-
symmetric spectra (and an object in it a presymmetric spectrum) if
the functor T is ΣK :� K ^ p� q for a compact cofibrant object K of M. We
will denote the category of such spectra (abusively) by SpNpM,Kq.
We want to define a Quillen M-structure on SpNpM,Kq. The following is

an easy consequence of the definitions.

Proposition 7.1.14. Enriched presymmetric spectra. For a Quillen ring
M as in Definition 5.5.9, the category SpNpM,Kq as in Definition 7.1.13
can be given the structure of an M-category as in Definition 3.1.1 that is
bitensored over M as in Definition 3.1.31, making it a closed M-module as
in Definition 2.6.42.

The morphism object SpNpM,KqpX,Y q is the equalizer of (7.1.10), or
equivalently that of (7.1.11) (with T being the functor K ^� in both cases),
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regarded as a diagram in M rather than in Set. For an object A in M, its
tensor and cotensor products with a spectrum X are given by

pA^Xqn � A^Xn and pXAqn � pXnqA �MpA,Xnq.

The structure map for A^X is the composite

K ^A^Xn

t^Xn &&NN
NNN

NNN
NN

εA^X
n // A^Xn�1

A^K ^Xn

A^εXn ,

88rrrrrrrrr

where t swaps the factors A and K.
The structure map for XA is the left adjoint of its costructure map, which

is the composite

MpA,Xnq
pηXn q�

��

η

�
XA

	
n //MpK,MpA,Xn�1qq

MpA,MpK,Xn�1qq
�

ϕ�1
A,Xn�1 ))RRR

RRR
RRR

RRR
R

MpA^K,Xn�1q
ϕ1K,Xn�1

�

OO

MpK ^A,Xn�1q,
t�

55lllllllllllll

where ϕ and ϕ1 are the adjunction isomorphisms of Definition 2.2.13 for
K ^ p�q %MpK,�q and A^ p�q %MpA,�q respectively.

For spectra X and Y , there is an adjunction isomorphism

SpNpM,KqpA^X,Y q � SpNpM,KqpX,Y Aq. (7.1.15)

Remark 7.1.16. The Hovey twist. The following should be compared with
[Hov01b, Remark 1.6] and [DRØ03, Remark 2.13].

The categories SpNpM,K ^ �q and rJN
K ,Ms are both tensored over the

Quillen ring M. For a functor X : J
N
K Ñ M and an object M in M,

the functor M ^ X is defined by pM ^ Xqn � M ^ Xn with structure map
εM^X
n : K ^M ^Xn ÑM ^Xn�1 being the composite

K ^M ^Xn
t^Xn // M ^K ^Xn

M^εXn // M ^Xn�1, (7.1.17)

where the twist map t swaps the first two factors.
The costructure map ηM^X

n , the right adjoint of εM^X
n , is the composite

M ^Xn
ϕpt^Xnq // pM ^K ^XnqK

pM^εXn q
K

// pM ^Xn�1qK , (7.1.18)



454 Spectra and stable homotopy theory

where

MpK ^M ^Xn,M ^K ^Xn�1q
ϕ�ϕM^Xn,M^K^Xn�1

��
MpM ^Xn, pM ^K ^Xn�1qKq

is the adjunction isomorphism of Definition 2.2.13 for K ^ p�q % p�qK .
We also have the suspension spectrum functor Σ8K : M Ñ rJN

K ,Ms given
by pΣ8KMqn � K^n ^M with the structure map εΣ

8
KM

n being

K ^ pΣ8KMqn � K ^K^n ^M
j0,n,n�1^M // K^pn�1q ^M � pΣ8KMqn�1,

where j0,n,n�1 is the usual isomorphism, which is also the composition mor-
phism of (7.2.5) below.

The composite functor Σ8KΣK : M Ñ rJN
K ,Ms extends along Σ8K to

an endofunctor which we also denote by ΣK , so that the following diagram
commutes.

M ΣK //

Σ8K
��

M

Σ8K
��

rJN
K ,Ms ΣK // rJN

K ,Ms.

In Definition 7.1.13 we used the symbol ΣK for the endofunctor K ^ p�q of
M. Here we are using it for an endofunctor of rJN

K ,Ms which differs subtly
from the tensor functor K ^ p�q.

For a spectrum X we have pΣKXqn � K ^Xn, and the structure map

εΣKX
n : K ^K ^Xn Ñ K ^Xn�1

is K ^ εXn . This map does not involve a twist and is therefore not the same
as the map εK^Xn of (7.1.17) for the case M � K.

The costructure map ηΣKX
n , the right adjoint of εΣKX

n is

ϕpεΣKX
n q : K ^Xn Ñ pK ^Xn�1qK ,

which is not the same as (7.1.18) for M � K.
Hence the spectra K ^ X and ΣKX have the same components

but different structure and costructure maps. The spectrum ΣKX is a
special case of the spectrum TX of Definition 7.1.27 below.

Proposition 7.1.19. Preservation of certain colimits by ΩK . Let
SpNpM,Kq be as in Definition 7.1.13. Then the functor ΩK preserves sequen-
tial colimits of h-cofibrations as in Definition 5.6.7, and homotopy sequential
colimits.
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Proof Since ΩK is MpK, �q and K is compact as in Definition 5.2.6, it
preserves sequential colimits of h-cofibrations by the definition of a compact
object. It preserves homotopy sequential colimits by Lemma 5.8.20(iii).

The following should be compared with Yoneda Lemma 2.2.10. The compar-
ison is precise for presymmetric spectra as in Definition 7.1.13 but imperfect
in general due to the nonfunctoriality of the Hovey spectra of Definition 7.1.1.

Definition 7.1.20. Evaluation and tensored Yoneda functors. Let
SpNpM, T q be as in Definition 7.1.1. For m ¥ 0, the mth evaluation func-
tor

Evm : SpNpM, T q ÑM

is given by X ÞÑ Xm. The mth tensored Yoneda functor

T�m : MÑ SpNpM, T q
(denoted by Fm in [Hov01b, Definition 1.2] and [HSS00, Definition 2.2.5])
which is the left adjoint of Evm, is given by

pT�mMqn �
" � for 0 ¤ n   m

Tn�mM for n ¥ m
(7.1.21)

with the obvious structure maps, where � denotes the initial object of M. In
particular T�0M is the Hovey suspension spectrum associated with M .
In the presymmetric case (Definition 7.1.13) we will sometimes denote T�m
by K�m with

pK�mMqn �
" � for 0 ¤ n   m

M ^Kn�m for n ¥ m.
(7.1.22)

We have the following analog of Proposition 5.6.28 with a similar proof.

Proposition 7.1.23. The Yoneda adjunction for Hovey spectra. With
notation as above, for each m ¥ 0 the adjunction T�m % Evm is a Quillen
adjunction. In particular, if A is a cofibrant object in M, then T�mA is
projectively cofibrant in SpNpM, T q.
Remark 7.1.24. The right adjoint Rm of the evaluation functor Evm
(denoted by Mm in [Hov01b, Remark 1.4] and by Rm in [HSS00, Definition
2.2.5]) is given by

pRmMqn �
"

Ωm�nT M for n ¤ m

� for n ¡ m,

where � denotes the terminal object in M. The structure map for n   m,

TΩm�nT M Ñ Ωm�n�1
T M,

is the left adjoint of the identity map on Ωm�nT M .
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Remark 7.1.25. The functors Σ8 and Ω8. In the original case, the func-
tor T�0 sends a pointed space K to the suspension spectrum Σ8K defined
by

pΣ8Kqn � K ^ Sn,

so it is also denoted by Σ8. Its right adjoint Ev0 is often denoted by Ω8.
When X is an Ω-spectrum, Ω8X is an infinite loop space. The equivariant
generalizations of these functors will be studied in Chapter 9 below.

In [Hov01b] the functor T�m is denoted by Fm. We are using this notation
to suggest that it is related to the inverse of the iterate Tm. In the original case
T�0 is the functor Σ8 sending a pointed space to its suspension spectrum.
Recall that T is an endofunctor on M. Our T�m is not the actual inverse

(which need not exist) of Tm since the former is not an endofunctor but rather
a functor from M to SpNpM, T q. We will see in Definition 7.1.27 below that
is extends along Σ8 to an endofunctor of SpNpM, T q which we also denote
by T�m. It is consistent with desuspension as in Definition 5.7.3(i).

Example 7.1.26. Coevaluation in the original case. For an original
spectrum X in SpNpT ,Σq, the mth tensored Yoneda functor (again for m ¥ 0)
is the formal mth desuspension functor defined by

pΣ�mXqn �
" � for 0 ¤ n   m

Xn�m for n ¥ m.

The category SpNpM, T q is bicomplete (with limits and colimits being eval-
uated objectwise; see [Hov01b, Lemma 1.3]. This means the nth object of a
limit (colimit) is the limit (colimit) of the nth objects.
The Quillen pair pT,ΩT q on M extends to a similar one on SpNpM, T q

by applying the two functors objectwise as in Definition 7.1.1; see [Hov01b,
Lemma 1.5].

Definition 7.1.27. T , T�1 and ΩT as endofunctors of SpNpM, T q. Let
X �  

Xn, ε
X
n : n ¥ 0

(
be a Hovey spectrum as in Definition 7.1.1. For ` ¡ 0,

let T `X be the Hovey spectrum with pT `Xqn � T `pXnq and εT
`X

n � T `pεXn q,
and define Ω`TX in a similar way.

For m ¥ 0, let T�mX be the Hovey spectrum with

pT�mXqn �
"
Xn�m for n ¥ m

� otherwise,

and

εT
�mX

n �
$&%

εXn�m for n ¥ m

� Ñ X0 for n � m� 1

� Ñ � otherwise.
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See Remark 7.1.16 for more discussion.
The following is an immediate consequence of Definition 7.1.20 and Defini-

tion 7.1.27.

Proposition 7.1.28. T ` and T�m commute. The following diagrams com-
mute

M T�m
//

T `

��

SpNpM, T q
T `

��
M T�m

// SpNpM, T q

and SpNpM, T q T�m
//

T `

��

SpNpM, T q
T `

��
SpNpM, T q T�m

// SpNpM, T q

for ` ¡ 0 and m ¥ 0, but neither composite is T�pm�`q for ` ¤ m nor T `�m
for ` ¡ m. On the other hand,

T `1T `2 � T `1�`2 for `1, `2 ¡ 0

and T�m1T�m2 � T�pm1�m2q for m1,m2 ¥ 0.

Remark 7.1.29. Two stable stable equivalences. While the composite
functor T `T�m is not equal to T�pm�`q or to T `�m, we will see later that it
is stably equivalent to it on spectra X � T�0M for an object M of M. For
` ¡ 0 and m ¥ 0, we have

pT `T�mXqn �
"
T `�n�mM for n ¥ m

� for n   m

and pT�pm�`qXqn �
"
Tn�m�`M for n ¥ m� `

� for n   m� `.

There is a map

T `T�mX Ñ
"
T�pm�`qX for m ¥ ` ¡ 0

T `�mX for ` ¡ m ¥ 0

whose nth component is$&%
1T `�n�mM for n ¥ m

� Ñ T `�n�mM for m� ` ¤ n   m

� Ñ � for n   m� `.

We will see in Corollary 7.3.25 below that this map is a stable equivalence. For
` � 1, it is the stabilizing map sMm of Definition 7.3.1. For the presymmetric
case, see Proposition 7.3.20.

Definition 7.1.30. Yoneda spectra. Let pM,^, Sq be a symmetric mon-
oidal model category, and let SpNpM, T q be the categrory of Hovey spectra of
Definition 7.1.1. The mth Yoneda spectrum, is T�mS as in (7.1.21) for
m ¥ 0. A generalized suspension spectrum is one of the form T�mM

for an object M in M and m ¥ 0.
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We have chosen the term “Yoneda spectrum” because of its connection with
the Yoneda functor, which will be apparent below in Definition 7.2.52. It is
unlikely that Yoneda himself ever considered such a thing, just as Galois is
unlikely to have ever thought about Galois cohomology.

Remark 7.1.31. Other ways to generalize a suspension spectrum.
Sometimes it is convenient to consider a spectrum K in which

Km �
"

Σm�kKk for m ¥ k

� otherwise, (7.1.32)

and it is common to call it a suspension spectrum even though it does not
conform with Definition 7.1.30. A finite spectrum is usually understood to
be one having the stable homotopy type of the above where Kk is a finite CW
complex.

Here are two familiar examples.

(i) As Adams noted in [Ada74b, page 141], there is a difficulty constructing
the stable form of the Hopf map η : S3 Ñ S2. One would like it to be
the 2-component of a map S1 ^ S�0 Ñ S�0, that is a map to the sphere
spectrum from its suspension, and then define the higher components to be
suspensions of η. The problem with this is that there is no way to define
the 0 and 1-components of such a map because η does not desuspend. (A
similar problem exists with an even simpler example, the degree d map of
the sphere spectrum to itself.)

There are two ways out of this dilemma. The first is to change the target
spectrum to its stably fibrant replacement, in which the mth space is

hocolim
k

ΩkSk�m.

Then one has the desired maps for small m. The second is to modify the
domain spectrum S1 ^ S�0 by replacing its 0 and 1-components (S1 and
S2 respectively) by a point. This new spectrum supports the desired map to
the sphere spectrum and has the form of (7.1.32).

(ii) Fix a prime p and let V p0q (the notation of [Tod71]) denote the mod p

Moore spectrum. Its mth component for m ¡ 0 is the cofiber of a degree
p map in Sm, but there is no such map on S0. Hence we need to define
V p0q0 to be a point as in (7.1.32). Similar problems come up with higher
Smith-Toda complexes and with stunted projective spaces having negative
dimensional cells.

The following is [Hov01b, Theorem 1.13]. In the presymmetric case (Defi-
nition 7.1.13), Theorem 7.2.32 below implies that it is a special case of The-
orem 5.6.26.
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Proposition 7.1.33. The projective model structure on Hovey spec-
tra. Suppose M is a cofibrantly generated model category with generating sets
I and J . In SpNpM, T q, let

IT �
¤
m¥0

T�mI

and J proj
T �

¤
m¥0

T�mJ

for T�m as in Definition 7.1.20.
Then there is a cofibrantly generated model structure on SpNpM, T q in

which the weak equivalences are maps f : X Ñ Y such that fn : Xn Ñ Yn is
a weak equivalence in M for each n, and the cofibrant generating sets are IT
and J proj

T . We call it the projective model structure, and will refer to the
various special morphisms types in it as projective cofibrations and so on.
If M is left (right) properas in Definition 5.3.1, so is SpNpM, T q.
Remark 7.1.34. Second warning about a Hirschhorn reference. In the
sentence preceding [Hov01b, Theorem 1.13], Hovey refers to [Hir03, Chapter
11] in reprint form for information about proper model categories. It is [Hir03,
Chapter 13] in the published book. Proper model categories are treated here in
§5.3 and §5.8F.

In §7.3 below we will define the stable model structure on SpNpM, T q as a
left Bousfield localization of the projective one.

Corollary 7.1.35. Projective trivial fibrations in SpNpM, T q. Any map

p : X Ñ Y in SpNpM, T q
having the right lifting property with respect to IT as in Proposition 7.1.33 is a
weak equivalence and hence a trivial fibration in the projective model structure
of Definition 5.4.2.

The following characterization of projective (trivial) cofibrations in SpNpM, T q
is proved by Hovey as [Hov01b, Proposition 1.14]. The proof makes use of the
right adjoint of the evaluation functor Evm described in Remark 7.1.24.

Proposition 7.1.36. Projective (trivial) cofibrations of Hovey spec-
tra. A morphism f : X Ñ Y in SpNpM, T q is a projective (trivial) cofibration
iff f0 is a (trivial) cofibration in M and for each n ¡ 0 the pushout corner
map (Definition 2.3.9) λfn for the diagram

TXn�1

εXn�1

��

Tfn�1 // TYn�1

εYn�1

��
Xn

fn // Yn
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is one as well.

The special case of the above with Xn � � for all n is the following.

Corollary 7.1.37. Cofibrant Hovey spectra. A Hovey spectrum Y is
cofibrant iff for each n ¥ 0, Yn is cofibrant and the map εYn : TYn Ñ Yn�1 is
a cofibration.

Corollary 7.1.38. Cofibrant approximations of Hovey spectra. A map
f : X Ñ Y of Hovey spectra is a cofibrant approximation as in Defini-
tion 4.1.19 iff for each n ¥ 0, Xn is cofibrant, εXn is a cofibration, and fn is
a trivial fibration.

Proposition 7.1.39. Functorial fibrant approximation in the pro-
jective model structure. Let R be a functorial fibrant approximation on
M as in Definition 4.1.25. Then a functorial fibrant approximation RN in
SpNpM, T q with the projective model structure is given by pRNXqn � RpXnq.
Remark 7.1.40. When M � T (or M � T G for a finite group G as in
Definition 8.6.1 below), all objects are fibrant, so R and therefore RN could
be the identity functor.

7.2 The functorial approach to spectra

Spectra were originally defined as sequences of spaces (or objects in a suitable
model category M) equipped with certain structure maps, as we have seen.
In the past 20 years it has become apparent that another perspective in-

volving enriched category theory is more convenient. Pioneering papers in
this direction included [HSS00], [MMSS01] and [MM02], written by subsets of
Mark Hovey, Mike Mandell, Peter May, Brooke Shipley, Stefan Schwede and
Jeff Smith, along with [Lyd98] and [DRØ03].
We start with

(i) a model category M that is stabilizable as in Definition 7.2.1 below, and
(ii) a generalized direct M-category J as in Definition 5.6.31, to be named

later.

Definition 7.2.1. A model category is stabilizable if it is a Hirschhorn
category (Definition 6.3.2) and a pointed topological Quillen ring as in Defi-
nition 5.6.3 that is telescopically closed as in Definition 5.8.28, and compactly
generated as in Definition 5.2.6 with the domains of its cofibrant generating
morphisms being cofibrant.

These conditions are met in cases of most interest in this book, the cate-
gories of pointed topological spaces, possibly with group action.
The following is a consequence of Theorem 5.6.21.
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Proposition 7.2.2. Homotopy groups for stabilizable model cate-
gories. A stabilizable model category has a complete set of homotopy in-
variants as in Definition 5.6.5.

Then a spectrum X is an enriched M-valued functor on J. We will
denote its value on an object j in J by Xj . We will consider several different
direct M-categories J, and hence get several types of spectra. In each case
the functor category rJ,Ms has a projective model structure, derived from
that on M, in which every object is fibrant.
This means the enriched category theory of Chapter 3 is applicable. Indeed

that chapter was written with this application in mind. In particular, when J

is symmetric monoidal, the Day Convolution Theorem 3.3.5 gives us a closed
symmetric monoidal structure on the functor category rJ,Ms.
Since M is cofibrantly generated, the results of § 5.4 are also applicable.

Thus we get a cofibrantly generated model structure on rJ,Ms in which a
morphism f : X Ñ Y is a weak equivalence or fibration if fj : Xj Ñ Yj is one
for each object j in J. This is the projective model structure.
Experience has shown that in order to do stable homotopy theory, one wants

a weaker notion of weak equivalence that the objectwise condition above.
Classically a stable equivalence is a map inducing an isomorphism of stable
homotopy groups. The resulting stable model structure is a Bousfield
localization of the projective one. It will be discussed below in §7.3 and
§7.4.

7.2A Indexing categories for spectra
Now we will define our indexing categories J. They come in several different
flavors, leading to several different types of spectra.

Remark 7.2.3. The compact cofibrant object K. Each of our indexing
categories is defined in terms of a compact cofibrant object K in a pointed
topological Quillen ring M. In every case we will consider, K is a sphere of
some positive dimension. Initially the reader would do well to assume that
K � S1. In the equivariant case it will be SρG (see §8.9) instead, where ρG
is the real regular representation of the finite group G.

Recall that pM,^, Sq is a pointed topological Quillen ring as in Defini-
tion 5.5.9, such as some variant of T . Each J is a direct M-category as in
Definition 5.6.31, and we define a spectrum X to be an M-valued M-functor
(as in Definition 3.1.13) on J. We will denote its value on an object j in
J by Xj . The category of such functors is denoted by rJ,Ms as in Defini-
tion 3.2.18. Later we will use notation similar to that of Definition 7.1.13.

Definition 7.2.4. Some indexing categories. Let M be a stabilizable
model category as in Definition 7.2.1 with a compact (as in Definition 5.2.6)
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cofibrant object K having the form S1^K. The categories J
N
K , J

Σ
K ,JO

K and
J

U
K each have finite sets n � t1, 2, . . . nu for n ¥ 0 (with 0 being the empty

set ∅) as objects. In each case we will write the composition morphisms as

jm,n,p : J
F
Kpn,pq ^J

F
Kpm,nq Ñ J

F
Kpm,pq. (7.2.5)

We will refer to M-valued functors on these categories as presym-
metric, symmetric, orthogonal and unitary spectra respectively; see
Definition 7.2.33 below. When the subscript K is omitted, it is understood to
be S1 in the first three cases, and S2 in the unitary case. Their morphism
objects, which lie in M, are as follows.

(i) For the first category J
N
K ,

J
N
K pm,nq �

$&%
� for m ¡ n

S for m � n

K^pn�mq otherwise.

For m ¤ n ¤ p the composition morphism in M,

jm,n,p : J
N
K pn,pq ^J

N
K pm,nq Ñ J

N
K pm,pq,

is the standard isomorphism

K^pp�nq ^K^pn�mq Ñ K^pp�mq.

In particular

J
N
K p0,nq � K^n

and

J
N
K pm,mq � S,

the monoidal unit object in M.
(ii) In the second category J

Σ
K , morphism objects are defined in terms of the

symmetric group on n letters Σn. The morphism object J
Σ
K pm,nq is the

coproduct in M of objects K^pn�mq indexed by the set of inclusions mÑ n,
with composition induced by that of inclusions of finite sets. In other words,

J
Σ
K pm,nq � Σn 


Σn�m

K^pn�mq.

In particular

J
Σ
K p0,nq � K^n

and

J
Σ
K pm,mq � Σm� ^ S

(the coproduct of m! copies of the unit object S), so J
Σ
K pm,nq has a
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left action of Σn and right action of Σm. As in Definition 2.2.32 and
Definition 3.1.69, we denote these by

Σn� ^J
Σ
K pm,nq

µL
&&MM

MMM
MMM

MM
J

Σ
K pm,nq ^ Σm�

µR
xxqqq

qqq
qqq

q

J
Σ
K pm,nq.

(7.2.6)

The composition map jm,n,p is a fold map of degree

k � n!

�
p�m

p� n



� pn�m� 1q � � � pn� 1qn

pp� n� 1qpp� n� 2q � � � pp�mq,
a product of n (not necessarily distinct) integers satisfying

n! ¤ k ¤ pp� n� 1qpp� n� 2q � � � pp� 1qp � p!{pp� nq!.
Let J

Σ�
K be the full subcategory of J

Σ
K in which the objects are positively

indexed, and let j� : J
Σ�
K Ñ J

Σ
K denote the inclusion functor.

(iii) For the third category J
O
K , the object K must be chosen so that the action

of the symmetric group Σn on K^n extends to an action of the orthogonal
group Opnq. (The inclusion of Σn into Opnq is via the usual permutation
matrices.) We replace inclusions mÑ n for m ¤ n, used in the definition
of J

Σ
K , by orthogonal embeddings Rm Ñ Rn. The space of such embeddings

is the Stiefel manifold

Opm,nq :� Opnq{Opn�mq. (7.2.7)

Every such embedding determines an orthogonal complement Rn�m � Rn.
This defines an orthogonal Rn�m-bundle over Opm,nq. Its Thom space is

ThompOpm,nq;Rn�mq � Opnq 

On�m

Sn�m

�
#
Opnq� for n � m

SOpnq 

SOn�m

Sn�m for n ¡ m,

where SOpnq is the special orthogonal group.

Composition of orthogonal embeddings

Rm Ñ Rn Ñ Rp

for m ¤ n ¤ p leads to a map

Opm,nq �Opn, pq Ñ Opm, pq1



464 Spectra and stable homotopy theory

which Thomifies to�
Opnq 


Opn�mq
Sn�m



^
�
Oppq 


Opp�nq
Sp�n




��
Oppq 


Opp�mq
Sp�m.

(7.2.8)

If we replace the spheres above by the corresponding smash powers of K,
we get a map�

Opnq 

Opn�mq

K^pn�mq



^
�
Oppq 


Opp�nq
K^pp�nq




��
Oppq 


Opp�mq
K^pp�mq.

(7.2.9)

The morphism objects in J
O
K are

J
O
K pm,nq �

$'&'%
� for n   m

Opnq� for n � m

Opnq 

Opn�mq

K^pn�mq for n ¡ m
(7.2.10)

and composition morphisms

J
O
K pn,pq ^J

O
K pm,nq�

Oppq 

Opp�nq

K^pp�nq



^
�
Opnq 


Opn�mq
K^pn�mq




��
Oppq 


Opp�mq
K^pp�mq

J
O
K pm,pq

for m ¤ n ¤ p as in (7.2.9).
(iv) For the fourth category J

U
K , the object K must be chosen so that the action

of the symmetric group Σn on K^n extends to an action of the unitary
group Upnq. Its morphism objects are the complex analogs of the ones in
the orthogonal case.

We learned the following from Peter May.

Remark 7.2.11. The category J
N
K is monoidal under addition but

not symmetric monoidal. By Definition 3.1.51 the former means that the
image of the Yoneda functor H0 : J

N
K ÑM is a monoidal subcategory. Its
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objects are the smash powers of K. If J
N
K were symmetric, its image in M

would have a twist isomorphism

τm,n : K^m ^K^n Ñ K^n ^K^m

as in (2.6.2). There is such a morphism in M, but it is not in the image
of the Yoneda functor H0. Recall that

J
N
K pm� n,m� nq � S,

the unit object in the symmetric monoidal model category M. For example,
when M � T , this unit is S0. The two corresponding endomorphisms of
the smash power K^pm�nq are the identity and constant maps. The twisting
isomorphism is not among them when m,n ¡ 0.

On the other hand we have the following. A proof in the symmetric case is
given in [DRØ03, Lemma 2.14], and a similar argument gives the orthogonal
case.

Proposition 7.2.12. The categories J
Σ
K , J

O
K and J

U
K are symmetric

monoidal under addition.

Remark 7.2.13. Each of the categories of Definition 7.2.4 is strictly mon-
oidal as in Definition 2.6.4 since there is precisely one object for each natural
number. Therefore we need not take the care noted in Remark 2.6.8. The same
goes for the categories of Definition 7.2.19 below.

Some of the morphism objects in these categories are

J
O
K p0,nq � K^n,

J
O
K pm,mq � Opmq 
 S,

and J
O
K pm,m� 1q � SOpm� 1q 
K,

where X
Y is as in Definition 2.1.49. For the last of these, we claim that the
Stiefel manifold Opm � 1q{Op1q is homeomorphic to the special orthogonal
group SOpm � 1q. An orthogonal embedding Rm Ñ Rm�1 is a choice of m
orthonormal vectors in Rm�1, and there is a unique pm � 1qth unit vector
orthogonal to all of them and having the right orientation. The resulting real
line bundle over Opm,m � 1q is trivial. More examples of these morphism
spaces are given in Example 8.9.28 below.
The categories J

N
K and J

Σ
K are denoted by KSph and KSphΣ (with T in

place ofK) in [DRØ03, §2.5 and §2.6]. They prove that the latter is symmetric
monoidal in [DRØ03, Lemma 2.14].
We leave the following three results as exercises for the reader.

Proposition 7.2.14. The morphism objects in each of the categories
of Definition 7.2.4 are cofibrant and compact.
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Proposition 7.2.15. Connectivity of orthogonal and unitary mor-
phism objects. The Stiefel manifold Opm � nq{Opnq is pn � 1q-connected,
and the space J

O
S1 pm,m� nq is a CW complex of the form

Opm� nq 

Opnq

Sn � Sn Y e2n�1 Y � � � .

More generally, if K � Sk (possibly with higher dimensional cells attached),
then

J
O
K pm,m� nq � Opm� nq 


Opnq
K^n � Skn Y epk�1qn�1 Y � � � .

Similarly J
U
S2 pm,m� nq is a CW complex of the form

Upm� nq 

Upnq

Sn � S2n Y e4n�1 Y � � � .

More generally, if K � S2k, then

J
U
K pm,m� nq � Upm� nq 


Upnq
K^n � S2kn Y e2pk�1qn�1 Y � � � .

Proposition 7.2.16. The space J
O
S1 pm,nq as a subspace of ΩmSn. For

an orthogonal embedding f : Rm Ñ Rn for m ¤ n and a vector a P fpRmqK,
the orthogonal complement of the image of f , define an affine map

fa : Rm Ñ Rn by fapxq � a� fpxq.
The space

Epm,nq �  pf, aq P Opnq{Opn�mq �Rn : a P fpRmqK( .
is the total space of the vector bundle over the Stiefel manifold Opnq{Opn�mq
used to define J

O
S1 pm,nq. Thus we have a map from Epm,nq to the space of

affine embeddings of Rm Ñ Rn. Passing to one point compactifications gives
us a map from J

O
S1pm,nq to a set of pointed embeddings Sm Ñ Sn, which is

a subspace of ΩmSn � T pSm, Snq. Thus we get a faithful functor

e : J
O
S1 Ñ T . (7.2.17)

Example 7.2.18. Complexes K whose smash powers support orthog-
onal and unitary group actions.

(i) The classical example is K � S1 with M � T . Then K^n � Sn, on which
Opnq acts via its usual action αn on Rn, of which Sn is the one point
compactification. Similarly for K � S2, Upnq actions on K^n � S2n.

(ii) For a finite group G with real regular representation ρG, let K � SρG

with M � T G. Here T G denotes the category of pointed G-spaces and
equivariant maps. We will discuss it as a model category in §8.6 below. Let
αn denote the standard action of Opnq on Rn as above.
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To define an action of Opnq on K^n � SnρG , consider the group G �
Opnq. Then p1ρ and p2αn are representations of the group G�Opnq, where

G G�Opnqp1oo p2 // Opnq
p1 and p2 are the evident homomorphisms. Their degrees are |G| and n

respectively. Hence their tensor product p1ρb p2αn has degree n|G|. Thus
the action of G on SnρG extends to an action of G � Opnq and therefore
one of Opnq and hence its subgroup Σn.

Another type of indexing category is needed in Chapter 9, where we will
consider orthogonal G-spectra for a finite group G, and again in Chapter 12
where we construct the real bordism spectrum MUR. The former are orthog-
onal spectra for M � T G (the category of pointed G-spaces and equivariant
maps as in Definition 8.6.1 below) and L � SρG , for which the functor on J

O
S1

extends to a larger symmetric monoidal indexing category JG (the Mandell-
May category of Definition 8.9.24 below) having more objects, namely or-
thogonal representations of G. This new category is also a direct M-category
as in Definition 5.6.31. Two additional examples will be considered in §12.1.
With this in mind we make the following, which is a variant of the notion

of a C-algebra in Definition 2.6.20.

Definition 7.2.19. Spectral J
O-algebras. Let M be as in Definition 7.2.4

with K � S1, and let tπαu be a complete set of homotopy invariants for
M as in Definition 5.6.5. Let L be a compact cofibrant object in M of the
form S1 ^ L. A spectral J

O-algebra is a strict symmetric monoidal (as
in Definition 2.6.4) direct M-category (as in Definition 5.6.31) pJF

L ,`, 0q
receiving a symmetric monoidal M-functor

iFO : J
O Ñ J

F
L (7.2.20)

as in Definition 2.6.19 such that |iFOpmq| � mg for is a fixed positive integer
g. We say that J

F
L has degree g as a spectral J

O-algebra.
We will abbreviate iFOpnq by n whenever it appears as a subscript or as a

variable in a morphism object J
F
L pV,W q, and we require that

J
F
L p0, nq � L^n.

In addition to the functors πα of Definition 5.6.5, we will need functors πα,n
for n ¥ 0 given by

πα,np�q :� π0MpAα ^ L^n,�q. (7.2.21)

J
F
L must satisfy the following conditions.

(i) The compact cofibrance condition. Morphism objects are cofibrant and
compact, each isomorphism class of objects is a singleton, and

J
F
L p0, V q ^J

F
L p0,W q � J

F
L p0, V `W q.
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(ii) The direct summand condition. For each object V there is an object
V 1 such that V ` V 1 � n for some n ¡ 0.

(iii) The stable homotopy condition. For objects V , W and U in J
F
L , let

ξV,W,U be the composite

J
F
L pV `W,Uq ^J

F
L p0,W q ξV,W,U //

J
F
L pV`W,Uq^ωF

V,0,W ))RRR
RRR

RRR
RRR

R
J

F
L pV,Uq

J
F
L pV `W,Uq ^J

F
L pV, V `W q,

jV,V�W,U

::ttttttttt
(7.2.22)

where jV,V�W,U is the composition morphism similar to that of (7.2.5), and
ωF
V,0,W is the addition morphism of Definition 2.6.6. Then for each object
V in J

F
L , each positive integer m and each homotopy invariant πα as in

Definition 5.6.5, the map πα,nξV,m,n of (7.2.21) is an isomorphism
for large n.

An ideal L
F
L � J

F
L (as in Definition 2.6.9) is a full subcategory such that

for objects V in L
F
L and W in J

F
L , V `W is also in L

F
L . It is positive if

it contains the object iFOp1q but not iFOp0q.
For an enriched M-valued functor X on J

F
L , we will denote its values and

on V and iFOpnq by XV and Xn respectively. We will often write V `W as
V �W when it appears as an index. We will denote the enriched M-valued
Yoneda functors HV and Hi

F
Opnq by S�V and L�n respectively.

Remark 7.2.23. The motivation for Definition 7.2.19. The example that
this definition is designed for is the Mandell-May category JG for a finite
group G of Definition 8.9.24 below. Its objects are finite dimensional orthogonal
representations V of G, which is our reason for using that symbol here. It is
a J

O
S1 -algebra in which L � Sρ, where ρ � ρG, the regular representation of

G. The underlying Quillen ring M is T G with the Bredon model structure of
Definition 8.6.1 below.

It is known that every irreducible orthogonal representation of G is a direct
summand of ρ. It follows that every finite dimensional orthogonal represen-
tation V of G is a summand of some multiple of ρ. This means that JG

satisfies the direct summand condition of (ii), hence the name.
The stable homotopy condition of (iii) excludes the difficulty with symmetric

spectra of §7.0E.
Our reason for defining the positive ideals is that we will need to consider

the positive Mandell-May category J
�
G � JG of Definition 8.9.24.

The compact cofibrance condition of (i) and the direct summand condition
of (ii) are satisfied by all of the examples we will consider in this book. The
stable homotopy condition for J

O itself is not obvious, so we prove it now.
A similar condition for J

Σ
K does not hold, as we saw in §7.0E.
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Proposition 7.2.24. The stable homotopy condition of Definition 7.2.19
(iii) holds for J

O, and the map ξk,m,n is p2n� 2k �m� 1q-connected.
The stable homotopy condition also holds for J

U, which is a spectral J
O-

algebra of degree 2.

Proof In the orthogonal case the composite of (7.2.22) for the map ξk,m,n is

J
Opk�m,nq ^J

Op0,mq ξk,m,n //

J
Opk�m,nq^ωF

k,0,m ((RRR
RRR

RRR
RRR

R
J

Opk,nq

J
Opk�m,nq ^J

Opk,k�mq.
jk,k�m,n

::uuuuuuuuu

Using Proposition 7.2.15 with K � S1, we can identity the spaces in the
diagram above as

Sm�r Y e2pm�rq�1 Y � � �

pSr Y e2r�1 Y � � � q ^ Sm
ξk,m,n //

++VVVV
VVV

Sm�r Y e2pm�rq�1 Y . . .

pSr Y e2r�1 Y � � � q ^ pSm Y e2m�1 Y � � � q,

33hhhhhhhhh

where r � n� k�m, and the composite map is the identity below dimension

2n� 2k �m � n� pn� 2k �mq,
which can be made to exceed n itself by any given amount for large n. This
means that for any compact cofibrant object Aα in M, the map πα,nξk,m,n of
(7.2.21) is an isomorphism large n.
The unitary case is similar.

Remark 7.2.25. Indexing categories as subcategories of the Quillen
ring M. It is possible, but not necessary for our purposes, to embed each of
our indexing categories J into M monoidally by sending each object V to
Jp0, V q. See Proposition 7.2.16 for the orthogonal case, and Definition 8.9.23
below for the case of orthogonal G-spectra.

This is the approach taken in [DRØ03], where most indexing categories are
full subcategories of M. Our subcategories are not full.

Definition 7.2.26. The indexing group RF of a spectral J
O-algebra J

F
L

is the Grothendieck group of its object set, which is an abelian monoid since
J

F
L is symmetric monoidal. We will refer to an element of RF that is not

the image of an object of J
F
L as a virtual representation.

We will see later that spectra defined in terms of J
F
L have homotopy groups

graded over RF.
The following is an easy consequence of the direct summand condition of

Definition 7.2.19(ii).
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Proposition 7.2.27. Virtual representations. Each element of the index-
ing group RF can be written as V � niFΣp1q for an object V in J

F
L and an

integer n ¥ 0.

Example 7.2.28. Some indexing groups.

(i) For F � Σ and F � O, the indexing group RF is the integers.
(ii) For a finite group G, the object set for the Mandell-May category JG (see

Definition 8.9.24 below) is the monoid of isomorphism classes of real or-
thogonal representations of G. Hence the indexing group RF is the additive
group of the real orthogonal representation ring ROpGq. In this case iFΣp1q
is ρG, the real regular representation of G.

We will consider certain ideals (as in Definition 7.2.19) in certain spectral
J

O-algebras in Chapter 9, specifically Theorem 9.2.13, where we will de-
fine the positive stable equifibrant model structure on SpG, the category of
G-spectra. For a finite group G we have the Mandell-May category JG of
Definition 8.9.24 in which the objects are orthogonal finite dimensional repre-
sentations V of G and the morphism objects have to do with nonequivariant
(as in Definition 3.1.59) orthogonal embeddings. Hence V and W are isomor-
phic if |V | � |W |, meaning they have the same underlying degree. The ideal
LG of interest is that of representations V with V G � 0. It is the principal
ideal generated by the one dimensional trivial representation.
The inclusion functor i : L

F
J Ñ J

F
L induces a precomposition functor

i� : rJF
L ,Ms Ñ rLF

K ,Ms.
It has a left adjoint, namely the left Kan extension

i! : rLF
K ,Ms Ñ rJF

L ,Ms
by Proposition 2.5.4. This leads to an induced model structure on the category
of spectra rJF

L ,Ms by Theorem 5.4.21.
We could also transfer the projective model structure from rK ,Ms for any

full subcategory K of J
F
K , including one with a single object, as explained in

Remark 5.4.23. We will see later that requiring K to be an ideal guarantees
that each induced equivalence is also a stable equivalence.
The following notions will be useful.

Definition 7.2.29. Structured spheres and loops. Let M and K be as in
Definition 7.2.4 and let J

F
L be a spectral J

O-algebra as in Definition 7.2.19.
For each object W in J

F
L , let

SW :� J
F
L p0,W q,

generalizing the sphere in the original case. Note that for W � iFOpnq, this
object is L^n.
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To generalize the loop space, let ΩW denote the functor MpSW , �q, the
right adjoint of SW ^�. For W � iFOpnq, this functor is also denoted by ΩnL.

In the examples we consider in this book, M is some variant of T , mean-
ing that its objects are pointed topological spaces, possibly with some extra
structure. The underlying space of the object L is always a sphere in the usual
sense, as are the objects SW defined above.

Definition 7.2.30. Homotopy groups of objects in M. With notation
as in Definition 7.2.29, let W be an object in J

F
L and X and object in the

pointed topological model category M. Then πWX is the set of path connected
components of the pointed space MpSW , Xq.

Whenever SW possesses a pinch map SW Ñ SW _ SW , the set πWX
acquires a natural group structure in the usual way. When ever SW is a
suspension, meaning whenever the representation W has the form 1�W , we
have the pinch map SW as in Definition 4.6.22. See Remark 8.9.5 below.
We will use the notation J

F
L to denote any spectral J

O-algebra . Some
important examples for this book are the following.

Example 7.2.31. Mandell-May categories. In each of the following, the
morphism objects are cofibrant and compact as in Definition 5.2.6.

(i) For a finite group G, the Mandell-May category JG of Definition 8.9.24
below is a J

O
S1 -algebra, where the underlying Quillen module M is the

category of pointed topological G-spaces T G. The inclusion functor iFO sends
the nth object to nρG (the n-fold direct sum of the regular representation
of G) with the Opnq-action of Example 7.2.18(ii).

(ii) The real and complex Mandell-May categories as in Definition 12.1.2 below.

7.2B Spectra as functors
Our reason for introducing the first of the categories in Definition 7.2.4 is the
following, which is comparable to [DRØ03, Proposition 2.12].

Theorem 7.2.32. Presymmetric spectra as M-valued functors on
J

N
K . Let SpNpM,K ^ �q be a category of presymmetric spectra as in Def-

inition 7.1.13. Then it is isomorphic to the M-enriched functor category
rJN

K ,Ms as in Definition 3.2.18.

Proof Since J
N
K has one object for each natural number n, such a functor

determines a sequence of objects tXnu in M with structure maps

J
N
K pm,nq ^Xm Ñ Xn for all m,n ¥ 0.
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On the other hand, an object X � tXnu in SpNpM,K ^ �q has structure
maps

Tn�mXm � K^pn�mq ^Xn Ñ Xn

and the two structures coincide. More details can be found in the proof of
[DRØ03, Proposition 2.12].

Since presymmetric spectra can be thought of as M-valued functors on
J

N
K , we will define other kinds of spectra as M-valued functors on the other

indexing categories. Hence there is a theorem stating that our definition of
symmetric spectra is the same as that of [HSS00], proved by Dundas-Röndigs-
Østvær as [DRØ03, Proposition 2.15].

Definition 7.2.33. Spectra as functors. Let M and K be as in Defini-
tion 7.2.4. Then M-valued M-enriched functors on the categories J

N
K , J

Σ
K ,

J
O and a spectral J

O-algebra J
F
L (as in Definition 7.2.19) are presym-

metric, symmetric, orthogonal, unitary and extraorthogonal spectra
respectively. We will sometimes denote these functor categories by

SpNpM,Kq � rJN
K ,Ms,

SpΣpM,Kq � rJΣ
K ,Ms,

SpOpM,Kq � rJO
K ,Ms,

SpUpM,Kq � rJU
K ,Ms,

and SpFpM, Lq � rJF
L ,Ms.

We will refer to orthogonal, unitary and extraorthogonal spectra collectively
as smashable spectra. They are ones for which the indexing category is a
spectral J

O-algebras,

We are using the term smashable because the spectra in question have a
nice smash product given by the Day convolution in Theorem 7.2.60. The same
goes for symmetric spectra, but we are excluding them due to the difficulties
of §7.0E. Many of the statements we will make about smashable spectra also
hold in the symmetric case. Exceptions include those which rely in some way
on Definition 7.2.19(iii), which fails for J

Σ
K .

Remark 7.2.34. Converting an ordinary spectrum to a smashable
one. Our indexing categories are related by inclusion functors,

J
U
K

J
N
K

iΣN //JΣ
K

iOΣ //JO
K

iUO 22eeeeeeeee

iFO
,,YYYYYY

YYY
J

F
L

Each of them induces a precomposition functor between the corresponding
categories of spectra. Each precomposition functor has a left adjoint given by
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left Kan extension. Thus we get a diagram

SpUpM,Kq

SpNpM,Kq
�
iΣN

	
! // SpΣpM,Kq

�
iOΣ

	
! // SpOpM,Kq

�
iUO

	
! 33ggggggg

�
iFO

	
!

++WWWW
WW

SpFpM,Kq.

(7.2.35)

An ordinary or presymmetric spectrum is an object in the functor category
on the left. It can be converted to a symmetric, orthogonal or extraorthogonal
one by applying the appropriate functor.

The diagram of (7.2.35) is similar in spirit to the Main Diagram of [MMSS01,
page 442]. Their prolongation functors P are our left Kan extensions, and their
forgetful functors U are our precomposition functors.

Our presymmetric spectra for M � T and K � S1 coincides with the
prespectra of [MMSS01, Example 4.1]. Our symmetric and orthogonal spectra
in this case are the same as those of [MMSS01, Examples 4.2 and 4.4].
Such a functor X is a collection of objects Xn in M with structure maps

εXn,k :JF
K pn,n� kq ^Xn Ñ Xn�k,

or εXV,W :JF
L pV, V �W q ^XV Ñ XV�W

in the extraorthogonal case.
(7.2.36)

We abbreviate εXn,1 by εXn as in (7.1.3), and we will often abbreviate
J

F
K pn,n� kq (JF

L pV, V �W q) by JF
n,k (JF

V,W ). For k � 0 this structure
map amounts to an action of Xn by the group Σn in the symmetric case and
by Opnq in the orthogonal case. In the superorthogonal case we have an action
of Opnq and additional structure maps related to the additional objects in the
indexing category.

Remark 7.2.37. Change of notation. This notation differs from that of
(3.2.27), where we wrote εXV,V 1 (with V 1 � V `W ) instead of εXV,W . There
the source category was not assumed to have a monoidal structure. See Re-
mark 3.2.31.

Definition 7.2.38. The restricted and reduced structure maps for a
smashable spectrum. Let X be a smashable spectrum, meaning and M-
valued functor on a spectral J

O-algebra J
F
L as in Definition 7.2.19. The

restricted structure map

εXV :� εXV pωF
V,0,1 ^XV q : L^XV Ñ XV�1,

where ωF
V,0,1 is the map of Definition 2.6.6. More generally let

εXV,W :� εXV,W pωF
V,0,W ^XV q : SW ^XV Ñ XV�W , (7.2.39)

where SW is as in Definition 7.2.29.
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The the reduced structure maprεXV,W : J
F
L pV, V �W q ^

J F
L pV,V q

XV Ñ XV�W (7.2.40)

is that of (3.2.30).

Remark 7.2.41. Smashable and symmetric spectra have more struc-
ture then presymmetric spectra. For k � 1, our structure map is

εXn : J
F
K pn,n� 1q ^Xn Ñ Xn�1,

and the object J
F
K pn,n� 1q varies with n, unlike the presymmetric case. In

the symmetric case it is the wedge of pn� 1q! copies of K. In the orthogonal
case it is

Opn� 1q 

Op1q

K � ΣSOpn� 1q 
K

by (7.2.10).
Thus in the symmetric case we have pn � 1q! maps K ^ Xn Ñ Xn�1

compatible with the actions of Σn and Σn�1 on Xn and Xn�1. In the orthogonal
case we have an infinite family of them parametrized by Opn � 1q. It is this
additional structure that enables us to define the smash product of spectra
in a more elegant way than Adams was able to in [Ada74b, Part III].

Definition 7.2.42. The costructure map for smashable, symmetric
and presymmetric spectra. Let JF

V,W � J
F
K pV, V �W q for any of the F

in Definition 7.2.33. The costructure map

ηXV,W : XV ÑMpJF
V,W , XV�W q (7.2.43)

is the right adjoint of the structure map εXV,W : JF
V,W ^XV Ñ XV�W .

For any of the spectra of Definition 7.2.33, let the restricted costructure
map

ηXV,W : XV Ñ ΩWXV�W �MpSW , XV�W q (7.2.44)

be the adjoint of the map εXV,W of Definition 7.2.38. We denote ηXV,1 by simply
ηXV . In particular ηXn is not the right adjoint of εXn except in the presymmetric
case.

An alternate description of the restricted costructure map will be given
below in Lemma 7.4.32.

Definition 7.2.45. A smashable, symmetric or presymmetric Ω-spectrum
X is one for which the map ηXV,W of (7.2.44) is a weak equivalence for all V
and W .

The direct summand of Definition 7.2.19(ii) (which also holds for J
N
K and

J
Σ
K ) gives us a simpler condition for a smashable, symmetric or presymmetric

spectrum to be an Ω-spectrum.
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Proposition 7.2.46. A recognition criterion for Ω-spectra. A smash-
able, symmetric or presymmetric spectrum X is an Ω-spectrum if the map
ηXV,1 is a weak equivalence for all V .

Proof Note that ηXV,n for n ¡ 1 is the n-fold composite

XV

ηXV // ΩXV�1

ΩηXV�1 // � � � Ωn�1ηXV�n�1 // ΩnXV�n,

so it is a weak equivalence if ηXV is one for all V . For given objects V and W ,
choose an object W 1 such that SW ^ SW

1 � K^n for some n ¡ 0. Here we
are using the direct summand condition of Definition 7.2.19(ii). Now consider
the diagram

XV

ηXV,n

�
((QQ

QQQ
QQQ

QQQ
QQQ

QQQ
ηXV,W

vvllll
lll

lll
lll

lll
l

ΩWXV�W

ΩW ηX
V�W,W 1

//

�
ΩW ηXV�W,n

((RR
RRR

RRR
RRR

RRR
R

ΩnXV�n

ΩnηXV�n,W

vvmmm
mmm

mmm
mmm

mmm

ΩWΩnXV�W�n � ΩnΩWXV�W�n.

(7.2.47)

The 2-of-6 property (see Definition 5.1.1 and Proposition 5.1.2) implies that
each morphism in the diagram, including ηXV,W , is a weak equivalence.

7.2C Morphism objects of spectra, Yoneda spectra,
tautological presentations, the Day convolution and

function spectra
Since we are dealing with enriched functor categories as in Definition 3.2.18,
we have the following.

Proposition 7.2.48. Morphism objects as enriched ends. Let J be
one of the categories J

N
K , J

Σ
K , J

O
K or J

U
K of Definition 7.2.4. Then each

morphism object in rJ,Ms is the enriched end

rJ,MspX,Y q �
» nPobJ

MpXn, Ynq.

In the extraorthogonal case we have

rJF
L ,MspX,Y q �

» V PobJ F
L

MpXV , YV q.

The morphism objects described in Proposition 7.2.48 are in M.
We can generalize the tensor and cotensors of Proposition 7.1.14 as follows.
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Proposition 7.2.49. Tensors and cotensors of smashable, symmetric
or presymmetric spectra. Let X be a spectrum in any of the categories of
Definition 7.2.33, which we denote here by Sp. For an object M in M, its
tensor and cotensor products with X are given by

pM ^XqV �M ^XV and pXM qV � pXV qM �MpM,XV q.
The structure map for M ^X is the composite

JV,W ^M ^XV

t^XV ((RRR
RRRR

RRR

εM^X
V,W // M ^XV�W

M ^ JV,W ^XV ,
M^εXV,W

66nnnnnnnnn

where t swaps the factors M and JV,W and JV,W � J
F
K pV, V �W q.

The structure map for XM is the left adjoint of its costructure map, which
is the composite

MpM,XV q
pηXV,W q�

��

η

�
XM

	
V,W //MpJV,W ,MpM,XV�W qq

MpM,MpJV,W , XV�W qq

� ))RRR
RRR

RRR
RRR

R
MpJV,W ^M,XV�W q

�

OO

MpM ^ JV,W , XV�W q.
t�

55lllllllllllll

For spectra X and Y there is an adjunction isomorphism

SppM ^X,Y q � SppX,YM q. (7.2.50)

Proposition 7.2.51. For a cofibrant object A in a Quillen ring M,
if a smashable, symmetric or presymmetric spectrum X is a ΩK-
spectrum, so is XA as in Proposition 7.2.49.

Proof By the recognition criterion of Proposition 7.2.46, it suffices to show
that for each object V in the indexing category, the map

pXV qA
η
pXAq
V // ΩKppXV�1qAq

is a weak equivalence. Note that by definition

ΩKppXV�1qAq �MpK, pXV�1qAq �MpK,MpA,XV�1qq
�MpA^K,XV�1q �MpA,MpK,XV�1qq
�MpA,ΩKXV�1q � pΩKXV�1qA,

so η
pXAq
V � pηXV qA.
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By Corollary 5.6.19 the functor p� qA is homotopical on fibrant objects in
M. Since ηXV is a weak equivalence of fibrant objects, the same is true of its
image under p� qA. This makes ηpX

Aq
V a weak equivalence as required.

The following is a generalization of Definition 7.1.30.

Definition 7.2.52. More Yoneda spectra. Let J be one of the categories
J

N
K , J

Σ
K , J

O
K or J

U
K of Definition 7.2.4. For m ¥ 0 the Yoneda spectrum

S�m in rJ,Ms is given by �
S�m

�
n
� Jpm,nq.

In particular for each such J,�
S�0

�
n
� K^n.

When necessary we will denote them by S�mN , S�mΣ , S�mO , and S�mU .
For J

F
L as in Definition 7.2.19 and an object V in J

F
L , the Yoneda spec-

trum S�V (or S�VF ) in rJF
L ,Ms is given by�
S�V

�
W
� J

F
L pV,W q.

The composition map

jU,V,W : J
F
L pV,W q ^J

F
L pU, V q Ñ J

F
L pU,W q

is the W th component of a map

jU,V : S�V ^J
F
L pU, V q Ñ S�U . (7.2.53)

We will write

L�mF :� S
�iFOpmq
F . (7.2.54)

A generalized suspension spectrum is one of the form M ^ S�VF for a
cofibrant object M in M, where F any one of N, Σ, O, U or F.

Here is another analog (like Proposition 7.1.23) of Proposition 5.6.28 with
a similar proof.

Proposition 7.2.55. The Yoneda adjunction for smashable, symmet-
ric or presymmetric spectra. With notation as above, for each V the ad-
junction S�V % EvV is a Quillen adjunction. In particular, if A is a cofibrant
object in M, then K�mA is projectively cofibrant in rJ,Ms.
In the presymmetric case, we have

pA^K�mqn �
" � for n   m

A^K^pn�mq otherwise, (7.2.56)

and the structure map εA^K
�m

n is an isomorphism for n ¥ m. In particular
this spectrum is cofibrant by Corollary 7.1.37
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The following is an application of Proposition 3.2.33.

Proposition 7.2.57. The tautological presentation of a smashable,
symmetric or presymmetric spectrum. Let J be one of the categories
J

N
K , J

Σ
K , J

O
K or J

U
K of Definition 7.2.4. Then each spectrum X in rJ,Ms

is isomorphic to the enriched coend»
J

Xm ^K�m

and each Y in rJF
L ,Ms is isomorphic to»

J F
L

XV ^ S�V .

In both cases we are using the fact that the functor category is tensored over
M on the left, so�
Xm ^K�m

�
n
� Xm^

�
K�m

�
n

and
�
YV ^ S�V

�
W
� YV^

�
S�V

�
W
.

Since the indexing categories other than J
N
K are symmetric monoidal by

Proposition 7.2.12, the Day Convolution Theorem 3.3.5 applies in those cases.
Recall that the smash productX^Y is the left Kan extension of the composite
functor ^pX � Y q along ` in the diagram

J�J
X�Y //

`
((PP

PPP
PPP

PPP
PP

M�M ^ //M

J.

X^Y�Lan`p^pX�Y qq

88ppppppp

(7.2.58)

Equivalently its nth component is the coend

pX ^ Y qn �
»

J�J

Jpa` b,nq ^Xa ^ Yb. (7.2.59)

In this setting the Day Convolution Theorem 3.3.5 reads as follows. Its
application to stable homotopy theory was first observed by Jeff Smith.

Theorem 7.2.60. Day convolution for smashable or symmetric spec-
tra. With notation as in Definition 7.2.33, let J be one of the indexing cat-
egories other than J

N
K . Then the binary operation of (7.2.58) and (7.2.59)

gives the functor category rJ,Ms a closed symmetric monodial structure in
which the unit element is the Yoneda spectrum K�0 as in Definition 7.2.52.
The internal Hom functor (Definition 2.6.33) rJ,MspX, �q is the right ad-
joint of the functor X ^ p� q. We will sometimes refer to rJ,MspX,Y q as
the function spectrum F pX,Y q.
Classically the existence of the function spectrum F pX,Y q was proved using

the Brown Representability Theorem of [Bro62], and it was only defined up
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to weak equivalence. Now we have an explicit description of it as a special
case of Proposition 3.3.7.

Proposition 7.2.61. The function spectrum as an end. With notation
as in Theorem 7.2.60, for each object W in J,

F pX,Y qW �
» V PJ

MpXV , YV�W q � rJ,MspS�W ^X,Y q.

The structure map

ε
F pX,Y q
W,U : JpW,W ` Uq ^ F pX,Y qW Ñ F pX,Y qW�U

has a description similar to that of (3.3.10).

The following is a special case of Proposition 3.3.15 and is proved as [MMSS01,
Proposition 22.1]. It applies to some well known Thom spectra discussed below
in §9.1G and in Chapter 12.

Proposition 7.2.62. Lax symmetric monoidal functors and commu-
tative ring spectra. The category of lax (symmetric) monoidal functors
J ÑM is the category (symmetric) monoid objects in rJ,Ms.

7.2D Properties of Yoneda spectra
In this subsection Sp will denote any category of smashable or symmetric
spectra rJ,Ms as in Definition 7.2.33. The monoidal unit in M will be de-
noted by S0.
Let

ξV,W : SW ^ S�V`W Ñ S�V (7.2.63)

(where SW is as in Definition 7.2.29 and S�V`W is as in Definition 7.2.19(ii))
be the map whose Uth component is the map ξV,W,U t of (7.2.22), where t
swaps the two factors of the domain. In particular, ξV,0 is the identity map
on S�V . Smashing both sides of (7.2.63) on the left with SV gives us a map

SV ^ ξV,W : SV`W ^ S�V`W Ñ SV ^ S�V . (7.2.64)

The following is a special case of Proposition 3.2.39.

Proposition 7.2.65. S�V represents the V th object functor. For each
object V of J, the functor MÑ Sp given by X ÞÑ S�V ^X is the left adjoint
of the evaluation functor EvV : SpÑM given by E ÞÑ EV . Hence for every
spectrum E, and every object X of M,

SppS�V ^X,Eq �MpX,EV q. (7.2.66)
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For X � S0 this reads

SppS�V , Eq � EV .

Thus we have a Yoneda adjunction as in Remark 2.2.35,

S�V ^� : M K
//
Sp : EvVoo

In particular,

SppS�V , Eq � EV , the case of (7.2.66) where X � S0

SppS�0 ^X,Eq �MpX,E0q, the case V � 0

�MpX,Ω8KEq
where the 0th object functor Ω8K (Ω8 in the original case) sends a spectrum
E to the object E0. We will denote the functor X ÞÑ X ^ S�0, by Σ8 as in
the original case. For an object X we have

SppΣ8X,Eq � SppS�0 ^X,Eq �MpX,Ω8T Eq,
so the functors Σ8 : MÑ Sp and Ω8T : SpÑM are adjoint.

Corollary 7.2.67. Rigidity of Yoneda spectra. For an object X,

SppS�V , S�W ^Xq � JpW,V q ^X,

so there are no nontrivial maps S�V Ñ S�W^X (meaning that the morphism
object is a point) when dimW ¡ dimV . In particular there is no nontrivial
map S�0 Ñ S�W ^X for dimW ¡ 0.

Now consider the spectrum SV ^ S�V , which is given by

pSV ^ S�V qW � pS�V qW ^ SV � JpV,W q ^ SV .

This is the source of the structure map εS�0

V,W of (7.2.36) to SW � pS�0qW , so
we have a map of spectra

sV : SV ^ S�V Ñ S�0, (7.2.68)

which we call the stabilizing map. It is the map ξ0,V of (7.4.5). For each
n ¡ 0 we have the map

Spn�1qV ^ S�pn�1qV
SV ^ξnV,V // SnV ^ S�nV (7.2.69)

as in (7.2.64).

Example 7.2.70. A curious limit of spectra. We can use the maps of
(7.2.69) to form a diagram

S�0 SV ^ S�Voo S2V ^ S�2Voo � � �oo
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in which each map is a stable equivalence. The map to snV^S�nV is SV^ξnV,V
as in (7.2.64).

The limit of the diagram may be computed objectwise. Since

pSpn�1qV ^ S�pn�1qV qnV � Spn�1qV ^ pS�pn�1qV qnV
� Spn�1qV ^Jppn� 1qV, nV q � �

for each n ¥ 0, we have

lim
n
SnV ^ S�nV � �,

despite the fact that each spectrum in the diagram is equivalent to the sphere
spectrum and each map is a stable equivalence. The corresponding homotopy
limitis also contracible.

The reason this odd behavior is possible is that the spectra in question are
not stably fibrant. Recall Theorem 5.8.10 says that a homotopy limit of
weak equivalences between fibrant objects is a weak equivalence, but these weak
equivalences are not between fibrant objects.

7.3 Stabilization and model structures for Hovey spectra

In this section we will discuss the passage from the projective model struc-
ture on a category of Hovey spectra to the stable one as a form of Bousfield
localization. We will do the same for smashable spectra in §7.4. As explained
at the beginning of Chapter 6, there are two approaches to this construction:
redefining the class of weak equivalences by adding some new morphisms to
it, and redefining the fibrant replacement functor.
These approaches are the subjects of §7.3A and §7.3C. In the former we

specify a certain countable collection of morphisms that we call stabilizing
maps in Definition 7.3.1. In the original case these were described informally
in §7.0D. The fibrant replacement functor in the original case was described
briefly in Remark 7.0.7(i). It is a special case of the functor Θ8 of Defini-
tion 5.7.3. The relation between stable equivalence and fibrant replacement is
the subject of Theorem 7.3.23.
In §7.3D we discuss cofibrant generating sets for the stable model struc-

ture on the category of Hovey spectra. It has the same cofibrations as, but
more trivial cofibrations than the projective model structure. The main result
is Theorem 7.3.36, the first corner map theorem. We call it that be-
cause the cofibrant generating set for the stable model structure is obtained
from the one for the projective model staructure by adjoining certain corner
maps (as in Definition 2.3.9), the pushout products (as in Definition 2.6.12)
of the stabilizing maps of Definition 7.3.1 and the generating cofibrations of
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the ground category M. A similar result for symmetric spectra is [HSS00,
Corollary 3.4.1].
In §7.3E we show that that the category of original spectra is exactly stable

as in Definition 5.7.3. In §7.3F we will generalize this to Hovey spectra. This
will enable us to apply Theorem 5.7.6 and Theorem 5.7.11 to get the expected
long exact sequences of homotopy groups.

7.3A The stabilizing maps
Definition 7.3.1. The stabilizing maps sMm . For M and T as in Defini-
tion 7.1.1, let M be an object in M and m ¥ 0 an integer. The map in the
category of spectra SpNpM, T q

sMm : T�pm�1qpTMq Ñ T�mM

is the left adjoint (under the adjunction T�m�1 % Evm�1 as in Defini-
tion 7.1.20) of the identity map on the object TM in M. When M is the
unit object 1, we denote this map simply sm.

In [MMSS01, Definition 8.4], a similar map is defined and denoted by λm.
The maps of Remark 7.1.29 for ` ¡ 1 are `-fold composites of maps of this
form.
More explicitly, since the functor T�m�1 : M Ñ SpNpM, T q of Defini-

tion 7.1.20 is the left adjoint of the evaluation functor

Evm�1 : SpNpM, T q ÑM,

we have

SpNpM, T qpT�pm�1qpTMq, T�mMq �MpTM,Evm�1pT�mMqq
�MpTM, pT�mMqm�1q
�MpTM, TMq

and the morphism sMm on the left is the isomorphic image of 1TM on the right.
This means it is the counit of the adjunction

T�m�1 % Evm�1

evaluated on the object T�mM in SpNpM, T q, the map εT�mM of Defini-
tion 2.2.20. Equivalently,

psMm qn �
$&%

� Ñ � for 0 ¤ n   m

� ÑM for n � m

1TnM for n ¡ m.

(7.3.2)

In the presymmetric case, we denote

s1m : K ^K�m�1 Ñ K�m (7.3.3)
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(where K�m is the Yoneda spectrum of Definition 7.2.52 and 1 is the unit
object in M) by sm, and sMm � M ^ sm. The map e1 of (7.0.8) is s10 in the
case K � S1.
The stabilizing map in the original case described in § 7.0D is a special

case of this one, and the stabilizing maps of § 7.4C and (7.2.68) below are
comparable to it.

Proposition 7.3.4. The stabilizing maps are projective cofibrations
of Hovey spectra. Let M be a stabilizable model category. Then the sta-
bilizing maps of Definition 7.3.1 are projective cofibrations between cofibrant
objects as in Proposition 7.1.33.

Proof The cofibrancy of the spectra T�m�1TM and T�mM for cofibrantM
follows easily from Corollary 7.1.37.
We will use the characterization of Proposition 7.1.36 to show that the maps

are projective cofibrations.
For n � m, the diagram there reads

�

��

// �
��

� // M,

so the pushout corner map is � Ñ M , which is a cofibration since M is
cofibrant.
For n � m� 1 we have

�
��

// TM

1TM��
TM

1TM // TM,

so the pushout corner map is 1TM .
For all other n each morphism the diagram is an identity map.

Remark 7.3.5. Stabilizing maps as cofibrations. Later in this chapter
we will consider other categories of spectra in which similar stabilizing maps
(see (7.2.63) below) are not projective cofibrations. We will need to use a
functorial factorization

X
s //

rs
��8

88
88

8 Y

rYs
ps
CC������

where rs is a projective cofibration and ps is a projective weak equivalence. This
can be obtained by a mapping cylinder construction as in Definition 3.5.1.
A factorization in which ps is also a fibration exists since we are in a model
category, but it is not needed here. Since s and rs differ by a projective
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weak equivalence, they are interchangeable for the purpose of defining Bousfield
localization. We will need to replace each map s by rs for the purpose of
describing cofibrant generating sets for the stable model structure in § 7.4D
below.

Definition 7.3.6. Stable equivalence and the stable model structure.
Let M be a Hirschhorn category (Definition 6.3.2) with a generating set
of cofibrations I with cofibrant domains and a left Quillen endofunctor T

(Definition 4.5.1). The stable model structure on SpNpM, T q is the left
Bousfield localization (Definition 6.2.1) of the projective model structure of
Proposition 7.1.33 (under which SpNpM, T q is also a Hirschhorn category by
Proposition 6.3.3) with respect to the morphism set

S �  
sCm : m ¥ 0

(
(7.3.7)

for sCm the stabilizing map of Definition 7.3.1, where C runs through the
domains and codomains of I. A stable equivalence is an S-local equivalence
(see Definition 6.2.1) and a stable fibration is an S-fibration. A stably
fibrant spectrum is one that is S-fibrant.

The Hirschhorn categories we will consider here are stabilizable as in Def-
inition 7.2.1, but in view of Theorem 6.3.4, the definition above makes sense
without these additional assumptions.

Remark 7.3.8. The original definition of stable equivalence. The
first definition of stable model structures on the categories SpNpT ,Σq and
SpNpSet∆,Σq is that of Bousfield-Friedlander [BF78]. It is not a special case
of the one above. They define stable equivalences to be maps inducing iso-
morphisms of stable homotopy groups (as in (7.0.11) and Definition 7.3.14),
which they also define. Hovey proves these two definitions are equivalent in the
original case in [Hov01b, Corollary 3.5]. (Here again he refers to “Theorem
18.8.7” of [Hir03], which is now [Hir03, Theorem 9.7.4].) Since the two model
structures have the same cofibrations, namely the projective ones, it suffices to
show they have the same weak equivalences. We will do this for Hovey spectra
in Corollary 7.3.25.

As we saw in § 7.0D, the S-local objects (and hence the S-fibrant objects
by Proposition 6.2.12) in SpNpT ,Σq are the Ω-spectra. Indeed, the stabilizing
maps were chosen for this very reason. This means that a map of spectra
g : X Ñ Y is an S-local equivalence iff the map

g� : SpNpT ,ΣqpY, Zq Ñ SpNpT ,ΣqpX,Zq
is a weak equivalence for every Ω-spectrum Z. Hence this definition is in terms
of generalized cohomology rather than stable homotopy groups.

Hovey shows that it suffices to show that the two model structures have the
same fibrant objects, which are the Ω-spectra in both cases.
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The following is proved by Hovey as [Hov01b, Theorem 3.4]. The original
case is the statement that stably fibrant spectra are Ω-spectra, which is proved
in [BF78]. A generalization will be proved as Corollary 7.4.46 below.

Theorem 7.3.9. Stably fibrant Hovey spectra are ΩT -spectra. Let M
and T be as in Definition 7.3.6 with M topological. Then a spectrum is stably
fibrant (equivalently S-local by Proposition 6.2.12) iff it is a ΩT -spectrum as
in Definition 7.1.6. The map sMm of Definition 7.3.6 is a stable equivalence
for each m ¥ 0 and each cofibrant M in M.

As in Remark 6.2.2, Hovey does not assume that M is topological, but
we will continue to do so here, and to assume that it is stabilizable as in
Definition 7.2.1.

Proof By Definition 6.2.1, an S-local spectrum Y (for S as in Definition 7.3.6)
is one that is objectwise fibrant for which the map psMm q� in the diagram

SpNpM, T qpT�pm�1qpTMq, Y q
�
��

SpNpM, T qpT�mM,Y q
psMm q� 11bbbbbbbbbbbb

�
��

MpTM, Ym�1q
�
��

MpM,Ymq pηYmq�
..\\\\\\\\\\\\

\\\\\\\\\\\\

MpM,ΩTYm�1q

(7.3.10)

is a weak equivalence for all m ¥ 0 and for any M which is a domain and
codomain of the set I of generating cofibrations of M. Here the two upper
isomorphisms follow from the adjunctions T�m % Evm and T�m�1 % Evm�1

while the lower one follows from T % ΩT . The map ηYn is costructure map
of (7.1.7). Thus the map pηYmq� is a weak equivalence in all such cases. By
Theorem 5.6.21 this means ηYm is one as well. This makes Y a ΩT -spectrum
as in Definition 7.1.6.
For the converse, for a ΩT -spectrum Y , ηYm is a weak equivalences, so psMm q�

is also one, making Y stably fibrant.

In the presymmetric case, the diagram of (7.3.10) reads

SpNpM,KqpM ^K ^K�pm�1q, Y q
�
��

SpNpM,KqpM ^K�m, Y q
psMm q� 00bbbbbbbbb

�
��

MpM ^K,Ym�1q
�
��MpM,Ymq pηYmq�

..\\\\\\\\\\\\
\\\\\\\\\\\\

\\

MpM,Y Km�1q.

Theorem 7.3.11. The five lemma for Hovey spectra. Suppose we have
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a map of cofiber sequences in SpNpM, T q,

X
f //

α

��

Y
if //

β

��

Cf

γ

��
X 1 f 1 // Y 1

if 1 // Cf 1 .

(7.3.12)

Then if any two of the vertical maps is a stable equivalence, so is the third.

Proof The diagram of cofiber sequences leads to a similar diagram of the
second Puppe exact sequences of generalized cohomology groups of Theo-
rem 5.7.6 for any stably fibrant spectrum B. Then the five lemma implies
that if any two of α�, β�, and γ� are isomorphisms, so is the third. This
means the third vertical map in (7.3.12) induces an isomorphism in πp�, Bq
for all stably fibrant B, making it a stable equivalence.

Theorem 7.3.13. Stable h-cofibrations of Hovey spectra are stable
precofibrations.

Proof Suppose we have an h-cofibration f : A Ñ B with maps g, g1 and h
as in (5.1.16). With the mapping cylinder construction, we can assume that
the maps g and g1 are also h-cofibrations. We have a pushout diagram

A_A
f_g //

fold
��

B _ C

��

// Cf _ Cg

A // B YA C // Cf _ Cg

in which the object on the lower center is the same as the one on the lower
left in (5.1.16), and each row is a cofiber sequence. There is a similar diagram
with g replaced by g1.
Thus the stable equivalence h leads to diagrams

A
g // C //

h

��

Cg

`

��
A

g1 // C 1 // Cg1

and

A // B YA C //

k

��

Cf _ Cg

Cf_`

��
A // B YA C 1 // Cf _ Cg1

in which the rows are cofiber sequences. Since h is a stable equivalence, the
first diagram and the five lemma imply that ` is a stable equivalence. This
means that the second diagram and the five lemma imply that k is a also a
stable equivalence, making the h-cofibration f a precofibration as claimed.

7.3B Stabilizing maps and stable homotopy groups
Now we will discuss the relation between the stabilizing maps and stable
homotopy groups. The latter are defined in the original case in (7.0.11), which
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relates them to the ordinary homotopy groups of the spaces making up the
spectrum. A key fact here is that a map in T is by definition a weak equivalence
if it induces an isomorphism of homotopy groups. The assumption that our
target category M is stabilizable as in Definition 7.2.1 means that it has a
complete set of homotopy invariants as in Definition 5.6.5. These should be
thought of as substitutes for homotopy groups.
The following definition should be compared with Definition 7.3.16 below.

Definition 7.3.14. The stable homotopy groups of a spectrum. Let
X be a spectrum as in Definition 7.2.33 and let V be an object in its indexing
category J. (Thus V is a natural number in each case but the extraorthogo-
nal one.) Then its V th stable homotopy group (also known as the V th
homotopy group) is

πVX � colim
n

πV Ω
n
LXn � colim

n
πV,nXn, (7.3.15)

where πV,np�q � π0MpSV ^ L^n,�q, and the colimit is the sequential one
associated with the following diagram in M.

X0

ηX0 // ΩLX1

ΩLη
X
1 // � � � � � � Ωn�1

L ηXn�1 // ΩnLXn

Ωn
Lη

X
n // � � � .

Here the homotopy groups of objects in M are as in Definition 7.2.30 and the
maps ηXk are as in (7.2.44).

We can extend this definition to elements V in the indexing group RF

of Definition 7.2.26 because for each such V , V � n is an object in J for
sufficiently large n. In the second colimit of (7.3.15) we can define πWY (for
Y an object in M) to be trivial when W is in RF but not in J.

The set πV,nX has an (abelian) group structure when SV ^L^n is a (double)
suspension. L itself is a suspension by Definition 7.2.19. The corresponding
collection of functors need not be a complete set of homotopy invariants as in
Definition 5.6.5, as illustrated in Example 5.6.6.
The following is a generalization of (7.0.11) and is related to Definition 7.3.14.

Definition 7.3.16. Homotopy invariants of spectra. Let Sp be the cate-
gory of presymmetric, symmetric or orthogonal spectra, where the target cate-
gory M has a complete set of homotopy invariants tπαu as in Definition 5.6.5.
Then

πα,kX :� colim
n

παΩ
n�k
K Xn � colim

n
πα,n�kXn (7.3.17)

for a spectrum X and each (possibly negative) integer k, where

πα,mp�q :� π0MpAα ^K^m,�q, (7.3.18)

and both ΩmKXn and K^m are understood to be a point when m   0. Note
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that we are using the symbol πα,m to denote a Set valued functor both on Sp
in (7.3.17) and on M in (7.3.18).

In the extraorthogonal case, we can make a similar definition with K replaced
by L. In the Hovey spectrum case, we can replace ΩK by ΩT and Aα^K^m by
TmAα. These set πα,mX coincides with πV,mX as in Definition 7.3.14 when
Aα � SV .

Definition 7.3.19. Stable homotopy equivalences of spectra. Let Sp
be one of the categories of spectra of Definition 7.2.33, and suppose that the
target category M has a complete set of homotopy invariants for M as in
Definition 5.6.5. Then a morphism f : X Ñ Y in Sp is a stable homotopy
equivalence if πα,kf (for πα,k as in (7.3.17)) is an isomorphism for each α
and each integer k.

This definition differs from that of a stable equivalence in Definition 7.3.6.
It begs the question of whether the stabilizing maps themselves are
stable homotopy equivalences. If they are, then Corollary 6.2.7 implies
that all stable equivalences are stable homotopy equivalences. We will deal
with the converse question in Theorem 7.3.23?? for Hovey spectra, and in
Theorem 7.4.29?? for smashable spectra.
In §7.0E we saw that the stabilizing maps for symmetric spectra are not

stable homotopy equivalences. It turns out that they are in each of the other
cases. We will deal with the smoothly smashable case below in Theorem 7.4.12
after listing the relevant stabilizing maps in Definition 7.4.8. We will deal with
the presymmetric case here.

Proposition 7.3.20. Presymmetric stabilizing maps. Let M be a sta-
bilizable model category as in Definition 7.2.1 with a compact cofibrant object
K. Then in the category SpNpM,Kq, the map sm : K ^K�m�1 Ñ K�m of
(7.3.3) is a stable homotopy equivalence for each m ¥ 0.

A similar statement for Hovey spectra can be proved in the same way. We
leave the details to the reader.

Proof Recall that every stabilizable model category has a complete set of
homotopy invariants (as in Definition 5.6.5) by Proposition 7.2.2.
For the map sm, we have

pK ^K�m�1qm�p �
" � for �m ¤ p   1

K^p for p ¥ 1,

pK�mqm�p �
" � for �m ¤ p   0

K^p for p ¥ 0,

and psmqm�p �
$&%

� Ñ � for �m ¤ p   0

� Ñ S for p � 0

1K^p for p ¡ 0.
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Using (7.3.17), we see that

πipsmq � colim
p

πi�m�ppsmqm�p,

which is an identity map since psmqm�p is one for p ¡ 0. This makes sm an
stable homotopy equivalence as claimed.

7.3C Stabilization via a homotopy idempotent functor
The functors Θ and Θ8 for Hovey spectra are those of Definition 5.7.3.
Recall the discussion of § 7.0F. We need to use of the homotopy colimit

above rather than the categorical one to insure that Θ8 is well behaved.

Remark 7.3.21. The functor Θk in the presymmetric case. Since the
right adjoint functor is p� qK , which we will denote by ΩK , in the presym-
metric case, we have

pΘkXqn � X
pK^kq
n�k � ΩkKXn�k,

and the structure map

εΘ
kX

n : K ^ ΩkKXn�k Ñ ΩkKXn�k�1

is adjoint to

ΩkKpηXn�kq : ΩkKXn�k Ñ Ωk�1
K Xn�k�1.

The compactness of K implies that ΩK commutes with Θ8 by Lemma 5.8.20(iv).

Lemma 7.3.22. Properties of Θ8 for Hovey spectra. With notation as
in Definition 5.7.3,

(i) The map θΘ8X : Θ8X Ñ ΘpΘ8Xq is a projective weak equivalence. In
particular Θ8X is a ΩT -spectrum as in Definition 7.1.6. This map is the
same as

Θ8pθXq : Θ8X Ñ Θ8pΘXq.
(ii) If Z is a ΩT -spectrum, then the map θ8Z : Z Ñ Θ8Z is a projective

equivalence, so Z is Θ8-local. In particular for any spectrum X, the map

θ8Θ8X : Θ8X Ñ Θ8pΘ8Xq
is a projective weak equivalence. Similarly the map θZ : Z Ñ ΘZ is a
projective weak equivalence.

Note that ΩK preserves homotopy sequential colimits becauseK is compact
as in Definition 5.2.6, by Lemma 5.8.20(ii).
Hovey proves (i) for his definition of Θ in [Hov01b, Proposition 4.6].
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Proof Let W � Θ8X.
(i) The nth component of W is hocolim

k
ΩkTXn�k, so that of ΘpW q is

ΩTWn�1 � ΩT phocolim
k

ΩkTXn�k�1q � hocolim
k

Ωk�1
T Xn�k�1.

This is not the same as Wn since

Wn � hocolim
k¥0

ΩkTXn�k

ΩTWn�1 � hocolim
k¥1

ΩkTXn�k � hocolim
k¥0

Ωk�1
T Xn�k�1.

The map Wn Ñ ΩTWn�1 is an instance of the weak equivalence of
Lemma 5.8.20(vi).
Our assumption thatM is telescopically closed as in Definition 5.8.28 means

thatW is projectively fibrant. To show it is a stably fibrant, it remains to show
that ηWn is a weak equivalence for each n. This follows from the isomorphism
above.

(ii) A ΩT -spectrum Z is by definition one for which ηZ is a projective weak
equivalence. This implies that η8Z is one by Lemma 5.8.19(i).

The next result is similar to one proven by Hovey as [Hov01b, Theorems 4.9
and 4.12, and Corollary 4.11]. Our assumptions about M enable us to give a
simpler proof.

Theorem 7.3.23. Stable equivalences and Θ8 for Hovey spectra. Let
M be a stabilizable model category as in Definition 7.2.1, and let T be a left
Quillen endofunctor on M.

(i) If f : X Ñ Y is a map in SpNpM, T q such that Θ8f is a projective weak
equivalence, then f is a stable equivalence as in Definition 7.3.6.

(ii) The maps θkX : X Ñ ΘkX for k ¡ 0, and θ8X : X Ñ Θ8X are stable
equivalences for all spectra X.

(iii) For all X in SpNpM, T q the map X Ñ Θ8X is a stable equivalence into a
ΩT -spectrum as in Definition 7.1.6, and therefore a fibrant approximation
for the stable model structure.

(iv) If a map f : X Ñ Y is a stable equivalence, then Θ8f is a projective
equivalence.

(v) Every stable homotopy equivalence of Hovey spectra is a stable equivalence.

Proof The first four statements are essentially a special case of Theorem 6.2.16
in which the homotopy idempotent functor Υ is the present Θ8. From
Lemma 7.3.22(i), it follows easily that θkΘ8X : Θ8X Ñ ΘkpΘ8Xq (as in
Definition 5.7.3) is a weak equivalence for each k. This means that each map
in the diagram defining

Θ8pΘ8Xq � hocolim
k

ΘkpΘ8Xq
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is a weak equivalence. This makes the map θ8Θ8X : Θ8X Ñ Θ8pΘ8Xq a weak
equivalence by Lemma 5.8.19. Hence Θ8 a homotopy idempotent functor.
The second hypothesis of Theorem 6.2.16 follows from the second one

of Lemma 7.3.22, since every S-local spectrum is a ΩT -spectrum by Theo-
rem 7.3.9.
For (v), suppose X is an ΩT -spectrum. Then παXn � πα�nX for each α

and for each n ¥ 0. Therefore a stable homotopy equivalence f : X Ñ Y

between ΩT -spectra induces a weak equivalence fn : Xn Ñ Yn for each n. It
is therefore a projective weak equivalence and hence a stable equivalence.

Corollary 7.3.24. The functor Θ8 for presymmetric spectra. The
properties of Θ8 stated in Lemma 7.3.22 and Theorem 7.3.23 hold for pre-
symmetric spectra.

Corollary 7.3.25. Stable equivalences of Hovey spectra and stable
homotopy groups. Let M be a stabilizable model category as in Defini-
tion 7.2.1 with a compact left Quillen functor T . Then a map f : X Ñ Y in
SpNpM, T q of Hovey spectra is a stable equivalence iff it is a stable homotopy
equivalence, meaning that the induced map

colim
n

παpΩn�kT Xnq
f� // colim

n
παpΩn�kT Ynq (7.3.26)

is an isomorphism for each α and for all integers (positive or negative) k,
with the understanding that ΩmT X � � when m   0.

Proof The colimits on either side of (7.3.26) should be regarded as the sta-
ble homotopy groups of X and Y . We will show that our hypothesis on f ,
that it induces an isomorphism on these groups, is equivalent to its fibrant
replacement Θ8f being a projective equivalence. This is equivalent to f being
a stable equivalence by Theorem 7.3.23(i) and (iv).
We have

pΘ8Xqm � hocolim
n

ΩnTXm�n

π0pAα ^Kk, pΘ8Xqmq � colim
n

π0pAα ^Kk,ΩnTXm�nq
� colim

n
π0pAα ^Kk,Ωn�mT Xnq

� colim
n

π0pAα,Ωn�k�mT Xnq
� colim

n
παpΩn�k�mT Xnq,

and similarly for Y . Hence for each α, k ¥ 0 and m ¥ 0, we have

π0pAα ^Kk, pΘ8Xqmq
pΘ8fmq�

�
// π0pAα ^Kk, pΘ8Y qmq.

By our hypothesis on M, this means that Θ8fm is a weak equivalence in M
for each m ¥ 0, so Θ8f is a projective equivalence, and the result follows.
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7.3D Cofibrant generating sets for the stable model
structure on Hovey spectra

We will now define cofibrant generating sets (as in Definition 5.2.1) for the
stable model structure on SpNpM, T q when M is stabilizable as in Defini-
tion 7.2.1. In this subsection we will abbreviate SpNpM, T q by Sp.
The set of generating cofibrations is IT of Proposition 7.1.33 since cofib-

rations are the same in both the projective and stable model structures. It
follows that the same is true of trivial fibrations.

Proposition 7.3.27. Trivial stable fibrations in Sp. Any map p : X Ñ Y

in Sp having the right lifting property with respect to IT as in Proposi-
tion 7.1.33 is a trivial stable fibration.

For the set of generating trivial cofibrations we start with the set J proj
T of

Proposition 7.1.33 and add some morphisms related to the stabilizing maps of
Definition 7.3.1. We will rely on the fact (Proposition 7.3.4) that these maps
are projective cofibrations.
For the case at hand, define

JT � J proj
T Y pI l Sq, (7.3.28)

where I is the set of generating cofibrations for M, S as in Definition 7.3.6,
and l is the pushout corner operation of Definition 2.6.12. Since the maps in
S are projective cofibrations, the maps in I lS are by Corollary 5.5.2, so the
maps in JT are all projective cofibrations.
We will show in Theorem 7.3.36 below that IT and JT are cofibrant gen-

erating sets for the stable model structure by showing that they satisfy the
four conditions of the Dwyer-Hirschhorn-Kan Recognition Theorem 5.2.24.
Dwyer-Hirschhorn-Kan’s fourth condition is implied by the following, which
is comparable to [HSS00, Lemma 3.4.15].

Theorem 7.3.29. Trivial stable fibrations are projective weak equiv-
alences. Let p : X Ñ Y be a morphism in Sp which is a stable equivalence
and has the right lifting property with respect to the set JT of (7.3.28). Then
p is a projective weak equivalence.

Proof Any map p with the right lifting property with respect to J proj
T is a

projective (i.e., strict) fibration, so pm is a fibration in M for each m.
To analyze the right lifting property with respect to the pushout corner

maps in JT , we use Proposition 3.1.53 with the categories C and E replaced
by M and Sp, and the maps g, i and f replaced by p, sCm (see Definition 7.3.6)
and f . It says that p has the right lifting property with respect to f l sCm (for
a morphism f : A Ñ B in I) in Sp iff f has the left lifting property with
respect to the lifting test map Sp3psCm, pq (Definition 2.3.14) in M. This is
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the pullback corner map for the following diagram in M.

SppT�mC,Xq p� //

psCmq
�

��

SppT�mC, Y q
psCmq

�

��
SppT�m�1pTCq, Xq p� // SppT�m�1pTCq, Y q.

(7.3.30)

If each such f has the left lifting property with respect to the pullback corner
map of (7.3.30), the latter is a trivial fibration and hence a weak equivalence,
so the diagram is homotopy Cartesian.
Using the adjunctions T�m % Evm, T�m�1 % Evm�1 and T % ΩT , we can

embed (7.3.30) in a larger diagram

MpC,Xmq
ppmq� //

� ��

MpC, Ymq
���

SppT�mC,Xq p� //

psCmq
�

��

SppT�mC, Y q
psCmq

�

��
SppT�m�1pTCq, Xq p� //

�
��

SppT�m�1pTCq, Y q
�
��

MpTC,Xm�1q
ppm�1q� //

� ��

MpTC, Ym�1q
���

MpC,ΩTXm�1q
pΩm

T pm�1q� //MpC,ΩTYm�1q,

(7.3.31)

The outer diagram above, which is isomorphic to (7.3.30) and is therefore
homotopy Cartesian, is the image under the functor MpC, �q of

Xm
pm //

ηXm
��

Ym

ηYm
��

ΩTXm�1

ΩT pm�1 // ΩTYm�1.

(7.3.32)

We know thatMpC, �q is a right Quillen functor by Proposition 5.5.21(i) and
that such functors preserve homotopy Cartesian squares by Proposition 5.8.45.
We can use Theorem 5.6.21 to deduce that (7.3.32) is also homotopy Carte-

sian. It follows from Proposition 5.8.45 that the same is true of

ΩiTXm�i

Ωi
T pm�i //

Ωi
T η

X
m�i

��

ΩiTYm�i

Ωi
T η

Y
m�i

��
Ωi�1
T Xm�i�1

Ωi�1
T pm�i�1 // Ωm�i�1

T Ym�i�1.
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Repeated use of Proposition 5.8.48 tells us that the diagram

Xm
pm //

��

Ym

��
ΩkTXm�k

Ωk
T pm�k // ΩkTYm�k

(7.3.33)

is homotopy Cartesian for each k ¡ 0.
Proposition 5.8.25 implies that the diagram

Xm
pm //

��

Ym

��
pΘ8Xqm hocolim

k
ΩkTXm�k

pΘ8pqm // hocolim
k

ΩkTYm�k pΘ8Y qm
(7.3.34)

is also homotopy Cartesian. Then our assumption that p is a stable equivalence
means that pΘ8RNpqm (by Theorem 7.3.23(iv)) and hence pΘ8pqm and pm
are weak equivalences, making p a projective weak equivalence as claimed.

The following is a consequence of Corollary 7.3.25.

Proposition 7.3.35. Some easy stable equivalences. Let f : X Ñ Y be
a morphism in SpNpM,Kq of spectra such that fn is a weak equivalence for
n " 0. Then f is a stable equivalence.

Note that each of the maps sLm of Definition 7.3.1 fits this description since
its nth component is an isomorphism for large n.

Theorem 7.3.36. Cofibrant generating sets for the stable model
structure, the corner map theorem for Hovey spectra. When M is a a
stabilizable model category as in Definition 7.2.1, the generated with generating
sets IT as in Proposition 7.1.33 and

JT � J proj
T Y pI l Sq

as in (7.3.28).

Note the similarity between the set I l S and the set of S-horns in Defini-
tion 6.3.8. An analogous result for smashable spectra will be given below in
Theorem 7.4.52, and for orthogonal G-spectra in Theorem 9.2.11.

Example 7.3.37. Cofibrant generating sets in the original case. In T
the cofibrant generating sets are

I �  
in : Sn�1

� Ñ Dn
�

(
and J �  

jn : In� Ñ In�1
�

(
.

In SpNpT ,Σq the set of stabilizing maps is

S �  
sm : S1 ^ S�1�m Ñ S�m : m ¥ 0

(
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In each degree sm is either an identity morphism or the map from the initial
object � by (7.3.2). Thus we can use Example 2.6.14 to describe the pushout
corner maps sm l in, which are

pin l smqk �
$&%

1� for 0 ¤ k   m

in for k � m

1Dn
Sk�m for k ¡ m,

where X 
 Y is as in Definition 2.1.49. The morphisms in IΣ and J proj
Σ are

pin ^ S�mqk �
"

1� for 0 ¤ k   m

Σk�min for k ¥ m

and

pjn ^ S�mqk �
"

1� for 0 ¤ k   m

Σk�mjn for k ¥ m.

Proof of Theorem 7.3.36. We will show that the sets IT and JT satisfy the
four conditions of the Dwyer-Hirschhorn-Kan Recognition Theorem 5.2.24.
This will mean that we have a model structure on the category of Hovey
spectra Sp of Definition 7.1.1 that is cofibrantly generated with the same weak
equivalences, cofibrations and hence the same trivial cofibrations as those of
the stable model structure. Since any model structure is uniquely determined
by such data, we have the one we are looking for.
We now deal with Dwyer-Hirschhorn-Kan’s four conditions.

(i) Dwyer-Hirschhorn-Kan’s first condition has to do with smallness. We need
to show that the domains of IT and JT are small relative to IT and JT
respectively. The key point here is that the domains of IT , J proj

T and S
are all cofibrant and the maps in them are cofibrations.

Any spectrum in which the underlying objects ofM are cofibrant is small
relative to IT . The domains of IT and JT fit this description, so they are
small relative to IT . Moreover each of the maps in JT is a cofibration
and therefore in the saturated class (Definition 4.8.13) generated by IT by
Proposition 5.2.2. This means that any object small relative to IT is also
small relative to JT by Proposition 4.8.19, so Dwyer-Hirschhorn-Kan’s first
condition is satisfied.

(ii) We need to show that the maps in JT are all cofibrations and stable equiva-
lences. We have already seen that they are cofibrations. Each map in J proj

T

is a strict weak equivalence and hence a stable equivalence. The maps in
S are stable equivalences by definition. To show that each map in I l S is
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one, let f : AÑ B be a map in I and consider the diagram

A^ T�mpTmQCq A^sQC
m //

f^T�mpTmQCq

��

A^ T�0pQCqsm
β

��
f^T�0pQCq

��

B ^ T�mpTmQCq α //

B^sQC
m ,,YYYYYY

YYYYYYY
YYYYYYY

YYYYYYY
YYY

P
f l sQC

m

))RR
RRR

RRR
RRR

RRR
RR

B ^ T�0pQCqsm,
in which P is the pushout of the two maps from the upper left. The nth
components of the maps A^ sQCm (and hence α) and B ^ sQCm are identity
maps for large n, so the maps are stable equivalences by Proposition 7.3.35.
Hence f l sQCm is one as required by Dwyer-Hirschhorn-Kan’s second con-
dition.

(iii) We need to show that each map f : X Ñ Y having the right lifting
property with respect to IT also has it with respect to JT and is a stable
equivalence. A map with the former property is a strict trivial fibration,
therefore a projective weak equivalence and hence a stable equivalence. We
have seen that each map in JT is a cofibration and hence in the saturated
class generated by IT . This means that the right lifting property with
respect to to IT also has it with respect to JT .

(iv) Theorem 7.3.29 gives the converse of the previous condition, i.e., that a
stable equivalence p : X Ñ Y with the right lifting property with respect
to JT (see (7.3.28)) also has it with respect to IT and is therefore a trivial
fibration.

7.3E Exact sequences for original spectra
Here we and in §7.4E, will show that certain categories of spectra are exactly
stable as in Definition 5.7.3. This will enable us to apply Theorem 5.7.6 and
Theorem 5.7.11 to get the Puppe and Adams exacxt sequences of homotopy
groups.
We begin with the original case, the category SpNpT ,Σq with its stable

model structure. The kth desuspension and delooping functors for k ¥ 1 are
given by

pΣ�kXqn :�
"
Xn�k for n ¥ k

� for n   k,
(7.3.38)

which coincides with the definition of formal desuspension given in Exam-
ple 7.1.26, and

pΩ�kXqn :� Xn�k. (7.3.39)
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For k � 1, this coincides with with Hovey’s shift functor s� of [Hov01b,
Definition 3.7], where it is defined for Hovey spectra. In that category it has a
left adjoint s� defined by ps�Xqn � Xn�1, which is our formal desuspension
Σ�1.
The pn � kqth component of the map σkX : ΣkΣ�kX Ñ X is the structure

map

εXn,k : ΣkXn Ñ Xn�k. (7.3.40)

We will show that σkX is a stable equivalence for allX below in Lemma 7.3.43(iv).
The nth component of the map ωkX : X Ñ ΩkΩ�kX is the costructure map

ηXn,k : Xn Ñ ΩkXn�k. (7.3.41)

This map ηX is a special case of the map ηX of Definition 5.7.3. When X is
fibrant, meaning when X is an Ω-spectrum, this map is a weak equivalence for
each n. This makes ωkX a projective weak equivalence and therefore a stable
equivalence.
The maps of (7.3.40) and (7.3.41) are not to be confused with the maps

εkX : X Ñ ΩkΣkX and ηkX : ΣkΩkX Ñ X

adjoint to the identity maps on ΣkX and ΩkX respectively, for a space or
spectrum X.
We will have the following once we have proved Lemma 7.3.43 and Lemma 7.3.47.

They give the first two and third conditions of Definition 5.7.3 respectively.

Theorem 7.3.42. The original category of spectra SpNpT ,Σq with its
stable model structure is exactly stable as in Definition 5.7.3.

Hence Theorem 5.7.6 and Theorem 5.7.11 apply, and we get the usual long
exact sequences of stable homotopy groups.

Lemma 7.3.43. The suspension and loop isomorphisms for original
spectra. For an original spectrum X, the following maps are stable equiva-
lences:

(i) The map ηkX : X Ñ ΩkΣkX adjoint to the identity on ΣkX. Thus we have
a suspension isomorphism

πqX � πq�kΣ
kX.

(ii) The map εkX : ΣkΩkX Ñ X adjoint to the identity on ΩkX. Thus we have
a loop isomorphism

πqX � πq�kΩ
kX.

(iii) The map θkX : X Ñ ΩkΩ�kX.
(iv) The map σkX : ΣkΣ�kX Ñ X.
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Proof By Corollary 7.3.25, and map between original spectra is a stable
equivalence iff it induces an isomorphism of stable homotopy groups, and we
will use that property to recognize stable equivalences.
(i) Let F k denote the functor ΩkΣk. For an arbitrary spectrum X, we will

construct a diagram

πqX
pηkXq� // πqF kX

xxppp
ppp

ppp
pp

πqX
pηkXq�

// πqF kX

(7.3.44)

for each k ¡ 0 and each integer q. This will imply that πqηkX is an isomorphism,
making ηkX a stable equivalence. The groups in (7.3.44) are

colim
n

πq�nXn

pηkXn
q� //

pηXn,kq� �

��

colim
n

πq�nF
kXn

pΩkεXn,kq�uukkkk
kkkk

kkkk
kk

pηF
kX

n,k q��

��
colim
n

πq�nΩ
kXn�k

// colim
n

πq�nΩ
kF kXn�k,

(7.3.45)

where each map of colimits is induced by the indicated map of nth compo-
nents, the bottom one being induced by ΩkηkXn�k

.
The nth component of the left vertical map is

πq�nXn

pηXn,kq� // πq�nΩkXn�k � πq�n�kXn�k,

which is a k-fold composite of maps in the diagram that defines the colimit in
the first place. It follows that the map of colimits is the identity. The argument
for the right vertical map is similar. The result follows.
(ii) Let Gk denote the functor ΣkΩk, so ΩkGk � F kΩk. For an arbitrary

spectrum X, we will construct a diagram

πqG
kX

pεkXq� // πqX

xxppp
ppp

ppp
pp

πqG
kX

pεkXq�

// πqX

(7.3.46)

for each k ¡ 0 and each integer q. This will imply that πqεkX is an isomor-
phimsm, making εkX a stable equivalence. The groups in (7.3.46) are the outer
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four groups of

colim
n

πq�nG
kXn

pεkXn
q� //

pηG
kX

n,k q� �

��

colim
n

πq�nXn
pηkXn

q�

uukkkk
kkkk

k

pηXn,kq��

��

colim
n

πq�nF
kXn

pFkηXn,kq�uujjjj
jjjj

j

colim
n

πq�nΩ
kGkXn�k

pΩkεkXn�k
q�

// colim
n

πq�nΩ
kXn�k,

where the maps between colimits are induced componentwise as before. The
vertical maps are isomorphisms for the reasons described in the proof of (i).
The result follows.
(iii) The nth component of θkX is the map

ηXn,k : Xn Ñ ΩkXn�k.

We have already that the induced map of colimits

colim
n

πn�qXn Ñ colim
n

πn�qΩ
kXn�k

is an isomorphism, so θkX is a stable equivalence.
(iv) The pn� kqth component of σkX is the map

εXn,k : ΣkXn Ñ Xn�k.

The the left vertical map in

colim
n

πq�nF
kXn

� //

pΩkεXn,kq

��

colim
n

πq�n�kΣ
kXn

pεXn,kq�

��
colim
n

πq�nΩ
kXn�k

� // colim
n

πq�n�kXn�k,

is the vertical isomorphism of (7.3.45), so the right vertical map is also an
isomorphism, making σkX a stable equivalence as desired.

Now we need to show that there is a fibrant replacement functor R for
which the map µX of (5.7.2) is a stable equivalence. To this end we want to
show that the functor Θ8 of Equation 5.7.2 is a fibrant replacement functor.
This means showing that its coaugmentation is always a weak equivalence
and that its image is always S-fibrant, which is the same as being S-local by
Proposition 6.2.12.

Lemma 7.3.47. Fibrant replacement for original spectra commutes
with the loop functor. In the original category of spectra, SppT ,Σq, the
endofunctor R � Θ8 of Definition 5.7.3, is a fibrant replacement functor
satisfying the condition of Definition 5.7.3(iii).
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Proof As noted above, we need to show that for each original spectrum X,
θ8X is a stable equivalence and Θ8X is S-local.
By Theorem 7.3.9, being stably fibrant is equivalent to being an Ω-spectrum.

This means that each map in (5.7.4) is a weak equivalence, so θ8X is a weak
equivalence.
To show Θ8X is S-local, meaning an Ω-spectrum, we need to show that

the map

ηΘ
8X

n : pΘ8Xqn Ñ pΘΘ8Xqn
is a weak equivalence for each n. For this we have

pΘ8Xqn � hocolim
k

ΩkXn�k

and pΘΘ8Xqn � ΩpΘ8Xqn�1

� Ωhocolim
k

ΩkXn�k�1

� hocolim
k

Ωk�1Xn�k�1 by Lemma 5.8.20 (iv)

since S1 is compact.

These two homotopy colimits are not the same even though the corresponding
categorical colimits are. The first telescope pΘ8Xqn is a union of cylinders
for k ¥ 0, while the second one pΘΘ8Xqn is the union of the same cylinders
for k ¥ 1. It follows that pΘ8Xqn is the mapping cylinder for the composite

Xn

ηXn // ΩXn�1

pθ8ΘXqn // hocolim
m

Ωk�1Xn�k�1.

Recall that for a pointed map f : A Ñ B, the map Mf Ñ B is a weak
equivalence as in Proposition 3.5.5. Our map ηΘ8Xn has this form, so it is a
weak equivalence as desired.
For the condition of Definition 5.7.3(iii) with R � Θ8, a similar calculation

(not requiring the use of Proposition 3.5.5) shows that the map µX : ΩRX Ñ
RΩX is an isomorphism.

7.3F Exact stability for Hovey spectra
For a category of Hovey spectra SpNpM, T q as in Definition 7.1.1, we could
use the same argument to prove similar statements in which the functors Σ

and Ω are replaced by T and ΩT . Then we define functors T�1 and Ω�1
T by

pT�1Xqn :�
"
Xn�1 for n ¡ 0

� for n � 0.
and pΩ�1

T Xqn :� Xn�1. (7.3.48)

as in (7.3.38) and (7.3.39).
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Remark 7.3.49. Hovey desuspension and the Yoneda functor. The
functor we called T�1 in Definition 7.1.20 is not the analog of desuspension
since its source category is M rather than SpNpM, T q. Nevertheless we will
use the same symbol for our analog of desuspension. We can regard M as a
subcategory of SpNpM, T q, via the embedding functor

T�0 : MÑ SpNpM, T q
in which

pT�0Mqn � TnM for M PM.

This makes the functor T�1 of (7.3.48) an extension of the functor of the
same name in Definition 7.1.20 from the subcategory M � T�0M to all of
SpNpM, T q.
The following can be proved by the same method as that used to prove

Theorem 7.3.42, replacing Σ, Ω and their inverses by T , ΩT and their inverses.
In particular this can be done in both the statement and proof of the analog
of Lemma 7.3.43.

Proposition 7.3.50. Hovey desuspension and delooping. In any cat-
egory of Hovey spectra SpNpM, T q as in Definition 7.1.1 there are functors
T�1 and Ω�1

T as in (7.3.48) with natural transformationspθ : 1M ñ ΩkTΩ
�k
T �: ΘkT and pσ : T kT�k ñ 1M

similar to those of Definition 5.7.3(i), such that for each spectrum X and each
k ¡ 0, the following maps are stable equivalences:

(i) pηkX : X Ñ ΩkTT
kX adjoint to the identity on T kX,

(ii) pεkX : T kΩkTX Ñ X adjoint to the identity on ΩkTX,
(iii) pθkX : X Ñ ΩkTΩ

�k
T X, and

(iv) pσkX : T kT�kX Ñ X.

We use the notation pηkX to avoid confusion with the map ηkX : X Ñ ΩkΣkX

adjoint to the identity on ΣkX, and similarly for the other three maps listed
above.
In order to show that SpNpM, T q is exactly stable as in Definition 5.7.3,

we need an additional assumption relating the functors T and ΩT to Σ and
Ω.
The two pairs of functors coincide in the presymmetric case when K � S1.

We will be interested in the case where M � T G for a finite group G and
K � Sρ, where ρ � ρG is the regular real representation of G.
In the presymmetric case we need to assume that K � S1 ^ K for some

compact cofibrant K. When K � Sρ, K is the one point compactification of
the reduced regular representation of G. See Example 8.9.8 below.
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The following is the presymmetric analog of Lemma 7.3.47, and can be
proved in the same way.

Lemma 7.3.51. Fibrant replacement for presymmetric spectra. The
fibrant replacement functor for SpNpT ,Kq with its stable model structure,
R � Θ8 as in Definition 5.7.3 commutes with ΩT .

Definition 7.3.52. Spectral adjunctions. Let M be a stabilizable (as in
Definition 7.2.1) pointed topological model category. An invertible (as in Def-
inition 4.5.3) Quillen endopair pT,ΩT q on SpNpM, T q is spectral if there
are left Quillen endofunctors T and T�1 (reduced Hovey suspension and
desusupension) and adjoint right Quillen endofunctors ΩT and Ω

�1

T (re-
duced Hovey looping and delooping) satisfying the following conditions.

(i) There are natural isomorphisms

T � ΣT , T�1 � Σ�1T
�1
,

ΩT � ΩΩT and Ω�1
T � Ω�1Ω

�1

T .

Moreover the four left (right) Quillen functors, Σ, T (Ω, ΩT ), and their
inverses, commute with each other up to natural isomorphism.

(ii) For each k ¡ 0, there are natural transformations

σk : ΣkΣ�k ñ 1SpNpM,T q, σk : T
k
T
�k ñ 1SpNpM,T q,

θk : 1SpNpM,T q ñ ΩkΩ�k and θ
k
: 1SpNpM,T q ñ Ω

k

T Ω
�k
T ,

with σk and τk (θk and Ω
k

T ) inducing weak equivalences on cofibrant (fi-
brant) objects. We define pσk � σkσk and pθk � θkθ

k.

Theorem 7.3.53. Conditions for exact stability in Hovey spectra. Let
SpNpM, T q be a Hovey category of spectra in which the Quillen pair pT,ΩT q
is spectral as in Definition 7.3.52.

In the presymmetric case, in which T � K^� and ΩT � SpNpM,KqpK, �q
for a compact cofibrant object K, we assume that K � S1 ^K for a compact
cofibrant object K. Then T � K ^� and ΩT � SpNpM,KqpK, �q.

Then SpNpM, T q is exactly stable as in Definition 5.7.3.

Proof Consider the following diagram for a Hovey spectrum X.

ΣkΣ�kT kT�kX

�

��

σk

TkT�kX // T
k
T
�k

ΣkΣ�kX

σk

ΣkΣ�kX

��

� // T kT�kX

pσk
X

��
T kT�kΣkΣ�kX pσk

ΣkΣ�kX

// ΣkΣ�kX
σk
X

// X
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The maps pσkX and pσkΣkΣ�kX in the diagram are stable equivalences by Propo-
sition 7.3.50(iv). It follows from the 2-of-6 property (see Definition 5.1.1) for
stable equivalences that each map in the diagram, including σkX , is a stable
equivalence as required for exact stability. There is a similar diagram involv-
ing right Quillen functors and showing that θkX is a stable equivalence. This
means that the first condition of Definition 5.7.3 is satisfied.
For the second condition of Definition 5.7.3, the decompositions of the func-

tors T and ΩT lead to decompositions of the unit and counit of the adjunction
T k % ΩkT . In the former case we have diagram

X
ηkX //

ηkX

��

pηkX
&&NN

NNN
NNN

NNN
NNN

NNN
Ω
k

TT
k
X

Ω
k
T η

k

TkX

��
ΩkΣkX

Ωkηk
ΣkX // ΩkTT

kX

that commutes up to natural isomorphism, where ηk is the unit for the ad-
junction T

k % Ω
k

T . This enables us to use the 2-of-6 property to show that
ηkX is a stable equivalence as we did above. A similar argument can be made
for the counit εkX .
For the third condition of Definition 5.7.3, the fibrant replacement functor

Θ8 commutes with ΩT � ΩTΩ, so it commutes with Ω.

7.4 Stabilization and model structures for smashable
spectra

In §7.3 we described the projective and stable model structures on the cate-
gory of Hovey spectra (Definition 7.1.1), of which presymmetric spectra (Def-
inition 7.1.13) are a special case. Our aim in this section is to do the same for
smashable spectra, meaning functors from a spectral J

O-algebra J
F
L as in

Definition 7.2.19 to a stabilizable (as in Definition 7.2.1) model category M
(over which J

F
L is enriched) equipped with a compact cofibrant object L. As

in Definition 7.2.33, we denote the category of such spectra by

Sp � SpFpM, Lq :� rJF
L ,Ms.

The following should be compared with the discussion in [MMSS01, §14].

Definition 7.4.1. The positive model structure. Let L
F
L be a positive

ideal (as in Definition 7.2.19) in J
F
L . The positive model structure on

the category of smashable spectra rJF
L ,Ms is the one induced up from the

projective model structure on rLF
L ,Ms as in Theorem 5.4.21.
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Theorem 5.4.21 implies the following.

Proposition 7.4.2. Cofibrant generating set for the positive model
structure are IF,�

L and J F,�
L as in (7.4.40) below.

We will study the Bousfield localization of this structure with respect to a
collection S of stabilizing maps spelled out in (7.4.9) below.

Remark 7.4.3. Why the ideal? The reader may wonder why we are intro-
ducing the positive ideal L

F
L . It has to do with defining a model structure on the

category of commutative ring spectra. We refer the reader to Remark 7.0.7(ii)
for more information. For the time being the reader may assume the ideal is
all of J

F
L if they wish.

In particular we want to prove a generalization of Theorem 7.3.36, namely
Theorem 7.4.52 below. The following table indicates the parallel steps in the
two proofs.

§7.3 §7.4

Theorem 7.3.23 Theorem 7.4.29
Proposition 7.3.27 Proposition 7.4.42
Theorem 7.3.29 Theorem 7.4.43 and Proposition 7.4.50
Theorem 7.3.36 Theorem 7.4.52

7.4A The stable model structure for smashable spectra
A smashable spectrum X is a collection of objects XV in M for each object
V in J

F
L . There are structure maps generalizing those of (7.2.36),

εXV,W : J
F
L pV, V �W q ^XV Ñ XV�W (7.4.4)

Recall (Definition 7.3.1) that the stabilizing maps for presymmetric spectra
were of the form

sm : K ^K�1�m Ñ K�m.

One could define similar maps in the symmetric and orthogonal cases, with
K�m as in Definition 7.2.52. Since the smash product of spectra is defined in
these cases, the map sm is the same as s0^K�m, where s0 : K^K�1 Ñ K�0.
This latter map is more subtle than in the presymmmetric case, even when
K � S1, because for n ¡ 0, the nth spaces of S1 ^ S�1 and of S�0 are not
the same.

We need a different collection of stabilizing maps for smashable
spectra. The map ξ0,W of (7.2.63) has the form

ξ0,W : SW ^ S�W Ñ S�0, (7.4.5)
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and in this case the first map in (7.2.22) is the identity morphism on

J
F
L p0,W q ^J

F
L pW,Uq.

When W � iFNn, then SW � L^n and S�W � L�n, and we denote the map
above by

ξ0,n : L^n ^ L�n Ñ L�0 � S�0. (7.4.6)

Let

pS �  
ξV,W : V,W P obJF

L

(
. (7.4.7)

This is the collection of stabilizing maps we want to consider, but we can
accomplish the same thing with a smaller set (see (7.4.9) below) with the
help of the direct summand condition of Definition 7.2.19(ii).

Definition 7.4.8. The stable model structure on rJF
L ,Ms is the left

Bousfield localization (Definition 6.2.1) of the projective model structure of
Proposition 7.1.33 with respect to the morphism set

S �  
ξV,n : L

^n ^ S�V ^ L�n Ñ S�V
(
, (7.4.9)

where V ranges over all objects of J
F
L and n ranges over all integers n ¡ 0.

(We exclude the case n � 0 because ξV,0 is the identity map on S�V and
hence uninteresting.) A stable equivalence is an S-local equivalence (see
Definition 6.2.1) and a stable fibration is an S-fibration. A stably fibrant
spectrum is one that is S-fibrant.

Remark 7.4.10. Theorem 7.3.11 and Theorem 7.3.13 hold for smash-
able spectra with the same proofs as before. We leave the details to the reader.

Proposition 7.4.11. Getting from S to pS. Let J
F
L be a spectral J

O-
algebra as in Definition 7.2.19. In a homotopical structure (see Definition 5.1.1)
on the category of spectra rJF

L ,Ms in which each morphism in S (as in
(7.4.9)) is a weak equivalence, each morphism in pS as in (7.4.7) is also a
weak equivalence.

Proof We will make use of the direct summand condition of Definition 7.2.19(ii).
For given objects V and W , choose an object W 1 such that SW ^SW 1 � L^n

for some n ¥ 0. Then consider the diagram

L^n ^ SW ^ S�V`W ^ L�n
� //

L^n^ξV,W^L�n

��

SW ^ L^n ^ S�V`W ^ L�n

SW^ξn,V�W
�

��
L^n ^ S�V ^ L�n

ξV,n

�
//

�
��

S�V SW ^ S�V`W
ξV,Woo

SW ^ SW
1 ^ S�V`W ^ S�W

1

SW^ξV�W,W 1

22eeeeeeeeeeeeeeeeeeeeeee
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Note that if we merge the two pairs of isomorphic nodes and place S�V at
the bottom, we get a diagram having the same shape as that of (7.2.47), so
the 2-of-6 property of Definition 5.1.1 applies. Since ξV,n and SW ^ ξn,V�W
are weak equivalences, the other morphisms including ξV,W are as well.

The following is an analog of Proposition 7.3.20.

Theorem 7.4.12. The stabilizing maps of (7.4.9) are stable homotopy
equivalences.

Proof The nth component of ξV,m is the map ξV,m,n of (7.2.22). We have

παpL^m ^ S�V ^ L�mq � colim
n

πα,npL^m ^J
F
LpV �m,nqq

and παpS�V q � colim
n

πα,nJ
F
LpV, nq

παξV,m � colim
n

πα,nξV,m,n

The map πα,nξV,m,n is an isomorphism for large n by Definition 7.2.19(iii), so
παξV,m is an isomorphism.

We remind the reader that by Corollary 6.2.7, this result implies that all
stable equivalences are stable homotopy equivalences in these cases.
The following is a special case of Corollary 5.6.27. A very similar statement

is Proposition 7.4.41 below.

Proposition 7.4.13. Some projectively cofibrant smashable spectra.
The spectra L^n ^ S�V ^ L�n and S�V of Definition 7.4.8 are projectively
cofibrant. When V is an object in the ideal L

F
L , they are cofibrant in the

positive model structure of Definition 7.4.1.

Proposition 7.4.14. Smashing a cofibrant object in M with a stable
equivalence. Suppose f : X Ñ Y is a stable equivalence and a cofibration
between cofibrant objects in the category Sp � rJF

L ,Ms. (Recall that stable
and projective cofibrance are the same.) Then for any cofibrant object A in
M, the map A^ f is a stable equivalence.

Corollary 7.4.15. Smashing a cofibrant object in M with rξV,n. For
any cofibrant object A in M, the map A^ rξV,n (for rξV,n as in Remark 7.3.5)
is a stable equivalence.

Proof of Proposition 7.4.14. By Corollary 5.6.18(ii), f being a stable weak
equivalence is equivalent to the map f� : SppY, Zq Ñ SppX,Zq being a weak
equivalence in M for every stably fibrant spectrum Z. We need to show that
this implies that for any cofibrant object A in M, the map

pA^ fq� : SppA^ Y, Zq Ñ SppA^X,Zq
is also a weak equivalence in M. The fact that Sp is a Quillen M-module as
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in Definition 5.6.3 means that there are natural isomorphisms as in (3.1.48),
namely

SppX,ZAq SppA^X,Zq φr

�
//φ`

�
oo MpA,SppX,Zqq

SppY, ZAq
f�

OO

SppA^ Y, Zq φr

�
//φ`

�
oo

pA^fq�

OO

MpA,SppY, Zqq.
MpA,f�q

OO
(7.4.16)

By Corollary 5.6.19 the functor Mp� , �q is homotopical when the first vari-
able is cofibrant and the second is fibrant. We know that A is cofibrant while
SppX,Zq and SppY, Zq are fibrant. This makes the map MpA, f�q a weak
equivalence, so pA ^ fq� is one also. Since this holds for each stably fibrant
Z, the map A^ f is a stable equivalence as desired.
Alternatively, we can show that the map f� on the left in (7.4.16) is a weak

equivalence in M as follows. We will show in Theorem 7.4.35 below that a
spectrum is stably fibrant iff it is a ΩL-spectrum. Corollary 5.6.19 also says
that the functor Spp� , �q is homotopical (in the stable model structure)
when the first variable is cofibrant and the second is stably fibrant. We can
apply this to the map f� since X and Y are cofibrant by assumption and ZA
is a ΩL-spectrum by Proposition 7.2.51 and hence stably fibrant.

For future reference we look at the Uth component of the factorization of
ξV,n of Remark 7.3.5, for an object U in J

F
L . We get

L^n ^J
F
L pV ` iFΣpnq, Uq

pξV,nqU //

prξV,nqU ((PP
PPP

PPP
PPP

PP
J

F
L pV,Uq

�rS�Vn 	
U

ppξV,nqU

::vvvvvvvvv
(7.4.17)

where the map pξV,nqU is the composite of (7.2.22), which is a map between
cofibrant objects in M. Since pξV,n is a projective weak equivalence, ppξV,nqU is
a weak equivalence in M. Since rξV,n is a cofibration, each component of it is
by Proposition 5.4.4(i). This means that each component of rS�Vn is cofibrant
in M.

Remark 7.4.18. Alternative stabilizing maps for presymmetric spec-
tra. We could use a similar set of maps in the presymmetric case, namely!rξn : K^n ^K�n Ñ rK�0 : n ¡ 0

)
,

in place of the maps of (7.3.3). We leave the details to the interested reader.
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7.4B The functors Θ and Θ8 for smashable and symmetric
spectra

Defining the functors Θ and Θ8 for smashable and symmetric spectra is more
delicate than in the case of Hovey spectra described in Proposition 7.3.50.
First we need the following.
Recall that the category of smashable and symmetric spectra rJF

L ,Ms �
SpFpM, Lq is closed symmetric monoidal by Theorem 7.2.60. We denote its
internal Hom functor by F p� , �q.
When V � iFΣn, we may write n instead of V , and W � n instead W `

V . There is a compact cofibrant object L (SρG in the case of orthogonal
equivariant G-spectra) such that J

Fp0, nq � L^n for each n ¥ 0.

Definition 7.4.19. The desuspension and delooping endofunctors
Σ�V and Ω�V in SpFpM, Lq, where F is any of the four values of Defi-
nition 7.2.33 (excluding the presymmetric case), are defined by

Σ�VX � S�V ^X and Ω�VX � F pS�V , Xq,
where S�V is the Yoneda spectrum of Definition 7.2.52.

We define natural transformations

σV : ΣV Σ�V ñ 1Sp and θV : 1Sp ñ ΘV :� ΩV Ω�V ,

as in Definition 5.7.3(i), by

σVX � ξ0,V ^X : SV ^ S�V ^X Ñ S�0 ^X � X

and

θVX � ξ�0,V : X � F pS�0, Xq Ñ F pSV ^ S�V , Xq � ΩV F pS�V , Xq � ΘVX,

where
ξ0,V : SV ^ S�V Ñ S�0

is the map of (7.2.22).

We cannot define formal desuspension for presymmetric spectra this way,
because that category does not have a smash product.

Proposition 7.4.20. For each object V in J, the functor Ω�V p�q is
given by

pΩ�VXqW � XV�W .

Proof Using the Yoneda adjunction of Remark 2.2.35, we have

F pS�V , XqW � F pS�W , F pS�V , Xqq0
� F pS�W ^ S�V , Xq0 by Theorem 7.2.60
� F pS�V`W , Xq0 by Proposition 3.3.14
� XV�W .
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Corollary 7.4.21. Structure and costructure maps for Ω�VX. To de-
fine its structure map, let JF

U,W denote J
F
L pU,U `W q. Then the structure

map for Ω�VX is the composite

JF
U,W ^ pΩ�VXqU

εΩ
�V X

U,W // pΩ�VXqU�W

JF
U,W ^XU�V

α^XV�W // JF
U�V,W ^XV�U

εXU�V,W // XU�V�W ,

where

α � αV,U,U�W : JF
U,W Ñ JF

U�V,W

is the addition morphism of Definition 2.6.6.
Adjointly, its costructure map is the composite

pΩ�VXqU
ηΩ

�V X
U,W //MpJF

U,W , pΩ�VXqU�W q

XU�V

ηXU�V,W //MpJF
U�V,W , XU�W�V q α� //MpJF

U,W , XU�W�V q.

Proposition 7.4.22. Formal delooping commutes with cotensors. For
any smashable or symmetric spectrum X and any object M in M,

pΩ�VXqM � Ω�V pXM q.

The interested reader can verify that both Ω�V and Σ�V commute with
tensors, but Σ�V does not commute with cotensors over M.

Proof We will verify the isomomorphism componentwise.�pΩ�VXqM�
W
� �pΩ�VXqW �M � pXV�W qM

� �
XM

�
V�W

� �
Ω�VXM

�
W
.

The following is an exercise for the reader.

Proposition 7.4.23. Properties of smashable and symmetricdesus-
pension and delooping. The functors Σ�V and Ω�V of Definition 7.4.19
are left and right Quillen functors respectively with Σ�V % Ω�V . The left
Quillen functors ΣV , ΣW , Σ�V and Σ�W all commute with each other up to
natural isomorphism. The same is true of the right Quillen functors ΩV , ΩW ,
Ω�V and Ω�W .

Here is our generalization of the functor Θ of Definition 5.7.3.
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Definition 7.4.24. The functor Θ for smashable and symmetricspec-
tra. We will denote this functor by ΘF. We will often omit the subscript. It
is defined by

ΘX � pΩ�1
L XqL � F pL^ L�1, Xq,

so pΘXqV � pΩLXqV�1. Thus its structure map

εΘXV,W : JF
V,W ^ ΩLXV�1 Ñ ΩLXV�W�1

is adjoint to a map

ΩLXV�1 ÑMpJF
V,W ,ΩLXV�W�1q �MpJF

V,W ^ L,XV�W�1q
� ΩLMpJF

V,W , XV�W�1q,

namely ΩLη
Ω�1

L X
V�1,W .

Definition 7.4.25. The coaugmentation for Θ on a smashable or sym-
metric spectrum X is the map

θX � pξ0,1q� : X � F pS�0, Xq Ñ F pL^ L�1, Xq,

where ξ0,1 is as in (7.4.6).

The following is proved by Hovey in [Hov01b, Lemma 4.5] for Hovey spectra,
for which Θ and θX are defined in Definition 5.7.3.
With this in hand we can define Θ8 and prove Lemma 7.3.22 for smashable

spectra.

Definition 7.4.26. Θ8 for smashable spectra. For a spectral J
O-algebra

J
F
L let Θ8X be the homotopy colimit (meaning the telescope as in Exam-

ple 5.8.5 (iv)) in the category SpFpM, Lq of

X
θX // ΘX

θΘX // Θ2X
θΘ2X // Θ3X

θΘ3X // � � � . (7.4.27)

where θX is the coaugmentation map of Definition 7.4.25.
Let θ8X : X Ñ Θ8X be the obvious natural map. It is the X-component of

a natural transformation θ8 : 1Sp ñ Θ8, which is also a coaugmentation θ8

for Θ8. We will denote the composite map X Ñ ΘkX by θkX .

The following has essentially the same proof as Lemma 7.3.22.

Lemma 7.4.28. Properties of Θ8 for smashable and symmetric spec-
tra. With notation as in Definition 7.4.24 and Definition 7.4.26,

(i) The map θΘ8X : Θ8X Ñ ΘpΘ8Xq is a weak equivalence. In particular
Θ8X is a Ω-spectrum as in Definition 7.2.45.
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(ii) If Z is a ΩL-spectrum, then the map θ8Z : Z Ñ Θ8Z is a strict equivalence,
so Z is Θ8-local. In particular for any spectrum X, the map

θ8Θ8X : Θ8X Ñ Θ8pΘ8Xq

is a projective weak equivalence and Θ8 is homotopy idempotent as in
Definition 6.2.15.

(iii) A morphism f : X Ñ Y in SpFpM, Lq is a stable equivalence iff the induced
map f� : SpFpM, LqpY, Zq Ñ SpFpM, LqpX,Zq is a weak equivalence
for all Z for which the map θ8Z : Z Ñ Θ8Z (or equivalently the map
θZ : Z Ñ ΘZ) is an isomorphism.

Proof (i) Θ8X is a Ω-spectrum because it satisfies the condition of Propo-
sition 7.2.46.
The rest of the argument is similar to that of Lemma 7.3.22.

The following has the same proof as Theorem 7.3.23.

Theorem 7.4.29. Stable equivalences and Θ8
F for smashable spectra.

Let M be a stabilizable model category as in Definition 7.2.1 with a compact
cofibrant object L � S1 ^ L, and let J

F
L be a spectral J

O-algebra as in
Definition 7.2.19.

(i) If f : X Ñ Y is a map in SpFpM,Kq such that Θ8
F f is a projective

weak equivalence, then f is a stable equivalence as in Definition 7.4.8.
(ii) The map θ8X : X Ñ Θ8

FX is a stable equivalence for all spectra X.
(iii) For all X in SpFpM,Kq the map θ8X is a stable equivalence into a Ω-

spectrum as in Definition 7.2.45, and therefore a fibrant approximation
for the stable model structure.

(iv) If a map f : X Ñ Y is a stable equivalence, then Θ8
F f is a projective

weak equivalence.
(v) Every stable homotopy equivalence of smashable spectra is a stable equiv-

alence.

Remark 7.4.30. Θ8
F is a homotopy idempotent functor by Lemma 7.4.28

(ii), so the notions of Definition 6.2.15 apply to it. A map of smashable spectra
is a Θ8

F -equivalence iff it is a stable equivalence by Theorem 7.4.29(ii) and
(iv).

Remark 7.4.31. Stable equivalances of symmetric spectra need not
be stable homotopy equivalences, as we explained in §7.0E. Hence Corol-
lary 7.3.25 holds only for smashable ones. Indeed our reason for defining the
latter is to exclude the problems of symmetric spectra. The proof carries over
to the smashable case with no difficulty and is left to the reader.
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7.4C Stabilizing maps for smashable spectra

Recall the restricted costructure map ηXV,W for smashable spectra of Defini-
tion 7.2.42.

Lemma 7.4.32. An alternate description of the restricted costruc-
ture map. The map ηXV,W is the composite

XV
� // SppS�V , Xq

pξV,W q�

��
SppSW ^ S�W`V , Xq � // SppS�W`V ,ΩWXq � // ΩWXW�V ,

where ξV,W is the map of (7.2.63), and the three isomorphisms are associated
with the three adjunctions S�V ^p� q % EvV , SW^p� q % ΩW and S�W`V ^
p� q % EvV�W .

The first and third adjunctions above are cases of the enriched Yoneda
adjunction of Proposition 3.1.71 and Proposition 5.6.28.

Proof The statement is equivalent to the commutativity of the diagram

SW ^XV
� //

ωF
V,0,W^XV

��

SW ^ SppS�V , Xq
pξV,W q�

��
SW ^ SppSW ^ S�W`V , Xq

�

��
SW ^MpSW , XW�V q

Ev

��
JF
V,W ^XV

εXV,W // XW�V ,

(7.4.33)

where Ev is the evaluation map of Example 2.1.16(v), since ηXV,W is the right
adjoint of the counterclockwise composition. By writing the morphism objects
in Sp as ends as in Definition 3.2.18, we write the vertical isomorphism as the
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composite

SW ^
» UPJ

F
L

MpSW ^J
F
L pW ` V,Uq, XU q

�
��

SW ^
» UPJ

F
L

MpSW ,MpJF
L pW ` V,Uq, XU qq

�
��

SW ^M

�
SW ,

» UPJ
F
L

MpJF
L pW ` V,Uq, XU q

�
�

��
SW ^MpSW , XW�V q.

(7.4.34)

Then

 the first isomorphism in (7.4.34) follows from the fact that M is a closed
symmetric monoidal category, so for any objects A, B and C

MpA^B,Cq �MpA,MpB,Cqq,
 the second one follows from the fact that the functor MpA, �q commutes
with ends by Proposition 3.2.16(i) and

 the third one is the enriched Yoneda reduction of Proposition 3.2.25.

From (7.2.22) we see that the Uth component of ξV,W is involves the map

J
F
L pW ` V,Uq ^ ωF

V,0,W .

The result follows.

Theorem 7.4.35. Stably fibrant smashable spectra are Ω-spectra. Let
M and K be as in Definition 7.4.8 and let S be as in (7.4.9). Then a smashable
spectrum is stably fibrant (equivalently S-local by Proposition 6.2.12) iff it is
a Ω-spectrum as in Definition 7.2.45. The map rξV,n of (7.4.17) is a stable
equivalence for each V and n.

Proof A spectrum X is stably fibrant iff the morphism pξV,nq� below is a
weak equivalence for each V and n.

SppS�V , Xq
pξV,nq

�

��

� // XV

��
SppL^n ^ S�V ^ L�n, Xq � //MpL^n, XV�nq � ΩnLXV�n

The vertical map on the right is ηXV,n by Lemma 7.4.32. This is equivalent to
X being a ΩL-spectrum by Proposition 7.2.46.



514 Spectra and stable homotopy theory

It follows from Proposition 7.4.11 that the map ξV,W of (7.2.63) is a stable
equivalence. In the factorization of (7.4.17), pξV,n is a projective equivalence
and therefore a stable one. This makes the cofibration rξV,n a stable equivalence
and hence a stably trivial cofibration as claimed.

We remind the reader that there is more than one model structure on the
functor category rJF

L ,Ms. In addition to the projective model structure,
we have the one induced up (using a left Kan extension and the Crans-Kan
Transfer Theorem 5.2.27) from the projective structure on rK ,Ms for any
full subcategory K of J

F
L , as explained in Remark 5.4.23. We will assume

for the rest of this section that K is a fixed positive ideal L
F
L as in

Definition 7.2.19.

Definition 7.4.36. Four model structures for smashable spectra. In
addition to the projective model structure on the functor category

SpFpM, Lq � rJF
L ,Ms,

there are three others. When the full subcategory K of J
F
L is a positive ideal

L
F
L as above, we will refer to the model structure on SpFpM, Lq induced up

from the projective one on rLF
L ,Ms as the positive model structure. Its

localization with respect to the set S of (7.4.9) is the positive stable model
structure. We will refer to the localization of the projective model structure
with respect to S as simply the stable model structure.

Proposition 7.4.37. Stable equivalences and positive ideals. Let L
F
L

be a positive ideal in a spectral J
O-algebra J

F
L as in Definition 7.2.19.

Suppose f : X Ñ Y is a morphism in SpFpM, Lq � rJF
L ,Ms such that fV

is a weak equivalence in M for each object V in the ideal. Then f is a stable
equivalence as in Definition 7.4.8.

Proof We will use Theorem 7.4.29(iv), which says f : X Ñ Y is a stable
equivalence if and only if Θ8

F f is a projective equivalence. It suffices to show
that if fV is a weak equivalence for each object V in the ideal, then pΘ8fqV
is one for all V . Given the definition of Θ8 (Definition 7.4.26), it suffices to
show that pΘfqV is a weak equivalence. Since the ideal is positive, it contains
V ` iFΣp1q. It follows that

pΘfqV � ΩLf1�V .

The map f1�V is a weak equivalence of fibrant objects, and the right Quillen
functor ΩL converts such a morphism into another weak equivalence.

This means that even though the positive model structure on rJF
L ,Ms

has more weak equivalences than the projective one, the collection of sta-
ble equivalences is larger still and is the same for both. Localizing either
model structure with respect to the set S stabilizing maps of (7.4.9) gives
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the same homotopical structure, but differing collections of cofibrations and
fibrations. The positive and stable positive model structures have fewer cofib-
rations (more fibrations) than the projective and stable ones.

7.4D Cofibrant generation for the positive stable model
structure

We want to describe the positive stable model structure (as in Definition 7.4.36)
in terms of cofibrant generation. Consider the set of maps

S� �
!rξV,n : V P obLF

L , n ¡ 0
)
. (7.4.38)

with rξV,n as in (7.4.17). We remind the reader that the requirement that n ¡ 0

is not related to the positive ideal L
F
L . It is instead a nontriviality condition,

since the map rξV,0 for any V is an identity map.

Remark 7.4.39. The purpose of the set S�. The set S� above requires
V to be in the ideal because we need such a requirement in the generating
set KF,�

L of positive stably trivial cofibrations below. We are not using it to
define stabilization, which is Bousfield localization with respect to the set S of
(7.4.9). Then it is clear from Proposition 7.4.11 that each map in S� is an
S-equivalence, so each map in the set KF,�

L below is a stably trivial cofibration.

Let I and J be cofibrant generating sets of M. Let

IF
L �

 
I ^ S�V : V P obJF

L

(
,

J F
L �  

J ^ S�V : V P obJF
L

(
KF
L � J F

L Y pI l Sq ,

IF,�
L �  

I ^ S�V : V P obLF
L

(
,

J F,�
L �  

J ^ S�V : V P obLF
L

(
and KF,�

L � J F,�
L Y �

I l S�
�
.

,///////////////////////.///////////////////////-

(7.4.40)

The following is similar to Proposition 7.4.13.

Proposition 7.4.41. Some positive cofibrant smashable spectra. When
V is an object in the ideal L

F
L , the spectra K^n ^ S�V ^K�n and S�V of

Definition 7.4.8 are cofibrant in the positive model structure.
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Proof Recall that Theorem 5.6.38 gives cofibrant generating sets for an in-
duced model structure such as the positive one of Definition 7.4.36. In this
case they are IF,�

L and J F,�
L . It follows that for any cofibrant object A in M

and any object W in L
F
L , the spectrum A^ S�W is positively cofibrant.

Here is the analog of Proposition 7.3.27. It requires a proof since the model
structure we are studying is not the Bousfield localization of the projective
model structure, but of the positive one.

Proposition 7.4.42. Toward trivial positive stable fibrations in
SpFpM, Lq. Any map p : X Ñ Y in SpFpM, Lq having the right lifting
property with respect to IF,�

L as in (7.4.40) is a positive weak equivalence and
hence a trivial positive fibration.

Proof Let f : A Ñ B be a map in I, the set of generating cofibrations for
M. The right lifting property means that for each object V in the ideal and
each n ¥ 0, we have a lifting

A^ S�V

i^S�V

��

// X

p

��
B ^ S�V //

77pppppp
Y,

where S�V is the smashable Yoneda spectrum of Definition 7.2.52. By Propo-
sition 7.2.55 this is adjoint to a lifting

A

i

��

// XV

pV

��
B //

99ssssss
YV

in M. Hence the map pV is a trivial fibration, and in particular a weak
equivalence, in M. This means that p is a positive weak equivalence.

Here is a partial analog of Theorem 7.3.29.

Theorem 7.4.43. Trivial positive stable fibrations for smashable spec-
tra. A morphism in SpFpM, Lq, p : X Ñ Y has the right lifting property with
respect to the set KF,�

L of (7.4.40) iff for each object V in the ideal L
F
L and

each integer n ¡ 0, the map pV is a fibration in M and the following diagram
is homotopy Cartesian:

XV
pV //

ηXV,n

��

YV

ηYV,n

��
ΩnLXn�V

Ωn
Lpn�V // ΩnLYn�V ,

(7.4.44)

where the vertical maps are as in Definition 7.2.42, and functor ΩnL �MpL^n,�q
as in Definition 7.2.29.
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Proof As before we will abbreviate SpFpM, Lq by Sp. Any map p with the
right lifting property with respect to J F,�

L is a projective fibration, so pV is
a fibration in M for each V .
To analyze the right lifting property with respect to the pushout corner

maps in KF,�
L , we use Proposition 3.1.53 with the categories C and E replaced

byM and Sp, and the maps g, i and f replaced by p, rξV,n (see Definition 7.3.6)
and f . It says that p has the right lifting property with respect to f l rξV,n
(for a morphism f : A Ñ B in I, with rξV,n as in (7.4.17)) in Sp iff f has
the left lifting property with respect to the lifting test map Sp3prξV,n, pq
(Definition 2.3.14) in M. This is the pullback corner map for the following
diagram in M.

SpprS�0
n ^ S�V , Xq p� //

prξV,nq
�

��

SpprS�0
n ^ S�V , Y q

prξV,nq
�

��
SppL^n ^ S�W ^ L�n, Xq p� // SppL^n ^ S�V ^ L�n, Y q.

(7.4.45)

If each such f has the left lifting property with respect to the pullback corner
map of (7.4.45), the latter is a trivial fibration and hence a weak equivalence,
so the diagram is homotopy Cartesian.
We claim that the vertical maps in

SppS�V , Xq p� //

ppξV,nq
�

��

SppS�V , Y q
ppξV,nq

�

��
SpprS�0

n ^ S�V , Xq p� // SpprS�0
n ^ S�V , Y q,

with pξV,n and rS�0
n as in (7.4.17), are weak equivalences. We will derive this

from Lemma 5.8.51. Our assumption M is telescopically closed as in Def-
inition 5.8.28 implies that all spectra, including X and Y , are projectively
fibrant. We can deduce from (7.4.40) that S�V and S�V ^L�n are both pro-
jectively cofibrant. Since L^n is by definition a compact cofibrant object in
M, L^n ^ S�W`V is also projectively cofibrant. Since rξV,n is a cofibration,rS�0
n ^ S�V is again projectively cofibrant, and the claim is verified.
Recall the object L^n and the functor ΩW of Definition 7.2.29. Using the

adjunctions L�W ^p� q % Evn, and L^n^p� q % ΩnL, we can embed (7.4.45)
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in a larger diagram comparable to (7.3.31),

XV
pV //

� ��

YV

���
SppS�V , Xq

pξV,nq
�

((

p� //

ppξV,nq
� ���

SppS�V , Y q

pξV,nq
�

vv

ppξV,nq
�� ��

SpprS�0
n ^ S�V , Xq p� //

prξV,nq
�

��

SpprS�0
n ^ S�V , Y q

prξV,nq
�

��
SppL^n ^ S�V ^ L�n, Xq p� //

�
��

SppL^n ^ S�V ^ L�n, Y q
�
��

MpL^n, Xn�V q
ppn�V q� //MpL^n, Yn�V q

ΩnLXn�V

ΩW pn�V // ΩnLYn�V .

Lemma 7.4.32 implies that the outer diagram above is that of (7.4.44), which
is equivalent to (7.4.45) and is therefore homotopy Cartesian. Every step in
this argument can be reversed, so the result follows.

Corollary 7.4.46. Positive stable fibrant smashable spectra. A smash-
able spectrum X is fibrant in the positive stable model structure if and only if
for objects V in the ideal L

F
L , the map

ηXV,1 : XV Ñ ΩLX1�V

is a weak equivalence in M.

Proof By Definition 4.1.19, X is fibrant iff the map X Ñ � is a fibration,
meaning it has the right lifting property with respect to J F

L as in (7.4.40).
We apply Theorem 7.4.43 to the case Y � � and n � 1. The map above is the
one on the left in (7.4.44), which is a weak equivalence since the one on the
right is.

Remark 7.4.47. Not all positive stable fibrant spectra are Ω-spectra
because the fibrancy condition of Corollary 7.4.46 is weaker than that of The-
orem 7.4.35. The latter requires ηXV,1 to be a weak equivalence for all V , while
the former requires it only when V is in the ideal L

F
L . Recall that the posi-

tive stable model structure has the same weak equivalences as the stable model
structure, but fewer cofibrations and therefore more fibrations and more fibrant
objects. The positive stable fibrancy of X does not depend on the values of XV

for objects V outside the ideal.

Since the positive stable model structure has more fibrant objects that the
stable one, it has fewer cofibrant objects. The following necessary condtion
for positive stable cofibrancy excludes many spectra.
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Proposition 7.4.48. The 0th component of a positive stably cofibrant
spectrum. If W is a positive stably cofibrant spectrum, then the map

pη8W q0 :W0 Ñ pΘ8W q0 � hocolim
n

ΩnLWn

is null homotopic, where the map η8W is as in Definition 7.4.26.

Proof Consider the spectrum Y � Θ8W . We will construct a spectrum X

with X0 � � and a positive stably trivial fibration p : X Ñ Y . Then if W
is cofibrant, then map � Ñ W is a cofibration, so there must be a lifting the
diagram

� //

��

X

p

��
W

η8W

//

77pppppp
Θ8W.

The 0th component of this digram gives the desired null homotopy.
We define the spectrum X by

XV �
" � for V � 0

pΘ8W qV otherwise.

Then the evident map X Ñ Y , which is the identity in positive degrees, is a
positive stably trivial fibration by Theorem 7.4.43.

Many familiar spectra fail to satisfy the condition of Proposition 7.4.48 and
thus are not positive stably cofibrant.

Corollary 7.4.49. The sphere spectrum S�0 is not positive stably
cofibrant.

The following will be needed to verify Dwyer-Hirschhorn-Kan’s fourth con-
dition in the proof of Theorem 7.4.52.

Proposition 7.4.50. More about positively stable trivial fibrations.
If a map p : X Ñ Y in SpFpM, Lq is a stable equivalence and has the right
lifting property with respect to KF,�

L as in (7.4.40), then it has the right lifting
property with respect to IF

L .

Proof By Theorem 7.4.43, the right lifting property with respect to KF,�
L

implies that the map pV : XV Ñ YV for each V in L
F
L is a fibration and that

(7.4.44) is a homotopy Cartesian diagram.
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It follows that the diagram

XV

��

pV // YV

��
hocolim

n
ΩnLpXV�nq // hocolim

n
ΩnLpYV�nq

pΘ8XqV
pΘ8pqV // pΘ8Y qV

(7.4.51)

is also a homotopy Cartesian diagram. The assumption that p is a stable
equivalence of spectra implies that the lower horizontal map is a weak equiv-
alence in M by Theorem 7.4.29(iv), so the same is true of pV . We also know
by Theorem 7.4.43 that this map is a fibration in M. This means that p has
the right lifting property with respect to IF,�

L as desired.

The following is a generalization of Theorem 7.3.36. Its application to or-
thogonal G-spectra will be stated below as Theorem 9.2.11. Again, we note the
similarity between the generating sets of trivial cofibrations with the S-horns
of Definition 6.3.8.

Theorem 7.4.52. The stable and positive stable model structures on
SpFpM, Lq, the corner map theorem for smashable spectra. The sets
IF,�
L and KF,�

L (IF
L and KF

L) as in (7.4.40) define a cofibrantly generated
model structure on SpFpM, Lq. It is the Bousfield localization of the positive
(projective) model structure of Definition 7.4.36 with respect to the morphism
set S� of (7.4.38), or equivalently with respect to the set S of (7.4.9).

Proof We will treat only the positive case, the argument for the projective
case being the same. We will prove this by showing that IF,�

L and KF,�
L

satisfy the four conditions of the Dwyer-Hirschhorn-Kan Recognition Theo-
rem 5.2.24. As in the proof of Theorem 7.3.36, this will mean that we have a
model structure with the right weak equivalences and the right cofibrations.
Since any model structure is uniquely determined by such data, we have the
one we are looking for.
The numbers in the following list refer to Dwyer-Hirschhorn-Kan’s condi-

tions.

(i) We need to show that the domains of IF,�
L are small with respect to it,

and similarly for KF,�
L . The key point here is that the domains of IF,�

L ,
J F,�
L and S� are all cofibrant and the maps in them are cofibrations.
Any spectrum in which the underlying objects ofM are cofibrant is small

relative to IF,�
L . The domains of IF,�

L and J F,�
L fit this description, so they

are small relative to IT . Moreover each of the maps in KF,�
L is a cofibration

and therefore in the saturated class (Definition 4.8.13) generated by IF,�
L
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by Proposition 5.2.2. This means that any object small relative to IF,�
L

is also small relative to KF,�
L by Proposition 4.8.19, so Dwyer-Hirschhorn-

Kan’s first condition is satisfied.
(ii) We need to show that each map in KF,�

L is an IF,�
L -cofibration and a weak

equivalence. This is true of the maps in J F,�
L .

We need to show the same for the corner maps il rξV,n for i : AÑ B a
map in I and rξV,n as in (7.4.17).

For each object U of J
F
L , the Uth component of this map is il prξV,nqU ,

where prξV,nqU is as in (7.4.17). The latter is a cofibration in M, so the
corner map is as well by Lemma 5.5.1. It follows that the corner map
il rξV,n is a strict I-cofibration.

The corner map il rξV,n is defined by the diagram

A^ L^n ^ S�V ^ L�n
A^rξV,n //

f�i^L^n^S�V ^L�n

��

A^ rS�Vn
β

��
i^ rS�V

n

��

B ^ L^n ^ S�V ^ L�n
α //

B^rξV,n

++WWWW
WWWWW

WWWWW
WWWWW

WWWWW
WWWWW

WWWWW
W P pf,A^ rξV,nq

il rξV,n

$$II
III

III
III

II

B ^ rS�Vn
The maps A^rξV,n and B^rξV,n are stable equivalences by Corollary 7.4.15.
The former implies that α is an equivalence, which means that il rξV,n is
one as desired.

(iii) We need to show that each map f : X Ñ Y having the right lifting property
with respect to IF,�

L also has it for J F,�
L and is a weak equivalence. Such a

map f is a weak equivalence by Proposition 7.4.42. Maps f having the right
lifting property with respect to J are characterized in Theorem 7.4.43 by
two properties:

(a) The map fV is a fibration in M for each V in the ideal. We saw in
Proposition 7.4.42 that for such an f , fV is a trivial fibration in M.

(b) The diagram of (7.4.44) is a homotopy pullback diagram. This follows
from the fact that both horizontal maps are weak equivalences.

(iv) We need to show either the converse of (iii) above or that an IF,�
L -cofibration

that is a weak equivalence is also a J F,�
L -cofibration. The desired converse

is Proposition 7.4.50.

Theorem 7.4.53. SpFpM, Lq is a symmetric monoidal model category
as in Definition 5.5.9 under the projective, positive projective, stable and
positive stable model structures.
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Proof The projective and positive projective model structures are instances
of the two rightmost model structures of (5.6.41), as noted in Remark 5.6.42.
Thus they are monoidal by Corollary 5.6.40.
For the two stable model structures, we need to show that stabilization is

a monoidal Bousfield localization as in Definition 6.2.18. This follows from
Theorem 6.2.19, whose hypotheses the reader can easily verify.

7.4E Exact sequences for smashable spectra.
In this subsection we will show that for each spectral J

O-algebra J
F
L as

in Definition 7.2.19, the corresponding category of spectra, which we will
abbreviate here by Sp, is exactly stable as in Definition 5.7.3. This will enable
us to apply Theorem 5.7.6 and Theorem 5.7.11 to get the expected long exact
sequences of homotopy groups.
The following is the smashable analog and strengthening of the stable equiv-

alences of Lemma 7.3.43.

Lemma 7.4.54. The suspension and loop isomorphisms for smash-
able spectra. For a cofibrant spectrum A, the map εVA : ΣV Σ�VAÑ A is a
stable equivalence. Its W th component is the restricted structure map

εAW,V : SV ^AW Ñ AV�W

of Definition 7.2.38.
For a fibrant spectrum B, the map ηVB : B Ñ ΩV Ω�VB is a stable equiva-

lence. Its W th component is the restricted costructure map

ηBW,V : BW Ñ ΩWBV�W

of Definition 7.2.42.

Proof The natural transformations

εV : ΣV Σ�V ñ 1Sp and ηV : 1Sp ñ ΩV Ω�V

are both induced by the stable equivalence ξ0,V of (7.4.5), namely εVA �
ξ0,V ^ A and ηVB � F pξ0,V , Bq. These are stable equivalences for A and B

as indicated.

The generalization of the isomorphism of Lemma 7.3.43(i) requires some
care. We might write

πV�WΣWA :� colim
n

πn�V�WΣWAn
�? //____ colim

n
πn�V Σ

WAn�W

��
colim
n

πn�VAn �: πVA,
(7.4.55)
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but now the “reindexing” leads us to consider two different collections of
spaces, namely 

ΣWAn : n ¥ 0
(

and
 
ΣWAn�W : n " 0

(
.

Thus it is not even clear that the homomorphism exists, let alone that it is a
isomorphism.
We can use the direct summand condition of Definition 7.2.19(ii) to fix this

as follows. It says that the indexing category has an object W 1 such that
SW ^ SW

1 � L^m for some m ¡ 0. Suppose for simplicity that m � 1,
so W 1 � 1�W . Then for any spectrum X we have a diagram

X0

ηX0,1�W

��:
::

::
::

::
::

ηX0,1 // ΩLX1

ηX1,1�W

  A
AA

AA
AA

AA
AA

AA
ηX1,1 // � � �

ΩW
1

X1�W

ηX1�W,W

@@������������
ηX1�W,1 // ΩW

1

ΩLX2�W

ηX2�W,W

@@������������
ηX2�W,1

ηX2�W,1

// � � �

where the maps are those of Definition 7.2.42. Then the homotopy colimits
of the rows are each weakly equivalent to that of the “zig zag” sequence of
maps.
Now let X � ΣWA. Then taking πV�W of everything in the diagram above

gives the first two rows of

πV�WΣWA0

&&LL
LLL

LLL
L

// π1�V�WΣWA1

&&MM
MMM

MMM
MM

// � � �

πV�1Σ
WA1�W

πV�1ε
A
1�W,W

��

88qqqqqqqqqq
// πV�2Σ

WA2�W

πV�2ε
A
2�W,W

��

=={{{{{{{{
// � � �

πV�1A1
// πV�2A2

// � � � ,

where εA1�W,W is the restricted structure map of Definition 7.2.38. Now the
colimits of the top two rows are the domain and codomain of the purported
homomorphism of (7.4.55), so it exists and it is an isomorphism. The colimit
of the third row is πVA, and the vertical arrows above induce the vertical
arrow of (7.4.55).
We leave it to the reader to generalize this argument to larger values of m.
Thus we have proved

Corollary 7.4.56. The suspension isomorphism for homotopy groups
of smashable spectra. For a smashable cofibrant spectrum A, and objects V
and W in its indexing category, there is a natural isomorphism πV�WΣWAÑ
πVA.
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Theorem 7.4.57. Exact stability for smashable spectra. The category
Sp � rJF

L ,Ms, where J
F
L is as in Definition 7.2.19 and M and L are as in

Definition 7.2.4, is exactly stable as in Definition 5.7.3.

Proof The conditions of Definition 5.7.3 are implied by Lemma 7.4.54.

Thus we get the exact sequences of Theorem 5.7.6 and Theorem 5.7.11.

Remark 7.4.58. Two stable stable equivalences of smashable spectra.
This is the analog of Remark 7.1.29 for smashable spectra. The suspepnsion
and desuspension functors are ΣV � SV ^ p�q and Σ�V � S�V ^ p�q.
Hence the difference between the functors ΣWΣ�V`W and �V is related to
that between the spectra SW ^ S�V`W and S�V . They are the domain and
codomain of the stabilizing map ξV,W of (7.2.63), which is a stable equivalence.

Similarly the difference between the functors ΣV`WΣ�V and ΣW is related
to that between the spectra SV`W ^ S�W and SV . They are the the domain
and codomain of the map SV ^ ξ0,W , which is also a stable equivalence.

7.4F The canonical homotopy presentation
We will need the following in our study of geometric fixed points in § 9.11
and in our construction of MUR in §12.2. It is not to be confused with the
tautological presentation of Proposition 3.2.33.
As before we will denote by Sp the category of smashable spectra corre-

sponding to spectral J
O-algebra J

F
L as in Definition 7.2.19, and we will

abbreviate the indexing category J
F
L by J.

Consider the transition diagram

L�pn�1q ^Jpn, n� 1q ^Xn

jpn,n�1q^Xn

����
��
��
��
��

L�pn�1q^εXn,ρ

!!D
DD

DD
DD

DD
DD

L�n ^Xn L�pn�1q ^Xn�1

(7.4.59)

where jpn, n� 1q is as in (7.2.53) and εXn,ρ is as in (7.2.36).
We have an embedding

L � Jp0, 1q Ñ Jpn, n� 1q,
and so from (7.4.59) a diagram

L�pn�1q ^ L^Xn

wwppp
ppp ((RRR

RRRR

L�n ^Xn L�pn�1q ^Xn�1

(7.4.60)
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Putting these together as n varies results in a system

B0
�
�����
�

��=
===

B1
�
�����
�

��=
===

B2
�
�����
�

��=
===

B3
�
�����
�

��=
===

A0 A1 A2 A3 A4 . . . .

(7.4.61)

The system (7.4.61) maps to X and a simple check of equivariant stable
homotopy groups shows that the map from its homotopy colimit to X is a
weak equivalence. Now for each n let Cn be the homotopy colimit of the
portion

B0
�
����
��

��<
<<

< � � � Bn�1
�

{{ww
ww

!!C
CC

C

A0 A1 � � � An�1 An

of (7.4.61). Then Cn is naturally weakly equivalent to An � L�n ^Xn, and
the Cn fit into a sequence

C0 Ñ C1 Ñ C2 Ñ . . . (7.4.62)

whose homotopy colimit coincides with that of (7.4.61). This is the canonical
homotopy presentation of X. One can functorially replace the sequence
(7.4.62) with a weakly equivalent sequence of cofibrations between cofibrant-
fibrant objects as in Definition 4.1.19. The colimit of this sequence is naturally
weakly equivalent to X. It will be cofibrant automatically, and fibrant since
the model category SpG is compactly generated.

Definition 7.4.63. The canonical homotopy presentation of a smash-
able spectrum X is the stably equivalent telescope

hocolim
n

pL�n ^Xnqcf,

or when more precision is needed, as a diagram

X hocolim
n

pL�n ^Xnqc�oo � // hocolim
n

pL�n ^Xnqcf,

where pL�n ^Xnqc is a cofibrant replacement of L�n ^Xn and the map on
the right is fibrant replacement. In the notation of (4.1.23),

pL�n ^Xnqc � QpL�n ^Xnq and pL�n ^Xnqcf � RQpL�n ^Xnq.
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Equivariant homotopy theory

We shall sometimes restrict to finite groups to avoid technicalities, but
most of what we say applies in technically modified form to general
compact Lie groups. The reader unused to equivariant topology may find
it helpful to concentrate on the case when G is a group of order 2. Even
this simple case well illustrates most of the basic ideas.

John Greenlees and Peter May, [GM95, page 2]

In this chapter we will introduce some tools from equivariant homotopy
theory, that is the homotopy theory of spaces equipped with an action by a
finite group G, that we will need later to study equivariant stable homotopy
theory starting in Chapter 9. Our treatment is eclectic rather than compre-
hensive, the choice of topics being dictated solely by the needs of the rest of
the book. This includes our decision to deal only with finite groups rather
than compact Lie groups. The only groups figuring in the proof of the main
theorem are cyclic 2-groups, specifically C8 and its subgroups, but the cost of
generalizing to arbitrary finite groups is minimal.

Remark 8.0.1. Notation for cyclic p-groups. There are two common
notations for the cyclic group of order pn for a prime p, Cpn and Z{pn. We
will use the former when the group is acting on something, such as a
set, a topological space or a vector space. We will use the latter when the group
occurs as the value of some functor such as a homotopy or homology group.

8.0A G-sets, coefficient systems and Mackey functors
The first two sections concern algebraic infrastructure. It has been said (see
[GM95, page 9] for the statement about points) that the equivariant analogs
of points and abelian groups are G-orbits and Mackey functors.
In ordinary homotopy theory, the space of continuous maps from a point

to a space X is of course X itself. In equivariant homotopy theory, the space
of equivariant maps from G{H to a G-space X is XH , the subspace fixed
by H. For K � H � G, precomposition with the map G{K Ñ G{H gives
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the restriction map iHK : XH Ñ XK . Any point of X that is fixed by H �
G is also fixed by K. Hence we have a contravariant functor from OG �
SetG (see Definition 8.6.22), the subcategory of that of G-sets consisting of
single orbits. An Ab-valued functor on O

op
G is called a coefficient system;

see Definition 8.6.24.
Finite G-sets are studied in §8.1. The set of isomorphism classes forms a

semi-ring with disjoint union as addition and Cartesian product as multipli-
cation. The corresponding Grothendieck group is the Burnside ring ApGq;
see Definition 8.1.3.
A Mackey functor is a coefficient system F with additional structure. For

K � H � G one has a restriction map

ResHK : F pG{Hq Ñ F pG{Kq.
In a Mackey functor one also has a transfer map

TrHK : F pG{Kq Ñ F pG{Hq
going the other way. The algebraic details are spelled out in §8.2B. Here we
will discuss informally but at some length why this additional structure is
relevant to equivariant stable homotopy theory.
It has to do with equivariant Spanier-Whitehead duality, an early account of

which was given by Adams in [Ada84, §8]. This can be described as categorical
duality in the sense of §2.6E in the category of orthogonal G-spectra, the sub-
ject of Chapter 9 below. However it was originally constructed geometrically,
as we shall now describe.

8.0B Ordinary Spanier-Whitehead duality
The original sources for this are [SW55] and [Spa59], and nice accounts of it
were given by Adams in [Ada74b, III.5], and by Albrecht Dold (1928–2011)
and Puppe in [DP80, §3]. For simplicity we will work in the original category
of spectra. This may appear to be a cheat since that category is not closed
symmetric monoidal and therefore lacks categorical duality. Nevertheless this
duality was originally developed there. For a pointed space X, let Σ�kX be
the spectrum defined by

pΣ�kXqm �
" � for m   k

Σm�kX for m ¥ k.
(8.0.2)

This is comparable to the generalized suspension spectrum of Definition 7.1.30.
In particular Σ�0X is the suspension spectrum of X, sometimes written as
Σ8X.
The alert reader may notice that we also used the symbol Σ�k for k-fold

desuspension in Definition 5.7.3. This coincidence is intentional. In the original
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case, we can define Σ�kE for a spectrum E by

pΣ�kEqm �
"
Em�k for m ¥ k

� otherwise

For E � Σ8X, meaning that Em � ΣmX, this coincides with (8.0.2).
In a category Sp of smashable spectra as in Definition 7.2.33, we define

Σ�kE :� S�k ^ E, (8.0.3)

where S�k is the Yoneda spectrum of Definition 7.2.52.
Any finite CW complex X can be embedded in Sn�1 for sufficiently large

n. We denote the complement of X in Sn�1 by DnX, the n-dual of X. The
homotopy type of DnX depends not just on X and n, but on the choice of
embedding. For example if X � S1 and n � 2, then the embedding could be
any knot, so there are infinitely many possibilities for the homotopy type of
D2S

1. Fortunately they are all stably equivalent.
The complement Dn�1X of the composite embedding

X Ñ Sn�1 Ñ Sn�2

(where the second map is the standard linear embedding) is ΣDnX, and the
complement of the suspended embedding

ΣX Ñ ΣSn�1 � Sn�2,

that is Dn�1ΣX, is homotopy equivalent to DnX.
It follows that the spectrum Σ�kDnX satisfies

pΣ�kDnXqm �
" � for m   k

Σm�kDnX � Dn�m�kX for m ¥ k
(8.0.4)

and its stable homotopy type is determined by n � k. It is a finite spectrum
as in Remark 7.1.31.
It is evident from the definition that for ` ¥ 0,

Dn�`DnX � Σ`X.

Replacing X by DnX in (8.0.4), we recover (8.0.2).

Remark 8.0.5. Stable duality. This suggests that for n ¥ k, the spectra
Σ�kDnX and Σk�nX are strongly dualizable as in Definition 2.6.54
and, up to stable equivalence, categorically dual to each other. This
means there should be maps

rε : Σ�kDnX ^ Σk�nX Ñ S�0 and rη : S�0 Ñ Σ�kDnX ^ Σk�nX. (8.0.6)

We will see that on the space level there are maps between X ^ DnX and
Sn in both directions. The composite rεrη : S�0 Ñ S�0 is mutiplication by the
Euler charcateristic of the finite complex X. On the spectrum level we need to
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replace the domain S�0 of rη by Sm ^ S�m (which is stably equivalent to it)
for sufficiently large m. Thus we get a diagram

Sm ^ S�m

rη��
Σ�kDnX ^ Σk�nX

rε��
S�0,

(8.0.7)

in which the composite map is in general not a stable equivalence.

The Spanier map. Suppose pX,x0q and pY, y0q are disjoint pointed finite
CW complexes of dimension less than n embedded in Sn�1. Each could be
homotopy equivalent to the complement of the other, but we need not assume
that for now. We define the Spanier map

u : X ^ Y Ñ Sn (8.0.8)

as follows. Choose a point in Sn�1 outside of both X and Y , and remove it.
This means that X and Y are now disjoint CW complexes in Rn�1. Define

ũ : X � Y Ñ Sn by ũpx, yq � x� y

|x� y| ,

where x P X and y P Y are distinct vectors in Rn�1, making ũpx, yq a unit
vector and hence a point in Sn. Our assumption about the dimensions of X
and Y means that the restrictions of ũ to x0 � Y and X � y0 are both null
homotopic, so ũ is homotopic to a map that factors through X ^Y , giving us
the desired map u.
Now suppose in addition that X and Y are each homotopy equivalent to

the complement of the other, so

X � DnY and Y � DnX.

The Alexander duality theorem [Ale15] says that HiDnX is naturally isomor-
phic to Hn�iX. The Spanier map of (8.0.8) leads to homomorphisms

HiX bHn�iDn Ñ HnS
n � Z for 0 ¤ i ¤ n,

and these lead to Alexander duality. It also gives us maps

X ^DnX Ñ Sn and DnY ^ Y Ñ Sn,

which are analogous to the map rε of (8.0.6).
Atiyah duality.
Now suppose X is a smooth closed manifold M that is smoothly embedded

in Sn (rather than Sn�1). Hence it has an closed tubular neighborhood T that
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is the total space of its normal unit disk bundle ν. If we collapse its boundary
(the normal unit sphere bundle) we get the Thom space Mν . We can also
think of this as the quotient of Sn obtained by collapsing everything outside
the interior of T to a point. This leads to the Pontryagin-Thom map

pM,Sn : Sn ÑMν . (8.0.9)

Next consider the diagonal map ∆ : M Ñ M �M , and suppose that the
target is equipped with the bundle ν on its first factor. This means that the
Thom space for the target is Mν �M . Thus we get a map

Mν
T∆

++WWWW
WWWWW

Sn

pM,Sn 44iiiiiiiii
rηM

// Mν �M,
(8.0.10)

the Thom diagonal. It is related to the similarly named map of Defini-
tion 2.6.54 and (8.0.6), meaning that the suspension spectrum of Mν is the
dual of Σ�nM�.
We can also construct a map rε going the other way. Recall that the normal

bundle of the diagonal embedding ∆ : M Ñ M �M is isomorphic to the
tangent bundle of M . Let s : M Ñ ν denote the zero section of the normal
bundle ν of M in Sn. Then the normal bundle of the composite

M
∆ // M �M

s�M // ν �M

is the direct sum of ν with the tangent bundle, namely the trivial n-plane
bundle over M . Thus we get a composite

ΣnM�

((RRR
RRR

RRR
R

Mν �M

pM,ν�M
55jjjjjjjjjj

rεM
// Sn,

(8.0.11)

where pM,ν�M is the Pontryagin-Thom map for the embedding ps �Mq∆,
and the unnamed map is obtained by projecting M to a point.
It turns out that our finite CW complex X could be a manifold with bound-

ary Y . It still has a normal bundle ν, but in the above constructions one need
to replaceM� (meaningM with a disjoint base point) by the pointed quotient
X{Y . Then we get maps

Xν ^X{Y
rεX //

Sn.
rηX

oo

The following was originally proved by Atiyah in [Ati61].

Theorem 8.0.12. Atiyah duality. With notation as above suspension spec-
trum of Xν is dual to Σ�nX{Y .
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8.0C Equivariant Spanier-Whitehead duality
We now turn to the G-equivariant case for a finite group G. A detailed treat-
ment is given by Lewis and May in [LMSM86, Chapter III]. Let X be a finite
G-CW complex as in Definition 8.4.13 below. If the G-action is nontrivial,
we cannot embed it equivariantly in any Sn�1, but we can embed it in some
representation sphere SV�1 as in Definition 8.3.26. We denote its complement
there by DVX, the V -dual of X. For any representation W , the complement
of the composite embedding X Ñ SV�1 Ñ SV�W�1 is

DV�WX � ΣWDVX.

With this understanding, it is possible to do Spanier-Whitehead duality equiv-
ariantly. The diagram of (8.0.7) reads

Smρ ^ S�mρ

rη��
Σ�VDWX ^ ΣV�WX

rε��
S�0

for m " 0, where ρ denotes the regular representation of G.
We now specialize to the case where the G-CW complex is G{H�, a G-orbit

with disjoint base point. It is underlain by a discrete space with 1 � |G{H|
points. Let VG{H be the representation given by the action of G on the real
vector space having the set G{H as its basis. This is the permutation repre-
sentation associated with the G-set G{H. This vector space has in invariant
one dimensional summand generated by the sum of its basis elements. Its or-
thogonal complement V G{H is the reduced permutation representation.
Then we have pointed equivariant embedding G{H� Ñ SVG{G � S1�V G{H

that sends each element of G{H to the corresponding basis element, and the
base point of G{H� to the point at infinity. The complement

DV G{H
pG{H�q

of its image is equivariantly equivalent to a wedge of copies of S|G{H|�1 indexed
by G{H. These wedge summands are permuted by the group as expected, so
we have

DVG{H
pG{H�q � G


H
SVG{H .

The action of the subgroup H is trivial on both objects. From this we can
deducethe following. We leave the details to the reader.

Proposition 8.0.13. The suspension spectrum Σ�0G{H� is equivari-
antly self dual.



532 Equivariant homotopy theory

Remark 8.0.14. Equivariant suspension. In the category of ordinary spec-
tra, one has the suspension and loop functors Σ and Ω, which are adjoint to
each other. The induced functors in the homotopy category are inverse to each
other. The category of spectra is sometimes described as that of spaces with
the suspension functor formally inverted.

In the discussion above we made essential use of the twisted suspension
functor SV (see Definition 8.9.3) in our discussion of equivariant duality. We
will see in Proposition 8.9.4 that it is adjoint to the twisted loop functor
ΩV . The stable equivariant category SpG needs to be defined in such
a way that for each V these two functors are homotopy inverses
to each other in the way that Σ and Ω are in the ordinary stable
category.

This self duality means that for K � H � G, the usual map G{K Ñ G{H
leads via stable duality to a map of spectra

Σ�0G{H� Ñ Σ�0G{K�. (8.0.15)

Recall that on the space level there is a map G{K Ñ G{H, which is a mor-
phism in the orbit category OG. This leads us to consider coefficient systems,
that is Ab-valued functors on O

op
G . Equivalently one can consider Ab-valued

functors on the categoy F
op
G , where FG denotes the category of finite G-sets,

that convert disjoint unions (coproducts) to direct sums, which are coproducts
in Ab.
The existence of the maps of (8.0.15) in the stable world means that we

need to replace the category FG by another category having the same objects
but more morphisms. The one we want is the Lindner category B

�
G of

Definition 8.2.4 below. A Mackey functor then is a contravariant coproduct
preserving Ab-valued functor on it. The variance here is a moot point because
B
�
G is self dual.
For a G-spectrum X, the cotensor XG{H by definition is the fixed point

spectrum XH ; see Definition 9.1.9 below. This means that for K � H � G,
the map of (8.0.15) induces the transfer map

XK Ñ XH .

It is not defined in general for G-spaces. For a pointed G-space X, the
groups πH� X :� π�pXHq are components of a coefficient system, while for
a G-spectrum X they are components of a Mackey functor.
We will see below that the homology of G-space is not merely a coefficient

system but a Mackey functor. The reason for this is that homology is a stable
invariant since it commutes with suspension, while homotopy groups do not.
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8.0D The categories T opG and T G

In §8.3 we discuss various objects associated with a G-space. For a finite group
G, let T opG be the category of topological G-spaces and equivariant maps as
in Definition 3.1.59. Similarly let T G be the category of pointed topological
G-spaces (the base point is always fixed by G) and equivariant maps. In the
literature (e.g. in [MM02] and [BDS16]) it is common to denote the category of
G-objects and equivariant maps in C byGC rather than CG. To repeat, we will
assume that all topological spaces in sight are compactly generated
weak Hausdorff. See Definition 2.1.48 and the paragraph preceding it.
For a G-space X and a subgroup H � G, the fixed point set and orbit space

of H are denoted respecrtively by XH and XH or X{H. They have homotopy
analogs denoted by XhH and XhH ; see Definition 8.3.8. For such spaces X
and Y , T GpX,Y q will denote the space of equivariant maps. Let TG (denoted
by T G in [HHR16]) be the category of pointed G-spaces and all continuous
maps (equivariant or not) between them. This means that TGpX,Y q is pointed
G-space, where the group action is defined by conjugation and the base point
is the constant map. The continuous maps fixed by G are the equivariant ones,
that is

T GpX,Y q � TGpX,Y qG.

For a subgroup H � G one has a forgetful functor iGH (denoted by i�H
in [HHR16]) from either category (T G or TG) of pointed G-spaces to the
corresponding category of pointed H-spaces. It has left and right adjoints as
in Definition 2.2.25 sending a pointed H-space Y to the pointed G-spaces
G 
H Y and T HpG,Y q. Thus for pointed H-spaces X and Z and a pointed
G-space Y we have

T GpG
H X,Y q � T HpX, iGHY q (8.0.16)

and

T HpiGHY, Zq � T GpY, T HpG�, Zqq. (8.0.17)

These are the Wirthmüller isomorphisms of [Wir74]. For X � �, (8.0.16)
reads

T GpG{H�, Y q � T Hp�, iGHY q � piGHY qH ,

which we often abbreviate by Y H .

Remark 8.0.18. The pointed G-space G

H
Y is the H-orbit space of G
Y

where H acts on G by right multiplication and on the smash product by the
diagonal action. This means that pγη^ yq and pγ^ ηyq (for γ P G, η P H and
y P Y ) are in the same H-orbit of G
 Y . The underlying space of G


H
Y is
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the finite wedge of |G{H| copies of Y The G-action is defined in terms of left
multiplication. Thus we have

γηγ�1pγ ^ yq � pγηγ�1γ ^ yq � pγη ^ yq � pγ ^ ηyq.
This means that the summand corresponding to γ is invariant under the action
of the subgroup γHγ�1 rather than H.

We record the following here for future reference.

Proposition 8.0.19. A change of group isomorphism. Let BG{HG be the
category of Example 2.9.1 for a subgroup H � G. Then the functor category
pT GqBG{HG is isomorphic to T H .

Proof The object set of BG{HG is the G-set G{H, and the morphisms in
it are isomorphisms between its objects. Hence a T G-valued functor on it is
determined by its value on one object, the coset H. The functor determines
an action of H on this object. Hence such a functor is the same thing as a
pointed space with and H-action, i.e., an object in T H .

G-CW complexes (Definition 8.4.13) are the subject of §8.4. While an
ordinary CW complex X has a collection of n-cells indexed by a set Kn, in
a G-CW complexes they are indexed by a G-set Kn, and the attaching maps
are required to be equivariant. This means that the action of G permutes
cells rather than acting on them individually. Thus an ordinary CW complex
with a cellular G-action need not be a G-CW complex; see Example 8.4.15.
Definition 8.4.13 also means that for any subgroup H � G, the fixed point
set XH is an ordinary CW complex in which the n-cells are indexed by the
set KH

n .

The homology of G-CW complexes is the subject of §8.5. For such a
spaceX, the setKn of n-cells is a G-set, so the resulting cellular chain complex
C�pXq is a complex of modules over the group ring ZrGs. Given such a module
M , we can define a Mackey functor M by MpG{Hq :� MH . We call it the
fixed point Mackey functor of M . It is functorial in M , so we get a chain
complex of Mackey functors C�pXq, and we denote its homology by H�X.
For H � G, the graded group H�XpG{Hq is not the same as H�pXHq; see
Remark 8.5.2 below.

Model structures for G-spaces. Theorem 8.4.18, proved by Glen Bredon
(1932–2000) in 1967, says that an equivariant map f : X Ñ Y between G-
CW complexes in an equivariant homotopy equivalence (meaning a homotopy
equivalence for which the homotopies are equivariant) iff for each H � G

the induced map fH : XH Ñ Y H is an ordinary homotopy equivalence.
Fixed points tell all. This condition is equivalent to requiring f to induce
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isomorphisms

πHX :� π�X
H Ñ π�Y

H �: πH� Y for all H � G.

We define a G-equivariant map f : X Ñ Y in T G to be a Bredon equiva-
lence (Definition 8.6.1) if it satisfies this condition. The map f is a Bredon
fibration if each fH is a fibration for each subgroup H. Thus we get the
Bredon model structure on T opG and T G.
We can relax these definitions by saying that f is a weak equivalence or a

fibration if fH is one for each subgroup H � G in a family F of subgroups
(as in Definition 8.6.10) that is closed under inclusion and conjugation. When
F contains only the trivial subgroup, then the model structure is the usual
one on T op or T . In other words, we are ignoring the group action. In general
if F does not contain all subgroups of G, then the resulting model structure
has more weak equivalences and fibrations, and hence fewer cofibrations than
the Bredon model structure. For each F the model structure is cofibrantly
generated with generating sets indicated in Theorem 8.6.13.

Some universal spaces and Elmendorf’s theorem. The next two sec-
tions describe some technical results that will be needed later. The most inter-
esting of these is Theorem 8.8.4, which asserts the existence of an equivariant
Eilenberg-MacLane space associated with an arbitrary Mackey functor.

Orthogonal representations of G and related structures are the
subject of §8.9, the final section of this chapter. The notions introduced here
will be used extensively in Chapter 9.
Given a finite dimensional orthogonal representation V of a finite group G

we define in Definition 8.3.26 its unit sphere SpV q and its one point compact-
ification SV . The set of equivariant homotopy classes of maps from SV to a
pointed G-space X is denoted by πGVX. It usually but does not always have
a natural abelian group structure. One can also look at the spaces ΩVX, the
twisted loop space of X, and ΣVX � SV ^X, the twisted suspension of X;
see Definition 8.9.3. The expected suspension loop adjunction ΣV % ΩV is
established in Proposition 8.9.4.
In Definition 8.9.10 we generalize the notion of a representation of G to

that of a finite G-set T . Roughly speaking, when T is the disjoint union of
orbits G{Hα for various subgroups Hα, a representation of T amounts to a
representation of each Hα. Then in §8.9C we study two categories, enriched
over T opG and T G respectively, whose objects are representations of finite
G-sets T . We call them the Stiefel category IG (Definition 8.9.19) and the
Mandell-May category JG (Definition 8.9.24). The latter is the indexing
category for orthogonal G-spectra, the subject of Chapter 9.
In both categories there are morphisms only between representations of

the same G-set T . Given two such representations V and W , a morphism
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from V to W in the Stiefel category IG is an orthogonal embedding, suitably
defined. Such embeddings exist only when the dimension of the representation
Wα associated with the orbit G{Hα is no less than that of Vα for each α.
In that case the morphism space is a product of Stiefel manifolds, with one
factor for each orbit of T . The embeddings are not required to be equivariant,
so G acts on the morphism space by conjugation.
The Mandell-May pointed morphism space JGpV,W q is the Thom space

of a certain vector bundle over IGpV,W q. Each embedding t : V ÑW deter-
mines an orthogonal complement tpV qK �W , and it is the fiber of the vector
bundle at t. in particular JGpV,W q is a point when IGpV,W q is empty for
dimensional reasons. When Vα and Wα have the same dimension for each α,
IGpV,W q is a product of orthogonal groups. The vector bundle over it has
dimension 0, so the Thom space is the same product with a disjoint base
point.
In Theorem 8.9.34 we show that the Mandell-May category JG is a spectral

J
O-algebra as in Definition 7.2.19, in the case where G is a cyclic p-group.

This is likely to be true for arbitrary finite G, but we leave that question for
the future. The result means that the model structures studied in §7.4 exist
for orthogonal G-spectra.

8.1 Finite G-sets and the Burnside ring of a finite group

Definition 8.1.1. For a finite group G, let FG denote the category of
finite G-sets and equivariant maps.

Example 8.1.2. The power set PpGq of a finite group G has an action
of G by left multiplication. This action preserves cardinality, so PpGq splits
as a G-set accordingly. Each subgroup H � G is also a subset, so H P PpGq.
Its orbit there consists of the left cosets of H and is therefore isomorphic
to G{H as a G-set. It follows that every orbit G{H is contained in PpGq.
This is analogous to the fact that the regular representation ρG of G (see
Definition 8.3.27 below) contains each irreducible orthogonal representation
of G as a summand.

Similarly the power set PpG{Hq of the G-set G{H is also a G-set under
left multiplication that contains a copy of G{K for each subgroup K � H.

Definition 8.1.3. The Burnside ring ApGq of a group G is the Groth-
endieck group of the abelian monoid (under disjoint union) of isomorphism
classes of finite G-sets, with multiplication induced by Cartesian product. We
will denote the isomorphism class of a finite G-set T by rT s.
The Burnside ring (or the abelian monoid of actual finite G-sets inside it)

was first considered by William Burnside (1852—1927) in [Bur11, §180, page
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236], although he did not use the term “ring” for it, nor did he have a symbol
for it. It is discussed as a ring by Dress in [Dre69], where it is denoted by
ΩpGq. Both show that ApGq is additively isomorphic to the free abelian group
generated by the set of isomorphism classes of orbits G{H, i.e., the set of
conjugacy classes of subgroups H � G. Its multiplicative structure can be
determined in the following way; see [Dre69, Lemma 1] for the proof.

Theorem 8.1.4. Detecting the Burnside ring with fixed points. Given
a finite G-set T and a subgroup H � G, let the Burnside mark of H on T

be defined by
xH, T y :� |TH |,

the cardinality of the fixed point set of T under the action of H. Then two
G-sets T1 and T2 are isomorphic iff xH, T1y � xH, T2y for all H. Furthermore,

xH, T1 > T2y � xH, T1y � xH, T2y
and

xH, T1 � T2y � xH, T1yxH, T2y,
so these data determine an injective ring homomorphism ϕ from ApGq to the
ring CpGq (sometimes called the ghost ring) of Z-valued functions on the
set of conjugacy classes of subgroups of G.

The term “ghost” in a context similar to this (when the group is the p-adic
integers or a finite quotient thereof) appears to be due to Witt. It was used
by Lang in connection with Witt vectors in [Lan65].
It is known [tD79, Proposition 1.2.3] that a basis of CpGq is

tϕrG{Hs{|WH |u ,
where ϕ is the ring homomorphism of Theorem 8.1.4, H ranges over the
conjugacy classes of subgroups, and WH is the Weyl group of H, meaning
NH{H where NH is the normalizer of H in G. The group WH acts freely on
the G-set G{H and therefore on its fixed point set pG{HqK for any subgroups
K � G. It follows that ϕrG{Hs is divisible by |WH |. More algebraic properties
of ApGq are discussed in [tD79, §1].
The term mark above was used by Burnside in [Bur11, §180]. The notation

is due to [Dre69]. The following was observed by Burnside. Suppose that G
has s conjugacy classes of subgroups and that

tG1, G2, . . . , Gsu
is a collection of subgroups representing each conjugacy class. Suppose further
that they are chosen so that

|G1| ¤ |G2| ¤ � � � ¤ |Gs|
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(there could be more than one way to do this), so G1 � e and Gs � G. Let
mj
i � xGi, G{Gjy � |pG{GjqGi |.

Proposition 8.1.5. Burnside’s table of marks. The integers mj
i defined

above satisfy the following.

(i) m1
1 � |G| and mi

i ¡ 0 for i ¡ 0.
(ii) ms

i � 1 for 1 ¤ i ¤ s.
(iii) mj

i � 0 for i ¡ j.

Proof For the first statement, mi
i � |pG{GiqGi | by definition and Gi fixes

the coset of the identity element. In the case i � 1, we have the trivial group
acting on G itself. For the second statement, ms

i � |pG{GqGi |. For the third
statement, the condition i ¡ j means that Gi is not conjugate to any subgroup
of Gj and therefore acts without fixed points on the set G{Gj .
It follows that the integers mj

i form a lower triangular matrix with nonzero
determinant. Since an arbitrary finite G-set X has the form

X �
º

1¤j¤s

º
aj

G{Gj ,

the integers aj ¥ 0 are determined by the marks

xGi, Xy �
¸

1¤j¤s

ajm
j
i .

Thus Burnside proved that the ring homomorphism ϕ of Theorem 8.1.4 is
injective. He stated this as [Bur11, §181, Theorem I].

Example 8.1.6. The Burnside ring for the symmetric group S3. We
apply Theorem 8.1.4 to the case G � S3, the symmetric group on three let-
ters. The following table shows the values of the Burnside marks. Each row
corresponds to a subgroup H, and each column corresponds to a G-set T .

G{e G{C2 G{C3 G{G pG{C2q2 G{C2 �G{C3 pG{C3q2

e 6 3 2 1 9 6 4
C2 0 1 0 1 1 0 0
C3 0 0 2 1 0 0 4
S3 0 0 0 1 0 0 0

The left half of the above is the transpose of Burnside’s table of marks for
S3. Hence Burnside’s lower triangular matrix is����

6 0 0 0

3 1 0 0

2 0 2 0

1 1 1 1

���� .
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Note that the row vector corresponding to G{H is divisible by the order of the
Weyl group |WH |.

From the right half of the table above we learn that in ApGq
rG{C2s2 � rG{C2s � rG{es,

rG{C2s � rG{C3s � rG{es
and rG{C3s2 � 2rG{C3s.

Burnside did a similar calculation with the alternating group G � A4 (which
has subgroups of orders 1, 2, 3, 4 and 12, that of order 4 being isomorphic to
C2

2) in [Bur11, page 241]. The resulting matrix is������
12 0 0 0 0

6 2 0 0 0

4 0 1 0 0

3 3 0 3 0

1 1 1 1 1

������ ,
from which he deduced that in ApGq

rG{G2s2 � 2rG{G2s � 2rG{G1s, rG{G3s2 � rG{G3s � rG{G1s,
rG{G4s2 � 3rG{G4s, rG{G2srG{G3s � 2rG{G1s,

rG{G2srG{G4s � 3rG{G2s, and rG{G3srG{G4s � rG{G1s.
Here Gi denotes the subgroup (unique up to conjugacy) of order i.

More generally for n ¥ 4, we claim

rSn{Sn�1s2 � rSn{Sn�1s � rSn{Sn�2s
and rAn{An�1s2 � rAn{An�1s � rAn{An�2s.

Note that Sn{Sn�1 is a set with n elements being permuted by Sn and there is
a diagonal embedding Sn{Sn�1 Ñ pSn{Sn�1q2. The complement of its image
is the Sn-set

tpi, jq : 1 ¤ i, j ¤ n, i � ju ,
which is Sn{Sn�2. The same goes for An.

Example 8.1.7. The Burnside ring for the quaternion group Q8. We
will denote the elements of this group by �1, �i, �j and �k, and one has

i2 � j2 � k2 � ijk � �1.
It has a subgroup of order 2, C2 � t�1u. The elements i, j and k generate
cyclic subgroups of order 4 which we denote by Hi, Hj, Hk. They are not
conjugate to each other. The following table indicates Burnside’s marks on
the six orbits.
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G{e G{C2 G{Hi G{Hj G{Hk G{G
e 8 4 2 2 2 1
C2 0 4 2 2 2 1
Hi 0 0 2 0 0 1
Hj 0 0 0 2 0 1
Hk 0 0 0 0 2 1
G 0 0 0 0 0 1

In the commutative ring ApGq, let x � rG{es, y � rG{C2s, zi � rG{His,
zj � rG{Hjs and zk � rG{Hks. The unit is rG{Gs. From the above we can
deduce the following multiplication table for ApGq.

x y zi zj zk

x 8x 4x 2x 2x 2x

y 4y 2y 2y 2y

zi 2zi y y

zj 2zj y

zk 2zk

Definition 8.1.8. Some subgroups of a general finite group G. For
subgroups H1 and H2 and elements γ1 and γ2 of a group G, let

Hγi
i :� γiHiγ

�1
i and Lγ1,γ2 :� Hγ1

1 XHγ2
2 .

Proposition 8.1.9. Isotropy subgroups in G{H1 �G{H2. With notation
as in Definition 8.1.8, the isotropy subgroup (as in Definition 2.1.29(iv)) of
G{H1 �G{H2 at pγ1H1, γ2H2q is Lγ1,γ2 .

Theorem 8.1.10. The product of two orbits. Given two subgroups H1

and H2 of G,

rG{H1srG{H2s �
¸

γ1H1PG{H1
γ2H2PG{H2

rG{Lγ1,γ2s
|G{Lγ1,γ2 | �

¸
H2γH1PH2zG{H1

rG{Le,γs.

in ApGq, with Lγ1,γ2 as in Definition 8.1.8.

Note that the first sum in Theorem 8.1.10 appears to lie in ApGq bQ. We
will see in the proof that it actually lies in ApGq itself.
Proof The first sum in the statement is over the points of G{H1 � G{H2,
and each term can be regarded formally as a fraction of a G-set. If two points
pγ1H1, γ2H2q and pγ11H1, γ

1
2H2q are in the same G-orbit, then their isotropy

subgroups Lγ1,γ2 and Lγ11,γ12 are conjugate in G, so the corresponding terms
in the sum are the same in ApGq b Q. If we sum over all |G{Lγ1,γ2 | points
in that orbit, we get G{Lγ1,γ2 . Summing over all orbits gives us the claimed
value of rG{H1srG{H2s.
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The second sum is over the points of the set of double cosets H2zG{H1.
Conjugating the subgroup Lγ1,γ2 by γ�1

1 gives

γ�1
1 Lγ1,γ2γ1 � γ�1

1 pHγ1
1 XHγ2

2 qγ1 � H1 XH
γ�1
1 γ2

2 � Le,γ
�1
1 γ2 ,

so rG{Lγ1,γ2s � rLe,γ�1
1 γ2s.

To show the two sums are equal, we will use the fact that

|H2γH1| � |H1||H2|
|Le,γ |

to rewrite the second sum as one over the elements of G. We have¸
H2γH1PH2zG{H1

rG{Le,γs �
¸
γPG

rG{Le,γs
|H2γH1| �

¸
γPG

rG{Le,γs|G|
|H2||H1||G{Le,γ |

�
¸

γ1,γ2PG

rG{Lγ1,γ2s
|H2||H1||G{Lγ1,γ2 |

�
¸

γ1H1PG{H1
γ2H2PG{H2

rG{Lγ1,γ2s
|G{Lγ1,γ2 | .

Corollary 8.1.11. The product of cosets normal subgroups. For nor-
mal subgroups H1 and H2 of a finite group G with L � H1 XH2,

G{H1 �G{H2 �
º
|G||L|

|H1||H2|

G{L

as G-sets. In particular this is the case for all H1 and H2 when G is abelian.

Proof For normal subgroups Hi, each subgroup Lγ1,γ2 is L, so the result is
a special case of Theorem 8.1.10.

We also need to describe the G-set pG{KqG{H , the set of nonequivariant
maps G{H Ñ G{K. It contains an orbit of constant functions isomorphic to
G{K.
Its fixed point set under the action of G is the set of equivariant maps,�

pG{KqG{H
	G

� pG{KqH ,
which is empty unless H is congruent to a subgroup of K.

8.2 Mackey functors

Mackey functors play the role in equivariant stable homotopy theory that
abelian groups play in ordinary stable homotopy theory as coefficients for
various functors. A spectrum has homotopy groups and ordinary homology
with coefficients in abelian groups. The analogs for G-spectra are homotopy
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Mackey functors and ordinary homology with Mackey functor coefficients. In
this section we will define Mackey functors in a purely algebraic way. We will
explain their use in equivariant stable homotopy theory in §9.4B below.

8.2A Motivating the definition of a Mackey functor
AMackey functorM (we will almost always use underlines) is a functor FG Ñ
Ab (finite G-sets to abelian groups) which is additive in the sense of converting
disjoint unions to direct sums, and has certain additional properties. Since
every finite G-set decomposes uniquely as a disjoint union of orbits of the
form G{H, the additivity of M implies that it is determined by its values
on such orbits. Before giving the formal definition, which is originally due to
Dress [Dre73], we give a motivating example, possibly the original one.
LetROpGq be the orthogonal representation ring ofG. This is the Grothedieck

group of the abelian monoid (under direct sum) of isomorphism classes of fi-
nite dimensional orthogonal representations V of G. It has a multiplication
induced by tensor product. This ring is very well understood. Serre’s book
[Ser67] is an excellent introduction, but the reader unfamiliar with this
topic would profit greatly from working out the structure of ROpGq
for some small groups G with minimal assistance.
It is known that the number of isomorphism classes of irreducible real repre-

sentations of G has the following description. Take the set of conjugacy classes
of elements in G. It has an involution sending the class of an element γ to
that of γ�1. Then the number of orbits under this involution is the number of
real irreducible representations. Similarly, the number of complex irreducible
representations is the number of conjugacy classes of elements. In both cases
there is however no natural bijection between irreducible representa-
tions and conjugacy classes or orbits thereof.

Example 8.2.1. Real orthogonal representations of some small groups.

(i) Let G � S3, the symmetric group on three letters. It has three conjugacy
classes of elements, namely those of elements of orders 1, 2 and 3. The
involution acts trivially on this set. Each element of order 1 or 2 is equal
to its own inverse. The two elements or order 3 are inverse to each other
but also conjugate to each other.

There are three irreducible real representations: the trivial and sign rep-
resentations, each having degree 1, and the 2-dimensional representation
obtained by letting the group act on the vertices of an equilateral triangle.
The three three irreducible complex representations are obtained by tensor-
ing each of the reral ones with the complex numbers.

(ii) Let G � C4 with generator γ. Since G is abelian, each conjugacy class
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consists of a single element. There are four irreducible complex represen-
tations, each having degree 1. The eigenvalue of γ can be any fourth root
of unity.

The involution acts nontrivially on the ste of conjugacy classes, sending
γ to γ�1 � γ3, which is in a different conjugacy class. Thus the number of
irreducible real representations is three rather than four. They are the trivial
and sign representations, each having degree 1, and a 2-dimensional repre-
sentation in which the plane gets rotated by π{2. Complexifying the latter
gives the direct sum of the two representations with imaginary eigenvalues.

(iii) Let G � C8 with generator γ. The conjugacy classes fall into five orbits
under the involution, namely

teu ,  
γ, γ�1

(
,

 
γ2, γ�2

(
,

 
γ3, γ�3

(
and

 
γ4
(
.

The five irreducible real representations are the trivial and sign represen-
tations, each having degree 1, and three 2-dimensional representations in
which γ rotates the plane through angles of π{2, π{4 and 3π{4. The last
two have 2-locally equivalent representation spheres, which makes
them effectively isomorphic to each other for the purposes of any 2-local
calculation, such as the ones needed to study the Kervaire invariant.

For each subgroup H � G, we have a forgetful or restriction map

ResGH : ROpGq Ñ ROpHq
obtained by restricting the action of G to an H-action. There is also a map
TrGH : ROpHq Ñ ROpGq called the transfer map or induction defined as
follows. An orthogonal representation W of H is the same thing as a module
over the real group ring RrHs. This means that

TrGHW :� RrGs bRrHsW �: IndGHW (8.2.2)

(as in Example 2.5.8(iv)) is an RrGs-module and hence a representation of
G called the induced representation of W . As a representation of H is it
the direct sum of |G{H| copies of V , and elements in G outside of H permute
the summands, each of which is invariant under H. Its dimension as a vector
space is |G{H| times that of W since RrGs is a RrHs-module of rank |G{H|,
and in ROpHq we have

ResGHTrGHpW q � |G{H|W.
Alternatively, let C and D be the one object categories associated with H and
G with inclusion functor K : C Ñ D as in Example 2.5.8(iv). Then TrGHpW q
is a Kan extension of the functor W to the category of real vector spaces.
We can define a Mackey functor RO : FG Ñ Ab (or ROpGq) by setting

ROpG{Hq :� ROpHq (regarded as an abelian group) and using additivity to
define it on an arbitrary finite G-set. Alternatively, for a finite G-set T , ROpT q
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is the Grothendieck group of the semiring (under pointwise direct sum and
tensor product) of functors to the category of finite dimensional orthogonal
real vector spaces from BTG, the groupoid whose objects are the elements of
T with morphisms defined by the action of G.
Two comments are in order:

(i) For subgroups K � H � G we have maps

ResHK : ROpG{Hq Ñ ROpG{Kq and TrHK : ROpG{Kq Ñ ROpG{Hq

(restriction and transfer, sometimes called induction) with suitable
properties. This will be a feature of Mackey functors in general. In the
category FG one has a morphism in just one direction, from G{K to G{H.
This suggests that a Mackey functorM consists of two functors from FG
to Ab, one covariant and one contravariant, having the same behavior on
objects.

(ii) The functor RO actually takes values in commutative rings. A ring valued
Mackey functor satisfying certain conditions is called a Green functor;
see [TW95]. The restriction map ResHK is a ring homomorphism and the
transfer satisfies the Frobenius relation

TrHKpResHKpaqbq � apTrHKpbqq for a P ROpHq and b P ROpKq.

8.2B Two equivalent definitions of Mackey functors
Definition 8.2.3. A Mackey functor M for a finite group G (or G-
Mackey functor) is a pair of functors

M� : FG Ñ Ab and M� : pFGqop Ñ Ab

that agree on objects, convert finite disjoint unions to direct sums, and such
that for every pullback diagram in FG,

R
α //

β

��

S

γ

��
T

δ
// U,

we have M�pγqM�pδq �M�pαqM�pβq. For a G-set T we define

MpT q :�M�pT q �M�pT q.
For subgroups K � H � G with projection p : G{K Ñ G{H, the restriction
map is ResHK � M�ppq and the transfer map is TrHK � M�ppq. We denote
the category of Mackey functors and natural transformations by MG.
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We will sometimes refer to the maps ResHK and TrHK as the fixed point
restriction and transfer maps to distinguish them from the group action
restriction and transfer maps of Definition 9.4.19 below.
The category of Mackey functors MG is abelian with kernels and cokernels

defined objectwise.
There is an equivalent and more elegant definition due to Lindner [Lin76]

of a Mackey functor as a single Ab-valued functor on a different category
having the same objects as FG, which we now define.

Definition 8.2.4. The Lindner category B
�
G for a finite group G has finite

G-sets as objects. For G-sets X and Y , morphisms X Ñ Y are equivalence
classes of pushout diagrams (also known as spans) of the form

X Ð U Ñ Y

in FG, where two such diagrams are equivalent if they are related by an
isomorphism on the middle objects. The morphism set BGpX,Y q is the abelian
monoid under disjoint union of middle objects with the zero morphism being
the class of the diagram with U empty.

Given a second such diagram Y Ð V Ñ Z representing a morphism Y Ñ Z,
the composite morphism X Ñ Z is represented by X ÐW Ñ Z coming from
the diagram

W

  B
BB

BB

~~||
||
|

U

  A
AA

AA

��~~
~~
~

V

  @
@@

@@

~~}}
}}
}

X Y Z,

where the square is a pullback diagram, meaning that W � U �
Y
V .

The Burnside category BG has the same objects as B
�
G, and the mor-

phism set BGpX,Y q is the Grothendieck group of the abelian monoid B
�
GpX,Y q

with composition induced by that in B
�
G.

The idea of passing from B
�
G to BG is due to Lewis [Lew80]. Note that BG

is self dual (BG � B
op
G ) since interchanging source and target does not alter

the morphism set. For a discussion of a closely related object, the effective
Burnside 8-category, in which morphisms are spans rather than equivalence
classes thereof, see [Bar17].
Definition 8.2.3 is easily shown to be equivalent to the following.

Definition 8.2.5. A Mackey functor M for a finite group G is an additive
functor B

�
G Ñ Ab, meaning a functor of categories enriched over abelian

monoids which converts disjoint unions to direct sums. Equivalently it is an
additive functor BG Ñ Ab, meaning a functor of categories enriched over
abelian groups with the same property.
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To see the equivalence between Definition 8.2.5 and Definition 8.2.3, let
α : X Ñ Y be a map of G-sets. Then the morphisms M�pαq and M�pαq
in Definition 8.2.3 correspond to the values in Definition 8.2.5 of M on the
morphisms represented by the diagrams X � X Ñ Y and Y Ð X � X

respectively. An arbitrary morphism X Ð U Ñ Y in BG can be written as
the composite of two morphisms of this type with the diagram

U

::
::
::

::

��
��

��
��

U

::
::
::

::

����
��

U

��:
::

:

��
��

��
��

X U Y.

8.2C Examples of Mackey functors
Definition 8.2.6. The constant Mackey functor Z is the functor rep-
resented on the category of finite G-sets by the abelian group Z with trivial
G-action. Equivalently it is the fixed point Mackey functor (Definition 8.2.8)
for the ZrGs-module Z with trivial G-action. The value of Z on a finite G-set
B is the group of functions

ZpBq � homGpB,Zq � hompB{G,Zq.
The restriction maps are given by precomposition, and the transfer maps by
summing over the fibers. For K � H � G, the transfer map associated by Z

to
G{K Ñ G{H

is the map ZÑ Z given by multiplication by the index of K in H.

Definition 8.2.7. The Burnside Mackey functor A (or ApGq) for a group
G is given by letting ApSq be the Grothendieck group of the abelian monoid
(under disjoint union) of isomorphism classes of finite G-sets over S, meaning
G-sets equipped with a map to S. A map α : S Ñ T of G-sets induces a map
α� : ApSq Ñ ApT q by composition and α� : ApT q Ñ ApSq by pullback.
Equivalently, ApSq is the abelian group BGpG{G,Sq.

There is an augmentation map ε : AÑ Z which sends the isomorphism
class of a virtual G-set over G{H to the element in ZpG{Hq � Z correspond-
ing to its cardinality. We denote its kernel by I, the augmentation ideal
Mackey functor.

The free Mackey functor AS on a finite G-set T is given by

ASpT q :� ApS � T q.
A similar definition of MS for a general Mackey functor M will be given

below in Definition 8.2.9.
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More information on A can be found in [Gre92]. There it is shown that for
each finite G-set S, AS is a projective object in the abelian category MG, and
that the latter has enough projective s. The group ApXq is a ring under fiber
product over X. The ring ApG{Hq is isomorphic to the Burnside ring ApHq of
Definition 8.1.3, where the H-set corresponding to X Ñ G{H is the preimage
of the coset of the identity element.

Definition 8.2.8. Let M be a module over the group ring ZrGs. The associ-
ated fixed point Mackey functor M is given by

MpG{Hq �MH :� HomZrHspZ,Mq,
the abelian subgroup of M fixed by H. For K � H � G, the restriction map
ResHK is the restriction map of fixed point sets. The transfer map on x PMK

is
TrHKpxq �

¸
γKPH{K

γKpxq,

where γKpxq is well defined since x is fixed by K. We denote by FP the
resulting functor to MG from the category ModZrGs of ZrGs-modules given by
M ÞÑM .

Dually, the associated fixed quotient Mackey functor xM is given byxMpG{Hq �MH :� ZbZrHsM,

the quotient of M by the action of H. For K � H � G, the transfer map TrHK
is the surjection MK ÑMH . The restriction map on an orbit Hx is

ResHKpHxq �
¸

γKPH{K

Kpγxq,

We denote by FQ the resulting functor ModZrGs ÑMG given by M ÞÑ xM .

In contrast to the Burnside Mackey functor, the restriction maps of M
above are all one to one, but transfer maps need not be onto.
The functors FP and FQ above are known (see [TW90, 6.1]) to be the

right and left adjoints respectively of the functor MG Ñ ModZrGs given by
M ÞÑ MpG{eq. They are not exact. In particular for M � ZrGs itself, M is
not projective because its restriction maps are not onto, but they are known
to be onto for all projective Mackey functors.

Definition 8.2.9. Mackey functor induction, restriction and precom-
position. For groups H � G and an H-Mackey functor M , the induced
G-Mackey functor ÒGH M is given by

pÒGH MqpT q �MpiGHT q
for each finite G-set T , where iGH denotes the forgetful functor from G-sets to
H-sets.
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For a G-Mackey functor N , the restricted H-Mackey functor ÓGHN is
given by

pÓGHNqpSq � NpG�
H
Sq

for each finite H-set S.
For a G-Mackey functor M and a finite G-set S, the precomposite

Mackey functor MS is given by

MSpT q �MpS � T q
for each finite G-set T . In particular, MG{H �ÒGH ÓGHM .

This notation for induction and restriction is due to Thévenaz-Webb [TW95].
They put the decorated arrow on the right, denoting G�

H
S by S ÒGH and iGHT

by TÓGH . These two functors relating MG and MH are both left and right
adjoints of each other, and they are both exact. The precomposite functor
MS is so named because it is the composition

BG
S�� // BG

M // Ab

The special where M is the Burnside Mackey functor A is the free Mackey
functor AS of Definition 8.2.7.

Example 8.2.10. The precomposite Mackey functor MG{e. From Def-
inition 8.2.9 we have for an arbitrary Mackey functor M and S � G{e,

MG{epG{Hq �MpG{e�G{Hq � à
G{M

MpG{eq

� ZrG{Hs bMpG{eq
�MpG{eq b ZrGspG{Hq,

so MG{e �MpG{eq b ZrGs.
Definition 8.2.11. Suppose that S is a finite G-set, and write ZtSu for the
free abelian group generated by S. The permutation Mackey functor ZtSu
is given by

ZtSupBq � homGpB,ZtSuq,
with restriction maps are given by precomposition and transfer maps by sum-
ming over the fibers. Equivalently it is the fixed point Mackey functor (Defi-
nition 8.2.8) for ZtSu with ZrGs-module structure induced by the action of G
on S.

The permutation Mackey functor ZtSu is naturally isomorphic to the Mackey
functor π0HZb S�, where the Eilenberg-MacLane spectrum HZ will be de-
fined below in Theorem 9.1.47. It is also related to the Eilenberg-MacLane
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space KpZ, nq of Theorem 8.8.4 by ZtSu � πnKpZ, nqbS�. To see the former
note that restricting to underlying non-equivariant spectra gives a map

π0HZb S�pBq � rB�,HZb S�sG Ñ rB�,HZb S�s,
whose image lies in the G-invariant part. Since

rB�,HZb S�s � hompB,ZtSuq
this gives a natural transformation

π0HZ^ S� Ñ ZtSu.
Since both sides take filtered colimits in S to filtered colimits, to check that
it is an isomorphism, it suffices to do so when S is finite. In that case we can
use the self duality of finite G-sets to compute

rB�,HZ� SsG � rpB � Sq�,HZsG,
and then observe that by definition of the constant Mackey functor Z, the
forgetful map

rpB � Sq�,HZsG Ñ rpB � Sq�,HZs
is an isomorphism with the G-invariant part of the target. The claim then
follows from the compatibility of equivariant Spanier-Whitehead duality with
the restriction functor to non-equivariant spectra.
The properties of permutation Mackey functors listed in the Lemma below

follow immediately from the definition. They will be used in §11.3 to establish
some of our basic tools for investigating the slice tower. To formulate part (ii),
note that every G-set B receives a functorial map from a free G-set, namely
G � B, and the group of equivariant automorphisms of G � B over B is
canonically isomorphic to G. For instance, one can give G�B the product of
the left action on G and the trivial action on B, and take the map G�B Ñ B

to be the original action mapping. With this choice the automorphisms G�B
over B are of the form pg, bq ÞÑ pg γ, γ�1bq with γ P G.
Lemma 8.2.12. Let M be a permutation Mackey functor and B finite G-set.

(i) If B1 Ñ B is a surjective map of finite G-sets, then

MpBq ÑMpB1qÑMpB1 �
B
B1q

is an equalizer.
(ii) Restriction along the action map G�B Ñ B gives an isomorphism

MpBq ÑMpG�BqG.
(iii) The restriction mapping MpG{Hq ÑMpGq gives an isomorphism

MpG{Hq ÑMpGqH

of MpG{Hq with the H-invariant part of MpGq.
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(iv) A map M ÑM 1 of permutation Mackey functors is an isomorphism if and
only if MpG{eq ÑM 1pG{eq is an isomorphism.

8.2D Lewis diagrams
When G is a finite cyclic 2-group, the main case of interest in this book, it
has a linearly ordered sequence of subgroups. When a subgroup of such a
G appears as an index, we will often replace it by its order. We can
specify Mackey functors M for the group C2, M 1 for C4 and M2 for C8 by
means of Lewis diagrams (first introduced in [Lew88]),

MpC2{C2q
Res21

��
MpC2{eq

Tr21

UU
, M 1pC4{C4q

Res42 ��
M 1pC4{C2q
Res21 ��

Tr42

UU

M 1pC4{eq
Tr21

UU

and M2pC8{C8q
Res84 ��
M2pC8{C4q
Res42 ��

Tr84

UU

M2pC8{C2q
Res21 ��

Tr42

UU

M2pC8{eq.
Tr21

UU

(8.2.13)

We omit Lewis’ looped arrow indicating the Weyl group action on MpG{Hq
for proper subgroups H. This notation is prohibitively cumbersome in spec-
tral sequence charts, so we will abbreviate specific examples by more concise
symbols. Table 8.1 indicates some for the case G � C2. Admittedly some
of them are arbitrary and take some getting used to, but we have to
start somewhere. Lewis denotes the fixed point Mackey functor for a ZG-
module M by RpMq. He abbreviates RpZqand RpZ�q by R and R� . He also
defines (with similar abbreviations) the orbit group or fixed quotient Mackey
functor (see Definition 8.2.8) LpMq by

LpMqpG{Hq �MH .

In this case each transfer map is the surjection of the orbit space for a smaller
subgroup onto that of a larger one. The functors L and R are the left and
right adjoints of the forgetful functor M ÞÑMpG{eq from Mackey functors to
ZrGs-modules. In particular his R is the functor FQ of Definition 8.2.8.

8.2E The box product of Mackey functors
We now describe a closed symmetric monoidal structure on the category MG

of G-Mackey functors. We will make use of the Day convolution of Defini-
tion 3.3.2. The Burnside category BG (Definition 8.2.4) is symmetric monoi-
dal under cartesian product, with the unit object being G{G. We will make
use of the tensor product structure on the category Ab of abelian groups, for
which the unit object is Z.
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Table 8.1 Some C2-Mackey functors
Symbol l l  9l pl
Lewis
diagram

Z

1 ��
Z

2

XX 0

��
Z�

XX Z{2

��
0

UU Z

2 ��
Z

1

XX Z{2

0
��
Z�

1

UU Z

∆ ��
ZrC2s

∇

XX

Lewis
symbol

R R� xZ{2y L L� RpZ2q

Symbol A I

Lewis
diagram

ApC2q

ε
��
Z

rC2{es

UU Z

��
0

XX

Description Burnside Mackey functor of
Definition 8.2.7

Augmentation ideal, the ker-
nel of ε : A Ñ l

Definition 8.2.14. For a finite group G the box product M l N of two
G-Mackey functors M and N is the left Kan extension (see §2.5)

BG �BG
M�N //

�
((RR

RRR
RRR

RRR
RRR

Ab�Ab b // Ab

BG

M lN

77oooooo

The coend formula (2.5.11) for a left Kan extension implies that for a finite
G-set X,

pM l NqpXq �
»

BG�BG

BGpY � Z,Xq bMpY q bNpZq.

the Day Convolution Theorem 3.3.5 implies that the box product defines a
closed symmetric monoidal structure on MG in which the unit is the Burnside
Mackey functor A of Definition 8.2.7, which is also the Yoneda functor HG{G

of Yoneda Lemma 2.2.10.
Finding an explicit description of the box product for a given

group G is not easy. For the case G � Cp, see [Maz15, Definition 2.3].

8.3 Some formal properties of G-spaces

Recall from Definition 3.1.59 that T opG and T opG denote the categories of G-
spaces with all continuous maps and with equivariant maps respectively. Their
pointed analogs are denoted by TG and T G. In a pointed G-space the base
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point is fixed byG. Each category is symmetric monoidal as in Definition 2.6.1,
but only T opG and T G are bicomplete as in Definition 2.3.25. Since maps in
T opG and TG are not required to be equivariant, there are no natural group
actions on limits or colimits.

Remark 8.3.1. The space underlying a G-space. There are forgetful
functors

T opG Ñ T opG Ñ T op and T G Ñ TG Ñ T .

We will refer to the image of each as the underlying space. We will some-
times say that a G-space is underlain by its image in T op or T .

Definition 8.3.2. A free pointed G-space is pointed G-space in which the
action a free away from the base point.

Recall that T op and T are both closed symmetric monoidal, meaning they
have internal Hom functors and are thus enriched over themselves. The same
is true in the equivariant case, but we need to be more careful. As explained in
Definition 3.1.59, morphism objects in T opG have group actions and equivari-
ant composition morphisms, but those in T opG do not. This means that T opG
is enriched over T opG, and therefore over itself since T opG is a subcategory of
T opG. Hence it is closed symmetric monoidal. As we saw in Proposition 3.1.64
T opG has an internal Hom functor, T opGp�,�q that differs from its categori-
cal Hom functor T opGp�,�q, so it is also closed symmetric monoidal. Similar
remarks apply to the pointed analogs TG and T G.
T opG and T G are also the categories of functors to T op and T from the

one object category BG of Definition 2.1.31. Such functor categories were dis-
cussed in Example 2.9.8, and we will discuss the corresponding norm induction
functor in Definition 8.3.23. They were also discussed in the context of model
categories in §5.4. We will use that perspective below in §8.6.

8.3A Orbit spaces, homotopy orbit spaces, fixed point sets
and homotopy fixed point sets

We introduced these in Example 5.8.5(i) in connection with homotopy lim-
its and colimits. Their importance in what follows warrants redefining them
formally. First we need the following.

Definition 8.3.3. The classifying space BG of a group G and the
contractible free G-space EG. The former is the geometric realization of
the nerve of the one object category BG as in Definition 3.4.12, and the latter
is the same for the category BGÓ� of Definition 2.1.51, where � denotes the
single object of BG.
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Definition 8.3.3 requires some unpacking. An n-simplex in the nerve NpBGq
is a diagram in BG of the form

� γ1 // � γ2 // � � � γn // � with γi P G. (8.3.4)

Hence the set of such simplices is the n-fold Cartesian product Gn. In par-
ticular is has a single vertex and an edge for each element in G. Hence the
geometric realization

BG � |NpBGq|
is a suitable quotient of the spaceº

n¥0

Gn �∆n.

The k-skeleton of BG is sometimes denoted by BkG. It is the corresponding
quotient of the space º

0¤n¤k

Gn �∆n.

When G is a topological group, the nerve is a simplicial space rather than
a simplicial set, and the topologies of BG and BkG are modifiled accordingly.
Similarly an n-simplex in the nerve NpBGÓ�q is a diagram in BG of the

form

� γ1 // � γ2 // � � � γn // �
γ
���

with γi, γ P G.
(8.3.5)

The set of n-simplices is Gn�1. In particular there is a vertex for each element
of G.
There is a free action of G given by composition with the vertical arrow.

The orbit space is BG, and the map EGÑ BG sends the diagram of (8.3.5)
to that of (8.3.4).
The n-skeleton EnG of EG is the pn� 1q-fold join

G �G � � � � �G,
with diagonal G-action, which is known to be pn� 1q-connected, making EG
itself contractible. This space is a quotient of the space#

pγ0, . . . γn; t0, . . . tnq P Gn�1 � In�1 : 0 ¤ ti ¤ 1,
¸

0¤i¤n

ti � 1

+
(8.3.6)

Two such points are identified if they have the same coordinates in all but the
ith position, and both have ti � 0. In other words, γi can be ignored when
ti � 0.

Example 8.3.7. Some classifying spaces.
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(i) The case G � C2. The pn� 1q-fold join is homeomorphic to Sn with the
antipodal group action, and BnC2 is the n-dimensional real projective space
RPn.

(ii) The case G � S1. Regard the circle group S1 as the mutiplicative group
of complex numbers with modulus 1. The pn�1q-fold join is homeomorphic
to S2n�1, the space of unit vectors in the complex vector space Cn�1.
The group action is by scalar multiplication. It follows that BnS1 is the
n-dimensional complex projective space CPn.

(iii) The case G � Cp for an odd prime p. The pn � 1q-fold join is a
free G-CW complex (to be defined below in Definition 8.4.13) underlain by
a space homotopy equivalent to a wedge of pp � 1qn�1 copies of Sn and
having a complicated orbit space. By embedding Cp in S1 as explained in
Remark 3.4.17, we see that S2n�1 is a free G-space whose orbit space is a
lens space.

(iv) The case G � Opkq, the kth orthogonal group. We recall the de-
scription of BOpkq given by Milnor-Stasheff in [MS74, §5]. They denote
the Grassmannian manifold of real k-planes in Rn�k by GkpRn�kq, and
the Stiefel manifold Opk, n � kq (in the notation we use below in Defini-
tion 8.9.15) of orthonormal k-frames in Rn�k by V Ok pRn�kq. A point in
the latter can be specified by a k � pn � kq real matrix with orthonormal
row vectors. The group Opkq acts freely on it by left multiplication. The
orbit space is GkpRn�kq, with the orbit of a matrix identified with its row
space. The connectivity of V Ok pRn�kq increases with n, so the colimit over
all n is contractible. Hence the classifying space BOpkq can described as
the space of real k-planes in an infinite dimensional Euclidean space.

This is not the space of Definition 8.3.3. The space

EnOpkq � Opkq�pn�1q

can be equivariantly embedded in the Stiefel manifold V Ok pRkpn�1qq by send-
ing a point as in (8.3.6) to the matrix in V Ok pRpn�1qkq in which the pi�1qth
set of k columns is the matrix

?
ti γi. We leave the details to the reader.

Definition 8.3.8. Four spaces associated with a G-space. Let X be a
G-space, that is a T op-valued functor from the one object category BG of
Definition 2.1.31. Then

(i) Its orbit space XG or X{G is the colimit of the functor. Equivalently it is
the quotient of the space X obtained by collapsing each G-orbit to a single
point, that is identifying x with γx for each x P X and γ P G.

(ii) Its homotopy orbit space XhG, also known as the Borel construction,
is the homotopy colimit of the functor. Equivalently it is the space

X �G EG � pX � EGqG,
the orbit space of the product X � EG equipped with the diagonal group
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action. For a pointed G-space X, which is by definition a pointed space with
a G-action fixing the base point, the pointed homotopy orbit space
XhG� is

EG

G
X

which is the orbit space under the diagonal action of the pointed G-space

pEG�Xq{pEG� tx0uq

by (2.6.16), where x0 P X is the base point.
(iii) The fixed point space XG is the limit of the functor. Equivalently it is

the subspace

tx P X : γx � x for each γ P Gu ,

which is the same as T opGp�, Xq, the space of equivariant maps of a point
into X.

(iv) The homotopy fixed point space XhG is the homotopy limit of the
functor. Equivalently it is T opGpEG,Xq, the space of equivariant maps
of a contractible free G-space into X. Varying the choice of EG as in
Remark 3.4.17 does not alter the homotopy type of XhG.

The following two results are exercises for the reader. The former was dis-
cussed in Example 2.3.35(iii).

Proposition 8.3.9. Properties of the orbit and fixed point spaces.
Let ∆ : T Ñ T G be the functor sending a pointed space to the same space
with trivial G-action. Its left and right adjoints send a pointed G-space Y to
its orbit space YG andits fixed point space Y G respectively.

Proposition 8.3.10. Properties of the homotopy orbit and homotopy
fixed point spaces.

(i) The homotopy types of XhG and XhG are independent of the choice of
contractible free G-space EG.

(ii) The map X Ñ � induces a fibration p : XhG Ñ BG in which the preimage
of each point is homeomorphic to X. Thus XhG is a fiber bundle over BG
with fiber X.

We learned the following from Jesper Grodal.

Proposition 8.3.11. The homotopy fixed point space XhG is the
space of sections of the bundle of Proposition 8.3.10(ii).

Proof Consider the map p2 : X � EG Ñ EG. A section s of it is the same
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thing as a map EGÑ X. Consider the diagram

X

��

X � EG
p1oo

p2
++

��

EG
s

mm

��
XG XhGε
oo

p
,,
BG.

s

ll db_]Z

The spaces in the top row have G-actions with orbit spaces shown in the
bottom row. The section s of p2 is determined by its composite with p1. It
induces a section s of p iff p1s is equivariant, making p1s a point in XhG.

The following should be compared with Definition 7.2.30.

Definition 8.3.12. Equivariant homotopy groups and homotopy classes.
For a pointed G-space Y , πH� pY q :� π�pY Hq. Equivalently πHk pY q is the group
of homotopy classes of H-equivariant maps Sk Ñ Y , where H acts trivially
on Sk.

More generally for pointed G-spaces X and Y ,

rX,Y sG � π0T GpX,Y q,
which is the set of equivariant homotopy classes of pointed G-maps from X

to Y . When X � SV for a representation V , we denote this set by πGVX.

Recall that T GpX,Y q is not a G-space.
Proposition 8.3.13. Equivariant maps from a space with trivial G-
action. Let W , X and Y be pointed G-spaces with G acting trivially on W .
Then

T GpW ^X,Y q � T pW, T GpX,Y qq.
In particular when W � Sk with trivial G-action, we have

T GpΣkX,Y q � ΩkT GpX,Y q. (8.3.14)

Proof Since TG is closed symmetric monoidal, we have

TGpW ^X,Y q � TGpW, TGpX,Y qq.
Taking the fixed points of both sides gives

T GpW ^X,Y q � T GpW, TGpX,Y qq
� T pW, TGpX,Y qGq � T pW, T GpX,Y qq,

where the second isomorphism holds by the triviality of the action of G on
W . An equivariant map out of W must land in the fixed point to the target,
which in this case is T GpX,Y q.
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Remark 8.3.15. The Sullivan conjecture. It is known that for a finite
p-group G and a finite nilpotent G-CW complex X, the map XG Ñ XhG

(induced by the map EG Ñ �) is an equivalence after p-adic completion.
This is stated as [May96, Theorem VIII.1.2], where it is attributed to Miller,
Carlsson and Lannes. The term “nilpotent” here has to do with the action
of π1X on its higher homotopy groups. The condition is satisfied when X is
simply connected.

See Proposition 8.6.20 below for another description of these groups.

8.3B Change of group
As in Definition 2.2.25, for each subgroup H � G we have a forgetful functor
iGH (denoted by i�H in [HHR16, §2.2.3]) from T opG (T G) to T opH (T H).

Remark 8.3.16. The forgetful functor iGH is neither faithful nor full.
It is not faithful because one could have two different G-actions on a space
which agree as H-actions. It is not full because there could be maps between
two G-spaces which are H-equivariant but not G-equivariant.

Remark 8.3.17. The forgetful functor and enrichment. Enriched func-
tors as in Definition 3.1.13 are functors between categories enriched over the
symmetric monoidal category V. Thus if we regard T G and T H as categories
enriched over themselves, then the ordinary functor iGH is not enriched. The
same goes for any functor from a T G-category to a T H-category.

On the other hand, iGH is strictly monoidal as in Definition 2.6.20, and hence
lax monoidal as in Definition 2.6.19. Thus Proposition 3.1.21 and Proposi-
tion 3.1.22 give us a way to convert a T G-category into a T H-category.

Definition 8.3.18. The induction functor for G-spaces. For a subgroup
H � G and a (pointed) H-space Y , the induced (pointed) G-space is

G�
H
Y

�
G

H
Y



.

The following is immediate and is the topological analog of part of Defini-
tion 2.2.25.

Proposition 8.3.19. Induction is the left adjoint of restriction. The
functor

G�
H
p� q : T opH Ñ T opG

�
G

H
p� q : T H Ñ T G



is the left adjoint of iGH . This is the first change of group adjunction, or
simply the change of group adjunction.
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We will see in Proposition 8.3.24 that iGH also has a right adjoint known as
coinduction.
For a pointed G-space X and a pointed H-space Y , the analogs of the maps

in (2.2.26) are maps

µGH : G

H
iGHX Ñ X and ψGH : Y Ñ iGHpG


H
Y q. (8.3.20)

given by

µGHpγ ^ xq � γpxq and ψGHpyq � pe^ yq
for y P Y , γ P G and x P X. When X is induced up from a pointed H-space
W , we have an extended action map

µ̂GH : G

H
iGHpG


H
W q � pG�

H
Gq 


H
W Ñ G


H
W (8.3.21)

generalizing (2.2.27). When Y is the restriction of a pointed G-space Z, we
have a lifted coaction map of pointed G-spacesrψGH : Z Ñ G


H
iGHZ (8.3.22)

generalizing (2.2.28), with iGHp rψGHq � ψGH .

Definition 8.3.23. The indexed product and norm functors

p� qG{H : T opH Ñ T opG and NG
H : T H Ñ T G

are special cases of the functor pb� of (2.9.9). For a (pointed) H-space X (Y ),
these are given by

X ÞÑ T opHpG,Xq �
Y ÞÑ T HpG�, Y q

�
,

in which G (G�) is a (pointed) H-space under right multiplication.

The G-space XG{H and the pointed G-space NG
HY are underlain by the

Cartesian and smash products

X |G{H| and Y ^|G{H|

respectively. The action of G permutes the factors of each with the subgroup
H leaving them invariant and acting on each one in the prescribed way.
We saw in Proposition 8.3.19 that iGH has a left adjoint called induction.

Now we will deal with its right adjoint, coinduction, which was described in
the category of sets in Definition 2.2.29.

Proposition 8.3.24. The forgetful functor is a left adjoint: the sec-
ond change of group adjunction. The restriction functors iGHof Defini-
tion 8.3.23 are right adjoints of iGH in their respective categories.
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Proof To identify the right adjoint F of iGH , let X and Y be a G-space and
an H-space respectively. Then we have

T opHpiGHX,Y q � T opGpX,FY q (8.3.25)

If we set X � G, then iGHX is the disjoint union of |G{H| copies of H and
(8.3.25) reads

Y |G{H| � FY

as topological spaces. This means the G-space FY is underlain by the |G{H|-
fold Cartesian power of Y . Since the action of G on itself permutes the |G{H|
copies of H within it, its action on FY permutes its factors. This functor is
the indexed product of (2.9.9) for V � T op. This means that the action of
G permutes the factors of the Cartesian product, each of which is invariant
under and acted upon by the subgroup H.
Similar considerations in the pointed case lead to the norm functor, which

is an indexed smash (rather than Cartesian) power.

We will define a similar functor of spectra below in Definition 9.7.3.
The following G-spaces will be used repeatedly in this book.

Definition 8.3.26. Representation spheres. Let V be a finite dimensional
orthogonal representation of a finite group G, that is a module over RrGs, the
group ring of G over the real numbers. Then its representation sphere SV
the one point compactification of V . Its unit sphere SpV q is the space of
unit vectors in V , the equator of SV . Its unit disk DpV q is the space vectors
of length ¤ 1 in V , the northern hemisphere of SV .

Note that SV is the mapping cone of the map SpV q Ñ �.
Given another such representation V 1, one has SV`V 1 � SV ^ SV

1 , and
SpV ` V 1q � SpV q � SpV 1q, the join of the two unit spheres.

Definition 8.3.27. The regular representation ρG of a finite group G

is RrGs, the real vector space with the set G as a basis, with the group G

acting by left multiplication. The reduced regular representation ρG is
the subspace in which the sum of the coordinates is zero.

Thus we have ρG � 1 � ρG in the orthogonal representation ring ROpGq.
It is known that every nontivial irreducible orthogonal representation of G is
a summand of ρG.
An important example of the norm of Definition 8.3.23 is the following. Let

H � G be a subgroup with an orthogonal representation V . Then classically
one has the induced representation IndGHV of G of (8.2.2).

Proposition 8.3.28. The induced representation as an indexed prod-
uct. Let V be an orthogonal representation of a subgroup H � G. Then IndGHV
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is the indexed product V G{H of Definition 8.3.23. Its one point compactifica-
tion SIndG

HV is the norm NG
HS

V .

Now suppose that in addition we have a subgroup K � H and a pointed
K-space Z. Then we have pointed maps

G

K
iGKX µG

K

''
G

H
pH 


K
iGKXq

G

H
µH
L

// G

H
iGHX

µG
H

// X,
(8.3.29)

with µHL and µGH as in (8.3.20), and

Z
ψH

K //

ψG
K

//

iHKpH 

K
Zq iHKpψ

G
Hq // iGKpG


H
pH 


K
Zqq

iGKpG

K
Zq,

(8.3.30)

with ψGH and ψGK as in (8.3.20).

A similar argument to that of Theorem 8.1.10 gives the following general-
ization from products of finite G-sets induced up from subgroups to products
of similarly constructed (pointed) G-spaces.

Proposition 8.3.31. The (smash) product of (pointed) G-spaces in-
duced up from two subgroups. Let H1 and H2 be subgroups of G, and let
Xi be an Hi-space for both values of i. Using the notation of Definition 8.1.8,
we will also regard Xi as an Hγ

i -space for each γ P G. Then

pG �
H1

X1q � pG �
H2

X2q �
º

γ1H1PG{H1
γ2H2PG{H2

G �
Lγ1,γ2

�
i
H

γ1
1

Lγ1,γ2X1 � i
H

γ2
2

Lγ1,γ2X2

	
|G{Lγ1,γ2 | ,

where iHL for l � H is the forgetful functor from T opH to T opL.
For pointed Hi-space Xi,

pG 

H1

X1q ^ pG 

H2

X2q �
ª

γ1H1PG{H1
γ2H2PG{H2

G 

Lγ1,γ2

�
i
H

γ1
1

Lγ1,γ2X1 ^ i
H

γ2
2

Lγ1,γ2X2

	
|G{Lγ1,γ2 | .

When the subgroups Hi are both normal with L � H1 XH2,

pG �
H1

X1q � pG �
H2

X2q �
º

|G||L|{|H1||H2|

G�
L

�
iH1

L X1 � iH2

L X2

	
,
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and in the pointed case,

pG 

H1

X1q ^ pG 

H2

X2q �
ª

|G||L|{|H1||H2|

G

L

�
iH1

L X1 ^ iH2

L X2

	
.

Proof The pointed and unpointed cases are similar. In the latter for general
subgroups Hi, as in Theorem 8.1.10, the disjoint union on the right is taken
over the points of G{H1 � G{H2 with each term being formally a fraction
of the indicated G-space. If we sum over the |G{Lγ1,γ2 | points in the orbit
of pγ1H1, γ2H2q, the numerators are all the same and the denominator is 1.
Hence the right hand side is actually a disjoint union of G-spaces rather than
fractions thereof, one for each G-orbit of G{H1 �G{H2.

8.4 G-CW complexes

Recall the definition of a CW complex X. For each integer n ¥ 0 there is a
(possibly empty) discrete set Kn of n-cells and a collection of spaces (called
skeleta)

K0 � X0 � X1 � X2 � � � �
with X being their union. For n ¡ 0, Xn is obtained from Xn�1 as a pushout
(see §2.3A)

Kn � Sn�1 fn //

Kn�in
��

Xn�1

��
Kn �Dn // Xn.

(8.4.1)

where in : Sn�1 Ñ Dn is the inclusion of the boundary, and fn is called the
nth attaching map. The image of each of the disks Dn is called an n-cell
in X. A map f : X Ñ Y of CW complexes is cellular if it sends Xn to Y n
for each n.

Remark 8.4.2. The word “cellular.” The above use of the term “cellular”
is different from that of Definition 6.3.1.

Associated with this structure is the cellular chain complex C�pXq in
which the nth chain group CnpXq is the free abelian group generated by the
set Kn. To define its boundary operator, note that

Xn{Xn�1 �
ª
Kn

Sn,

so HnpXn{Xn�1q � CnpXq. From the cofiber sequence

Xn�1{Xn�2 Ñ Xn{Xn�2 Ñ Xn{Xn�1
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we get a short exact sequence of chain complexes of the form

0Ñ Cn�1pXq Ñ C�pXn{Xn�2q Ñ CnpXq Ñ 0

in which the end terms are chain complexes with a single nontrivial chain
group, and Xn{Xn�2 is a CW complex with cells only in dimensions n � 1

and n. The resulting connecting homomorphism CnpXq Ñ Cn�1pXq, which
is induced by the map Xn{Xn�1 Ñ ΣXn�1{Xn�2, is the boundary operator
in C�pXq.
As explained in Example 4.8.20, a CW complex is an I-cell complex in T ,

for

I � tin� : n ¥ 0u where in� is the map Sn�1
� � BDn

� Ñ Dn
�,

in which cells are attached in order according to their diemnsions. In the
equivariant setting we need to replace I by

IG �
"
pG�

H
inq� : n ¥ 0, H � G

*
. (8.4.3)

Definition 8.4.4. A G-CW complex [Bre67] is a CW complex as above in
which each set Kn and each space Xn�1 has a G-action and each attaching
map fn is equivariant. The action of G on Sn�1 and Dn in (8.4.10) is trivial.
The diagram of (8.4.10) is a pushout in T opG, and Xn gets a G-action from
those on the other three spaces.

Equivalently it is an IG-cell complex as in Definition 4.8.18 in which cells
are attached in dimensional order.

Thus a G-CW complex is an ordinary CW complex equipped with a cellular
G-action of a particular form, one that can be described in terms of permuting
cells in each dimension. Since each of the G-sets Kn is a disjoint union of sets
of the form G{H for some subgroup H (defined up to conjugacy), we refer to
the images of each G{H �Dn as an n-dimensional G-cell.

Definition 8.4.5. Types of G-cells. We says that a G-cell of the form
G{H � Dn in a G-CW complex is moving if H � G is a proper subgroup,
stationary if H � G, free if H is trivial, and bound if H is nontrivial.

Example 8.4.6. A CW complex with cellular G-action that is not
a G-CW complex. Let V be a nontrivial finite dimensional representation
of G and consider the space SV , the one point compactification of V . The
underlying space S|V | can be described as an ordinary CW complex with a
single 0-cell and a single |V |-cell with constant attaching map. The 0-cell is
fixed by the G-action, but the action on the |V |-cell, the image of the unit disk
of V , is nontrivial. The self map of SV induced by each element of the group
is cellular since the 0-skeleton is fixed. However this action is not determined
by the (necessarily trivial) action on the singleton sets K0 and K|V |, so this
CW complex with G-action is not a G-CW complex.
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If X is an ordinary CW complex with cellular G-action as in the previous
example, there is always a way to convert it to a G-CW complex by altering
the cellular structure. If it is a simplicial complex with a simplicial G-action,
barycentric subdivision will do the job, as is illustrated in Example 8.5.4
below.
The following is an exercise for the reader.

Proposition 8.4.7. Representation spheres for cyclic p-groups. Let
G � Cp` for a prime p and positive integer `, and let Gi � G denote the
subgroup of index pi. For brevity we will denote G{Gi (which is cyclic of order
pi) by Gi. The action of G on a G-space X induces an action of Gi on the
fixed point set XGi .

(i) Let V be a nontrivial representation of G, and let SV denote its one point
compactification. Then we have fixed point sets

SV
G � SV

G1 � SV
G2 � � � � � SV .

(Note here that for H � G, pSV qH � SpV
Hq.) Since the action of G on

SV
G is trivial, we can form it by attaching a single |V G|-cell to a point. In

particular, if V G � 0, SV G � S0 is obtained by attaching a single 0-cell to
a point. We can obtain SV

Gi

from SV
Gpi�1q

by attaching a single G-cell of
the form Gi �Dm for each m with |V Gpi�1q |   m ¤ |V Gi |.

(ii) Recall the regular and reduced regular representations of a finite group H

of Definition 8.3.27. Then for each n ¡ 0, we have

pSnρGqGi � SnρGi and
�
SnρG

�Gi

� SnρGi .

Hence K :� SnρG has a G-CW structure with a single G-cell in each
dimension up to npp`�1q as described in (i). More explicitly, K has skeleta
Ki and a diagram of cofiber sequences

S0 K0 // K1 //

��

K2 //

��

K3 //

��

� � � // Knpp`�1q

��

SnρG

L1 L2 L3 Lnpp`�1q,

(8.4.8)

where for 1 ¤ i ¤ `,

Lj � G 

Gi
Sj for nppi�1 � 1q   j ¤ nppi � 1q.

The action of Gi on Sj is trivial, and Lj is a wedge of pi copies of Sj that are
cyclically permuted by the action of G. It follows that T GpLj , Xq � ΩjXGi

for a pointed G-space X. The action of G on ΩjX induces an action of Gi
on this fixed point set, but we are ignoring it and treating ΩjXGi as an
ordinary pointed space.
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We will use (8.4.17) below to prove Theorem 8.9.34 for G � Cp` .
A different cell structure on SρG will be given below in Example 8.5.17.
The following is due to Bredon [Bre67]. It generalizes Burnside’s statement

(Theorem 8.1.4) about a finite G-set’s being determined by its marks, i.e., by
the cardinalities of its fixed point sets.

Theorem 8.4.9. Equivariant homotopy equivalences of G-CW com-
plexes. An equivariant map of G-CW complexes f : X Ñ Y is an equivariant
homotopy equivalence (meaning a homotopy equivalence for which the homo-
topies are equivariant) iff the induced maps XH Ñ Y H of fixed point sets are
ordinary homotopy equivalences for all subgroups H � G.

Thus Theorem 8.4.18 says an equivariant map of G-CW complexes is an
equivalence iff it induces an isomorphism in πH� for all subgroups H � G. Re-
call that in the Quillen model structure for the category of pointed topological
spaces T , described in §4.2A, a map is defined to be a weak equivalence if it
induces and isomorphism in homotopy groups. We will see in Theorem 8.6.2
below that there is a model structure on T G, the category of pointed G-
spaces, in which a weak equivalence is defined to be a map which induces an
isomorphism in the equivariant homotopy groups πH� for Definition 8.3.12 for
all subgroups H � G.
Recall the definition of a CW complex X. For each integer n ¥ 0 there is a

(possibly empty) discrete set Kn of n-cells and a collection of spaces (called
skeleta)

K0 � X0 � X1 � X2 � � � �

with X being their union. For n ¡ 0, Xn is obtained from Xn�1 as a pushout
(see §2.3A)

Kn � Sn�1 fn //

Kn�in
��

Xn�1

��
Kn �Dn // Xn.

(8.4.10)

where in : Sn�1 Ñ Dn is the inclusion of the boundary, and fn is called the
nth attaching map. The image of each of the disks Dn is called an n-cell
in X. A map f : X Ñ Y of CW complexes is cellular if it sends Xn to Y n
for each n.

Remark 8.4.11. The word “cellular.” The above use of the term “cellular”
is different from that of Definition 6.3.1.

Associated with this structure is the cellular chain complex C�pXq in
which the nth chain group CnpXq is the free abelian group generated by the
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set Kn. To define its boundary operator, note that

Xn{Xn�1 �
ª
Kn

Sn,

so HnpXn{Xn�1q � CnpXq. From the cofiber sequence

Xn�1{Xn�2 Ñ Xn{Xn�2 Ñ Xn{Xn�1

we get a short exact sequence of chain complexes of the form

0Ñ Cn�1pXq Ñ C�pXn{Xn�2q Ñ CnpXq Ñ 0

in which the end terms are chain complexes with a single nontrivial chain
group, and Xn{Xn�2 is a CW complex with cells only in dimensions n � 1

and n. The resulting connecting homomorphism CnpXq Ñ Cn�1pXq, which
is induced by the map Xn{Xn�1 Ñ ΣXn�1{Xn�2, is the boundary operator
in C�pXq.
As explained in Example 4.8.20, a CW complex is an I-cell complex in T ,

for

I � tin� : n ¥ 0u where in� is the map Sn�1
� � BDn

� Ñ Dn
�,

in which cells are attached in order according to their diemnsions. In the
equivariant setting we need to replace I by

IG �
"
pG�

H
inq� : n ¥ 0, H � G

*
. (8.4.12)

Definition 8.4.13. A G-CW complex [Bre67] is a CW complex as above
in which each set Kn and each space Xn�1 has a G-action and each attaching
map fn is equivariant. The action of G on Sn�1 and Dn in (8.4.10) is trivial.
The diagram of (8.4.10) is a pushout in T opG, and Xn gets a G-action from
those on the other three spaces.

Equivalently it is an IG-cell complex as in Definition 4.8.18 in which cells
are attached in dimensional order.

Thus a G-CW complex is an ordinary CW complex equipped with a cellular
G-action of a particular form, one that can be described in terms of permuting
cells in each dimension. Since each of the G-sets Kn is a disjoint union of sets
of the form G{H for some subgroup H (defined up to conjugacy), we refer to
the images of each G{H �Dn as an n-dimensional G-cell.

Definition 8.4.14. Types of G-cells. We says that a G-cell of the form
G{H � Dn in a G-CW complex is moving if H � G is a proper subgroup,
stationary if H � G, free if H is trivial, and bound if H is nontrivial.

Example 8.4.15. A CW complex with cellular G-action that is not
a G-CW complex. Let V be a nontrivial finite dimensional representation
of G and consider the space SV , the one point compactification of V . The
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underlying space S|V | can be described as an ordinary CW complex with a
single 0-cell and a single |V |-cell with constant attaching map. The 0-cell is
fixed by the G-action, but the action on the |V |-cell, the image of the unit disk
of V , is nontrivial. The self map of SV induced by each element of the group
is cellular since the 0-skeleton is fixed. However this action is not determined
by the (necessarily trivial) action on the singleton sets K0 and K|V |, so this
CW complex with G-action is not a G-CW complex.

If X is an ordinary CW complex with cellular G-action as in the previous
example, there is always a way to convert it to a G-CW complex by altering
the cellular structure. If it is a simplicial complex with a simplicial G-action,
barycentric subdivision will do the job, as is illustrated in Example 8.5.4
below.
The following is an exercise for the reader.

Proposition 8.4.16. Representation spheres for cyclic p-groups. Let
G � Cp` for a prime p and positive integer `, and let Gi � G denote the
subgroup of index pi. For brevity we will denote G{Gi (which is cyclic of order
pi) by Gi. The action of G on a G-space X induces an action of Gi on the
fixed point set XGi .

(i) Let V be a nontrivial representation of G, and let SV denote its one point
compactification. Then we have fixed point sets

SV
G � SV

G1 � SV
G2 � � � � � SV .

(Note here that for H � G, pSV qH � SpV
Hq.) Since the action of G on

SV
G is trivial, we can form it by attaching a single |V G|-cell to a point. In

particular, if V G � 0, SV G � S0 is obtained by attaching a single 0-cell to
a point. We can obtain SV

Gi

from SV
Gpi�1q

by attaching a single G-cell of
the form Gi �Dm for each m with |V Gpi�1q |   m ¤ |V Gi |.

(ii) Recall the regular and reduced regular representations of a finite group H

of Definition 8.3.27. Then for each n ¡ 0, we have

pSnρGqGi � SnρGi and
�
SnρG

�Gi

� SnρGi .

Hence K :� SnρG has a G-CW structure with a single G-cell in each
dimension up to npp`�1q as described in (i). More explicitly, K has skeleta
Ki and a diagram of cofiber sequences

S0 K0 // K1 //

��

K2 //

��

K3 //

��

� � � // Knpp`�1q

��

SnρG

L1 L2 L3 Lnpp`�1q,

(8.4.17)

where for 1 ¤ i ¤ `,

Lj � G 

Gi
Sj for nppi�1 � 1q   j ¤ nppi � 1q.
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The action of Gi on Sj is trivial, and Lj is a wedge of pi copies of Sj that are
cyclically permuted by the action of G. It follows that T GpLj , Xq � ΩjXGi

for a pointed G-space X. The action of G on ΩjX induces an action of Gi
on this fixed point set, but we are ignoring it and treating ΩjXGi as an
ordinary pointed space.

We will use (8.4.17) below to prove Theorem 8.9.34 for G � Cp` .
A different cell structure on SρG will be given below in Example 8.5.17.
The following is due to Bredon [Bre67]. It generalizes Burnside’s statement

(Theorem 8.1.4) about a finite G-set’s being determined by its marks, i.e., by
the cardinalities of its fixed point sets.

Theorem 8.4.18. Equivariant homotopy equivalences of G-CW com-
plexes. An equivariant map of G-CW complexes f : X Ñ Y is an equivariant
homotopy equivalence (meaning a homotopy equivalence for which the homo-
topies are equivariant) iff the induced maps XH Ñ Y H of fixed point sets are
ordinary homotopy equivalences for all subgroups H � G.

Thus Theorem 8.4.18 says an equivariant map of G-CW complexes is an
equivalence iff it induces an isomorphism in πH� for all subgroups H � G. Re-
call that in the Quillen model structure for the category of pointed topological
spaces T , described in §4.2A, a map is defined to be a weak equivalence if it
induces and isomorphism in homotopy groups. We will see in Theorem 8.6.2
below that there is a model structure on T G, the category of pointed G-
spaces, in which a weak equivalence is defined to be a map which induces an
isomorphism in the equivariant homotopy groups πH� for Definition 8.3.12 for
all subgroups H � G.

8.5 The homology of a G-CW complex

For each G-CW complex X we have a cellular chain complex C�X defined
as before, but now it is a chain complex of ZrGs-modules. This means its
homology H�X is also a ZrGs-module with the G-action induced by the one
X.

Definition 8.5.1. Mackey functor homology and cohomology of G-
CW complexes. Let X be a G-CW complex (Definition 8.4.13) with cellular
chain complex C�X. Since the later is a chain complex of ZrGs-modules we can
apply the fixed point functor FP of Definition 8.2.8 and get a chain complex of
Mackey functors which we denote by C�X. We denote its homology by H�X.

For cohomology, we consider the cochain complex C�pXq � HompC�X,Zq.
It is a cochain complex of ZrGs-modules, and again we can apply the fixed
point functor FP of Definition 8.2.8 and get a cochain complex of Mackey
functors which we denote by C�X. Equivalently, C�X is Z-linear dual of
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We denote its homology by H�X.

The nonexactness of FP implies that the graded Mackey functor H�X is
not the one obtained by application of FP to the graded ZrGs-module H�X,
nor is H�XpG{Hq the same as H�pXHq. However it is true that H�XpG{eq �
H�X, the underlying homology of X, as a ZrGs-module. The same goes for
cohomology with H�XpG{eq � H�X.

Remark 8.5.2. Mackey functor homology and the homology of the
fixed point set. To see why H�XpG{Hq differs from H�pXHq, consider the
following. Let Kn denote the G-set of n-cells for X. Then CnX is the free
abelian group on Kn, which is a ZrGs-module. The fixed point set XH is a
CW complex for which the set of n-cells is KH

n . It follows that CnpXHq is
the free abelian group on KH

n . This is contained in but is generally not equal
to pCnXqH . For example if Kn � G{e, the fixed point set KG

n is empty, so
CnpXGq � 0. On the other hand pCnXqG � pZrGsqG is nontrivial since it
contains the sum of all elements in G.

Proposition 8.5.3. The cohomology of the orbit space. For a G-CW
complex X, H�XpG{Gq � H�XG, the ordinary cohomology of the orbit space
XG.

Proof It follows from the definitions that

H�XpG{Gq � H�pHompC�pXqG, Zqq,
and C�pXqG is the cellular chain complex for XG.

The following will figure in Proposition 13.2.1 below, a step toward proving
the Gap Theorem of §1.1C(iii).

Example 8.5.4. The group πGρG�2HZ. The regular representation ρG of a
nontrivial finite group G can be written as 1 � ρG, where ρG is the reduced
regular representation as in Definition 8.3.27. The group

πGρG�2HZ � H1
GpSρG ;Zq,

is isomorphic to
H1pSρG{G;Zq.

by Proposition 8.5.3. The G-space SρG is the unreduced suspension of the unit
sphere SpρGq, and so the orbit space is also a suspension. If |G| ¡ 2 then SpρGq
is connected, hence so is the orbit space. If G � C2, then SpρGq � G and the
orbit space is again connected. In all cases then, the unreduced suspension
SρG{G is simply connected. Thus

πGρG�2HZ � H2
GpSρG ;Zq � H1

GpSρG ;Zq � 0.
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In fact, the same argument shows that for m ¡ 0 the orbit space SmρG{G is
simply connected, and hence

H0
GpSmρG ;Zq � H1

GpSmρG ;Zq � 0

or, equivalently

πGmρGHZ � πGmρG�1HZ � 0.

Example 8.5.5. The case Snρ for G � C2. Let σ denote the sign represen-
tation for G. Then the regular representation is ρ � 1 � σ. Let X � Snρ for
n ¡ 0. It has a reduced cellular chain complex C with

Cnρi �
$&%

ZrGs{pγ � 1q for i � n

ZrGs for n   i ¤ 2n

0 otherwise.
(8.5.6)

Let cpnqi denote a generator of Cnρi . The boundary operator d is given by

dpcpnqi�1q �

$'&'%
c
pnq
i for i � n

γi�1�npcpnqi q for n   i ¤ 2n

0 otherwise
(8.5.7)

where γi � 1 � p�1qiγ. It is determined by the fact that the homology of the
underlying chain complex must be that of the underlying space S2n

Applying the fixed point Mackey functor of Definition 8.2.8 gives a chain
complex of Mackey functors (for which we use the symbols of Table 8.1) of
the form

n n� 1 n� 2 n� 3 2n

l pl∇oo plγ2oo plγ3oo � � �oo plγnoo

Z

1

��

Z

∆
��

2oo Z

∆
��

0oo Z

∆
��

2oo � � �oo Z

∆
��

εnoo

Z

2

WW

ZrGs
∇

WW

∇oo ZrGs
∇

WW

γ2oo ZrGs
∇

WW

γ3oo � � �oo ZrGs
∇

WW

γnoo

(8.5.8)

where

εn �
"

2 for n even
0 otherwise.
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Passing to homology we get

n n� 1 n� 2 n� 3 2n

 0  0 � � � H2n

Z{2

��

0

��

Z{2

��

0

��

� � � H2npG{Gq
p1�p�1qnq{2

��
0

UU

0

VV

0

UU

0

VV

� � � H2npG{eq
1�p�1qn

UU

where

H2npG{Gq �
"

Z for n even
0 for n odd and H2npG{eq �

"
Z for n even
Z� for n odd.

For n ¥ 0

Hn�ipSnρq �

$''&''%
 for 0 ¤ i   n and i even
l for i � n and n even
l for i � n and n odd
0 otherwise.

(8.5.9)

Here l and l are fixed point Mackey functors but  is not.
Hence we see that H�S

nρpG{Gq is quite different from

H�pSnρqG � H�S
n.

This Mackey functor homology commutes with ordinary suspension, so we
can read off the value H�S

m�nσ for any m. See Theorem 9.9.19 below for
more discussion. We record the answer for m � 0 for future reference.

HipSnσq �

$''&''%
 for 0 ¤ i   n and i even
l for i � n and n even
l for i � n and n odd
0 otherwise.

(8.5.10)

In Example 9.9.21 below we will generalize this to larger cyclic 2-groups.

For a more general discussion of SV , where V is a representation of a finite
cyclic 2-group, see §9.9.

Example 8.5.11. The classical Hopf map as a map of C2-spaces. The
Hopf map η : S3 Ñ S2 is defined by sending each unit vector in C2 to the
corresponding complex line through the origin. Both source and target come
equipped with a C2-action defined in terms of complex conjugation. With this
in mind we can rewrite the map as

η : Sp2ρq � S1�2σ Ñ Sρ � S1�σ.

The induced map on fixed points is the double covering S1 Ñ RP 1 � S1.
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All of its iterates are essential, so all iterates of η are equivariantly essential.
Thus, even though the composite

S6 Σ3η // S5 Σ2η // S4 Ση // S3 η // S2

is known to be null, the equivariant composite

S1�5σ Σ3ση // S1�4σ Σ2ση // S1�3σ Σση // S1�2σ η // S1�σ

is equivariantly essential because the induced map of fixed points is the degree
16 map on S1.

Example 8.5.12. The complex projective plane as a C2-space. Now
consider the cofiber sequence

S1�2σ η // S1�σ i // CP 2 j // S2�2σ,

where the complex projective plane CP 2 has a C2-action via complex conjuga-
tion, and the Hopf map η of Example 8.5.11 has degree 2 on the bottom cell.
It leads to a short exact sequence of reduced cellular chain complexes

0Ñ C�pS1�σq Ñ C�pCP 2q Ñ C�pS2�2σq Ñ 0.

From this we find that the cellular chain complex for CP 2 is

1 2 3 4

Z ZrGs ` Z
r�∇ 2soo ZrGs

�
� 1� γ

∇

�
�

oo ZrGs1�γoo

(8.5.13)

Applying the fixed point Mackey functor of Definition 8.2.8 gives a chain
complex of Mackey functors of the form

1 2 3 4

l pl`l
r�∇ 2soo pl

�
� 1� γ

∇

�
�

oo pl1�γoo

Z

1

��

Z` Z
r�2 2soo

∆`1

��

Z

�
� 1

1

�
�

oo

∆

��

Z
0oo

∆

��
Z

2

TT

ZrGs ` Z
r�∇ 2soo

∇`2

TT

ZrGs

�
� 1� γ

∇

�
�

oo

∇

TT

ZrGs.1�γoo

∇

TT
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Passing to homology we get

1 2 3 4

 l 0 l

Z{2

��

0

��

0

��

Z

1

��
0

UU

Z�

VV

0

VV

Z.

2

VV

We can define homology and cohomology with coefficients in a Mackey
functor M as follows.

Definition 8.5.14. Bredon homology and cohomology. Let X be a G-
CW complex with

Xn{Xn�1 � Sn ^Kn�

where Kn is a possibly infinite G-set, which we write as

Kn �
º
α

G{Hα.

Suppose X has finite type, meaning that each Kn is finite. For a Mackey
functor M we define the Bredon chain complex C�pX;Mq and the Bredon
cochain complex C�pX;Mq by

CnpX;Mq �MKn

and CnpX;Mq �MKn
,

where MKn
is the precomposite Mackey functor of Definition 8.2.9. The map

Xn{Xn�1 Ñ ΣXn�1{Xn�2

defines boundary and coboundary maps

CnpX;Mq Ñ Cn�1pX;Mq
and Cn�1pX;Mq Ñ CnpX;Mq.

The equivariant homology and cohomology groups of X with coefficients in
M are the homology and cohomology groups of these complexes of Mackey
functors.

Without the finiteness assumption we define

CnpX;Mq �à
α

MG{Hα

and CnpX;Mq �
¹
α

MG{Hα

with similar boundary and coboundary maps.



8.5 The homology of a G-CW complex 573

Remark 8.5.15. The nonfinite case. For infinite Kn, the functors CnpX;Mq
and CnpX;Mq defined above are Mackey functors, even though the expression
MKn

as in Definition 8.2.9 does not make sense since Kn � T for finite T is
not a finite G-set.

Remark 8.5.16. Defining Bredon homology and cohomology in terms
of Eilenberg-Mac Lane spaces. For each Mackey functor M there is an
Eilenberg-Mac Lane space KpM,nq that will be given below in Theorem 8.8.4;
the Eilenberg-Mac Lane spectrum HM will be the subject of Theorem 9.1.47
below. The definitions of CnpX;Mq and CnpX;Mq above are equivalent to

CnpX;Mq � πnKpM,nq ^Kn�

and CnpX;Mq � πnKpM,nqKn .

When M � Z, the Bredon homology and cohomology groups are those of
Definition 8.5.1.

Example 8.5.17. The reduced regular representation sphere. Let ρ �
ρG be the (real) regular representation of a finite group G, so ρG � 1 is the
reduced regular representation ρG.

The groups
H�pSρG ;Mq

play an important role in equivariant stable homotopy theory. To describe them
we need an equivariant cell decomposition of SρG . Since SρG is the mapping
cone of the map

SpρGq Ñ �
from the unit sphere in pρGq, it suffices to construct an equivariant cell de-
composition of SpρGq. Let g � |G| and think of Rg as the vector space whose
basis is the set G. The boundary of the standard pg � 1q-simplex in this space
(see Definition 3.4.2) is equivariantly homeomorphic to SpρGq.

The simplicial decomposition of this simplex is not an equivariant cell de-
composition, because the group action rotates certain simplices rather than
permuting them. A rotation of a simplex induces a permutation of the simplices
in its barycentric subdivision (Definition 3.4.21). This means the barycentric
subdivision of the simplex is an equivariant cell decomposition.

It follows that SpρGq is homeomorphic to the geometric realization of the
nerve of the poset of non-empty proper subsets of G. This leads to the complex

MpG{Gq ÑMpS0q ÑMpS1q Ñ � � � ÑMpSg�1q (8.5.18)

in which Sk is the G-set of flags F0 � � � � � Fk � G of proper inclusions of
proper subsets of G, with G acting by translation. The coboundary map is the
alternating sum of the restriction maps derived by omitting one of the sets in
a flag.
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A different cell structure for the group G � Cp` was given in (8.4.17).

Corollary 8.5.19. H0 of the reduced regular representation sphere.
For any Mackey functor M , the group

πGρGHM � H0
GpSρG ;Mq

is given by £
H�G

ker
�
MpG{Gq ÑMpG{Hq�.

Proof Using the complex (8.5.18) it suffices to show that the orbit types
occurring in S0 are precisely the transitive G-sets of the form G{H with H

a proper subgroup of G. The set S0 is the set of non-empty proper subsets
S � G. Any proper subgroup H of G occurs as the stabilizer of itself, regarded
as a subset of G. Since the subsets are proper, the group G does not occur as
a stabilizer.

8.6 Model structures

The following is discussed in [MM02, III.1 and IV.6] and [BDS16, Chapter 1].
We will first describe two different cofibrantly generated model structures on
T G, the category of pointed G-spaces and equivariant maps for a finite group
G. Later we will see that there is one for each family F of subgroups of G
closed under inclusion and conjugation.

Definition 8.6.1. The underlying and Bredon model structures on
T G. (In [BDS16] these are called the naive and genuine model structures.) An
equivariant map f : X Ñ Y of pointed G-spaces is an underlying fibration
(underlying weak equivalence) if the same is true of f as a morphism in T .
It is a Bredon fibration (Bredon weak equivalence) if fH : XH Ñ Y H

is a Serre fibration (weak equivalence) for each subgroup H � G. It is an
underlying or Bredon cofibration if it has the appropriate left lifting
property.

The projective model structure of Theorem 5.6.26 is the underlying one
above.
Bredon’s Theorem 8.4.18 then says that a map f : X Ñ Y of G-CW

complexes is an equivariant homotopy equivalence iff it is a Bredon weak
equivalence.
The following will be proved later in this section.

Theorem 8.6.2. Two model structures on T G. The two sets of fibrations
and weak equivalences of Definition 8.6.1 each define a compactly generated
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model category structure on T G. In the underlying case the sets of generating
(trivial) cofibrations are

IeG � tpG� inq� : n ¥ 0u
and J e

G � tpG� jnq� : n ¥ 0u ,
for in and jn as in (5.2.10) and (5.2.11), while in the Bredon case they are

IA``
G �

"
pG�

H
inq� : n ¥ 0, H � G

*
and JA``

G �
"
pG�

H
jnq� : n ¥ 0, H � G

*
,

where G (and hence H) acts trivially on Sn�1, Dn, In and In.
Similar statements hold for T opG.

The Bredon model structure has fewer weak equivalences and fibrations
than the underlying one since the requirements to be such maps are more
demanding. It follows that it has more .

Example 8.6.3. A Bredon cofibration that is not un underlying
cofibration. Let G � C2, let σ denote the sign representation, and let
i : Spσq Ñ Dpσq (see Definition 8.3.26) be the evident inclusion. It is easily
seen to be a Bredon cofibration in T opG. We will see that it is not an un-
derlying cofibration in T opG even though the underying map is a
cofibration in T op. Let EG be a contractible free G-space, and let p : EGÑ �
be the unique map to a point. It is an underlying trivial fibration since EG is
contractible. However the map of fixed points is ∅Ñ �, so p is not a Bredon
weak equivalence.

We can construct an equivariant map α : Spσq Ñ EG by choosing a point
in the target as the image of one of the two points in the domain, and using
the group action to determine the image of the other point. Thus we get a
lifting diagram

Spσq α //

i

��

EG

p

��
Dpσq

β
//

88qqqqqq
�

An equivariant lift does not exist because Dpσq has a fixed point, but EG does
not.

There is a similar example in T G obtained from the above by adding a
disjoint base point to every space in sight.

The reason for the notation of Theorem 8.6.2 will become apparent in Theo-
rem 8.6.13 below. The Bredon model structure above is established in [MM02,
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Theorem III.1.8], and we will outline the proof later in this section. The un-
derlying one can be established with the Crans-Kan Transfer Theorem 5.2.27
as follows. Let F : T Ñ T G be the functor given by X ÞÑ pX �Gq�. It is the
left adjoint of the forgetful functor U : T G Ñ T . Then F sends the classical
model structure on T to the underlying one on T G.

Remark 8.6.4. Equivariant model structures require equivariant maps.
There is no reasonable model structure on TG, the category of pointed G-spaces
and nonequivariant maps. One reason for this is that if f : X Ñ Y is such
a map between pointed G-spaces, then its fiber and cofiber will not have G-
actions. Even worse, the same goes for limits and colimits, so TG is neither
complete nor cocomplete. It does support a surjective (on objects and mor-
phisms) forgetful functor to the bicomplete category T .

Lemma 8.6.5. Underlying equivalences of free G-spaces. An equivari-
ant map f : X Ñ Y of free G-spaces that is an underlying equivalence is a
Bredon equivalence.

Proof An equivariant map f is a Bredon equivalence if it induces an ordinary
weak equivalence on the fixed point sets for each subgroup of G. Since X and
Y are free G-spaces, the fixed point set for each nontrivial subgroup is empty,
so Bredon’s conditions are met.

Proposition 8.6.6. The pointed homotopy orbit space of a pointed
free G-space. Suppose X is a free pointed G-space as in Definition 8.3.2.
Then the map XhG Ñ XG (see Definition 8.3.8(ii)) is a weak equivalence.

Proof Consider the equivariant map p2 : EG 
X Ñ X. For any nontrivial
subgroup H � G, the map of H fixed points is the identity on the base
point, and for the trivial subgroup it is a the underlying map p2, which is a
weak equivalence since the space underlying EG is contractible. This means
that P2 is an equivariant equivalence, so the map of orbit spaces is a weak
equivalence.

Definition 8.6.7. An hG-equivalence is an equivariant map of G-spaces
underlain by an ordinary weak equivalence.

Theorem 8.6.8. An hG-equivalence induces a weak equivalence on
homotopy fixed point spaces. An equivariant map f : X Ñ Y of G-
spaces that is an underlying weak equivalence induces a weak equivalence fhG :

XhG Ñ Y hG.

Proof Consider the diagram

X � EG
f�EG //

p1

��

Y � EG

p1

��
X

f // Y
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The actions of G on the spaces in the top row are free since EG is free. Hence
the underlying weak equivalence f � EG is a Bredon weak equivalence by
Lemma 8.6.5. This means the map f �G EG is a weak equivalence in the
diagram

X �G EG f�GEG //

pX $$H
HH

HH
HH

H Y �G EG

pYzzvv
vv
vv
vv

BG.

It follows that the induced map from the space of sections of pX to that
of pY , meaning (by Proposition 8.3.11) from XhG to Y hG, is also a weak
equivalence.

Example 8.6.9. The map EGÑ � is not a Bredon equivalence because for
each nontrivial subgroup H � G the map of fixed points sends the empty set to
a point. However it satisfies the hypothesis of Theorem 8.6.8 since both spaces
are contractible. Hence EGhG is contractible.

Without Theorem 8.6.8 we can see that it is nonemepty since it is by Defi-
nition 8.3.8(iv) the space MapGpEG,EGq, which contains the identity map.

8.6A Families of subgroups of G
The two model structures of Theorem 8.6.2 can be generalized in the following
way.

Definition 8.6.10. A family F of subgroups of a finite group G is a collection
that is closed under conjugation and inclusion. If a subgroup H is in F, so
are all of its subgroups and all of its conjugates.

Please note the difference between the symbols F (\mathscr{F}),
which we use for a family of subgroups, and F (\mathcal{F}) as in
FG, our symbol for the category of finite G-sets as in Definition 8.1.1.
The symbol F is also used in Chapter 4 to denote the class of fibrations in a
model category. Hopefully these two uses of it will not lead to any confusion.

Example 8.6.11. Some families F of subgroups of a finite group G.

(i) The trivial case e, consisting of just the trivial subgroup e of G.
(ii) F � A``, the family of all subgroups of G.

(iii) The family of subgroups not containing any conjugate of a given subgroup
K.

(iv) The family P of proper subgroups, the case above for K � G.
(v) The set of all abelian subgroups of G.

(vi) The set of all p-subgroups of G for a fixed prime p.
(vii) The family of subgroups having trivial intersection with any conjugate of a

given subgroup K. For K � G, this is (i) above.
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Associated with each family F is a model structure on T G defined as follows.

Definition 8.6.12. An equivariant map f : X Ñ Y of pointed G-spaces is
an F-fibration (F-weak equivalence) if same is true of fH : XH Ñ Y H

for each subgroup H P F. It is an F-cofibration if it has the appropriate left
lifting property.

Theorem 8.6.13. The F-model structure on T G. For each family of sub-
groups F, the classess of fibrations and weak equivalences of Definition 8.6.12
each define a cofibrantly generated model structure on T G.

The cofibrant generating sets are

IF

G �
"
pG�

H
inq� : n ¥ 0, H P F

*
and J F

G �
"
pG�

H
jnq� : n ¥ 0, H P F

*
.

The two cases in Theorem 8.6.2 correspond to the two extreme values of F.
When F does not contain all subgroups of G, then the resulting model struc-
ture has more weak equivalences and fibrations, and hence fewer cofibrations
than the Bredon structure. This method of modifying the latter is essentially
the second of the three listed in Table 6.1, that is a form of induction as in
Theorem 5.4.21. See the discussion following Proposition 8.6.29 below.

Proposition 8.6.14. All pointed G-spaces are F-fibrant. For any finite
group G and any family of subgroups F, all objects of T G are fibrant in the
F-model structure.

Proof A pointed G-space X is F-fibrant if the map X Ñ � is an F-fibration,
namely if XH Ñ � is a fibration in T for each H in F. This is the case since
every object in T is fibrant.

Definition 8.6.15. Let F be a family of subgroups of a finite group G. A
G-CW complex EF (without base point) is a universal F-space if its fixed
point set EF

H is contractible for H P F and empty otherwise.

Such a space can be constructed by taking infinite joins of orbits of the
form G{H for H P F. It is also characterized by the property that for each
orbit G{K, the space of G-equivariant maps G{K Ñ EF is contractible if
K P F and empty otherwise. Details can be found in [Lüc05, §1].

Example 8.6.16. Some universal F-spaces.

(i) A contractible free G-space EG is universal for the trivial family.
(ii) For F � A``, the one point space is universal.

(iii) For a finite cyclic p-group G, EpG{G1q, where G1 is the subgroup of index
p, is universal for P, the family of proper subgroups. See Example 9.11.6
below for another description.
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(iv) Let G be a finite group of order g, and let ρ � ρG be its reduced regular
representation as in Example 8.5.17. Its unit sphere Spρq has an empty
G-fixed point set G-space (but is not a free G-space), as does

Spkρq � Spρq � Spρq � � � �Spρq,
its k-fold join, which is underlain by Skg�1.

In paricular, for G � C4, the unit sphere Spρq is underlain by S2. A
generator γ reflects through the equator and rotates about the vertical axis
by π{2. This means that γ2 rotates by π and fixes the poles.

In general, let H � G be a proper subgroup of order h. We denote its
regular and reduced regular representations by ρ1 and ρ1. The restriction of
ρ to H is pg{hqρ1, so that of ρ � ρ� 1 is pg{hqρ1 � g{h� 1. It follows that

iGHSpkρq � Sp`ρ1 � `� 1q,
where ` � kg{h, so

piGHSpkρqqH � S`�2.

We denote the infinite join of Spρq by EP. Our justification for this
notation is the fact that

EPH �
"

∅ for H � G

� otherwise

It serves as a universal space for the family P of proper subgroups of G.

The space EP is needed in §9.11A below where geometric fixed points are
defined. Some other examples will be discussed in Definition 8.7.1.

Remark 8.6.17. Homotopy fixed points and homotopy orbits. For
G-space X, the fixed point space XG can be identified with the space of equiv-
ariant maps to X from �. We could instead consider the space of equivariant
maps to X from EG. This is the homotopy fixed point set of X of Defi-
nition 8.3.8(iv), which we denote by XhG.

The equivariant map EG Ñ � induces a map XG Ñ XhG which is not
an equivalence in general. This is not surprising because the map EGÑ � is
not an equivariant equivalence, since the induced map of fixed points for any
nontrivial subgroup is the map from the empty set to a point.

Dually, the orbit space XG is the coequalizer of the diagram

X �G� �Ñ X � �
where the two maps represent the actions of G on X and on a point. If we
replace � by EG, the resulting coequalizer is the homotopy orbit space
XhG, which supports a map to XG.

In both cases one could replace EG by EF for any family of subgroups F,
and obtain spaces XhF and XhF.
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Lemma 8.6.18. Equifibrancy of the family model structures. For a
subgroup H � G, let FH and FG be families of subgroups of H and G with
FH � FG. Then the corresponding model structures on T H and T G are
related by a Quillen pair (Definition 4.5.1)

G

H
p� q : T H

K
//
T G : iGH .oo

Proof The right adjoint clearly preserves fibrations and trivial fibrations.
This is sufficient by Proposition 4.5.12(iii).

Remark 8.6.19. Equifibrancy. We will refer to the adjunction of Lemma 8.6.18
and others like it as change of group adjunctions. The word equifibrant
has appeared in the category theory literature before, but as far as we know
this is its first use in equivariant homotopy theory. We will use it to de-
scribe a model category in which the change of group adjunctions are Quillen
pairs. In [HHR16] we used the term “complete” to describe a model structure
with a similar property on the category of G-spectra, to be introduced below
in Chapter 9. We prefer not to use that term here due to its prior use in
Definition 2.3.25.

Proposition 8.6.20. Equivariant homotopy groups and maps be-
tween G-spaces. For any pointed G-space X,

πHk X � rG

H
Sk, XsG,

where πHk X is as in Definition 8.3.12 and the expression on the right denotes
the set of G-equivariant homotopy classes of pointed maps G


H
Sk Ñ X.

Proof The change of group adjunction of Lemma 8.6.18 gives an isomorphism

T HpSk, iGHXq � T GpG

H
Sk, Xq.

Passing to path component sets gives the desired isomorphism.

Proposition 8.6.21. Properties of the restriction functor iGH . Let T G

and T H each have the Bredon model structure. Then

(i) the functor iGH preserves all weak equivalences,
(ii) it preserves all fibrations, and

(iii) it preserves all cofibrations.

Proof (i) and (ii) A map f : X Ñ Y in T G is a Bredon weak equivalence or
fibration if the induced map fK : XK Ñ Y K is one in T for each subgroup
K � G. In particular this holds for each subgroup K � H, making iGHf a
Bredon weak equivalence or fibration in T H .
(iii) We know that iGH is a left adjoint by Proposition 8.3.24. This means

it suffices to show that it the sends generating cofibrations in T G (listed in
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Theorem 8.6.2) to cofibrations in T H . Thus we need to show that for each
subgroup K � G and each n ¥ 0, the map

iGHpG

K
in�q � iGHpG{K 
 in�q � piGHG{Kq 
 in�

is a cofibration in T H . We know that iGHG{K is a finite H-set and hence a
disjoint union of H-orbits. This means the map is a finite wedge of generating
cofibrations in T H as required.

8.6B The orbit category
The proof of Theorem 8.6.2 can be found in [MM02, III.1], and that of its
generalization Theorem 8.6.13 is in [MM02, IV.6] and [BDS16, §1.3]. The
proof we give here is due to Marc Stephan [Ste16] and Guillou-May-Rubin
[GMR10]. Like the others, it makes use of the following category.

Definition 8.6.22. The orbit category OG for a finite group G is the
based topological category whose objects are orbits of the form G{H, denoted by
rG{Hs to avoid confusion with the G-spaces of the same name, and equivariant
maps given by multiplication by suitable elements γ P G. It is a full subcategory
of the category FG of finite G-sets of Definition 8.1.1. Thus the morphism
sets are

OGprG{Hs, rG{Ksq � pG{KqH� . (8.6.23)

In particular OGprG{Hs, rG{Ksq has more than one point only when K con-
tains a conjugate of H.

For each family of subgroups F as in Definition 8.6.10, there is a subcategory
OF of OG whose objects are the rG{Hs with H P F. Thus OG � OA``.

Definition 8.6.24. A coefficient system for G is a functor F : O
op
G Ñ Ab.

For K � H � G the homomorphism F rG{Hs Ñ F rG{Ks induced by the
projection map G{K Ñ G{H is called the restriction map ResHK .

As noted in the introduction to this chapter, F rG{Hs has a natural ZrWH s-
module structure, where

WH � NH{H
is the Weyl group of H. In particular F rG{es is a ZrGs-module.
We can extend such a functor from O

op
G to pSetGqop by requiring it to

convert products in pSetGqop (meaning coproducts in SetG, that is disjoint
unions of G-sets) to products in Ab.

Example 8.6.25. For an abelian group A, the ordinary A-valued coeffi-
cient system is the functor sending a G-set X to the product AX , the group
of A-valued functions on X.
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Definition 8.6.26. A (pointed) OG-space is a functor O
op
G Ñ T op (OopG Ñ

T ) and we denote the category of such functors by OGT op (OGT ). We denote
the value of such a functor F on rG{Hs by FrG{Hs.

For a family F of subgroups of G, a (pointed) OF-space is a functor
O
op
F

Ñ T op (Oop
F

Ñ T ) and we denote the category of such functors by
OFT op (OFT ).

An OF-CW complex is a CW complex as in (8.4.10) in which the diagram
is in the category OFT op, where Sn�1 and Dn are understood to be constant
functors on O

op
F

. Thus each Kn is an OF-set, each Xn is an OF-space, and
each fn is an OF-map.

A pointed OF-CW complex is similarly defined.

In particular when H � K � e we have OGprG{es, rG{esq � G�, so an
OG-space X determines a pointed G-space XG{e. This implies that the fixed
point functor Φ below is faithful.
In [MM02, page 39], OG (denoted there by GO) is described as an unbased

topological category with morphism spaces pG{KqH . However in [MMSS01,
§1] (where the theory of model structures on diagram categories is developed),
it is explained that when a topological indexing category is unbased, it is
implicitly converted to a based one by adding a disjoint base point to each of
its morphism spaces, as we have done in Definition 8.6.22.

Definition 8.6.27. The fixed point functor Φ : T G Ñ OGT sends a
pointed G-space X to the pointed OG-space Xp� q given by rG{Hs ÞÑ XH . We
will abusively denote the induced functor on homotopy categories by Φ as well.

Remark 8.6.28. The symbol Φ. We will also use the symbol Φ below in
Definition 9.11.7 in connection with geometric fixed points. This second usage
is compatible with the one here in the following sense. For each subgroup
H � G and each G-spectrum X (see Definition 9.0.2) one has a spectrum
ΦHX. When X � Σ8A, the suspension spectrum (see Remark 7.1.25) of a
pointed G-space A, then ΦHX is weakly equivalent to the suspension spectrum
Σ�0AH .

Proposition 8.6.29. The left adjoint of Φ is the functor

Γ : OGT Ñ T G

given by X ÞÑ XrG{es.

Proof We will make use of Theorem 2.2.22 and define the unit η : 1OGT ñ ΦΓ

and counit ε : ΓΦñ 1T G . Note first that ΓΦ � 1T G by definition, since XrG{es

comes equipped with a G-action by functoriality. Hence we have our counit ε.
For the unit, note that in any OG-space X and for any subgroups K � H �

G, the map XrG{Hs Ñ XrG{Ks must factor through the fixed point set XH
rG{Ks.
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Since for each H � G, we have

pΦΓXqrG{Hs � pΦXrG{esqrG{Hs � XH
rG{es,

the map factorization of the map XrG{Hs Ñ XrG{es through XH
rG{es defines η.

The reader can easily verify that ε and η have the properties required by
Theorem 2.2.22.

Now we can apply the Crans-Kan Transfer Theorem 5.2.27 to the adjoint
pair

Γ : OGT K
//
T G : Φoo (8.6.30)

to lift the cofibrantly generated model structure on the functor category OGT
to one on T G. The former is given by the projective model structure of The-
orem 5.6.26. Its generating sets of cofibrations and trivial cofibrations are

I �
!
H
rG{Hs ^ in� : n ¥ 0, H � G

)
and J �

!
H
rG{Hs ^ jn� : n ¥ 0, H � G

)
,

(8.6.31)

where HrG{Hs is the Yoneda functor of Yoneda Lemma 2.2.10. It follows from
the definitions that

H
rG{HsprG{esq � O

op
G prG{Hs, rG{esq � OGprG{es, rG{Hsq � G{H�.

This means the generating sets for T G are

ΓI � tG{H 
 in� : n ¥ 0, H � Gu
and ΓJ � tG{H 
 jn� : n ¥ 0, H � Gu . (8.6.32)

The other model structures of Theorem 8.6.13 can be similarly obtained
by replacing OG by an appropriate subcategory OF for each family F. See
Remark 5.4.23.

Remark 8.6.33. Extending to the category of finite G-sets. The orbit
category OG is a full subcategory of FG, the category of finite G-sets. A functor
from O

op
G to T op (T ) can be extended to Fop

G by requiring it to convert disjoint
unions to Cartesian (smash) products. We denote the category of such functors
by FGT op (FGT ).

We can get an adjunction similar to that of (8.6.30) with OGT replaced by
FGT as follows. We define Γ as before, as evaluation at the G-set rG{es. For
the functor Φ, note that for a pointed G-space X, the fixed point set XH is
the same thing as T GpG{H�, Xq, the space of equivariant maps to X from
G{H. We could replace G{H by a finite G-set T , and T GpT�, Xq would be the
appropriate smash product of fixed point sets. Thus we could define a functor

Φ : T G Ñ FGT by pΦXqT � T GpT�, Xq.
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The resulting cofibrant generating sets on T G are then

ΓI � tT 
 in� : n ¥ 0, T P FGu
and ΓJ � tT 
 jn� : n ¥ 0, T P FGu .

Since each finite G-set T is a union of orbits, these will lead to the same model
structure on T G as the generating sets of (8.6.32).

8.7 Some universal spaces

In this section we will discuss some universal F-spaces (Definition 8.6.15) that
we will need in our study of symmetric powers in §10.5–§10.9 below.

Definition 8.7.1. Let Λ be a finite group acted on by another finite group G,
and let rG denote the semidirect product Λ�G. A G-equivariant universal
Λ-space EGΛ is a universal space EF (Definition 8.6.15) for the family F

of subgroups of rG having trivial intersection with the normal subgroup Λ. In
particular for trivial G, it is a contractible free Λ-space EΛ.

As noted in the paragraph following Definition 8.6.15, this space may be
characterized up to rG-equivariant homotopy equivalence either in terms of its
fixed point sets or in terms of maps to it from orbits. We will use the latter,
namely

T op rGp rG{H,EGΛq � " � for H P F

∅ otherwise. (8.7.2)

Now let S be a finite G-set and consider the group ΛS of Λ-valued functions
on S. It has a G-action defined by

γpφqpsq � γ�1φpγpsqq P Λ for γ P G, φ P ΛS and s P S.
Thus we can form the semidirect product ΛS �G, which we denote by rGpSq.
In §10.6 we will need the following.

Lemma 8.7.3. Let S be a finite G-set. If EGΛ is a G-equivariant universal
Λ-space (Definition 8.7.1) then, under the product action, pEGΛqS is a G-
equivariant universal ΛS-space EGpΛSq.
Proof Recall that rG and rGpSq denote the semidirect products Λ � G and
ΛS �G. The evaluation map Ev : S � ΛS Ñ Λ induces a similar map

Ev : S � rGpSq Ñ rG.
The functor T op rG Ñ T op rGpSq given by X ÞÑ XS has a left adjoint F .

To describe it, let M be the set rG � S. It has a left action of rG via left
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multiplication on the first coordinate and via the action of G on the second.
There is a commuting right action of rGpSq defined by

pg, sqγ � pg � evalps, γq, sq
for g P rG, s P S, γ P rGpSq and eval as above. This action has one orbit for
each element of S, and the isotropy group (as in Definition 2.1.29(iv)) for the
sth orbit is ΛS�tsu.
The functor X ÞÑ XS can be identified with

X ÞÑ hom rGpM,Xq
and so its left adjoint F is given by

Y ÞÑM �rGpSq
Y for a rGpSq-space Y .

Breaking M into right rGpSq-orbits as described above gives the decomposi-
tion

M �rGpSq
Y �

º
sPS

Y {ΛS�tsu.

In this latter expression, the action of σ P Λ on y P Y {ΛS�tsu can be computed
as the orbit class of φy, where φ P ΛS is any element with sending s to σ. For
example, the entire Λ-action can be computed by restricting to the diagonal
subgroup of ΛS .
Observe that a rGpSq-space Y is ΛS-free if and only if

M �rGpSq
Y

is Λ-free. Clearly if Y is ΛS-free then for each s P S, Y {ΛS�tsu is Λ-free.
On the other hand if φ P ΛS is a non-identity element fixing y P Y , then
there is a s P S, with φpsq not the identity element. For this s we have
φpsq � ΛS�tsu � ΛS�tsus.
Now to the proof. Let K be a finite rGpSq-set. We need to show that the

space of rGpSq-maps

T op rGpSqpK,EGΛSq
is empty or contractible depending on whether or not K has a point fixed by
a nontrivial element of ΛS . By adjunction, this space can be identified with
the space of rG-maps from

T op rGpM �rGpSq
K,EGΛq,

so the result follows from the observation above.
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8.8 Elmendorf’s theorem

In addition to the adjunction of Proposition 8.6.29 there is an equivalence of
the two categories due to Elmendorf [Elm83]. As before let T opG denote the
category of G-spaces and equivariant maps, i.e., functors from the one object
category BG of Definition 2.1.31 to that of topological spaces T op.
Bredon’s theorem [Bre67] states that a map f : X Ñ Y of G-CW complexes

is an equivariant equivalence iff the maps fH : XH Ñ Y H are ordinary
equivalences for all subgroups H � G. We take this condition as a definition
of weak equivalence in T opG and use it to define the homotopy category
HoT opG. The theorem is that this homotopy category is equivalent to the
homotopy category of OG-spaces given in Definition 8.6.26.
The category FG as in Definition 8.1.1 contains OG as a full subcategory.

Since every finite G-set is a finite disjoint union of orbits, an OG-space extends
uniquely to a functor pFGqop Ñ T op taking disjoint unions to Cartesian prod-
ucts. A pointed OG-space extends uniquely to a functor pFGqop Ñ T taking
disjoint unions to smash products.
Next recall the fixed point functor Φ : T G Ñ OGT of Definition 8.6.27,

where OGT is the category of (pointed) OG-spaces of Definition 8.6.26.
Elmendorf’s theorem states that this functor is an equivalence of

categories. His theorem has both pointed and unpointed versions; we will
state only the former.

Theorem 8.8.1. Elmendorf’s equivalence. There is a functor

Ψ : OGT Ñ T G

(called the coalescence functor C in [Elm83]) with a natural transformation
ε : ΦΨ ñ 1OGT (which he denotes by η) such that for each OG-space T and
each subgroup H, the map εT : ΨpT qH Ñ TrG{Hs is a weak equivalence. If T
is a pointed OG-CW complex, so is ΨT .

Corollary 8.8.2. For a pointed G-space X, there is a natural weak equivalence
ΨΦpXq Ñ X obtained by restricting ε to G{e.

Elmendorf attributes the following result to Jim McClure.

Theorem 8.8.3. McClure’s adjunction. For a pointed G-CW complex X
and pointed OG-CW complex T , there is a natural bijection

Ho T GpX,ΨT q � HoOGT pΦX,T q.

The functor Ψ is described in terms of the two sided bar construction of
Definition 5.8.11. For an OG-space T ,

ΨpT q � BpT,OG, Sq
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where S is the covariant functor OG Ñ T , rG{Hs ÞÑ G{H� and the action of
G is on the third variable. It follows that

ΨpT qH � BpT,OG, SqH � BpT,OG, SHq
� BpT,OG,OGprG{Hs, �qq by (8.6.23).

A formal property of the two-sided bar construction in general is a map

ε : BpT, J, Jpj, �qq Ñ T pjq.
for an object j of the small category J , which is known to be an equivalence.
In the case at hand it is

ε : ΨpT qH � BpT,OG,OGprG{Hs, �qq Ñ T prG{Hsq.
This is the key step in showing that Φ is an equivalence of categories.
An important application is the following.

Theorem 8.8.4. Eilenberg-Mac Lane spaces for Mackey functors. For
each Mackey functor M as in Definition 8.2.3 and each integer n ¥ 0 there
is a G-space KpM,nq with

πHk pKpMpG{Hq, nqq �
"
MpG{Hq for k � n

0 otherwise.

Proof The restriction of the functor M� : pFGqop Ñ Ab to OG is the
discrete OG-space (more precisely a discrete OG-abelian group) given by
rG{Hs ÞÑ MpG{Hq. Composing with the nth iterated classifying space func-
tor Bn (see Proposition 3.4.15(ii) and Remark 3.4.22) gives us an OG-space
given by rG{Hs ÞÑ KpMpG{Hq, nq, the nth Eilenberg-MacLane space for the
abelian group MpG{Hq. We denote this OG-space by K 1pM,nq. We can re-
gard it as a pointed OG-space for any choice of base point in KpM,nqrG{Gs.
Now let KpM,nq � ΨK 1pM,nq.
We can use McClure’s adjunction (Theorem 8.8.3) to compute its equivari-

ant homotopy groups as in Definition 8.3.12. We have

πHk KpM,nq � πHk i
G
HΨK 1pM,nq � πHk ΨiGHK

1pM,nq
� Ho T HpSk,ΨiGHK 1pM,nqq
� HoOHT pΦSk, iGHK 1pM,nqq
� Ho T pSk,K 1pM,nqrG{Hsq
� πkpKpMpG{Hq, nqq

�
"
MpG{Hq for k � n

0 otherwise.

The Eilenberg-MacLane spectrum forM will be the subject of Theorem 9.1.47
below.
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8.9 Orthogonal representations of G and related
structures

8.9A Basic definitions
A finite dimensional orthogonal representation V of a finite group G can be
regarded as a functor

V : BGÑ VectOR,

where BG is the one object category associated with the group G as in Defini-
tion 2.1.31, and VectOR denotes the category of finite dimensional orthogonal
real vector spaces. Hence the set of orthogonal representations of G is the
functor set FunpBG,VectORq as in Definition 2.1.12. We denote the dimension
of V as a real vector space, also called the degree of V , by |V |. We will some-
times use the symbol |V | to denote a real vector space with trivial G-action
having the same dimension as V .
For a subgroup H � G we can consider the composite functor

BH i //

ResGHV ''NN
NNN

NNN
NNN

BG

V
��

VectOR,

the restriction of V to H. Thus precomposition with i induces the restric-
tion functor

ResGH : FunpBG,VectORq Ñ FunpBH,VectORq. (8.9.1)

Recall the representation sphere SV of Definition 8.3.26. The following is a
special case of Definition 8.3.12.

Definition 8.9.2. Homotopy groups indexed by representations of
G. For a finite group G, let X be a pointed G-space and let V be a finite
dimensional orthogonal representation of G. Then

πGVX � π0T GpSV , Xq � rSV , XsG,
is the set of homotopy classes of pointed G-maps from SV to X. For a repre-
sentation W of a subgroup H � G, πHWX is defined similarly.

Note here that V must be an actual, as opposed to a virtual, representation
of G. In Definition 9.1.1 below we will define ROpGq-graded homotopy groups
in the stable category.

Definition 8.9.3. Twisted suspensions and twisted loop spaces. For
an orthogonal representation V of G and a pointed G-space X,
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(i) ΣVX, the twisted suspension, is SV ^X, and
(ii) ΩVX, the twisted loop space, is the G-space TGpSV , Xq of pointed maps

SV Ñ X.

Proposition 8.9.4. The equivariant suspension loop adjunction. For
representations V and W of a finite groups G and a pointed G-space X, we
have a natural isomorphism

πGV�WX � πGV Ω
WX,

where ΩWX is the pointed G-space TGpSW , Xq.
Proof Since TG is closed symmetric monoidal, we have

TGpSV ^ SW , Xq � TGpSV ^ TGpSW , Xqq.
Taking the fixed points of both sides gives

T GpSV�W , Xq � T GpSV ^ ΩWXq.
Taking π0 of both sides gives the desired isomorphism.

Remark 8.9.5. The group structure in πVX. When V G � 0, we can write
V � 1`V , so SV � S1^SV . Then the usual pinch map S0 : S1 Ñ S1_S1

(Definition 4.6.22) leads to a pinch map for SV . It can be used to define a
natural group structure on πVX in the usual way. It is abelian when |V G| ¥ 2.

Example 8.9.6. A case where πVX is not a group. Let G � C2 and
let V be the sign representation σ. Then V G � 0, so we do not have a group
structure on πσX. The space Sσ is a circle on which the nontrivial element
γ P G acts by a reflection having two fixed points. Pinching them to a single
point gives an equivariant map

f : Sσ Ñ G
 S1,

in which the target is the wedge of two circles interchanged by γ. A pointed
equivariant map G 
 S1 Ñ X is equivalent to a pointed map S1 Ñ X. This
means that f induces a map

πu1X Ñ πGσX,

where where πu�X denotes the underlying homotopy of the G-space X.
The map f above fits into an equivariant cofiber sequence

S0 i // Sσ
f // G
 S1 // S1 // S1�σ,

which leads to an exact sequence similar to that of Proposition 4.7.11(ii),

π0X
G πGσX

i�oo πu1X
f�oo πG1 Xoo πG1�σX.oo

Here the three objects on the right are groups, but the two on the left are
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merely pointed sets. The image of f� is the preimage of the base point under
i�.

Applying the forgetful functor gives iGHSV � SResGHV . We will sometimes
omit the notation iGH and ResGH when the group under consideration
is clear from the context.
For a finite dimensional orthogonal representation W of H, we have the

induced representation of G, namely

IndGHW :� RrGs bRrHsW.

This induction can be regarded as a functor

IndGH : FunpBH,VectORq Ñ FunpBG,VectORq. (8.9.7)

Then
SIndG

HW � T HpG�, SW q,
where T H is the category pointed H-spaces and equivariant maps as in Defi-
nition 3.1.59. Here we are regarding G� as a pointed H-space via right mul-
tiplication, and T HpG�, SW q as a pointed G-space by left multiplication on
the source. The underlying space here is the smash power pS|W |q^|G{H|.
Example 8.9.8. The regular representation ρ � ρG of a finite group
G is the real group ring RrGs (a vector space of dimension |G|) where G acts
by left multiplication. This vector space has a basis corresponding to the set
of all elements γi P G,

trγis : γi P Gu .
These elements are permuted by the action of G. The element

δ �
¸
i

rγis

is fixed by this action and generates a one dimensional summand, the diagonal
subspace, on which G acts trivially. It orthogonal complement is the subspace#¸

i

xirγis : xi P R,
¸
i

xi � 0

+
It is invariant under G and we call it the reduced regular representation
ρ � ρG.

It follows that Sρ � S1 ^ Sρ.

For other examples of representations, see Example 8.2.1.

Definition 8.9.9. A partial ordering on the set of orthogonal repre-
sentations of G. Let V1 and V2 be two nonzero representations of G. We say
that V1   V2 if for every irreducible representation U ,

dim homGpU, V1q   dim homGpU, V2q � 1.
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Without subtracting 1 on the right, this condition would insure that V1 em-
beds equivariantly in V2. The extra dimension assures that the spaceOpV1, V2qG
of equivariant orthogonal embeddings is connected, so all such embeddings are
homotopic. It also implies that OpV1, V2q is simply connected.

8.9B Representations of finite G-sets
For a finiteG-set T , recall the split groupoid BTG of Definition 2.1.31. When T
has one element, this is the one object category BG associated with the group
G, and a finite dimensional orthogonal representation V of G is a functor from
it to the category of finite dimensional orthogonal real vector spaces, which
we denote by VectOR.

Definition 8.9.10. A finite dimensional orthogonal representation V

of a finite G-set T is a functor from the split groupoid BTG of Defini-
tion 2.1.31 to the category of finite dimensional orthogonal real vector spaces
VectOR, in which morphisms are orthogonal embeddings. For each t P T we
denote its image under V by Vt. It can also be thought of as a G-equivariant
vector bundle over T . (This language is used in [HHR16, §B.5], which is
similar to the first four sections of Chapter 10 below.)

(i) Its representation sphere is

SV �
©
tPT

SVt

for SVt as in Definition 8.3.26,
(ii) Given two pairs pT 1, V 1q and pT 2, V 2q, each consisting of a finite G-set and

a representation thereof, we define the direct sum

pT 1, V 1q ` pT 2, V 2q :� pT 1 � T 2, V 1 ` V 2q,
where the functor V 1 ` V 2 on the G-set T 1 � T 2 is defined by

pV 1 ` V 2qpt1,t2q � V 1
t1 ` V 2

t2 for pt1, t2q P T 1 � T 2.

In particular pG{G, 0q ` pT, V q � pT, V q ` pG{G, 0q � pT, V q.
(iii) The disjoint union of pT 1, V 1q and pT 2, V 2q is

pT 1, V 1q > pT 2, V 2q :� pT 1 > T 2, V 1 > V 2q
where the functor V 1 > V 2 is defined by

pV 1 > V 2qt �
"
V 1
t for t P T 1
V 2
t for t P T 2.

(iv) The degree |pT, V q| of pT, V q is

|pT, V q| �
¸

tPT {G

|Vt|.



592 Equivariant homotopy theory

Here the sum is over all G-orbits in T . It is well defined because, if t
and t1 are in the same orbit, the vector spaces Vt and Vt1 are necessarily
isomorphic.

(v) A representation pT, V q is positive if the following condition holds. The
finite G-set T is a finite union of orbits G{Hα, where each isotropy group
Hα is defined up to conjugacy. For each such orbit we have a representation
Vα of Hα. We require that that the invariant subspace V Hα

α be nontrivial
for each α.

(vi) For a subgroup H � G, iGHT denotes the finite H-set obtained by applying
the forgetful functor to the finite G-set T . Thus BiGHTH, which we will
denote abusively by BTH, is a wide subcategory (Definition 2.1.4) of BTG,
and the restriction of V to H, ResGHV is the composite functor

BTH
jGH // BTG

V // VectOR

for jGH as in Definition 2.1.31. Note that ResGHV is positive if V is.
(vii) Given a representation V of a finite G-set T and a surjective map p : T Ñ

T 1 of G-sets, the representation of T 1 induced by p is the left Kan
extension p!V . (See Example 2.5.8(iv).)

Proposition 8.9.11. Induced representations of G{G. With notation as
in Definition 8.9.10(vii), when T � G{H, making V and representation of H,
and T 1 � G{G, then p!V � IndGHV , the representation of G induced up from
V . When T is a union of such orbits, and T 1 � G{G, then p!V is the direct
sum of the corresponding induced representations.

Example 8.9.12. Some representations of finite G-sets.

(i) Let T � G{H for a subgroup H � G. Then a finite dimensional orthogonal
representation V of G{H assigns a finite dimensional real vector space VγH
to each element γH of T . Functoriality requires them all to be isomorphic
to VeH , which comes equipped with an orthogonal action of H. Thus a rep-
resentation of the G-set G{H is equivalent to a representation of the group
H in the usual sense. We will usually make no notational distinction
between the two. In particular a representation of G{e is simply finite
dimensional orthogonal real vector space. When T is a finite union of orbits
G{Hα, a representation of it consists of a representation of Hα for each α.

(ii) When T 1 � T 2 � G{G, then the direct sum of two representations as
defined in Definition 8.9.10(ii) corresponds to the usual direct sum of two
representations of G. When instead T 1 � G{H, then the direct sum as
above coincides with that of V 1 and the restriction of V 2 to H.

(iii) When T 1 � G{H 1 and T 2 � G{H2, then T 1 � T 2 can be described as
a union of orbits using the methods of § 8.1. The degree of the resulting
representation on the isotropy group of each of them is the sum of the
degrees of V 1 and V 2.
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(iv) Consider the specific case G � S3 and H 1 � H2 � C2 with V 1 and V 2 both
being the sign representation σ. We saw in Example 8.1.6 that

S3{C2 � S3{C2 � S3{e > S3{C2

The corresponding representations of e and C2 each have degree two, with
the one on C2 being 2σ.

Suppose H is a subgroup of G, T is a finite H-set and V is an orthogonal
representation of T . Then G �H T is a G-set. Its elements are pairs pγ, tq
for γ P G and t P T subject to the relation pγη, tq � pγ, ηtq for η P H. The
categories BTH and BG�HTG are equivalent by Proposition 2.1.38. It follows
(Corollary 2.1.40) that the same is true for the categories of functors from
them to VectOR, that is the categories of orthogonal representations of the
H-set T and of the G-set G�H T , are also equivalent.
More explicitly we can extend the functor V from T to G�H T by defining

Vpγ,tq � Vt.

This makes Vpγη,tq � Vpγ,ηtq � Vηt, which is canonically isomorphic to Vt, so
the functor is well defined on G�H T . If T contains an orbit of the form H{K,
thenG�HT contains one of the formG�HH{K � G{K. The restriction of the
original V to this copy of H{K is equivalent to an orthogonal representation
of K, as is the restriction of the extended V to the orbit G{K. We denote this
extended representation by

G�H pT, V q. (8.9.13)

In paricular we have an isomorphism

pG{H,V q � G�H pH{H,V q. (8.9.14)

Definition 8.9.15. Orthogonal embeddings. Given representations V and
W of a finite G-set T as in Definition 8.9.10, an orthogonal embedding

f : pT, V q Ñ pT,W q
consists of an orthogonal embedding ft : Vt Ñ Wt for each t. These need not
respect the action of G.

We denote the space of all such embeddings by OT pV,W q. When T � G{G,
we denote it simply by OpV,W q or Op|V |, |W |q as in (7.2.7). Such orthogonal
embeddings can be composed in an obvious way.

The proof of the following is an exercise for the reader.

Proposition 8.9.16. Properties of the space OT pV,W q.
(i) The space OT pV,W q is the product of Stiefel manifolds

OT pV,W q �
¹
tPT

OpVt,Wtq.
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(ii) It has an action of G defined as follows. Given an embedding f and an
element γ P G, consider the diagram

Vt
ft //

γ

��

Wt

Vγt
fγt // Wγt.

γ�1

OO

The embedding γpfq is given by γpfqt � γ�1fγtγ.
(iii) For T � G{G, let V K and WK denote the orthogonal complements of V G

and WG in V and W . Then

OpV,W qG � OpV G,WGq �OpV K,WKqG.
(iv) For

T �
º
α

G{Hα,

the fixed point set is

OT pV,W qG �
¹

OpVt,WtqHα �
¹�

OpV Hα
t ,WHα

t q �OpV K
t ,W

K
t qHα

	
,

where the product is over all G-orbits of T , with one t taken from each.
(v) For T � G{G, the orthogonal group OpV q acts freely on OpV,W q.

There is a finer version of Proposition 8.9.16(iii) that involves splitting V
andW further into summands corresponding to (and consisting of a multiples
of) each irreducible representation of G. We do not need it here, so we leave
the details to the reader.

Example 8.9.17. The case G � C4. The group has three irreducible rep-
resentations, the trivial representation 1, the sign representation σ, and the
2-dimensional representation λ in which a generator γ of the group gives a
rotation of order 4. Let V � V0 ` V1 ` V2 � v0 � v1σ � v2λ where V0 � V G,
γ acts on V1 by multiplication by �1, and V2 is a sum of v2 copies of λ.
Similarly, let W �W0 `W1 `W2 � w0 � w1σ � w2λ.

Then an equivariant orthogonal embedding of V into W must preserve this
decomposition into three subspaces. Any orthogonal embedding V0 � W0 and
V1 � W1 is equivariant, but more care is needed for V2 � W2. We can define
complex structures on V2 and W2 in which multiplication by i is the action of
γ. Thus structure must be preserved by an equivariant embedding, so we have

OpV2,W2qC4 � UpV2,W2q,
where the space on the right is a complex Stiefel manifold.

It follows that

OpV,W qC4 � OpV0,W0q �OpV1,W1q � UpV2,W2q.
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In particular, this space is nonempty only if vi ¤ wi for each i. When each vi
is positive, the sum of the connectivities of the three factors is one more that
of the underlying space of OpV,W q.

There is a similar decomposition and connectivity statement for any finite
cyclic group G.

Remark 8.9.18. Orthogonal embeddings as natural transformations.
Morphisms in the category VectOR are orthogonal embeddings by definition. It
follows that morphisms in the functor category pVectORqBTG, that is natu-
ral transformations between functors on BTG, are equivariant orthogonal
embeddings. The morphisms we are consider are those in the larger functor
category pVectORqqBT , where BT is the discrete groupoid (in which the only
morphisms are identities) for the set T .

8.9C The Stiefel and Mandell-May categories
The categories IG and JG (to be defined below) we will study in this sub-
section (and use extensively in the next two chapters) have representations of
finite G-sets as in Definition 8.9.10 as objects. Similar categories were studied
in [MM02], but only for representations of the G-set G{G, that is ordinary
representations of G. The only morphisms we consider here are between repre-
sentations of the same G-set T , so in effect we get a pair of categories I

T
G and

J
T
G for each T . The ones studied by Mandell and May are I

G{G
G and J

G{G
G .

We will need this level of generality for the constructions of Chapter 10 below.
For now the reader may find it convenient to assume that T � G{G.

The reader is advised to take careful note of the difference be-
tween the symbols I and J (\mathscr{I} and \mathscr{J}) used
here for the Stiefel and Mandell-May categories!

Definition 8.9.19. The Stiefel category IG is the topological G-category
(as in Definition 3.1.66) whose objects are representations V of finite G-
set T . Given two representations V and W of the same T , the morphism
spaces IGpV, V q is the embedding space OT pV,W q of Definition 8.9.15. No
morphisms are defined between representations of distinct G-sets.

The positive Stiefel category I
�
G � IG is the full subcategory of pos-

itive representations V as in Definition 8.9.10(v). We denote the inclusion
functor by

iG : I
�
G Ñ IG. (8.9.20)

When the dimension of V exceeds that ofW , the morphism space IGpV,W q
is empty. When the two dimensions are equal, it is the orthogonal group OpV q
with approprate G-action. When V � 0, the morphism space is a point.



596 Equivariant homotopy theory

Proposition 8.9.21. Equivariance of composition morphisms in the
Stiefel category. Given representations U , V and W for a finite G-sets T ,
the composition morphism

iU,V,W : IGpV,W q �IGpU, V q Ñ IGpU,W q
is G-equivariant.

Proof We can embed the Stiefel category IG as a subcategory of T opG by

V ÞÑà
tPT

Vt.

The result then follows from Proposition 3.1.63.

The following is similar to Definition 7.2.4(iii).

Definition 8.9.22. Mandell-May morphism spaces. Given an orthogonal
embedding f : pT, V q Ñ pT,W q as in Definition 8.9.15, for each t P T we get
an orthogonal compliment ftpVtqK �Wt. We define

fpV qK �à
tPT

pVtqK �
à
tPT

Wt.

Thus we can define a space

EpV,W q �
#
pf, wq P IGpV,W q �à

tPT

Wt : w P fpV qK �W

+
�

¹
tPT

 pf, wq P OpVt,Wtq �Wt : wt P ftpVtqK �Wt

(
The Mandell-May vector bundle over IGpV,W q is the evident map

EpV,W q Ñ IGpV,W q,
and the Mandell-May morphism space JGpV,W q is its Thom space.

Here is an example of the embedding of Remark 7.2.25.

Definition 8.9.23. An embedding of JGpV,W q into TGpSV , SW q. Let V
and W be representations of a finite G-set T . Each nonbase point of JGpV,W q
is a pair pf, aq, where f : pT, V q Ñ pT,W q is an orthogonal embedding (as
in Definition 8.9.15) and a P fpV qK � W is a vector in the orthogonal
complement of fpV q � W . From this we get a map g : SV Ñ SW (see
Definition 8.9.10(i)), the one point compactification of the product (over t P T )
of maps sending vt P Vt to ftpvtq � at PWt. We denote the resulting map by

eGpV,W q : JGpV,W q Ñ TGpSV , SW q.
Definition 8.9.24. The Mandell-May category JG for a finite group
G is the pointed topological G-category (as in Definition 3.1.66) whose objects
are finite dimensional orthogonal representations (actual rather than virtual)
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V of G and whose morphism objects are the Thom spaces JGpV,W q above.
Given representations U , V and W , there is a composition morphism

jU,V,W : JGpV,W q ^JGpU, V q Ñ JGpU,W q
induced by composition of affine isometric embeddings.

We denote by J
G the topological Mandell-May category, which has

the same objects as JG, in which the morphism spaces are the fixed sets

J
GpV,W q :� JGpV,W qG, (8.9.25)

which will be described in Proposition 8.9.30 below. The composition pairing
in JG restricts to one in this category by prop-MM-eqvr below.

The positive Mandell-May category J
�
G � JG is the full subcategory

in which all objects V are positive as in Definition 8.9.19. We denote the
inclusion functor by

jG : J
�
G Ñ JG. (8.9.26)

Here is the Mandell-May analog of Proposition 8.9.21.

Proposition 8.9.27. Equivariance of composition morphisms in the
Mandell-May category. Given representations U , V . Given representations
U , V and W for a finite G-set T , the composition morphism

jU,V,W : JGpV,W q ^JGpU, V q Ñ JGpU,W q
is G-equivariant.

Proof We can use Definition 8.9.23 to construct a faithful functor

eG : JG Ñ TG

analogous to the functor of (7.2.17). As in the proof of Proposition 8.9.21,
result then follows from Proposition 3.1.63.

When the dimension of V exceeds that ofW , the morphism space JGpV,W q
is a point. When the two dimensions are equal, it is the orthogonal group OpV q
with disjoint base point. When V � 0, the morphism space is S0.

Example 8.9.28. Some Mandell-May spaces Jpm,nq for the trivial
group.

(i) For m ¡ n the embedding space is empty, so the Thom space consists only
of the point at infinity and Jpm,nq � �.

(ii) For m � n the embedding space is the orthogonal group Opnq, and the
vector bundle has dimension 0, so Jpn, nq � Opnq�.

(iii) For m � 0 the embedding space is a point and Jp0, nq � Sn.
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(iv) For m � 1 and n ¡ 0, the embedding space is Sn�1 and the vector bundle is
its tangent bundle. Thus Jp1, nq is a CW complex of the form Sn�1Ye2n�2.
Since the Whitney sum of the tangent bundle with the trivial line bundle is
the trivial Rn-bundle, ΣJp1, nq is weakly equivalent to Sn _ S2n�1.

Like Proposition 8.9.16, the following is an exercise for the reader.

Proposition 8.9.29. The free action of the orthogonal group. The free
action of Opmq on Ipm,nq (Proposition 8.9.16(v)) induces an action of it on
Jpm,nq that is free away from the base point, namely the point at infinity.

Note that both Proposition 8.9.16(v) and Proposition 8.9.29 are true even
when n   m. In the former case, the Stiefel manifold Opm,nq is empty, so any
action on it is free by definition. In the latter case we have the Thom space
of a vector bundle over the empty set, which is a point by definition.
We will now look at the fixed point set of JGpV,W q. Recall (Proposi-

tion 3.1.62) that the fixed point set of TGpX,Y q is T GpX,Y q, the space of
pointed equivariant maps from X to Y . On the other hand, the fixed point set
of JGpV,W q is not the Thom space associated with IGpV,W qG, the space
of equivariant orthogonal embeddings of Definition 8.9.15.
While it is true that each point in JGpV,W qG is associated with such an

orthogonal equivariant embedding f : V ÑW , one has to consider the action
of G on the orthogonal complement of fpV q in W , fpV qK. Recall that V K

denotes the orthogonal complement of V G in V . Since f is equivariant it sends
V G to WG and V K to WK, so fpV qK splits accordingly. The action of G fixes
each point in the complement of fpV Gq in WG, but it fixes only the origin
in the complement of fpV Kq in WK.
Hence we have the following analog of Proposition 8.9.16(iii).

Proposition 8.9.30. The fixed point set of the Mandell-May mor-
phism space JGpV,W q. For H � G, let NH be the normalizer of H in
G. For representations V and W of G, let V K

H and WK
H be the orthogonal

complements of V H in V and WH in W . We will drop the subscript when
H � G. Then

JGpV,W qH � JNH{HpV H ,WHq �IGpV K
H ,W

K
HqH

� JNH{HpV H ,WHq �OpV K
H ,W

K
HqH

as pointed NH{H-spaces. It has the same connectivity as JNH{HpV H ,WHq.
Again, as in Proposition 8.9.16(iii), the equivariant embedding space

IGpV K,WKqG

has a finer splitting which we do not need and which we leave to the interested
reader.
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Example 8.9.31. The case G � C4 again. We use the notation of Exam-
ple 8.9.17. We find that

JGpV,W qG � JpV0,W0q � pOpV1,W1q � UpV2,W2qq.
It is pw0 � v0 � 1q-connected.

Proposition 8.9.32. The categories IG and JG are symmetric mon-
oidal under direct sum ` with the trivial representation 0 as the unit.

Proof It is easy to verify that the direct sum has the unitors and the asso-
ciator required by Definition 2.6.1. For symmetry one has the required map
τV,W , namely the evident isomorphism from V `W to W ` V .

When G is the trivial group we will denote the category JG simply by
J. For any G there is an inclusion J � JG identifying J with the full
subcategory of objects with trivial G-action. There is also a forgetful functor
JG Ñ J which refines in the evident manner to a functor from JG to the
G-category of objects in J equipped with a G-action. One can easily check
that this is an equivalence.
The following will be used to prove Proposition 9.7.8 below.

Proposition 8.9.33. The forgetful functor described above gives an equiva-
lence of JG with the topological G-category of objects in J equipped with a
G-action. Passage to fixed points gives an equivalence of J

G with the topo-
logical category of objects in J equipped with a G-action.

Theorem 8.9.34. When G is a cyclic p-group, the Mandell-May cate-
gory JG is a spectral J

O-algebra as in Definition 7.2.19, with M � T G

and L � SρG . Here ρG is the regular real representation of G as in Defini-
tion 8.3.27. The functor of (7.2.20), which we denote here by

iGO : J
O Ñ JG (8.9.35)

sends n to nρG. The map of morphism objects are induced by the homomor-
phisms Opnq Ñ Opnρgq of Example 7.2.18(ii).

The subcategory J
�
G is a positive ideal as in Definition 7.2.19.

This theorem is likely to hold for any finite group G. The p-cyclic case is
adequate for the applications in this book, since the only groups we need in
Part THREE are cyclic 2-groups.
Our proof relies on an explicit description of SnρG (for G � Cp`) as a G-CW

complex given in (8.4.17). A different description of SρG for arbitrary finite G
is given in Example 8.5.17. One may be able to generalize it to one for SnρG
and use it in a proof similar to ours.

Proof The first two conditions of Definition 7.2.19 and the positivity of the
ideal are easy. The hard part is to show that JG satisfies the stable homotopy



600 Equivariant homotopy theory

condition of (iii). We know that a complete set of homotopy invariants for T G

is  
πHk : H � G, k ¥ 0

( � "
π0T GpG


H
Sk,�q : H � G, k ¥ 0

*
.

Let

πHk,n :� π0T GppG

H
Skq ^ SnρG ,�q � π0T GpG


H
Sk�|G{H|nρH ,�q.

Then the condition is that for each representation V , the map πHk,nξV,m,n of
(7.2.21) is an isomorphism for large n.
We will argue by induction on the order of G. We start the induction with

the trivial group, which is the subject of Proposition 7.2.24. For each proper
subgroup H, the statement about πHk,nξV,m,n is part of the stable homotopy
condition for JH , which holds by the inductive hypothesis.
The inductive step then is the statement that πGk,nξV,m,n is an isomorphism

for large n. For this, note that

πGk,np�q � π0T GpG

G
Sk�nρG ,�q � π0T GpSk�nρG ,�q � πGk�nρGp�q,

where the last group is as in Definition 8.9.2. For a pointed G-space X, we
have

πGk�nρGX � πGk�np1�ρGqX � πGk�nΩ
nρGX � πk�npΩnρGXqG,

where ρG is the reduced regular representation as in Definition 8.3.27.
We now specialize to the case G � Cp` for a prime p and a positive

integer `. As before, we denote the subgroup of index pi by Gi, with Gi :�
G{Gi. Recall the description of SnρG as aG-CW complex of (8.4.17). Applying
the functor T Gp�, Xq (for any pointed G-space X) to that diagram gives a
diagram of fiber sequences in T ,

XG pXK0qG pXK1qGoo pXK2qGoo � � �oo pXKnpp`�1qqGoo pΩnρGXqG

pXL1qG

OO

pXL2qG

OO

pXL
npp`�1qqG,

OO
(8.9.36)

where for 1 ¤ i ¤ `,

pXLj qG � Ωj
�
XGi

	
for nppi�1 � 1q   j ¤ nppi � 1q. (8.9.37)

Note here that the fixed point set XGi has an action of the group Gi (which
is cyclic of order pi) induced by that of G on X. We are ignoring that
action here, as explained in Proposition 8.4.16(ii).
The stable homotopy condition requires that for each k ¥ 0, the map

πk�npΩnρGξV,m,nqG is an isomorphism for large n. Using (8.9.36), we see that
this follows if πk�npξV,m,nqG and πk�n�jpξV,m,nqGi , with i and j as in (8.9.37),
are isomorphisms for large n.
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The map ξV,m,n has the form

JGpV `m,nq ^ SmρG

JGpV `m,nq ^JGp0,mq
ξV,m,n //

JGpV`m,nq^ωF
V,0,m

((PP
PPP

PPP
PPP

PPP
JGpV,nq

JGpV `m,nq ^JGpV, V `mq,

jV,V�m,n

<<xxxxxxxxxx

(8.9.38)

Using Proposition 8.9.30, we see that the map of G-fixed points is

�
JpV G �m,nq �IGpV K �mρG, nρGqG

�
^ �

Sm �IGp0,mρGqG
�

�

��
pJpV G �m,nq ^ Smq

� �
IGpV K �mρG, nρGqG �IGp0,mρGqG

�
JpV G�m,mq^ωO

V G,0,m
��

��
ξV G,m,n�

�
iVK,VK�mρG,nρG

	G

,,

�
JpV G �m,nq ^JpV G, V G �mq�

� �
IGpV K �mρG, nρGqG �IGpV K, V K �mρGqG

�
jV G,V G�m,n�

�
iVK,VK�mρG,nρG

	G
��

JpV G, nq �IGpV K, nρGqG

(8.9.39)

We saw above that the stable homotopy condition on JG is equivalent to
the requirement that for each k,m ¥ 0 and each representation V , the map
pΩnρGξV,m,nqG is pn� kq-connected (meaning that it induces an isomorphism
is πn�k) for large n.
The diagram of (8.9.36) shows that this is equivalent to requiring that

pξV,m,nqG is pn� kq-connected (which we have just shown), and that for 0 ¤
i   `, pξV,m,nqGi is pn� k � jq-connected for j as in (8.9.37).
The diagram (8.9.39) shows that the connectivity of pξV,m,nqG is that of

ξV G,m,n, which is p2n� 2|V G|�m� 1q-connected by Proposition 7.2.24. This
connectivity grows without bound as n increases. Hence for large enough n,
pξV,m,nqG is pn� kq-connected, as required.
Now we need to look at the connectivity of the map pξV,m,nqGi for 1 ¤ i ¤ `.

For brevity, let Gi � Gi, which isomorphic to Cpi . It is the group which acts
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in V Gi . Then the map ξV G,m,n in (8.9.39) gets replaced by the left map in

JGi
pV Gi �mρGi

, nρGi
q ^ SmρGi

ξ
V Gi

,m,n

��

� i
Gi
0 //Jp|V Gi | � pim, pinq ^ Sp

im

ξ
|V Gi

|,pim,pin

��
JGi

pV Gi

, nρGi
q � i

Gi
0 //Jp|V Gi |, pinq

and its connectivity is that of pξV,m,nqGi . We are applying the forgetful func-
tor iGi

0 because we are ignoring the action of Gi as explained in Proposi-
tion 8.4.16(ii). By Proposition 7.2.24, the connectivity of the map on the
right is

2pin� 2|V Gi | � pim� 1 � �
nppi � 1q � n

�� nppi � 1q � 2|V Gi | � pim� 1,

which exceeds the required k � j � n (for j ¤ nppi � 1q) for large n.
Remark 8.9.40. Exhausting sequences V0 � � � �Vn � Vn�1 � � � � of rep-
resentations of G are defined in [HHR16, Definition 2.16] to be collections
such that every finite dimensional orthogonal representation of G is isomor-
phic to a summand of some Vn. Such sequences are then used to define various
homotopy colimits such as the fibrant replacement functor of [HHR16, Propo-
sition B.24]. A similar homotopy colimit is used here in Definition 7.4.24. It
is understood, if not explicitly stated in [HHR16], that that such homotopy col-
imits are independent (up to weak equivalence of fibrant objects) of the choice
of exhausting sequence, and that one such choice consists of multiples of the
regular representation ρG of G.

We do not make such a definition here. Such a choice is effectively built
into the definition of a spectral J

O-algebra in Definition 7.2.19 with its
direct summand condition (ii) and choice of the object L, which is SρG for
our category JG.



9

Orthogonal G-spectra

We are now ready to introduce our main objects of study, orthogonal G-
spectra for a finite group G. They are smashable spectra in the sense of
Definition 7.2.33. This means they are M-valued functors on an indexing
category J

F
L .

The underlying model category M is T G, the category of pointed G-spaces
and equivariant maps, with the Bredon model structure of Theorem 8.6.2.
Weak equivalences are maps X Ñ Y that induce ordinary weak equivalences
of fixed point sets XH Ñ Y H for each subgroup H � G. It is cofibrantly
generated with cofibrant generating sets

IG �
"�

G�
H
in



�

: n ¥ 0, H � G

*
and JG �

"�
G�
H
jn



�

: n ¥ 0, H � G

*
,

(9.0.1)

with in : Sn�1 Ñ Dn and jn : In Ñ In�1 as in (5.2.10) and (5.2.11).
Our indexing category is the Mandell-May category JG of Definition 8.9.24.

The object K is SρG , where ρG denotes the real regular representation of G,
which we often abbreviate by ρ. This means that the n-fold smash product
K^n is Snρ. It has an action of the orthogonal group Opnq described in Ex-
ample 7.2.18(ii). We saw in Theorem 8.9.34 that JG is an algebra over the
category J

O of Definition 7.2.4(iii), at least in the case where G is a cyclic
p-group. This means the results of §7.4 apply here..
The following should be compared with [MM02, II.4.3].

Definition 9.0.2. An orthogonal G-spectrum E for a finite group G is
a TG-valued functor on JG, the Mandell-May category of Definition 8.9.24.
We will denote its value on V by EV (the V th space of E), e.g. by En
when V is an n-dimensional vector space with trivial G-action. SpG (SG in
[HHR16] and IGS in [MM02]) denotes the category of orthogonal G-spectra
and nonequivariant maps. The corresponding category with equivariant maps is
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denoted by SpG (SG in [HHR16]). The latter is the functor category rJG, T Gs
as in Definition 3.2.18.

A positive orthogonal G-spectrum is a corresponding functor on the
positive Mandell-May category J

�
G of Definition 8.9.24.

When the group G is trivial we omit it from the notation.

Remark 9.0.3. The spectrum underlying an orthogonal G-spectrum.
As in Remark 8.3.1 we can speak of the underying orthogonal spectrum of
orthogonal G-spectrum. It is given by precomposition with the inclusion functor
i � iGO : J Ñ JG of (8.9.35), which sends J to the full subcategory of trivial
representations in JG. We will sometimes say that an orthogonal G-spectrum
X is underlain by i�X.

Note that both JG and TG are enriched over T G, meaning that their
morphism objects are pointed G-spaces. This means that the functor category

SpG � rJG, TGs
is also enriched over T G. Since T G is enriched over T , it is also enriched
over T G, which contains T as a full subcategory. The same is true of SpG �
rJG, T Gs.
The category SpG is bicomplete, with limits and colimits defined objectwise.

On the other hand, the category SpG is neither complete nor cocomplete since
the same is true of TG.
We will study model structures on SpG. (There are none on SpG since it is

not complete or cocomplete.) The first thing one might try is to start with the
projective model structure of Definition 5.4.2 and then stabilize it by applying
left Bousfield localization with respect to a set of stabilizing maps as in §7.4C.
This turns out to be unsatisfactory for several reasons. It fails to have some

properties required for some constructions that are needed below to prove the
main theorem. These properties include the following.

Model structure conditions 9.0.4. A model structure on the category SpG
of orthogonal G-spectra should satisfy the following.

(i) Equifibrancy. (See Remark 8.6.19.) We need the model structure to be
compatible with change of group in the sense that for each subgroup H � G,
the change of group adjunction

SpH
G


H
p� q

K
//
SpG

iGH

oo

(see (9.1.18) below) is a Quillen pair. The Bredon model structure on
T G of Theorem 8.6.2 has such an adjunction by Lemma 8.6.18. It was
constructed with the help of the auxiliary indexing category O

op
G and functor

category rOopG , T s of Definition 8.6.26. We need a different approach here.
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The problem is that projective cofibrations in SpH do not map to projective
cofibrations in SpG. We will use the construction of Theorem 5.2.34 to
enlarge the class of cofibrations in the latter.

(ii) Indexing compatibility. Indexed wedges and smash products, such as the
norm NG

H of Definition 9.7.3, should be homotopical on cofibrant objects.
Equifibrancy will be shown to imply this for indexed wedges, but indexed
smash products require a separate argument. It is the subject of the first
four sections of Chapter 10, culminating in Theorem 10.4.7.

(iii) Positivity. The symmetric power functor should be homotopical on cofi-
brant objects. This is the subject the next five sections of Chapter 10,
§10.5–§10.9. We need it to get a model structure on CommG, the category
of commutative algebras in SpG, which will be produced in §10.7. It will
give us a Quillen adjunction

SpJ
Sym

K
//
CommG

U
oo

where the right adjoint U is the forgetful functor and its left adjoint Sym

is the free commutative algebra functor of Lemma 2.6.66,

X ÞÑ SymX :�
ª
i¥0

X^i{Σi � S�0 _X _ Sym2X _ � � � .

We also have a change of group adjunction

CommH
NG

H

K
//
CommG;

iGH

oo

see Corollary 10.7.5.
(iv) Geometric fixed point compatibility. The geometric fixed point functor

of Definition 9.11.7 below should preserve cofibrant objects.

We will return to these issues in §9.2.

9.1 Categorical properties of orthogonal G-spectra

Definition 9.0.2 requires some unpacking. For each orthogonal G-spectrum E

and each pair of representations V and W , we have the following maps.

εEV,W :JGpV, V �W q ^ EV Ñ EV�W as in (7.2.36),
εEV,W :SW ^ EV Ñ EV�W as in (7.2.39),rεEV,W :JGpV, V �W q ^

JGpV,V q
EV Ñ EV�W as in (7.2.40),

ηEV,W :EV Ñ TGpJGpV, V `W q, EV�W q as in (7.2.43),
and ηEV,W :EV Ñ ΩWEV�W � TGpSW , EV�W q as in (7.2.44).
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9.1A Equivariant homotopy groups
With these maps in hand we can define homotopy groups of G-spectra as in
Definition 7.3.14 using Definition 8.3.12 in place of Definition 7.2.30.

Definition 9.1.1. The equivariant homotopy groups of an orthogonal
G-spectrum. Let X be a G-spectrum as in Definition 9.0.2 and let V be an
object in the Mandell-May category JG. Then its V th homotopy group
(also known as the V th stable homotopy group) is

πGVX � colim
n

πGV Ω
nρXnρ � colim

n
πGV�nρXnρ, (9.1.2)

where the colimit is the sequential one associated with the following diagram
in T G.

X0

ηX0,ρ // ΩρXρ

ΩρηXρ,2ρ // � � � . (9.1.3)

Here ρ is short for ρG, the regular representation of G, the homotopy groups of
objects in T G are as in Definition 8.3.12, and the maps ηXkρ,ρ are the restricted
costructure maps of (7.2.44).

We can extend this definition from actual representations V (objects of
JG) to virtual ones, meaning elements in the representation ring ROpGq.
For each virtual representation V , V �nρ is an actual representation of G for
sufficiently large n. In the second colimit of (9.1.2) we can define πV�nρXnρ

to be trivial when V � nρ is in ROpGq but not an object of J.
For a virtual representation W of a subgroup H � G, we define πHWX to be

πHW piGHXq, which is defined in a similar manner to (9.1.2).

Note that the homotopy colimit of (9.1.3) is none other than Θ8X as
in Definition 7.4.26. We know by Theorem 7.4.29 that a map of G-spectra
f : X Ñ Y is a stable equivalence iff Θ8f is a projective equivalence. This
implies the following.

Proposition 9.1.4. Stable equivalences and equivariant homotopy
groups. A map of G-spectra f : X Ñ Y is a stable equivalence if πH� f (as
Definition 9.1.1) is an isomorphism for all subgroups H � G.

Corollary 9.1.5. The restriction iGHf of a stable G-equivalence f is a
stable H-equivalence for all subgroups H � G.

The following is a special case of Corollary 7.4.56.

Proposition 9.1.6. The suspension isomorphism for G-spectra. For
any cofibrant G-spectrum A, and representation W of G, there is a natural
isomorphism

πGV�WΣWAÑ πGV A

for all V P ROpGq.



9.1 Categorical properties of orthogonal G-spectra 607

The following connection between the spectra of Definition 9.0.2 and the
orthogonal and symmetric spectra of Definition 7.2.4 is straightforward.

Proposition 9.1.7. Orthogonal G-spectra as orthogonal and sym-
metric spectra with G-action. For an orthogonal G-spectrum X, precom-
position with the functor iGO of (8.9.35) gives an orthogonal spectrum with
G-action piGOq�X, i.e., a T -functor J

O
K Ñ TG. Similarly, precomposition

with iGΣ a symmetric spectrum with G-action.

Sometimes we will call orthogonal G-spectra genuine G-spectra to dis-
tinguish them from the naive G-spectra of Definition 9.3.2 below.
In the following, the symbols εV,W�V and rεV,W�V are our new notations

(Remark 7.2.37) for the structure map of (3.2.27) and the reduced structure
map of (3.2.30). The notation makes sense even though W � V may not be
an object in the category JG.

Lemma 9.1.8. [MM02, Lemma V.1.1] The independence of the under-
lying space of EV of the G-action on V . Suppose V and W have the same
dimension. The structure map εEV,W�V factors through a G-homeomorphism

rεEV,W�V : JGpV,W q ^
JGpV,V q

EV Ñ EW .

whose domain is homeomorphic (but possibly not G-homeomorphic) to EV .
In particular (the case W � |V |) EV is nonequivariantly homeomorphic to
the G-space

JGp|V |, V q ^
Op|V |q�

E|V | � Op|V |, V q 

Op|V |q

E|V |,

the orbit space of Op|V |, V q 
 E|V | under the diagonal action of Op|V |q.
Proof Since |V | � |W |, its source is

OpV,W q �
OpV q

EV .

To show that it is a homeomorphism, let f : V Ñ W be a not necessarily
equivariant orthogonal isomorphism, that is an element of OpV,W q and hence
of JGpV, V q inducing an invertible map

Ef : EV Ñ EW .

Then the map that sends y P EW to the equivalence class of pf,Ef�1pyqq gives
the inverse homeomorphism. Mapping x to the equivalence class of pf, xq gives
the homeomorphism

EV
� // OpV,W q �

OpV q
EV .

This means that a G-spectrum E is determined by its values on vector
spaces V with trivial G-action. We will come back to this in §9.3.
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9.1B Fixed point and orbit spectra
Definition 9.1.9. Fixed point and orbit spectra. Let X be an orthog-
onal G-spectrum as in Definition 9.0.2 and let H � G be a subgroup. Then
the H-fixed point spectrum XH of X is the orthogonal spectrum (as in
Definition 7.2.33 for M � T and K � S1) given by

pXHqn � pXnqH ,
the H-fixed point set of the pointed G-space Xn. We will sometimes call this
the naive fixed point spectrum.

The H-orbit point spectrum XH or X{H of X is the orthogonal spec-
trum (as in Definition 7.2.33 for M � T and K � S1) given by

pXHqn � pXnqH ,
the H-orbit space of the pointed G-space Xn.

The H-homotopy fixed point spectrum XhH is the orthogonal spectrum
given by

pXhHqn � pXnqhH ,
the H-homotopy fixed point set (see Example 5.8.5(i) and Definition 8.3.8(iv))
of the pointed G-space Xn.

The H-homotopy orbit spectrum XhH is the orthogonal spectrum given
by

pXhHqn � pXnqhH ,
the homotopy orbit space of Xn.

Recall Example 2.2.30(iii), which says that in the category of G-sets, the
fixed point functor p� qG from the category of G-sets SetG to Set is right
adjoint to the diagonal functor ∆ which assigns to an ordinary set X the
same set with trivial G-action. There is a similar adjunction relating T G and
T .
The situation with spectra is a little more complicated. We have the Mandell-

May categories J (for the trivial group) and JG as in Definition 8.9.24. The
former is J

O
S1 in the notation of Definition 7.2.4. In the language of Defi-

nition 7.2.19, JG is a J
O
S1 -algebra as explained in Example 7.2.31(i). The

functor iFO used to define that structure on JG sends n to nρG.
Now we need to consider a different functor i : J Ñ JG that instead

sends n to Rn, the n-dimensional representation with trivial G-action. Its left
Kan extension gives a functor

i! : SpÑ SpG, (9.1.10)

where the category on the left is that of orthogonal spectra, SpOpT , S1q in
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the notation of Definition 7.2.33. For an orthogonal spectrum X, Lemma 9.1.8
implies that

pi!XqV � Op|V |, V q �Op|V |q X|V |,

the space X|V | twisted by the action of G on V .
With this in mind, the spectral analog of the fixed point adjunction is the

following.

Proposition 9.1.11. The fixed point adjunction for spectra. With no-
tation as above, there is an adjunction (enriched over T )

Sp
i!

K
//
SpG,

p� qG
oo

where i! is the left Kan extension of (9.1.10) and the fixed point functor p� qG
is as in Definition 9.1.9.

More generally for each subgroup H � G, there is a composite adjunction

Sp
i!

K
//
SpH

p� qH
oo

G

H
p� q

K
//
SpG.

iGH

oo

We will discuss fixed point spectra further in §9.10 below.

9.1C Morphism objects
The morphism G-space SpGpE,F q can be described categorically as an en-
riched end (Definition 3.2.12 and Definition 3.2.18),

SpGpE,F q �
» JG

TGpEV , FV q. (9.1.12)

More explicitly, it is a certain subspace of the product¹
V

TGpEV , FV q,

since a map of spectra E Ñ F induces maps EV Ñ FV for each V . That
subspace is the equalizer of

SpGpE,F q //___
¹
V

TGpEV , FV q
µ //
ν
//
¹
V,W

TGpJGpV,W q, TGpEV , FW qq.

To define the maps µ and ν, note that in TG the categorical and internal Hom
spaces are that same, so we have an adjunction isomorphism

TGpA^B,Cq � TGpA, TGpB,Cqq.
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The image under this isomorphism of the structure map of (7.2.36) for E,

εEV,W�V P TGpJGpV,W � V q ^ EV , EW q,
is the costructure map of (7.2.43),

ηEV,W�V P TGpJGpV,W � V q, TGpEV , EW qq.
Then for f � tfV u P

±
V TGpEV , FV q, we have

µpfqV,W�V � εFV,W�V pJGpV,W�V q^fV q and νpfqV,W�V � fpW q�η
E
V,W�V .

Similarly we have

SpGpE,F q �
» JG

T GpEV , FV q. (9.1.13)

Proposition 9.1.14. Equivariant mapping spaces as fixed point sets.
The space SpGpE,F q of (9.1.13) is isomorphic to the fixed point set pSpGpE,F qqG.

Proof The fixed point functor p� qG is a limit, so it commutes with ends,
and

SpGpE,F q �
» JG

T GpEV , FV q �
» JG

TGpEV , FV qG

�
�» JG

TGpEV , FV q
�G

� SpGpE,F qG.

9.1D Change of group
Let H � G be a subgroup. The category JG is enriched over T G, and there-
fore over T . The latter enrichment is obtained by forgetting the G-action
on the morphism objects of the former. For a subgroup H � G, there is a
restriction functor

ResGH : JG Ñ JH (9.1.15)

given on objects by V ÞÑ ResGHV as in (8.9.1). Since

iGH pJGpV,W qq � JHpResGHV,ResGHW q,
the functor of (9.1.15), which is between categories enriched over T , sends
morphism objects in the domain category to isomorphic (as underlying spaces)
morphism objects in the codomain category.
Given an orthogonal G-spectrum X, consider the diagram

JG
X //

ResGH &&LL
LLL

LLL
LL

T G
iGH // T H

JH ,

88rrrrrr
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where the unidentified map is the left Kan extension LanResGH
piGH �Xq, where

iGH � X denotes the composite functor in the top row. In order to steamline
notation, we will denote it from now on by iGHX or sometimes piGHXq, giving
us a restriction or forgetful functor

SpG
iGH // SpH . (9.1.16)

Alternatively, for each G-spectrum X we have a diagram

V � // XV_

��

Op|V |, V q �
Op|V |q

X|V |

JG

ResGH

��

X // T G

iGH

��
JH

piGHXq // T H iGHpXV q Op|V |,ResGHV q �
Op|V |q

iGHpX|V |q

W � // piGHXqW .

Proposition 9.1.17. The restriction of a G-spectrum. Let X be a G-
spectrum and H � G a subgroup. Then the H-spectrum iGHX in (9.1.16) is
given by

piGHXqW � Op|W |,W q �
Op|W |q

iGHpX|W |q.

for each representation W of H.

Proof We will use Lemma 9.1.8 with G and E replaced by H and iGHX. It
says that piGHXqW is H-homeomorphic to

Op|W |,W q �
Op|W |q

piGHXq|W |,

so it suffices to show that

piGHXq|W | � iGHpX|W |q

both as Op|W |q-spaces and as H-spaces.
Using Proposition 3.2.35 we see that

piGHXq|W | �
»

JG

JHpResGHV, |W |q ^ iGHpXV q,

which is isomorphic to iGHpX|W |q by the enriched Yoneda coreduction, Propo-
sition 3.2.25.

The forgetful functor iGH : SpG Ñ SpH (and iGH : SpG Ñ SpH) has a
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left adjoint (induction) sending an H-spectrum E to the G-spectrum G

H
E,

defined objectwise by

pG

H
EqV � G


H
pEResGHV

q.

This may be written as a wedge indexed by the G-set G{H,

G

H
E �

ª
iPG{H

Ei where Ei � pHiq �
H
E

with Hi � G the coset indexed by i. Thus we have a change of group adjunc-
tion similar to that of Lemma 8.6.18 (see Remark 8.6.19),

SpH
G


H
p� q

K
//
SpG

iGH

oo (9.1.18)

that is enriched over T .

9.1E The tautological presentation, smash products and
function spectra

The category SpG (SpG) is bitensored (as in Definition 3.1.31) over TG (T G).
Since T G is bicomplete we can define limits and colimits in SpG objectwise,

pcolimEαqV � colim pEαV q and plim
E

αqV � lim pEαV q.

Any spectrum E has a tautological presentation as in Proposition 3.2.33.
We abbreviate it by

E � lim
V
S�V ^ EV �

»
JG

S�V ^ EV . (9.1.19)

Remark 9.1.20. Sifted colimit preserving functors on spectra. The
coequalizer defined by the above coend is reflexive by Proposition 3.2.33. It
follows that a functor on the category of G-spectra that preserves sifted colimits
is determined by its behavior on spectra of the form S�V ^K for pointed G-
spaces K.

Such spectra are sometimes called (e.g. in [BDS16] and [Sch14] where they
are denoted by FVK and FVK) free G-spectra. When K also has an OpV q-
action, we can define the semifree G-spectrum S�V ^OpV q K (denoted by
GVK in [BDS16] and GVK in [Sch14]) by

pS�V ^OpV q KqW � JGpV,W q ^OpV q K.
Note that

S�V ^K � S�V ^OpV q pOpV q 
Kq,
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so every free G-spectrum is also semifree.
In a G-spectrum E, each space EV comes equipped with an OpV q-action,

and the map S�V ^EV Ñ E of (9.1.19) factors through S�V ^OpV qEV . Hence
every G-spectrum is a colimit of semifree ones.
The following is a special case of Theorem 7.2.60.

Definition 9.1.21 (Jeff Smith). The smash product of two spectra.
Using the map ` of Proposition 8.9.32 we define the smash product of two
spectra E and F using the Day Convolution Theorem 3.3.5, i.e., the reflexive
coequalizer

E ^ F �
»

JG�JG

S�V
1`V 2 ^ EV 1 ^ FV 2 .

Equivalently, the smash product of spectra E and F as a functor JG Ñ TG
is the left Kan extension (Definition 2.5.3) in the diagram

JG �JG
E�F //

`
((QQ

QQQ
QQQ

QQQ
QQ

TG � TG
^ // TG

JG.

E^F

88pppppp

In other words,

E ^ F � Lan`p^pE � F qq.
The W th space in E ^ F is

pE ^ F qW �
»

JG�JG

pS�V 1`V 2qW ^ EV 1 ^ FV 2

�
»

JG�JG

JGpV 1 ` V 2,W q ^ EV 1 ^ FV 2 .

This is isomorphic to the finite enriched colimit in which we only consider
those V 1 and V 2 for which |V 1| � |V 2| ¤ |W |.
In particular, by Proposition 3.3.14

S�U
1 ^ S�U

2 � S�U
1`U2 . (9.1.22)

Using this and the formal properties of coends, we can write

E ^ F �
»

JG�JG

S�V
1`V 2 ^ EV 1 ^ FV 2

�
»

JG�JG

S�V
2 ^ S�V

1 ^ EV 1 ^ FV 2

�
»

JG

S�V
2 ^

�»
JG

S�V
1 ^ EV 1

�
^ FV 2
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�
»

JG

S�U ^ E ^ FU .

Now let E � S�V , so we have

S�V ^ F �
»

JG

S�U ^ S�V ^ FU �
»

JG

S�V`U ^ FU

pS�V ^ F qW �
»

JG

pS�V`U qW ^ FU �
»

JG

JGpV ` U,W q ^ FU .

Here the representations V and W are fixed, so the only U ’s that matter are
those whose dimension does not exceed |W | � |V |. This implies the following.

Proposition 9.1.23. Smashing with a Yoneda spectrum. Let X be a
G-spectrum. If |W |   |V |, then pS�V ^XqW � �. If |W | ¥ |V |, then there is
a natural isomorphism of G-spaces

pS�V ^XqW � IGpV ` U,W q 

OpUq

XU

where U is any orthogonal G-representation with

|U | � |V | � |W |.
Proposition 3.3.12 implies the following, which justifies using the same sym-

bol for the smash products in T G and SpG, as explained in Remark 3.3.13.

Proposition 9.1.24. The smash product of a spectrum with a suspen-
sion spectrum. For a pointed G space K, the spectrum E ^K as defined in
Proposition 7.2.49 is the same as E^pS�0^Kq as defined in Definition 9.1.21.

The Day Convolution Theorem 3.3.5 implies

Theorem 9.1.25. Smash products and function spectra in SpG. The
smash product defined above makes SpG into a closed symmetric monoidal
category with unit S�0. The right adjoint to the smash product with Y as a
functor from SpG to itself is the internal Hom functor which we will denote
by FGpY,�q with

SpGpX ^ Y, Zq � SpGpX,FGpY, Zqq (9.1.26)

for spectra X, Y and Z.

This means the smash product is strictly associative and commutative,
thereby solving decades of technical problems in stable homotopy
theory! As we have seen, the proof follows easily from the theory of sym-
metric monoidal categories, once one has the right perspective. In The-
orem 9.8.4 below we will see that SpG (in which morphisms are required to
be equivariant) is a closed symmetric monoidal model category.
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Remark 9.1.27. The failure of fixed points to commute with smash
products of spectra. The fixed point functor is a type of limit, so it can be
defined objectwise on spectra, meaning that for a G-spectrum X,

pXGqV � pXV qG.
With this in mind, we can compare pXG^Y Gq with pX^Y qG. For the former
we have

pXG ^ Y GqW �
»
V 1,V 2PJG

JGpV 1 ` V 2,W q ^XG
V 1 ^ Y GV 2 (9.1.28)

by (3.3.3).
For the latter, recall that the fixed point functor does commute with smash

products on the space level. Since it is a finite limit, it commutes with reflexive
coequalizers such as that of (3.3.3); see Proposition 3.3.11. Using (3.3.3) again,
we have

pX ^ Y qGW �
�»

V 1,V 2PJG

JGpV 1 ` V 2,W q ^XV 1 ^ YV 2

�G
�

»
V 1,V 2PJG

JGpV 1 ` V 2,W qG ^XG
V 1 ^ Y GV 2 .

This differs from the expression of (9.1.28) since G acts nontrivially on the
spaces JGpV 1 ` V 2,W q. We get a map

pX ^ Y qG Ñ XG ^ Y G

which is not an isomorphism or even a stable equivalence in general.

The following is a special case of Proposition 7.2.61.

Proposition 9.1.29. The relation between function spectra and mor-
phism spaces.

(i) For G-spectra X and Y , let FGpX,Y q be the function spectrum defined in
Theorem 9.1.25. Then for each representation V ,

FGpX,Y qV � SpGpS�V ^X,Y q.
In particular FGpX,Y q0 � SpGpX,Y q.

(ii) For X � S�V we have FGpS�V , Y qW � YV`W . In particular

FGpS�0, Xq � X.

(iii) For a pointed G-space K, we have

FGpS�V ^K,Y qW � TGpK,YV`W q.
In particular we define ΩV Y for a spectrum Y to be FGpS�0 ^ SV , Y q.
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Corollary 9.1.30. Unstable homotopy theory embeds in stable ho-
motopy theory. The functor Σ8 : TG Ñ SpG is an embedding as a full
subcategory.

Proof Using Proposition 9.1.29 (iii) we have for pointed G-spaces K and L,

SpGpΣ8K,Σ8Lq � F pΣ8K,Σ8Lq0 � TGpK, pΣ8Lq0q � TGpK,Lq.
Let T be a finite G-set and K � T�. Then

FGpΣ8T�, Y qV � TGpT�, YV q �
¹
tPT

YV

so
FGpΣ8T�, Y q �

¹
tPT

Y (9.1.31)

This is a finite indexed product in SpG, meaning that G acts on the finite
indexing set as well as the factors Y ; see §2.9.
Now consider the spectrum

T 
 Y �
ª
tPT

Y (9.1.32)

defined by
pT 
 Y qV � T 
 YV �

ª
tPT

YV .

This is a finite indexed coproduct as in §2.9.

9.1F G-CW spectra
Recall Example 4.8.20 and Definition 8.4.13. In both cases a CW complex
is defined to be an I-cell complex as in Definition 4.8.18 for a collection of
cofibrations I, in which cells are attached in dimensional order. In the category
of orthogonal G-spectra, the relevant collection of morphisms is

rIG � ¤
H�G

"
G

H

�
in� ^ S�V

�
: n ¥ 0, V P obJH

*
(9.1.33)

where as usual, in� : Sn�1
� Ñ Dn

� is the inclusion of the boundary with
dispoint base point.

Definition 9.1.34. A connective G-CW spectrum is an rIG-cell complex
as in Definition 4.8.18 in which the cell dimension n � |V | is bounded below
and the cells are attached in dimensional order. It is finite if it has finitely
many cells.

Example 9.1.35. The generalized suspension spectrum of a (finite)
G-CW complex K as in Definition 7.2.52, S�V ^K, is a (finite) connective
G-CW spectrum.
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9.1G Thom spectra
Classically a Thom spectrum T is one for which the nth space Tn is the Thom
space of an pn�kq-plane bundle ξn�k (for a fixed integer k independent of n)
over a space Bn. It has structure maps Bn Ñ Bn�1 pulling ξn�k�1 back to
1` ξn�k and therefore Thomifying to a map ΣTn Ñ Tn�1. In some cases one
wants to generalize the notion of a vector bundle, replacing it with a spherical
fibration, but we will leave that aside for now. For us each pn � kq-plane
bundle ξn�k is induced by a map Bn Ñ BOpn� kq pulling back the universal
bundle γn�k to ξn�k. The Thom spectra associated with classical cobordism
theories, such asMO,MU ,MSO andMSU , are cases where k � 0. Ordinary
kth suspension for k ¡ 0 is achieved by adding a trivial k-plane bundle to
each ξn. Desuspension, the case k   0, is less concretely rooted in explicit
geometry.
In our language, for each orthogonal representation V of a finite group G

one has an orthogonal group OpV q on which G acts by conjugation. It has a
classifying space BOpV q; see Definition 3.4.12 and Proposition 3.4.15(iii) for
the definition of the classifying space of a group. Since it is the orbit space of
a contractible free OpV q-space EOpV q on which G acts via a homomorphism
to OpV q, the action of G on BOpV q is trivial. The Thom space is

MOpV q � EOpV q 
OpV q SV , (9.1.36)

which hasG acting linearly on each fiber. An orthogonal embedding τ : V ÑW

induces a monomorphism OpV q Ñ OpW q in which the image acts trivially on
the orthogonal complement W � τpV q. This in turn induces a map

BOpV q Ñ BOpW q.

The space of all such τ is OpV,W q, so we get a map

`V,W : OpV,W q �BOpV q Ñ BOpW q (9.1.37)

in which the universal bundle over BOpW q pulls back to the product of the
canonical bundle over OpV,W q with the universal bundle over BOpV q.

Definition 9.1.38. The G-equivariant unoriented cobordism spec-
trum MO has as its V th space MOV the Thom space MOpV q of (9.1.36).
The structure map

εV,W : JGpV,W q ^MOV ÑMOW

is the Thomification of the map `V,W of (9.1.37).

Proposition 9.1.39. Commutativity of MO. The spectrum MO is a com-
mutative ring spectrum.
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Proof It follows from (3.4.16) that

BOpV q �BOpW q � BOpV `W q.
By Thomifying the two factors on the left and the space on the right, we get
a map

MOpV q ^MOpW q ÑMOpV `W q.
This shows that the functor V ÞÑ MOpV q defining MO is lax symmetric
monoidal, so the result follows from Proposition 7.2.62.

Remark 9.1.40. The spectrum MUR. We will construct the C2-spectrum
MUR below in Chapter 12. It is the starting point in the calculations related
to the Kervaire invariant. In order to make things work out correctly we need
model structures on SpC2 and on the subcategory of commutative ring spectra
in which MUR is cofibrant. This, along with the reduction theorem, is one
of the major technical challenges in the solution to the Kervaire invariant
problem.

Given a collection of maps fV : XV Ñ BOpV q making the diagrams

OpV,W q �BOpV q // BOpW q

OpV,W q �XV
//

OpV,W q�fV

OO

XW

fW

OO

(9.1.41)

commute, we get a Thom spectrum T where TV is the Thom space for the
bundle induced by fV . The Thomification of the bottom row of (9.1.41) is the
structure map for T ,

εV,W�V : JGpV,W q ^ TV Ñ TW .

A more categorical way to formulate this is the following. Define a Stiefel
space to be a T opG enriched functor IG Ñ T opG, from the Stiefel category
IG of Definition 8.9.19. In the construction above, f : X Ñ BO is a natural
transformation between such such functors, a map of Stiefel spaces. In other
words, X is a Stiefel space over BO. Thomification as above associates an
orthogonal G-spectrum to each such f .
For each representation K define a Stiefel space BO`K by

pBO`KqV � BOpV `Kq, (9.1.42)

where the structure map is the composite

OpV,W q �BOpV `Kq
αK,V,W�BOpV`Kq

��
OpV `K,W `Kq �BOpV `Kq // BOpW `Kq
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for αK,V,W as in Definition 2.6.6. Then a Stiefel space over BO`K also leads to
a Thom spectrum. The Thomification of BO`K itself is the spectrumMO`K

for which pMO`KqV �MOV`K .

Example 9.1.43. Thom spectra associated to Stiefel spaces over
BO`K .

(i) For each representation K there is map of Stiefel spaces BO Ñ BO`K

induced by taking the Whitney sum of the universal V -bundle over BOpV q
with the trivial vector bundle over BOpV q with fiber K. The resulting Thom
spectrum is ΣKMO �MO ^ SK .

(ii) For each representation K we have the trivial V -bundle over

IGpK,V q � OpK,V q.
It is induced by the constant map of Stiefel spaces

H
K � OpK, �q Ñ BO.

The resulting Thom spectrum is S�K ^ SK .

As a coend,

MO �
»

JG

S�V ^MOV �
»

JG

S�V ^MOpV q,

so for each representation K,

Σ�KMO � S�K ^
»

JG

S�V ^MOV

�
»

JG

S�K ^ S�V ^MOV

�
»

JG

S�K`V ^MOV byp9.1.22q.

Hence

pΣ�KMOqV �
"
MOV 1 when V � V 1 `K for some V 1

� otherwise.

We learned about the following example from Stefan Schwede.

Example 9.1.44. The Thom spectrum of an inverse bundle over BG.
Let V be a faithful representation of G, that is one for which there is no
nontrivial element of G fixing all of V . Then for each n ¥ 0 we have a G-
action on the spaces IpV, nq and JpV, nq induced by the one on V . Consider
the ordinary spectrum T pV q defined by

T pV qn � JpV, nq{G,
the orbit space of the G-action on JpV, nq. For n ¥ |V |, JpV, nq is the Thom
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space of an Rn�|V | bundle over over IpV, nq. For n   |V |, JpV, nq is a
point. It follows that for n ¥ |V |, T pV qn � JpV, nq{G is the Thom space of
an Rn�|V | bundle ξn�|V | over over IpV, nqG. By construction, the Whitney
sum ξn�|V | ` V is a trivial n-plane bundle.

The connectivity of IpV, nq increases with n and the G-action on it is free,
so the colimit of the orbit spaces IpV, nq{G has the homotopy type of the
classifying space BG. It follows that T pV q is the Thom spectrum of
the Whitney sum inverse of V over BG.

The spectrum T pV q is contravariant as a functor of the representation V .
Thus a diagram of faithful representations

V0 Ñ V1 Ñ V2 Ñ � � �

leads to a spectrum limT pVkq. For G � C2, lim
k
T pkσq (where σ is the sign

representation) is the spectrum commonly known as RP8�8. It was first intro-
duced by Adams in [Ada74a]. In [Lin79] and [LDMA80] it was shown to have
the homotopy type of the 2-adic completion of S�1, which implies the Segal
Conjecture for the group C2 as explained in [Ada80].

9.1H G-equivariant Eilenberg-Mac Lane spectra
In this section we will construct the Eilenberg-MacLane spectrum HM for a
Mackey functor M as in Definition 8.2.3.
We start by constructing a naive G-spectrum H 1M whose nth space is the

Eilenberg-MacLane space KpM,nq of Theorem 8.8.4. To do this we need a
structure map

Jpn, n� kq ^KpM,nq Ñ KpM,n� kq. (9.1.45)

for each n, k ¥ 0. We construct it by applying Elmendorf’s functor Ψ (Theo-
rem 8.8.1) to the map of pointed OG-spaces (Definition 8.6.26)

ΦJpn, n� kq ^K 1pM,nq Ñ K 1pM,n� kq

defined as follows. The space Jpn, n � kq (Definition 8.9.24) has trivial G-
action, so the OG-space ΦJpn, n � kq (where Φ is the functor of Defini-
tion 8.6.27) is the constant Jpn, n � kq-valued functor on O

op
G . Thus on the

orbit rG{Hs, the map above is

Jpn, n� kq ^KpMpG{Hq, nq Ñ KpMpG{Hq, n� kq,

the structure map for the classical Eilenberg-MacLane spectrum HMpG{Hq.
Thus applying Ψ gives us the desired map (9.1.45) and we have our naive G-
spectrumH 1M . It is an Ω-spectrum sinceKpM,nq is equivalence to ΩkKpM,n�
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kq. Applying the Kan extension of (9.3.8) gives us a genuine G-spectrum,
which we also denote by H 1M , with

H 1MV � Op|V |, V q 
Op|V |q KpM, |V |q. (9.1.46)

Theorem 9.1.47. The Eilenberg-Mac Lane spectrum for a Mackey
functor M . For a Mackey functor M (Definition 8.2.3), let HM be the
G-spectrum with

HMV � hocolim
n

ΩnρGH 1MV`γG

for H 1M as in (9.1.46), with the evident structure maps. Then HM is a
fibrant G-spectrum (??) with

πHk HM �
"
MpG{Hq for k � 0

0 otherwise.

for all integers k.

Remark 9.1.48. The ROpGq-graded homotopy groups of HM . Theo-
rem 9.1.47 only specifies the integer graded homotopy groups of HM . The
noninteger graded groups could be nontrivial, and their determination is a non-
trivial problem. For instance, in Example 8.5.5 we found the groups HiS

nρ

for G � C2. They can be reinterpreted as

HiS
nρ � πiS

nρ ^HZ � πi�nρHZ � πi�n�nσHZ,

where the Mackey functors associated with homotopy groups are as in (9.4.9)
below, and some of them are nontrivial for n � 0.

9.2 Model structures for orthogonal G-spectra

Since our category of spectra SpG is the enriched functor category rJG, T Gs,
the results of §7.4 (with L � SρG) apply to it. It has a cofibrantly generated
projective model structure and a set of stabilizing maps. We can use the latter
to apply Bousfield localization to the former.
Our indexing category JG also has a positive ideal (see Definition 7.2.19)

J
�
G identified in Definition 8.9.24. Using it we can define the positive stable

model structure as in Definition 7.4.36. It was first defined and studied by
Mandell-May in [MM02, §III.5] following the ideas of [MMSS01, §14].
However this positive stable model structure is not adequate for our pur-

poses because it is not equifibrant. Equifibrancy is needed for the reasons
indicated in Model structure conditions 9.0.4. Roughly speaking, the positive
and positive stable model structures are not equifibrant because they do not
have enough cofibrations. (Recall that Bousfield localization does not alter
the class of cofibrations.)
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More precisely, the set of generating cofibrations in this case is 
S�V ^ IG : V G � 0

(
, (9.2.1)

where V ranges over the finite dimensional orthogonal representations of G
having a nontrivial invariant vector and IG is as in (9.0.1). This follows from
Theorem 5.6.26. A simplification of this will be given in Remark 9.2.6 below.
Now consider the image of the corresponding set for a subgroup H � G

under the induction functor G

H
p� q,"

G

H
S�W ^ IH : WH � 0

*
. (9.2.2)

Here W ranges over the positive representations of H. These cofibrations
are not all generated by the set of cofibrations in (9.2.1) because not every
representation W of H is the restriction of a representation of G.
Thus equifibrancy requires that we replace (9.2.1) with"

G

H
S�W ^ IH : H � G,WH � 0

*
, (9.2.3)

where H ranges over the subgroups of G andW ranges over the positive repre-
sentations of H. We did this in [HHR16, (B.62)] and defined the desired model
structure by specifying its cofibrant generating sets and weak equivalences.
We learned the following from Mike Mandell.

Example 9.2.4. Why we need equifibrancy. Let G � C4, H � C2, and
let σ and σ2 denote their sign representations. Then S�p1�σq and S�p1�σ2q

are cofibrant in the positive projective model structures on SpG and SpH
respectively. We will show that

X � G

H
S�p1�σ2q (9.2.5)

is not positive projectively cofibrant in SpG. This means that the change of
group adjunction of (9.1.18) is not a Quillen adjunction.

The following table shows values of pS�V qn as pointed G-spaces for n ¤ 2

and for various positive representations V of G.

V pS�V q0 pS�V q1 pS�V q2
1 � Op1q� Jp1, 2q � S1 _ S2

2 � � Op2q� � pS1 > S1q�
1� σ � � Op1� σ, 2q� � pSσ > Sσq�
|V | ¡ 2 � � �
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In each case the action of H is trivial, and that of G is nontrivial only for
pS�p1�σqq2. It follows that for positive V , the space�

S�V �G{K�
2
� pS�V q2 �G{K

contains a free orbit only for V � 1 � σ and K � e, in which case G acts
freely away from the base point. This means that for any positive projectively
cofibrant orthogonal G-spectrum X, if H acts nontrivially on X2, then G acts
freely on that space away from the base point.

On the other hand, for X as in (9.2.5), we have

X2 �
�
G�
H
pSσ2 > Sσ2q



�

,

so XH
2 �

�
G�
H
pS0 > S0q



�

Hence X2 has free orbits but G does not act freely away from the base point.
This means that X is not positive projectively cofibrant as a G-spectrum even
though S�p1�σ2q is positive projectively cofibrant as an H-spectrum.

Remark 9.2.6. Simplifying the generating sets. Recall that the set IG
appearing in (9.2.1) is

IG �
"
pG�

H
inq� : n ¥ 0, H � G

*
.

For a subgroup H � G, a pointed H-space Y and a representation V of G,
we have

pG

H
Y q ^ S�V � G


H
pY ^ S�ResGHV q

using the homeomorphism ruGHpΣ8Y, S�V q of Definition 9.4.10 below. It fol-
lows that the set of (9.2.1) is the same as¤

H�G

G

H
pin� ^ S�ResGHV : n ¥ 0q

where V ranges over all the positive representations of G. The only represen-
tations of H appearing here are ones that are restrictions of representations
of G. Meanwhile the set of (9.2.2) involves all positive representations of H.

Now we will give an alternate approach this definition. Consider the follow-
ing diagram of categories and adjoint functors.

¹
H�G

SpH

±
G


H
�

K
// ¹
H�G

SpG±
iGH

oo
_

K
//
SpG

∆
oo (9.2.7)

This is a composite adjunction similar to the enlarging adjunction of Theo-
rem 5.2.34, which was formulated with precisely this application in mind. We
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will use it to enlarge the set generating cofibrations of SpG from
that of (9.2.1) to that of (9.2.3).
The adjunction on the right in (9.2.7) is the coproduct diagonal adjunction

of Example 4.5.6(i). The one on the left is the product over all subgroups
H � G of the change of group adjunctions of (9.1.18). We will verify below
that for each H the forgetful functor iGH satisfies the hypotheses of the right
adjoint of (5.2.35) in Theorem 5.2.34. This means that the composite right
adjoint satisfies those of the Crans-Kan Transfer Theorem 5.2.27.
Note also that ¹

H�G

SpH � SpG �
¹
H�G

SpH . (9.2.8)

This means the product on the left of (9.2.7) is that of the category on the
right (corresponding to M in Theorem 5.2.34) with the product of SpH over
all proper subgroupsH � G, theM1 in this case. The product in the middle of
(9.2.7) is that of copies of the category on the right indexed by the subgroups
of G.
For each group G there are stable and positive stable model structures on

SpG with cofibrant generating sets described in Theorem 7.4.52. In order to
make them equifibrant we need to enlarge their classes of cofibrations. We
could proceed by induction on the order of G, there being no need for
additional cofibrations when G is trivial. Assume inductively that this has
been done for each proper subgroup of G, so it has been done for the second
factor on the right in (9.2.8). Then the enlarged model structure given by
Theorem 5.2.34 imports all the extra cofibrations for the proper subgroups
into SpG itself.
Having said that, it is in fact not necessary to enlarge the model structures

on the categories of spectra for proper subgroups in order to enlarge the one
on SpG. Every cofibration in the set of (9.2.3) is induced up from ones in
(9.2.1) for some subgroup. Thus we will get the same enlarged generating set
for SpG whether or not we enlarge the generating sets for its proper subgroups
ahead of time.
We will now state Theorem 7.4.52 for the case at hand. In terms of its

notation, the present case for a finite group G is M � T G and L � SρG

(where ρG is the real regular representation) of G. The cofibrant generating
sets of T G are IG and JG as in (9.0.1).
The indexing category and its positive ideal are

J
F
L � JG and L

F
L � J

�
G

the Mandell-May category and its positive subcategory as in Definition 8.9.24.
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The generating sets of (7.4.40) are now

IG �  
IG ^ S�V : V P obJG

(
,

JG �  
JG ^ S�V : V P obJG

(
,

KG � JG Y pIG l SGq ,
IG,� �  

IG ^ S�V : V P obJ�
G

(
,

JG,� �  
JG ^ S�V : V P obJ�

G

(
and KG,� � JG,� Y �

IG l S�G
�
,

,/////////./////////-
(9.2.9)

where

SG �
!rξV,n : V P obJG, n ¡ 0

)
and S�G �

!rξV,n : V P obJ�
G, n ¡ 0

)
.

(9.2.10)

These can be rewritten as in Remark 9.2.6. Here rξV,n is the inclusion into the
reduced mapping cylinder of (3.5.4),

S^nρ ^ S�V ^ S�nρ
ξV,n //

rξV,n ''OO
OOO

OOO
OOO

O S�V

M 1
ξV,n

,

pξV,n

=={{{{{{{{

where ξV,n (as in (7.2.22)) is the map whose Uth component is the composite

JGp0, nρq ^JGpV ` nρ, Uq

ωG
V,0,nρ^JGpV`nρ,Uq

''OO
OOO

OOO
OOO

OOO
OO

JGpV,Uq

JGpV, V ` nρq ^JGpV ` nρ, Uq.

jV,V�nρ,U t

<<zzzzzzzzzzz

Thus rξV,n is a projective cofibration and pξV,n is a projective weak equivalence.
We exclude the case n � 0 only because ξV,0 is the identity map on S�V .
The following is a special case of Theorem 7.4.52 and hence does not require

a proof.

Theorem 9.2.11. The stable and positive stable model structures
on SpG, the corner map theorem for orthogonal G-spectra. For a
finite group G, the sets IG,� and KG,� (IG and KG) as in (9.2.9) define
a cofibrantly generated model structure on SpG, the positive stable (stable)
model structure as in Definition 7.4.36. It is the Bousfield localization of the
positive (projective) model structure of Definition 7.4.36, which is cofibrantly
generated by IG,� and JG,� (IG and JG), with respect to the morphism set
S�G (SG) of (9.2.10).
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For each of the four model structures of Definition 7.4.36 on SpG, we can
define similar ones on SpH for every subgroup H � G. For each H the object
K in T H is understood to be SρH , the representation sphere for the regu-
lar representation of H. Thus we get four different model structures on the
product on the left of (9.2.7). In each case we want to use Theorem 5.2.34 to
enlarge the corresponding model structure in SpG.
We have a set of adjunctions as in (5.2.35), one for each proper subgroup

H � G, namely the change of group adjunction of (9.1.18),

SpH
G


H
p� q

K
//
SpG

iGH

oo

The hypotheses are

(i) The images under the left adjoint of the two generating sets of SpH (I 1 and
J 1, one of the four pairs described in Theorem 9.2.11) permit the small
object argument in SpG. This is easy.

(ii) The image under the right adjoint of a relative G

H
J 1-complex is a weak

equivalence in SpH . If j1 : AÑ B is a map in J 1, then

iGH

�
G

H
j1


�

ª
|G{H|

j1,

the coproduct of |G{H| copies of j1. Furthermore the right adjoint iGH is
also a left adjoint, so it preserves transfinite compositions, pushouts and
retracts as required.

(iii) The image under the right adjoint iGH of a weak equivalence in SpG is a
weak equivalence in SpH . This holds by Corollary 9.1.5 in stable case and
by Proposition 8.6.21 in the projective case.

In order to describe their generating sets, letrIG � ¤
H�G

G

H
IH , rIG,� � ¤

H�G

G

H
IH,�,

rJG �
¤
H�G

G

H
JH , rJG,� �

¤
H�G

G

H
JH,�,

rKG � ¤
H�G

G

H
KH , and rKG,� � ¤

H�G

G

H
KH,�,

,//////.//////-
(9.2.12)

where IH , IH,�, JH , JH,�, KH and KH,� are as in (9.2.9).

Theorem 9.2.13. The eight model structures on SpG. The cofibrant
generating sets for the eight model structures of (7.1) are as shown in the
following table, using the notation of (9.2.9) and (9.2.12). Here the term
“prestable” means before stabilization. See Figure 7.1 and (5.4.34).
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Generating

Generating trivial cofibrations

Model structure cofibrations Prestable Stable

Projective IG JG KG

Positive IG,� JG,� KG,�

Equifibrant rIG rJG rKG
Positive equifibrant rIG,� rJG,� rKG,�

For the reasons why we are considering such model structures we refer the
reader to the discussion at the start of Chapter 7, specifically to Remark 7.0.7,
and to the Model structure conditions 9.0.4.

Remark 9.2.14. Properties of the eight model structures of Theo-
rem 9.2.13.

(i) Each morphism set with “+” in its superscript is smaller than the
corresponding set without it.

(ii) The set of generating trivial cofibrations in the stable case is bigger than
that for the prestable case while set of generating cofibrations is the same.

(iii) The morphism set in the equifibrant case is larger than the corresponding
one in the nonequifibrant case.

(iv) The identity morphism from a stabilized or enlarged model structure to
the prestable or unenlarged one is a right adjoint, while the one from a
positivized structure is a left adjoint; see Table 6.1. Positivization is the
odd man out.

(v) Enlargement does not alter the class of weak equivalences. Positivization
makes it a little bigger. For a map f : X Ñ Y to be a weak equivalence,
fV must be one only for positive V . Stabilization makes the class a lot
bigger. A sufficient (but not necessary) condition for f to be a stable
equivalence is that fV is weak equivalence for sufficiently large V .

We will see in Theorem 9.8.4 below that SpG with the positive stable equifi-
brant model structure is a symmetric monoidal model category or Quillen ring
as in Definition 5.5.9.
Our model structure of choice is the positive stable equifibrant one, which

has fewer cofibrant objects than the stable equifibrant one. It turns out that
some nice properties enjoyed by cofibrant objects in the former are also enjoyed
by the more plentiful cofibrant objects in the latter, so we give such spectra
a name.
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Definition 9.2.15. Bredon cofibrant G-spectra. An equivariant orthogo-
nal spectrum is Bredon cofibrant if it is in the smallest subcategory of SpG
containing the spectra of the form

G

H
Sk ^ S�V

with V a representation of s subgroup H � G and k ¥ 0 and which is closed
under the formation of arbitrary coproducts, the formation of mapping cones,
retracts, and the formation of filtered colimits along h-cofibrations.

Equivalently it is one that is cofibrant in the stable equifibrant model struc-
ture, or equivalently in the projective equifibrant model structure, without a
positivity condition. See (7.1) and Theorem 9.2.13.

In [HHR16, Definition B.57] we called Bredon cofibrantG-spectra “cellular.”
We prefer not to use that term here in order to avoid confusion with its use
in Definition 6.3.1 and in §8.4.
Note that the representation V above is not required to have a nonzero

invariant vector as in Theorem 9.2.11. Here there is no positivity condition as
in Remark 7.4.3.

Example 9.2.16. Connective G-CW spectra as in Definition 9.1.34 are
Bredon cofibrant, but the converse is not true. A Bredon cofibrant spectrum
need not be connective and its cells need not be attached in dimensional order.

Remark 9.2.17. Bredon cofibrant and cofibrant spectra. Of the three
constructions used to to form the diagram of Figure 7.1, equifibrant enlarge-
ment enlarges the class of cofibrations, stabilization leaves it unchanged and
positivization makes it smaller, as indicated in Table 6.1. Thus the two model
structures in Figure 7.1 having the largest class of cofibrations are the equifi-
brant and stable equifibrant model structures. They are also the ones with the
biggest class of cofibrant objects, the subject of Definition 9.2.15.

Bredon cofibrant G-spectra are not all cofibrant with respect to the positive
stable equifibrant model structure of Theorem 9.2.11, which, for reasons
having to do with commutative ring spectra, is our model structure of choice.
Nevertheless they have some pleasant properties such as flatness as we shall
see in Proposition 9.6.5.

One could make an analogous definition of Bredon cofibrant G-spaces as
above but without mentioning the Yoneda spectrum S�V . Such pointed G-
spaces are precisely the ones that are cofibrant with respect to the Bredon
model structure of Theorem 8.6.2, hence the name used in Definition 9.2.15.

Cofibrant approximation in the equifibrant model structure gives functorial
weak equivalence X̃ Ñ X from a Bredon cofibrant X̃ to each orthogonal
G-spectrum X.



9.3 Naive and genuine G-spectra. 629

9.3 Naive and genuine G-spectra.

An ordinary orthogonal spectrum is a T -functor (see Definition 3.1.13) J Ñ
T for J as in Definition 8.9.24. An orthogonal G-spectrum is a T G-functor
JG Ñ TG as in Definition 9.0.2. The functor category SpG � rJG, T Gs is
that of orthogonal G-spectra and equivariant maps.
Since J is a full subcategory of JG, an orthogonal G-spectrum X induces

a functor J Ñ TG. We know that X is determined by its values on the
subcategory J by Lemma 9.1.8. We will write the inclusion functor as

i : J Ñ JG.

It induces a precomposition functor

i� : SpG � rJG, T Gs Ñ rJ, T Gs. (9.3.1)

We will see that is an equivalence of categories in Theorem 9.3.10. This result
is originally due to [MM02, Theorem V.1.5]. The latter category is isomorphic
to rBG,Sps (where BG is the one object category associated with the group G
as in Example 2.9.1), that is the category of ordinary orthogonal spectra
equipped with G-actions.
In §10.1 we will consider the category rBTG,Sps for a finite G-set T . Its ob-

jects are diagrams of spectra indexed by the groupoid BTG. When T � G{H,
this category is equivalent to SpH . The category rBTG,Sps is the product of
such categories over the orbits of T , so it could be the product of categories
involving more than one subgroup of G. Using it we can define indexed (by a
finite G-set T ) wedges and indexed smash products of orthogonal spectra.
Since this is what one might first guess what G-equivariant spectra should

be, such objects are commonly called naive G-spectra, the term we use in
Definition 9.3.2, to distinguish them from the genuine G-spectra of Defini-
tion 9.0.2.
However these terms are misleading. The category rJ, T Gs has all the infor-

mation we need. Indeed Schwede in [Sch14, Definition 2.1] defines orthogonal
G-spectra this way, adding

Readers familiar with other accounts of equivariant stable homotopy
theory may wonder immediately why no orthogonal representations
of the group G show up in the definition of equivariant spectra. The
reason is that they are secretly already present: the actions of the
orthogonal groups encode enough information so that we can evaluate
an orthogonal G-spectrum on a G-representation.

What one must be careful about is the homotopical structure (see Defi-
nition 5.1.1) one puts on this category. There is what we call the naive homo-
topical structure on rJ, T Gs specified in (9.3.3) which is not homotopically
equivalent to the stable homotopical structure on SpG. This homotopical dis-
tinction between the two categories is illustrated in Example 9.3.11. Then
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there is another one we call the genuine homotopical structure, specified
in (9.3.13).
While the set of (9.3.13) does not contain that of (9.3.3), the set of weak

equivalences generated by the former does contain all of those generated by the
latter. Hence the genuine homotopical structure has more weak equivalences
than the naive one.
Both structures are associated with Bousfield localizations of the projective

model structure on rJ, T Gs in which a map f : X Ñ Y of spectra is a weak
equivalence iff fn : Xn Ñ Yn is a weak equivalence in T G (meaning that for
each H � G, fHn is a weak equivalence in T ) for each n ¥ 0. Then, as in §7.4A
we enlarge the set of weak equivalences by requiring it to include a specified
set of additional maps. These are indicated in (9.3.3) in the naive case and by
(9.3.13) in the genuine case. The latter is the image under the functor i� of
(9.3.1) of a the set of maps used to define the stable model structure on SpG.
Thus the genuine homotopical structure on rJ, T Gs is pulled back from the
stable one on SpG as in Proposition 5.1.6 and is therefore equivalent to it.

9.3A Homotopical structures
Definition 9.3.2. A naive G-spectrum is a T G-functor (see Definition 3.1.13)
J Ñ TG, or equivalently an ordinary orthogonal spectrum equipped with an
action of G. (Here we are regarding J as a category enriched over T G. This
enrichment is derived from its usual one over T by regarding its morphism
objects as G-spaces with trivial G-action.) The category of naive G-spectra
(and equivariant maps) will be denoted by SpnaiveG (SpGnaive). It is the functor
category rJ, TGs (rJ, T Gs) as in Definition 3.2.18.

Since J � J
O
S1 is a J

Σ
S1 -algebra as in Definition 7.2.19, naive G-spectra are

smashable spectra and the machinery of §7.4 applies to the category SpGnaive.
The category J has a positive ideal L as in Definition 7.2.19, the subcategory
of positive dimensional vector spaces. SpGnaive has a set of stabilizing maps as
in Definition 7.4.8, namely

Snaive �
 
ξm,n : S

n ^ S�m ^ S�n Ñ S�m : m ¥ 0, n ¡ 0
(
. (9.3.3)

This set defines a stable homotopical structure on the category of naive G-
spectra, which we will refer to as the naive homotopical structure. The
genuine alternative is given below in (9.3.13).
The fibrant replacement functor Θ8 of Definition 7.4.26 is such that

pΘ8
naiveXqk � hocolim

n
ΩnXn�k, (9.3.4)

which is a pointed G-space. We will call it the naive fibrant replacement.
As in Theorem 7.4.29, a map f : X Ñ Y is a stable equivalence iff Θ8f is
a projective weak equivalence, and this condition involves the Bredon model
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structure of Definition 8.6.1 on T G. This leads to naive stable homotopy
groups, namely

πGV,naiveX � colim
n

πGV Ω
nXn � colim

n
πGV�nXn, (9.3.5)

which should be compared to (9.1.2).
SpGnaive has the four model structures of Definition 7.4.36, and they have

cofibrant generating sets similar to those indicated in Theorem 9.2.13. We
will not dwell on this because the naive homotopical structure associated
with (9.3.3) is not the one we want to use. The reasons for this will be
indicated in Example 9.3.11 below. An alternative homotopical structure on
SpGnaive that is equivalent to the stable one on SpG will be given below in
Proposition 9.3.16.
Recall that a genuine G-spectrum is a T G-functor JG Ñ TG as in

Definition 9.0.2.

Remark 9.3.6. The relation between J and JG. There is a functor
i : J Ñ JG endowing a finite dimensional orthogonal real vector space V with
trivial G-action, and a forgetful functor u : JG Ñ J sending an orthogonal
representation W to |W |. Then JpV, |W |q and JGpipV q,W q are isomorphic
as topological spaces but not as G-spaces since the former has trivial G-action
while the latter may not. Hence J and JG are equivalent as T -categories but
not as TG-categories.

As noted above in Lemma 9.1.8, a functor on JG is determined by its
value on J, meaning its precomposition with the inclusion functor i : J Ñ
JG. For a spectrum E, for each representation V we have an equivariant
homeomorphism

EV � Op|V |, V q �
Op|V |q

E|V |, (9.3.7)

where |V | here denotes the vector space V with trivial G-action. We will show
that the categories of naive and genuine G-spectra are equivalent. However
the homotopy theories of the two categories are different. The cate-
gory SpG has more stable weak equivalences than SpGnaive. We will give illus-
trate this below in Example 9.3.11. This means that that SpG and SpGnaive,
with the homotopical structure of (9.3.3) on the latter, are not equivalent as
homotopical categories as in Definition 5.1.1.
More explicitly, for a naive G-spectrum E, consider the diagram

J
E //

i %%KK
KKK

KKK
KKK

T G

JG

i!E

99ssssss
(9.3.8)
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where i!E is the left Kan extension of E along i. Using the formula of Propo-
sition 3.2.35, we have

pi!EqV �
»

J

JGpRn, V q ^ En � JGp|V |, V q ^Op|V |q E|V |

� Op|V |, V q 
Op|V |q E|V |.
It follows that for a genuine G-spectrum X,

pi!i�XqV � JGp|V |, V q ^Op|V |q pi�Xq|V | � JGp|V |, V q ^Op|V |q X|V |

� XV by Lemma 9.1.8,

so

i!i
�X � X. (9.3.9)

On the other hand, the functor i�i! is the identity functor on SpGnaive by
definition. Hence we have proved

Theorem 9.3.10. Categorical equivalence of naive and genuine G-
spectra. Let i : J Ñ JG be the inclusion functor. Then the adjoint functors

SpGnaive
i!

K
//
SpG

i�
oo

given by restriction and left Kan extension along i are inverse equivalences of
enriched symmetric monoidal categories. The same functors give equivalences
relating SpnaiveG and SpG.

Alternate proof that SpG and SpGnaive are equivalent The following argument
makes no use of Kan extensions. From Definition 9.0.2 we have

SpG � rJG, T Gs � rJG, rBG, T ss
� rJG ^ BG, T s by Proposition 3.2.23
� rJG ^ BG, T s by Proposition 3.1.50,

where J
G
denotes the TG-category JG with trivial G-action on its morphism

objects. Using Proposition 3.2.23 again we have

rJ
G
^ BG, T s � rJ

G
, rBG, T ss � rJ

G
, T Gs.

Next we claim that J
G

is equivalent to J. The objects in the former
are nominally finite dimensional orthogonal representations of G, but the G-
action plays no role in the morphism objects. We have functors u : J

G
Ñ J

(the forgetful functor) and i : J Ñ J
G
, the evident inclusion functor. The

composite ui is the identity functor on J. There is a natural equivalence
θ : 1

J
G
ñ iu where θV : V Ñ |V | is the isomorphism underlain by the

identity map on each vector space V .
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This equivalence means that the functor categories rJ
G
, T Gs and rJ, T Gs

are equivalent by Proposition 3.2.24.
Thus we have

rJ
G
, T Gs � rJ, T Gs � rJ, rBG, T ss

� rJ^ BG, T s by Proposition 3.2.23 again
� rBG^J, T s
� rBG, rJ, T ss � rBG,Sps � SpGnaive.

The following example shows that while SpG and SpGnaive for a nontrivial
group G are equivalent as categories, they are not equivalent as homo-
topical categories, assuming we use the naive homotopical structure on
SpGnaive associated with (9.3.3).

Example 9.3.11. Why we need genuine G-spectra. Let G � C2 and let
σ be its sign representation. The regular representation ρ is σ � 1. We will
show that the map of (7.2.68)

sρ : S
�ρ ^ Sρ Ñ S�0,

which is one of the stabilizing maps of Definition 7.4.8, is a stable equivalence
in SpG but not in SpGnaive. Here we are using the naive homotopical structure
of (9.3.3) on SpC2

naive and the usual stable one on SpC2 . This means that the
forgetful functor i� of Theorem 9.3.10 is not homotopical.

Each representation V of C2 has the form mσ ` n for integers m,n ¥ 0.
We have

JGpaσ ` b, cσ ` dqG � Opa, cq 
Jpb, dq (9.3.12)

by Proposition 8.9.30. In particular it is a point if a ¡ c or b ¡ d.
Working in SpGnaive, we have

pS�ρqn � JGpσ � 1, nq,
so pS�ρ^SρqGn � � for all n, and πG� pS�ρq � 0. Hence the fixed point spectrum
of S�ρ is contractible, so the same is true of pS�ρ ^ Sρq.

On the other hand, pS�0qn � Sn with trivial G-action, so πG� pS�0q is non-
trivial. This means that S�ρ ^ Sρ and S�0 are homotopically distinct
as naive G-spectra because they have homotopically distinct fixed point sets,
namely � and S�0 respectively.

In SpG, we have

pS�ρ ^ Sρqmσ`n � JGpσ � 1,mσ ` nq ^ Sσ�1,

so for m ¡ 0

pS�ρ ^ SρqGmσ`n �
�
JGpσ � 1,mσ ` nq ^ Sσ�1

�G
� Op1,mq 
Jp1, nq ^ S1
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by Proposition 8.9.30
� pS0 _ Sm�1q ^ pSn _ S2n�1q

by Example 8.9.28(iv)
� Sn ^ pS0 _ Sm�1q ^ pS0 _ Sn�1q

and pS�0qGmσ`n � pSmσ`nqG � Sn,

and the map sρ induces an isomorphism in πG� . In particular we have

pS�ρ ^ SρqGnρ � Op1, nq 
Jp1, nq ^ S1

� Sn ^ pS0 _ Sn�1q^2

and pS�0qGnρ � pSnρqG � Sn.

The map underlying sρ is s2, which we have already seen to be a stable
equivalence of ordinary spectra. It follows that sρ also induces an iso-
morphism in π� and is therefore a stable equivalence of genuine
G-spectra.

In order to avoid the difficulty of Example 9.3.11, we will replace the naive
homotopical structure on SpGnaive by one pulled back along i! as in Proposi-
tion 5.1.5 from the stable structure on SpG. This means we also change the
definition of stable homotopy groups from that of (9.3.5) to that of (9.1.2),
with the spaces Xnρ defined by (9.3.15) below.
We will refer to it as the genuine homotopical structure. As Exam-

ple 9.3.11 illustrates, this structure has more weak equivalences than the naive
one.
This means replacing the set of stabilizing maps of (9.3.3) with i�S for S

as in (7.4.9). More explicitly we get

SGgenuine �
 
ξV,n : S

nρ ^ S�V ^ S�nρ Ñ S�V : n ¡ 0
(
. (9.3.13)

Here we are abusing notation because the spectrum we are calling S�V is not
a Yoneda spectrum with respect to the indexing category J. In this setting
the Yoneda functor HV is defined only if V has trivial G-action. Nonetheless
we can define a naive G-spectrum S�V for arbitrary V by�

S�V
�
n
� JGpV, nq,

where the object on the right is the pointed G-space of Definition 8.9.24. This
spectrum is the image under the forgetful functor i� of the spectrum of the
same name in SpG.
The corresponding fibrant replacement functor Θ8

genuine, the replacement
for that of (9.3.4), is given by

pΘ8
genuineXqk � hocolim

n
ΩnρGXnρG�k, (9.3.14)
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where the definition of the space XnρG�k is suggested by the homeomorphism
of (9.3.7), namely

XV � Op|V |, V q �
Op|V |q

V|V |, (9.3.15)

for each representation V , in particular for V � nρG � k.

Proposition 9.3.16. The homotopical equivalence of naive and gen-
uine G-spectra. The functors i� and i! of Theorem 9.3.10,

SpGnaive
i!

K
//
SpG,

i�
oo

are homotopical with respect to the genuine homotopical structure on SpGnaive
defined by (9.3.13) and the stable homotopical structure on SpG.

Proof It suffices to show that the two functors send stabilizing maps in one
category to weak equivalences in the other. For i� this is obvious since the
stabilizing maps of SpnaiveG are defined to be the images under i� of those
in SpG. For the converse, (9.3.9) implies that i! sends the set of genuine
stabilizing maps of SpnaiveG , SGgenuine as in (9.3.13), to those of SpG.

9.3B Model structures
The hypotheses of Corollary 5.2.23 are met by the categorical equivalence of
Theorem 9.3.10 and Proposition 9.3.16, so we have the following.

Corollary 9.3.17. Eight left induced model structures. Each of the
eight model structures on SpG of Theorem 9.2.13 is Quillen equivalent to one
on SpGnaive that is left induced as in Definition 5.2.19.

Recall that SpBH � SpHnaive is equivalent to SpBG{HG by Corollary 2.1.40.
The following will be helpful in §10.1.

Theorem 9.3.18. Eight model structures on SpBG{HG. Consider the
diagram

SpBG{HG

j�

K // SpBH � SpHnaive
k�oo i!

K
//
SpH .

i�
oo

The eight cofibrantly generated model structures on SpH transfer to ones on
SpBH and on SpBG{HG and both adjunctions are Quillen equivalences.

Proof Both composite functors on the middle category, j�k� and i�i!, are
the identity functor. We have seen in Corollary 9.3.17 that each of the eight
cofibrantly generated model structures on SpH transfer to ones on SpBH
through the adjunction on the right. The adjunction on the left satisfies the
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hypotheses of Corollary 5.2.31, so the model structures on SpBH transfer to
ones on SpBG{HG.

Remark 9.3.19. The equifibrant model structure via coverings. In
this setting there is alternative interpretation to enlarging the model structure
via Theorem 5.2.34. For each subgroup K � H we have a surjective map of
G-sets r : G{K Ñ G{H, which induces a finite covering p : BG{KGÑ BG{HG
as in Example 2.9.1. This in turn induces an indexed wedge

p_� : SpBG{KG Ñ SpBG{HG (9.3.20)

as in (5.5.34). Here the superscript on p refers to the wedge operation, the
monoidal structure with respect to which the indexed product is defined.

For a representation V of K, consider the map

H 

K
S�V ^ pSn�1

� Ñ Dn
�q in SpBG{HG,

where it is the pullback of a generating cofibration in the equifibrant model
structure for SpH . It is the image under the functor p_� as in (9.3.20) of the
map

S�V ^ pSn�1
� Ñ Dn

�q in SpBG{KG,

which is a generating cofibration in the model structure pulled back from the
projective one in SpK .

The generating trivial cofibrations are the maps of the form

p_� pS�V ^
�
In�1
� Ñ In�

�q
and those constructed as the corner map formed by smashing

p_�
�
S�V`W ^ SW Ñ S̃�VW

�
(9.3.21)

with the maps Sn�1
� Ñ Dn

�. As in (7.4.17), the map (9.3.21) is extracted from
the factorization

S�V`W ^ SW Ñ rS�VW Ñ S�V (9.3.22)

by applying the small object construction in the category of equivariant G{K-
diagrams using the generating cofibrations. The map rS�VW Ñ S�V is a stable
weak equivalence.

We will now generalize and consider the diagram category SpBTG for a finite
G-set T . Each such T is a union of orbits G{Gt, so we have

BTG �
º
t

BG{GtG and SpBTG �
¹
t

SpBG{GtG. (9.3.23)

This isomorphism depends on the choice of an element t in each orbit of T .
It leads to the following, whose proof is similar to that of Theorem 9.3.18.



9.4 Homotopical properties of G-spectra 637

Corollary 9.3.24. Eight model structures on SpBTG. Let T be a finite
G-set as in (9.3.23), and consider the diagram

SpBTG

j�

K //
¹
t

SpBGt � SpGt
naive

k�oo i!

K
//¹
t

SpGt .
i�

oo

The eight cofibrantly generated model structures on the right (which are prod-
ucts over the orbits of T of the ones given in Theorem 9.2.13) transfer to ones
on the two other categories and both adjunctions are Quillen equivalences.

To be more explicit, a map of T -diagrams X Ñ Y is a weak equivalence
iff for each orbit G{Gt � T , the map Xt Ñ Yt is a weak equivalence in
SpBGt . Note here that t is an element of T rather than of JGt

, and Xt is a
Gt-spectrum rather than a pointed space.
The generating cofibrations are maps in which the tth component has the

form

Gt�
Ĥt

S�Vt ^ pSnt�1
� Ñ Dnt

� q (9.3.25)

in which Vt is a representation of Ht � Gt. They can be expressed without
reference to points and stabilizers as an indexed wedge

p_�

�
S�V ^ �

S
n��1
� Ñ D

n�
�

�	
(9.3.26)

as in (5.5.34), in which p : T 1 Ñ T a finite surjective map of G-sets in which
the preimage of the orbit G{Gt is G{Ht, and V is a representation of T 1 as in
Definition 8.9.10. Here n� is a function assigning a nonnegative integer nt to
each orbit. The dimensions of the sphere and disk may vary with the orbit in
T 1.
The generating trivial cofibrations can be described in similar terms, gen-

eralizing the description of the single orbit case given in Remark 9.3.19.

9.4 Homotopical properties of G-spectra

9.4A Exact sequences
The category SpG � rJG, T Gs of G-spectra is exactly stable as in Defini-
tion 5.7.3, so we have the Puppe exact sequences of Theorem 5.7.6 and the
Adams exact sequence of Theorem 5.7.11, which we repeat here for conve-
nience.

Corollary 9.4.1. Exact sequences for G-spectra.

(i) Given a stable fiber sequence in SpG

F
iÝÑ X

pÝÑ Y with a right action F ^ ΩY
mÝÑ F
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as in (4.7.7) and a cofibrant spectrum A, we have the Puppe long exact
sequence

� � � pΩqBq� // πpA,ΩqF q pΩqiq� // πpA,ΩqXq pΩqpq� // πpA,ΩqY q pΩ
q�1Bq�// � � �

for all integers q.
(ii) Dually, given a cofiber sequence

X
uÝÑ Y

vÝÑ C with a right coaction C
m1ÝÝÑ C _ ΣX

as in (4.7.8) and a stably fibrant spectrum Z, we have the Puppe long
exact sequence

� � � pΣqδq� // πpΣqC,Zq pΣqvq� // πpΣqY, Zq pΣquq� // πpΣqX,Zq pΣ
q�1δq�// � � �

for all integers q.
(iii) For a cofibrant spectrum W , we have the Adams long exact sequence

� � �pΣ
q�1δq�// πpW,ΣqXq pΣ

quq� // πpW,ΣqY q pΣqvq� // πpW,ΣqCq pΣ
qδq� // � � �

for all integers q.

In particular, when A � G

H
SV ^S�0 for a representation V of a subgroup

H � G, Corollary 9.4.1(i) gives us the following.

Proposition 9.4.2. Fiber sequences in SpG. Let f : X Ñ Y be a map of
G-spectra, and let F be its fiber, as in Definition 4.7.6. Then for each subgroup
H � G and representation V of H, there is a long exact sequence

� � � B� // πHV pF q
i� // πHV pXq

p� // πHV pY q
B� // πHV�1pF q

i� // � � �

The above and the following results are originally proved in [MM02, III.3.5]
and with more generality in [MMSS01, 7.4 (iv)]. For us they are special cases
of Corollary 9.4.1.

Proposition 9.4.3. Cofiber sequences in SpG. Let f : X Ñ Y be an
equivariant map of G-spectra with mapping cone Cf as in Definition 4.7.6.

(i) For any G-spectrum Z and subgroup H � G there is a natural long exact
sequence

� � � Ð rX,ZsH Ð rY, ZsH Ð rCf , ZsH Ð rΣX,ZsH Ð � � �

where the map rCf , ZsH Ð rΣX,ZsH is induced by the map Cf Ñ S1 ^X

and the suspension isomorphism of Proposition 9.1.6 for W � 1.
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(ii) For any G-spectrum W and subgroup H � G there is a natural long exact
sequence

� � � Ñ rW,XsH Ñ rW,Y sH Ñ rW,Cf sH Ñ rΣ�1W,XsH Ñ � � �
where the map rW,Cf sH Ñ rΣ�1W,XsH is induced by the map Cf Ñ S1 ^X

as above.
In particular (the case where W is the sphere spectrum S�0) there is a

natural long exact sequence

� � � Ñ πHk X Ñ πHk Y Ñ πHk Cf Ñ πHk�1X Ñ � � � . (9.4.4)

(iii) If f is an h-cofibration (Definition 5.6.7), then map Cf Ñ Y {X is a stable
equivalence and we can replace Cf by Y {X in the long exact sequences
above.

Proof The first two statements follow from Corollary 9.4.1, while the third
follows from Corollary 5.6.9.

Proposition 9.4.3 implies that the formation of mapping cones is homotopi-
cal as is the formation of quotients of h-cofibrations. It also gives parts (i)
and (iii) of the Proposition below. Part (ii) follows from the fact that the
formation of unstable homotopy groups commutes with products and the fact
that filtered colimits commute with finite products.

Proposition 9.4.5. Products and coproducts in SpG.

(i) For any set of spectra tXαu the mapà
πG�Xα Ñ πG�

ª
Xα

is an isomorphism, hence the formation of wedges is homotopical.
(ii) For any any finite set of spectra tXαu the map

πG�
¹

Xα Ñ
¹

πG�Xα

is an isomorphism, hence the formation of finite products is homotopical.
(iii) For any finite set of spectra tXαu the mapª

Xα Ñ
¹

Xα

is a weak equivalence.

We will see an indexed analog of the above and the following in Proposi-
tion 9.6.4 below.

Corollary 9.4.6. The category HoSpG is additive, and admits finite products
and arbitrary coproducts. The coproducts are given by wedges and the finite
products by finite wedges.
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Proof We start with the case of coproducts. Let J be a set. The adjoint
functors �

:
�
SpG

�J
K

//
SpG : ∆.oo

are homotopical by Proposition 9.4.5. They therefore induce adjoint functors�
:
�
HoSpG

�J
K

//
HoSpG : ∆.oo

on the homotopy categories. This shows that arbitrary coproducts exist in
HoSpG and that they may be computed as wedges. A similar argument shows
that finite products exist, are computed as products in SpG, and that the
map from a finite coproduct to a finite product is an isomorphism. Given two
morphisms

f, g : X Ñ Y,

consider the following diagram in SpG:

X _X
f_g //

��

Y _ Y
ϕ // Y

X
δ // X �X,

where δ is the diagonal map, ϕ is the fold map and the vertical map is a
weak equivalence. In the corresponding diagram in HoSpG (Definition 4.3.16)
the vertical map is an isomorphism and hence has an inverse. The resulting
composite is the morphism f � g. This endows the morphism sets in HoSpG
with the structure of commutative monoids.
To see that these monoids are abelian groups, it suffices to define a mor-

phism of degree �1 on the sphere spectrum S�0 in HoSpG. Recall (Corol-
lary 7.2.67(i)) that the sphere spectrum itself has no such morphism. However
there is one on the space S1 and hence on the spectrum S�1 ^ S1, and there
is a map of (7.2.68)

s1 : S�1 ^ S1 Ñ S�0

which is a stable equivalence (without an inverse in SpG by Corollary 7.2.67(ii)!)
by definition. Thus we have a diagram

S�1 ^ S1

e1
��

r�1s // S�1 ^ S1

e1
��

S�0 //_______ S�0

in which the map on the left has an inverse in HoSpG, so we have the desired
morphism there.
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Proposition 9.4.7. A connective G-CW spectrum (Definition 9.1.34)
is flat as in Definition 5.1.20, meaning that the endofunctor X^p�q preserves
colimits and weak equivalences.

This will be generalized to Bredon cofibrant spectra as in Definition 9.2.15
below in Proposition 9.6.5.

Proof Smashing with S�V shifts homotopy groups and therefore preserves
stable equivalences. Since SpG is closed symmetric monoidal, it is a left adjoint
and therefore preserves colimits by Proposition 2.3.36.
We now proceed by skeletal induction. Attaching a cell to X leads to a

cofiber sequence in the usual way. Thus we can use the long exact sequence
of (9.4.4) to show that attaching a cell preserves flatness.

9.4B Homotopy groups of G-spectra and Mackey functors
We first discuss some structure on the equivariant homotopy groups of a G-
spectrum X. They can be defined in terms of finite G-sets T . For a finite G-set
T let

πG0 XpT q � rΣ8T�, XsG � π0SpGpΣ8T�, Xq, (9.4.8)

be the set of homotopy classes of equivariant maps from Σ8T� to the spectrum
X. We will often omit G from the notation when it is clear from the context.
This set has a natural abelian group structure, so we have an Ab-valued
functor on BG (see Definition 8.2.4). We will see that it is a Mackey functor;
see Definition 8.2.3 and Definition 8.2.5.
For an orthogonal representation V of G, we define

πVXpT q � rSV ^ Σ8T�, XsG. (9.4.9)

As an ROpGq-graded contravariant abelian group valued functor of T , this
converts disjoint unions to direct sums. This means it is determined by its
values on the sets G{H for subgroups H � G.
When G is abelian, H is normal and πVXpG{Hq is a ZrG{Hs-module.

More generally it is a module over the Weyl group WH � NH{H, where NH
denotes the normalizer of H.
The following definition should be compared with [Ada84, (2.3)]. It is re-

lated in spirit to Proposition 3.1.50.

Definition 9.4.10. An equivariant homeomorphism. Let X be a G-
space and Y an H-space for a subgroup H � G. We define the equivariant
homeomorphism

ruGHpY,Xq : G�
H
pY � iGHXq Ñ pG�

H
Y q �X
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by pg, y, xq ÞÑ pg, y, gpxqq for g P G, y P Y and x P X. We will use the same
notation for a similarly defined homeomorphism

ruGHpY,Xq : G

H
pY ^ iGHXq Ñ pG


H
Y q ^X

for a G-spectrum X and H-spectrum Y . We will abbreviate

ruGHpS�0, Xq : G

H
iGHX Ñ G{H 
X

by ruGHpXq.
For representations V and V 1 of G both restricting to W on H, but having

distinct restrictions to all larger subgroups, we define

ruV�V 1 � ruGHpSV qruGHpSV 1q�1,

so the following diagram of equivariant homeomorphisms commutes:

G{H ^ SV

G

H
SW

ruG
HpS

V q 33ffffffffffffff

ruG
HpS

V 1 q
++XXXX

XXXXX
XXXX

G{H ^ SV
1

.

ruV�V 1

OO

(9.4.11)

When V 1 � |V | (meaning that H � GV acts trivially on W ), then we abbre-
viate ruV�V 1 by ruV .

The following will be proved below as Proposition 9.6.1.

Proposition 9.4.12. Equivalence of finite products and coproducts
of G-spectra. Let T and Y be a finite G-set and a G-spectrum. Then the
standard map

T 
 Y �
ª
tPT

Y Ñ
¹
tPT

Y � FGpΣ8T�, Y q

(for T 
 Y as in Definition 2.1.49 and the indexed coproduct and product as
defined as in (9.1.32) and (9.1.31)) is a weak equivalence.

Given subgroups K � H � G, a fold map between the H-spectra Σ8H{H�

and Σ8H{K� induced by the map p : H{K Ñ H{H of H-sets. There is also
a pinch map Σ8H{H� Ñ Σ8H{K� of H-spectra which we now describe.
Note that the target FGpΣ8T�, Y q in Proposition 9.4.12 is a contravariant in
T , so p induces a map

FGpΣ8H{K�, S
�0q Ð FGpΣ8H{H�, S

�0q,
which by Proposition 9.4.12 is weakly equivalent to a map

Σ8H{K� Ð Σ8H{H�.

Alternatively, choose a representation V ofH with trivial restriction toK on
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which each element of H not in K acts nontrivially and choose a point x P SV
with isotropy group (see Definition 2.1.29(iv)) K. Then the Pontryagin-Thom
construction along its orbit H{K leads to an H-equivariant map SV Ñ H �

K

S|V |. Composing with the inverse of the homeomorphism ruHKp�, SV q we get

SV // H �
K
S|V |

ruH
Kp�,S

V q�1

// H{K � SV .

Applying Σ8 gives

S�0 ^ SV � Σ8pH{Hq� ^ SV Ñ pH{Kq 
 SV .

This leads to a diagram

Σ8H{H�

pinch //
Σ8H{K�

fold
oo

G

H
p�q

��

Σ8G{H� G

H
Σ8H{H�

pinch //
G

H
Σ8H{K�

fold
oo G{K�.

(9.4.13)

Definition 9.4.14. The Mackey functor structure maps in πGVX. The
fixed point transfer and restriction maps

πVXpG{Hq
ResHK

// πVXpG{Kq
TrHKoo

are the ones induced by the composite maps in the bottom row of (9.4.13) and
specified in Definition 8.2.3.

These satisfy the formal properties needed to make πVX into a Mackey
functor as in §8.2B. They are usually referred to simply as the transfer and
restriction maps. We use the words “fixed point” to distinguish them from
another similar pair of maps specified below in Definition 9.4.19.
When X is a ring spectrum, we have the fixed point Frobenius relation

TrHKpResHKpaqbq � apTrHKpbqq (9.4.15)

for a P π�XpG{Hq and b P π�XpG{Kq. In particular this means that

apTrHKpbqq � 0 whenResHKpaq � 0. (9.4.16)

For a representation V of G, the group

πGVXpG{Hq � πHV X � rSV , XsH

is isomorphic to

rS�0, S�V ^XsH � π0pS�V ^XqH .
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However fixed points do not respect smash products of spectra (see Re-
mark 9.1.27), so we cannot equate this group with

π0pS�V
H ^XHq � rSV H

, XH s � π|V H |X
H � πG|V H |XpG{Hq.

Conversely a G-equivariant map SV Ñ X represents an element in

rSV , XsG � πGVX � πGVXpG{Gq.
We also need notation for X as an H-spectrum for subgroups H � G. For

this purpose we will enlarge the orthogonal representation ring of G, ROpGq,
to the representation ring Mackey functor ROpGq of §8.2A.

Definition 9.4.17. ROpGq-graded homotopy groups. For each G-spectrum
X and each pair pH,V q consisting of a subgroup H � G and a virtual or-
thogonal representation V of H, let the G-Mackey functor πH,V pXq be defined
by

πH,V pXqpT q :�
�
pG


H
SV q ^ T�, X

�G
� �

SV ^ iGHT�, i
G
HX

�H � πHV piGHXqpiGHT q,
for each finite G-set T . Equivalently, πH,V pXq �ÒGH πHV piGHXq (see Defini-
tion 8.2.9) as Mackey functors. We will often denote πG,V by πGV or πV .

If V is a representation of H restricting to W on K, we can smash the
diagram (9.4.13) with SV and get

SV
pinch // H{K 
 SV

fold
oo

G

H
p�q

��

G

H
SV

pinch // G

H
pH{K 
 SV q � //

fold
oo G


H
pH 


K
SW q G


K
SW ,

(9.4.18)

where the homeomorphism is induced by that of Definition 9.4.10.

Definition 9.4.19. The group action restriction and transfer maps.
For subgroups K � H � G, let V be a representation of H restricting to W

on K. The group action transfer and restriction maps

ÒGH πHV piGHXq πH,VX
rHK

// πK,WX
tH,V
Koo ÒGK πKW pi�KXq

(see Definition 8.2.9) are the ones induced by the composite maps in the
bottom row of (9.4.18). The symbols t and r here are underlined because they
are maps between Mackey functors rather than maps within Mackey functors
as in Definition 8.2.3.
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We include V as an index for the group action transfer tH,VK because its
target is not determined by its source.
Thus we have abelian groups πH1,V pXqpG{H2q for all subgroups H 1,H2 �

G and representations V of H 1. Most of them are redundant in view of The-
orem 9.4.21 below. In what follows, we will use the notation HX :� H 1 XH2

and HY :� H 1 YH2, the smallest subgroup containing both H 1 and H2.

Lemma 9.4.20. An equivariant module structure. For a G-spectrum X

and H 1-spectrum Y ,

rG 

H1
Y,XsH2 � ZrG{HYs b rHY 


H1
Y,XsH2

as ZrG{H2s-modules.

Proof As abelian groups,

rG 

H1
Y,XsH2 � riGH2pG 


H1
Y q, XsH2

�
�� ª
|G{HY|

HY 

H1
Y,X

��H
2

� à
|G{HY|

rHY 

H1
Y,XsH2

and G{H2 permutes the wedge summands of
�
|G{HY|

HY 

H1
Y as it permutes

the elements of G{HY.

Theorem 9.4.21. The module structure for ROpGq-graded homotopy
groups. For subgroups H 1,H2 � G with HY � H 1YH2 and HX � H 1XH2,
and a representation V of H 1 restricting to W on HX,

πH1,VXpG{H2q � ZrG{HYs b πHX,WXpG{Gq
� ZrG{HYs b πHXW i�HXXpHX{HXq

as ZrG{H2s-modules.
Suppose that H2 is a proper subgroup of H 1 and γ P H 1 is a generator. Then

as an element in ZrG{H2s, γ induces multiplication by �1 in πH1,VXpG{H2q
iff V is nonorientable.

Proof We start with the definition and use the homeomorphism of Defini-
tion 9.4.10 and the module structure of Lemma 9.4.20.

πH1,VXpG{H2q � rpG 

H1
SV q ^G{H2

�, XsG

� rG 

H2

pG 

H1
SV q, XsG

� rG 

H1
SV , XsH2
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� ZrG{HYs b rHY 

H1
SV , XsH2

and rHY 

H1
SV , XsH2 � rSW , XsHX � rG 


HX
SW , XsG

� πHXW pi�HXXqpHX{HXq � πHX,WXpG{Gq.

For the statement about nonoriented V , we have

πH1,VXpG{H2q � ZrG{H 1s b πH
2

W i�H2XpH2{H2q � ZrG{H 1s b rSW , XsH2

.

Then γ induces a map of degree �1 on the sphere depending on the orientabil-
ity of V .

Theorem 9.4.21 means that we need only consider the groups

πH,VXpG{Gq � πHV i
�
HXpH{Hq.

When H � G and V is a representation of G restricting to W on H, we
have

πVXpG{Hq � πH,WXpG{Gq. (9.4.22)

This isomorphism makes the following diagram commute for K � H.

πVXpG{Hq � //

ResHK ��

πH,WXpG{Gq
rHK ��

πVXpG{Kq � //

TrHK

OO

πK,i�KW
XpG{Gq
tH,W
K

OO

We will use these two groups of (9.4.22) interchangeably as convenient. Note
that the group on the left is indexed by ROpGq while the one the right is
indexed by ROpHq. This means that if V and V 1 are representations of G
each restricting toW on H, then πVXpG{Hq and πV 1XpG{Hq are canonically
isomorphic. The first of these is

rG{H 
 SV , XsG � rG

H
SW , XsG � rSW , iGHXsH

where the first isomorphism is induced by the homeomorphism ruGHpXq of
Definition 9.4.10 and the second is the fact that G


H
p�q is the left adjoint of

the forgetful functor iGH .
For a ring spectrum X, such as the one we are studying in this paper, an

indecomposable element in π�XpG{Hq may map to a product in πH,�XpG{Gq
of elements in groups indexed by representations of H that are not restrictions
of representations of G. This factoring can make some computations easier.
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9.5 A homotopical approximation to the category of
G-spectra

In this section we will introduce an auxiliary homotopical category πstSpG
(Definition 9.5.4) which approximates SpG in that it has the same objects. On
the other hand it is easier to compute with because it is enriched over abelian
groups instead of topological spaces. It enables us to strengthen (in Proposi-
tion 9.5.18) our earlier statement (Proposition 9.4.3) about cofiber sequences
and homotopy groups. It also enables us to prove (in Proposition 9.5.6) that
for the map sV of (7.2.68), the map sV ^X is a stable equivalence for any X.
In the next section we will use it to prove that finite products one coproducts

coincide in SpG; see Proposition 9.6.1 and Corollary 9.6.3.
The following category is a variant of one introduced by Adams in [Ada84,

§4]. The letters SW stand for Spanier-Whitehead. For Adams the colimit was
the filtered one over the poset of all representations of G, while for us it is
the sequential one over multiples of the regular representation. They can be
shown to be the same using Theorem 2.3.82.

Definition 9.5.1. The Adams category SWG has finite pointed G-CW
complexes (see Definition 8.4.13) as objects with

SWGpX,Y q :� colim
n

rSnρ ^X,Snρ ^ Y sG,

where ρ � ρG denotes the regular representation of G and r�,�sG denotes
homotopy classes of maps in T G. The colimit is defined by smashing both
source and target of a map

Snρ ^X Ñ Snρ ^ Y

with Sρ to get a map

Spn�1qρ ^X Ñ Spn�1qρ ^ Y.

The composite of morphisms represented by

f : Smρ ^X Ñ Smρ ^ Y and g : Snρ ^ Y Ñ Snρ ^ Z

is represented by pSmρ ^ gqpSnρ ^ fq.
We will construct a category πstSpG (see Definition 9.5.4) that is tensored

over SWG (see Corollary 9.5.15 below) in which the objects are orthogonal
G-spectra. For G-spectra X and Y , we define

pπstSpGqpX,Y q :� colim
n

π0pSpGpX ^ Snρ ^ S�nρ, Y qq. (9.5.2)

Note here that S�nρ, X and Y are spectra while Snρ is a space.
To define this sequential colimit we use the map of (7.2.69) for V � ρ,



648 Orthogonal G-spectra

namely

Sρ ^ ξnρ,ρ : S
pn�1qρ ^ S�pn�1qρ Ñ Snρ ^ S�nρ, (9.5.3)

which induces

SpGpX ^ Spn�1qρ ^ S�pn�1qρ, Y q SpGpX ^ Snρ ^ S�nρ, Y qpX^Sρ^ξnρ,ρq
�

oo

We want this to be the group of morphisms in a homotopical category hav-
ing the same objects and same homotopy category as SpG, so we need to define
composition. Given f P πstSpGpX,Y q and g P πstSpGpY, Zq represented by

fmρ : X ^ Smρ ^ S�mρ Ñ Y and gnρ : Y ^ Snρ ^ S�nρ Ñ Z

the composition g � f is defined to be the equivalence class of the map

pg � fqpm�nqρ : X ^ Spm�nqρ ^ S�pm�nqρ Ñ Z

constructed from the isomorphism

Spm�nqρ ^ S�pm�nqρ � Snρ ^ S�nρ ^ Smρ ^ S�mρ

and the composite is

X ^ Snρ ^ S�nρ ^ Smρ ^ S�mρ
Snρ^S�nρ^fmρ // Y ^ Snρ ^ S�nρ

gnρ // Z.

Associativity of this composition follows from that of the smash product.

Definition 9.5.4. The category πstSpG has the same objects as SpG. It
is enriched over abelian groups with morphism groups πstSpGpX,Y q as in
(9.5.2) and composition as defined above.

Proposition 9.5.5. For all k P Z, there is a natural isomorphism

πstSpGpG{H 
 Sk ^ S�0, Y q � πHk Y.

This means that a map in SpG that is an isomorphism in πstSpG is also a
stable equivalence.

Proof Suppose k ¥ 0. Then

πstSpGpG{H 
 Sk, Y q � colim
n

π0SpGpG{H 
 Sk ^ Snρ ^ S�nρ, Y q
� colim

n
π0SpHpSk ^ Snρ ^ S�nρ, Y q

� colim
n

π0T HpSnρ ^ Sk, Ynρq
� colim

n
πHk�nρYnρ � πHk Y.

Here we are using the same notation for a G-space or G-spectrum X and its
image under the forgetful functor iGH . Similarly,

πstSpGpG{H 
 S�k, Y q � colim
n

π0SpGpG{H 
 S�k ^ Snρ ^ S�nρ, Y q
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� colim
n

π0SpHpS�k ^ Snρ ^ S�nρ, Y q
� colim

n
π0T HpSnρ, Ynρ�kq

� colim
n

πHnρYnρ�k � colim
n¡k

πHnρ�kYnρ � πH�kY.

The following is the promised statement about smashing with the map sV .

Proposition 9.5.6. Suppose that V is a representation of G. For every X,
the map

X ^ sV : X ^ SV ^ S�V Ñ X, (9.5.7)

where sV is as in (7.2.68), is an isomorphism in πstSpG and hence a stable
equivalence.

Proof We will show that for all Y , the map

πstSpGpX,Y q Ñ πstSpGpSV ^ S�V ^X,Y q

is an isomorphism. By definition,

πstSpGpX,Y q � colim
n

π0pSpGpX ^ Snρ ^ S�nρ, Y qq (9.5.8)

while

πstSpGpX ^ SV ^ S�V , Y q
� colim

n
π0 SpGpSV ^ S�V ^X ^ S�nρ ^ Snρ, Y q. (9.5.9)

Now we use the fact that V is a summand of some multiple of ρ. This is
the equivariant instance of the direct summand condition of Defi-
nition 7.2.19(ii).
Suppose there is a representation W with V `W � kρ for some k ¡ 0. We

can replace the colimit of (9.5.8) by

colim
n

π0pSpGpX ^ Snkρ ^ S�nkρ, Y qq,

and similarly for the colimit of (9.5.9). This means replacing the maps

Sρ ^ ξnρ,ρ and Sρ ^ ξV�nρ,ρ

n ¥ 0 of (9.5.3) by the maps

Skρ ^ ξnkρ,kρ and Skρ ^ ξV�nkρ,kρ (9.5.10)

for n ¥ 0. Then because kρ � V `W , these maps factor as indicated in the
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following diagram.

SV`pn�1qkρ ^ S�V`pn�1qkρ
SV ^ξpn�1qkρ,V

--ZZZZZZZ
ZZZZZZZZ

ZZZZZ

Skρ^ξV�nkρ,kρ

��

Spn�1qkρ ^ S�pn�1qkρ

SW^ξV�nkρ,W

qqdddddddd
dddddddd

dddd

Skρ^ξnkρ,kρ

��

SV`nkρ ^ S�V`nkρ

SV ^ξnkρ,V --ZZZZZZZ
ZZZZZZZZ

ZZZZZZZZ

Skρ ^ S�nkρ.

It follows that the colimits of (9.5.8) and (9.5.9) are the same.

Remark 9.5.11. The stable equivalence (9.5.7) is often written in the form

S�V`W ^ SW ^X Ñ S�V ^X.

This is gotten from (9.5.7) by writing S�V`W as S�V ^S�W and writing the
map as

S�W ^ SW ^ �
S�V ^X

�Ñ �
S�V ^X

�
.

Lemma 9.5.12. For a map X Ñ Y in πstSpG, the following are equivalent

(i) The map X Ñ Y is a stable equivalence.
(ii) For all H � G and all k P Z the map

πstpG{H 
 Sk, Xq Ñ πstpG{H 
 Sk, Y q
is an isomorphism.

(iii) For some representation V of G, all H � G and all k P Z the map

πstpG{H 
 Sk ^ SV , Xq Ñ πstpG{H 
 Sk ^ SV , Y q
is an isomorphism.

(iv) For all representations V of G, all H � G and all k P Z the map

πstpG{H 
 Sk ^ SV , Xq Ñ πstpG{H 
 Sk ^ SV , Y q
is an isomorphism.

Proof The equivalence of the first two statements is Proposition 9.5.23 below,
and they imply (iv) by Proposition 9.5.25. The fourth statement obviously im-
plies the third. That the third statement implies the first two is proved by
induction on |G|, the assertion being trivial when G is trivial. We may there-
fore assume that (iii) holds, and that (ii) holds for all proper H � G. Let
V0 � V be the subspace of invariant vectors. Using the long exact sequence of
Proposition 9.4.3(ii), and working by downward induction through an equiv-
ariant cell decomposition of SV , one sees that for all k P Z and all H � G,
our assumptions imply that the map

πstpG{H 
 Sk ^ SV0 , Xq Ñ πstpG{H 
 Sk ^ SV0 , Y q
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is an isomorphism. But in πstSpG there is an isomorphism Sk ^ SV0 � Sk�`

with ` � dimV0, so this implies (ii).

Proposition 9.5.13. Let V be a representation of G. The following conditions
on a map X Ñ Y P πstSpG are equivalent

(i) The map X Ñ Y is a weak equivalence
(ii) The map SV ^X Ñ SV ^ Y is a stable equivalence

(iii) The map S�V ^X Ñ S�V ^ Y is a stable equivalence.

Proof Since smashing with SV is the inverse equivalence of smashing with
S�V it suffices to establish the equivalence of the first two assertions. Now for
any X, smashing with SV gives an isomorphism

πstpG{H 
 Sk, S�V ^Xq � πstpG{H 
 Sk ^ SV , Xq,
so the equivalence of the first two assertions is a consequence of Lemma 9.5.12.

Corollary 9.5.14. Suspension and desuspension in πstSpG. For any
representation V of G, smashing with SV and S�V are inverse equivalences
in πstSpG.

Corollary 9.5.15. πstSpG is tensored over SWG.

Proof Let X be a spectrum and f : K Ñ L a morphism in SWG represented
by a map K ^ SV Ñ L ^ SV . Smashing this map of spaces with X gives
a map of spectra X ^ K ^ SV Ñ X ^ L ^ SV and hence an element in
πstSpGpX^K^SV , X^L^SV q. This is isomorphic to πstSpGpX^K,X^Lq
by Corollary 9.5.14, so we have the desired structure on πstSpG.

This fact leads to a form of Spanier-Whitehead duality (see § 8.0C) in
πstSpG. Suppose that K is a finite G-CW complex, and that L is a “V -dual”
in the sense that there is a representation V of G and maps in SWG

K ^ L
ε // SV

η // L^K (9.5.16)

with the property that the composites

SV ^ L
η^L // L^K ^ L

L^ε // L^ SV

and K ^ SV
K^ε // K ^ L^ SV

ε^K // SV ^K

are symmetry isomorphisms. Then for X,Y P πstSpG the composite

πstSpGpX,Y ^Kq
ωL,X,Y^K��

πstSpGpX ^ L, Y ^K ^ Lq
pY^εq���

πstSpGpX ^ L, Y ^ SV q � // πstSpGpS�V ^X ^ L, Y q

(9.5.17)
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(for ωL,X,Y^K as in Definition 2.6.6) is an isomorphism, by the standard
duality manipulation.
The following should be compared with Proposition 9.4.3 above.

Proposition 9.5.18. Long exact sequences in πstSpG. Given a morphism
f : X Ñ Y in SpG, and any G-spectra W and Z there are long exact sequences

� � � // πstSpGpSk ^ Cf , Zq // πstSpGpSk ^ Y, Zq // πstSpGpSk ^X,Zq
// πstSpGpSk�1 ^ Cf , Zq // � � �

and

� � � // πstSpGpW,Sk ^Xq // πstSpGpW,Sk ^ Y q // πstSpGpW,Sk ^ Cf q
// πstSpGpW,Sk�1 ^Xq // � � �

where Cf denotes the mapping cone pY Y CXq.
Proof For the first one, consider the fiber sequence ZCf Ñ ZY Ñ ZX . Then
the long exact sequence of Proposition 9.4.2 reads

� � � Ñ πGk Z
Cf Ñ πGk Y Ñ πGk X Ñ πGk�1Z

Cf Ñ � � � .
The isomorphism of Proposition 9.5.5 converts this the long exact sequence
we want.
For the second sequence, the long exact sequence of Proposition 9.4.3 leads

to
� � � // π�kSpGpW,Xq // π�kSpGpW,Y q // π�kSpGpW,Y q

// π�k�1SpGpW,Xq // � � �
Again Proposition 9.5.5 enables us to rewrite this as the desired long exact
sequence.

Definition 9.5.19. πstSpG as a homotopical category. A map in πstSpG
is a weak equivalence if it induces isomorphisms in πH� for all subgroups
H � G via the isomorphism of Proposition 9.5.5.

Since this condition also defines stable equivalences in SpG, we have the
following.

Proposition 9.5.20. The homotopy categories of SpG and πstSpG are iso-
morphic.

This and Corollary 5.1.10 gives the following.

Lemma 9.5.21. If X P SpG has the property that πstSpGpX, �q is a homo-
topy functor, then for all Y , the maps

πstSpGpX,Y q ÝÑ HoπstSpGpX,Y q �ÐÝ HoSpGpX,Y q (9.5.22)
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are isomorphisms, and HoSpGpX,Y q may be computed as πstSpGpX,Y q.
Proposition 9.5.23. For k P Z the maps of Proposition 9.5.5 and (9.5.22)
give isomorphisms

πHk X � πstSpGpG{H 
 Sk, Xq � HoSpGpG{H 
 Sk, Xq.
Proof The first isomorphism is given by Proposition 9.5.5, and it implies
that πstSpGpG{H 
 Sk, Xq is a homotopy functor of X. Lemma 9.5.21 then
gives the second isomorphism.

Corollary 9.5.24. A map X Ñ Y in SpG is a stable equivalence if and only
if it becomes an isomorphism in HoSpG.

Proposition 9.5.25. When X is of the form X � S�0^S`^K with K a finite
G-CW complex, and ` P Z, the functor πstSpGpX, �q is a homotopy functor,
and so for all spectra Y , HoSpGpX,Y q may be computed as πstSpGpX,Y q.
Proof Working through the skeletal filtration of K and using the first exact
sequence of Proposition 9.5.18 reduces the claim to the case in which K �
G{H 
 Sn. But that case is Proposition 9.5.5.

Note that

πstSpGpS�0 ^K,S�0 ^ Lq � colim
n

π0 T GpSnρ ^K,Snρ ^ Lq.

When L is a finite G-CW complex, this is the definition of SWGpK,Lq. Thus
Proposition 9.5.25 contains it as a special case.

Proposition 9.5.26. The functor Σ8 (smashing with the sphere spectrum
S�0) induces a fully faithful embedding SWG Ñ HoSpG.

Proposition 9.5.27. Smashing with generalized suspension spectra.
Let X � S�V ^ K for a representation V and G-CW complex K. Then
smashing with X is homotopical.

Proof Since every G-CW complex K is a filtered colimit of finite complexes,
we can use Proposition 9.4.7 to reduce to the case where K is finite. In ad-
dition, it suffices to show that smashing with S�W ^K is homotopical as a
functor from πstSpG to itself. Suppose that Y Ñ Y 1 is a stable equivalence.
Let L P SWG be a V -dual of K. By the isomorphism of Proposition 9.5.5 it
suffices to show that for all H � G and all k P Z, the map

πstSpGpG{H 
 Sk, Y ^Xq Ñ πstSpGpG{H 
 Sk, Y 1 ^Xq
is an isomorphism. Using the first part of the duality isomorphism (9.5.17),
we can identify this map with

πstSpGpG{H
Sk^SW^L, SV ^Y q Ñ πstSpGpG{H
Sk^SW^L, SV ^Y 1q,
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and finally by Proposition 9.5.25, with

HoSpGpG{H
Sk^SW^L, SV ^Y q Ñ HoSpGpG{H
Sk^SW^L, SV ^Y 1q.
But this latter map is an isomorphism since SV ^ Y Ñ SV ^ Y 1 is a stable
equivalence by Proposition 9.5.13.

9.6 Homotopical properties of indexed wedges and
indexed smash products

The object of this section is to show that the formations of indexed wedges
and, in favorable cases, indexed smash products are homotopical. This means
that both constructions preserve stable equivalences.

9.6A Indexed wedges
We remind the reader how such wedges are defined. Given a finite G-set T
and a G-spectrum X, we define the indexed wedge and product by�ª

tPT

X

�
V

� T 
XV , i.e.,
ª
tPT

X � T 
X

and

�¹
tPT

X

�
V

� TGpT�, XV q, i.e.,
¹
tPT

X � XT�

for XT� as in Proposition 7.2.49.

Proposition 9.6.1. Let T be a finite G-set. For any X P SpG, the canonical
map ª

tPT

X Ñ
¹
tPT

X

is an isomorphism in πstSpG, hence a stable equivalence.

Proof The finite G-sets are self-dual in SWG by Proposition 8.0.13. Sinceª
tPT

X � T 
X,

the result follows from the duality isomorphism

πstSpGpZ, T 
Xq � πstSpGpT 
 Z,Xq � πstSpGpZ,
¹
tPT

Xq

once one checks that the composite map is the same as the one coming from the
canonical map from the (constant) finite indexed wedge to the finite indexed
product. We leave this to the reader.
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The next result concerns equivariant T -diagrams. Recall the category BTG
of Example 2.9.1 associated with a finite G-set T . A T -diagram of spectra is
a functor F : BTGÑ Sp. Since a spectrum E is itself a functor E : J Ñ T
and T -diagram is equivalent to a functor BTG�J Ñ T , which we will also
denote by F . We denote the category of such diagrams by SpBTG. It has
model structures indicated in Corollary 9.3.24.
For each object V of J we have a functor FV : BTG Ñ T . Since T is

a disjoint union of orbits of the form G{Hα for various subgroups Hα, FV
amounts to a collection pointed G-spaces of the form

tpG{Hαq 
Xα,V u
where each Xα,V is a pointed Hα-space. Thus we have

SpG

i�

��
SpGnaive

� // rJ, T Gs U� // rJ, T BTGs � rJ, T sBTG � SpBTG,

(9.6.2)

where i� is induced by the inclusion map i of (9.3.8), and U� is induced by
the pullback functor U : T G Ñ T BTG of (2.9.2).

Corollary 9.6.3. Let T be a finite G-set and X an equivariant T -diagram in
the category Sp of orthogonal spectra. The mapª

tPT

Xt Ñ
¹
tPT

Xt

is an isomorphism in πstSpG, hence a stable equivalence.

Proof Consider the functor U�i� : SpG Ñ SpBTG of (9.6.2). The indexed
wedge and product are its left and right adjoints. The natural transforma-
tion from the former to the latter is easily seen to satisfy the condition of
Lemma 2.2.38. This reduces us to checking the case in which the T -diagram is
constant at aG-spectrumX. But that case is covered by Proposition 9.6.1.

Corollary 9.6.3 implies the second part of the following indexed analogue
of Proposition 9.4.5.

Proposition 9.6.4. Indexed products and coproducts.

(i) The formation of finite indexed products is homotopical.
(ii) Suppose that T is a finite G-set, and X : BTGÑ Sp is a functor, namely

a collection of spectra Xt indexed by T with suitable maps between them.
The map ª

tPT

Xt Ñ
¹
tPT

Xt
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is a stable equivalence in SpG. Hence the formation of finite indexed wedges
is homotopical.

(iii) The formation of all indexed wedges is homotopical.

9.6B Indexed smash products
The smash product of spectra is not known to preserve weak equivalences in
general, but it does so in favorable cases.

Proposition 9.6.5. If a spectrum X in SpG is Bredon cofibrant as in Defi-
nition 9.2.15, then it is flat as in Definition 5.1.20.

Proof By Proposition 9.5.27 and the fact that the formation of indexed
wedges is homotopical (Proposition 9.6.4) the result is true when

X � G

H
^S�V ^ Sk.

The functor p� q ^X is built from

p� q ^G

H
^S�V ^ Sk

by forming wedges, mapping cones, and filtered colimits along h-cofibrations,
all of which are homotopical by Proposition 9.6.4.

Since every spectrum is weakly equivalent to a Bredon cofibrant one, and
such spectra are flat as in Definition 5.1.20 by Proposition 9.6.5, Proposi-
tion 5.1.26 implies

Proposition 9.6.6. Suppose that X Ñ Y is a weak equivalence of flat spectra.
Then for any Z, the map X ^ Z Ñ Y ^ Z is a weak equivalence.

Let SpGfl � SpG be the full subcategory of flat objects, considered as a
homotopical category using the stable weak equivalences. Since every object
of SpG is weakly equivalent to an object of SpGfl , the functor

HoSpGfl Ñ HoSpG (9.6.7)

is an equivalence of categories. The above results show

Proposition 9.6.8. The smash product functor

SpGfl � SpG Ñ SpG

is homotopical.

The equivalence (9.6.7) and Proposition 9.6.5 are enough to show that the
smash product descends to give HoSpG a symmetric monoidal structure, and
that the map SWG Ñ HoSpG is symmetric monoidal. For a more refined
statement, see §9.8.
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9.7 The norm functor

9.7A Equivariant commutative and associative algebras
Using the notions described in §2.6G one can transport many algebraic struc-
tures to SpG using the symmetric monoidal smash product.

Definition 9.7.1. A G-equivariant commutative (associative) algebra
is a commutative (associative) algebra with unit in SpG. We will abbreviate
the categories CommSpG and AssocSpG (as in Definition 2.6.58) of such
spectra and equivariant maps by CommG and AlgG respectively. The cor-
responding categories with all continuous maps will be denoted by CommG

and AlgG. We will sometimes refer to such objects as rings (with suitable
adjectives) or ring spectra.

Since SpG is a closed symmetric monoidal category under ^, Lemma 2.6.66
implies that both CommG and AlgG are complete and cocomplete, and that
the forgetful functors

CommG Ñ SpG

AlgG Ñ SpG

create enriched limits, sifted colimits, and have left adjoints

Sym : SpG Ñ CommG

T : SpG Ñ AlgG.

Similarly, there are categories of left and right modules over an associative
algebra A. We will use the symbol MA for the category of left A-modules.
As described in § 2.6G, when A is commutative, the category MA inherits
a symmetric monoidal product M

Â
N defined by the reflexive coequalizer

diagram

M ^A^N //// M ^N //_____ M
Â
N. (9.7.2)

9.7B Defining the norm functor
For each subgroup H � G we have a forgetful functor iGH : SpG Ñ SpH of
Proposition 9.1.17 and the change of group adjunction of (9.1.18).
Using the notation and constructions of Example 2.9.8 and Example 2.9.12,

note that the functor categories SpBG � rBG,Sps and SpBH � rBH,Sps are
SpGnaive and SpHnaive. The latter is equivalent to SpBG{HG. Let p : BG{HGÑ BG
be the functor induced by the G-map G{H Ñ G{G. Recall that inclusion of
the identity coset in G{H gives a functor j : BH Ñ BG{HH which is an
equivalence of categories.
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Definition 9.7.3. The norm functor NG
H : SpH Ñ SpG is the composite

SpH i� //

NG
H ))RRR

RRR
RRR

RRR
RRR

RR SpHnaive � rBH,Sps j! // rBG{HG,Sps
p^�
��

SpG SpGnaive � rBG,Sps.i!oo

When the groups G and H are cyclic with |G| � g and |H| � h, we will
sometimes write Ng

h for NG
H .

In proving the Kervaire invariant theorem we will use this for H � C2,
G � C8 and apply it to the C2-spectrum MUR.
The following is a consequence of Proposition 2.9.7.

Proposition 9.7.4. Properties of the norm. The functor NG
H of Defini-

tion 9.7.3 is symmetric monoidal, and it commutes with sifted colimits as in
Definition 2.3.73.

We will study the norm further in Chapter 10.

Remark 9.7.5. A relation between the norms for spectra and for
spaces. We have defined the norm on the topological categories of equivariant
spectra. Since it is symmetric monoidal it naturally extends to a functor of
enriched categories

NG
H : SpH Ñ SpG

compatible with the norm on spaces (as in Definition 8.3.23) in the sense that
it gives for every X,Y P SpH a G-equivariant map

NG
H pSpHpX,Y qq Ñ SpGpNG

HX,N
G
HY q.

By Proposition 2.9.55, on equivariant commutative algebras the norm is the
left adjoint of the restriction functor.

Corollary 9.7.6. The following diagram, in which U denotes the forgetful
functor, commutes up to a natural isomorphism given by the symmetry of the
smash product:

CommH

U
��

// CommG

U
��

SpH
NG

H // SpG.

The top arrow is the left adjoint to the restriction functor.

Remark 9.7.7. Because of Corollary 9.7.6 we will refer to the left adjoint
to the restriction functor

iGH : CommG Ñ CommH
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as the commutative algebra norm, and denote it

NG
H : CommH Ñ CommG.

The Yoneda embedding (Definition 3.1.68) is the functor

J
op H // Sp

V � // S�V

By the definition of ^, this is a symmetric monoidal functor, and we are in
the situation described in Proposition 2.9.10. Thus if p : I Ñ J is a covering
category, there is a natural isomorphism between the two ways of going around

�
J
op
�I H� //

p`�
��

SpI

p^�

���
J
op
�J H� // SpJ .

Take I � BG{HG and J � BG. Then the functor category
�
J
op
�I is equiv-

alent to the category
�
J
H
�op by Proposition 8.9.33, and SpI is equivalent to

SpH by Theorem 9.3.10. By naturality, the functor

pJHqop Ñ SpH

corresponding to �
J
op
�I Ñ SpI

is just the Yoneda embeddingH, and so sends an orthogonal H-representation
V to S�V . Similarly

�
J
op
�J is equivalent to pJGqop, SpJ is equivalent to

the category of orthogonal G-spectra, and the functor between them sends
an orthogonal G-representation W to S�W . One easily checks (as in Exam-
ple 2.9.11) that the functor p`� corresponds to additive induction. We therefore
have a commutative diagram�

J
H
�op H //

IndG
H

��

SpH

NG
H

���
J
G
�op H // SpG

This proves

Proposition 9.7.8. The norm of a Yoneda spectrum. There is a natural
isomorphism

NG
H S�V � S�IndG

HV

of functors
�
J
H
�op Ñ SpG.
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9.7C Other uses of the norm
There are several important constructions derived from the norm functor
which also go by the name of “the norm.”
Suppose that R is a G-equivariant commutative ring spectrum, and X is

an H-spectrum for a subgroup H � G. Write

R0
HpXq :� rX, iGHRsH .

There is a norm map

NG
H : R0

HpXq Ñ R0
GpNG

HXq (9.7.9)

defined by sending an H-equivariant map X Ñ R to the composite

NG
HX Ñ NG

H piGHRq Ñ R,

in which the second map is the counit of the restriction-norm adjunction of
Corollary 9.7.6. This is the norm map on equivariant spectrum coho-
mology, and is the form in which the norm is described in [GM97]. For an
explicit comparison with [GM97], see [Boh14]. We will use the map of (9.7.9)
below in Definition 13.3.12.
When V is a representation of H and X � SV the above gives a map

N � NG
H : πHV RÑ πGIndVR

in which IndV is the induced representation which we call the norm map
on the ROpGq-graded homotopy groups of commutative rings
Now suppose that X is a pointed G-space. There is a norm map

NG
H : R0

HpXq Ñ R0
GpXq

sending

x P R0
HpXq � rS0 ^X, iGHRsH

to the composite

S0 ^X Ñ S0 ^NpXq � NpS0 ^Xq Ñ NpiGHRq Ñ R,

in which the equivariant map of pointed G-spaces

X Ñ NG
H pXq

is the “diagonal”

X Ñ
¹

jPG{H

Xj Ñ
©

jPG{H

Xj

whose jth component is the inverse to the isomorphism

Xj � pHjq �
H
X Ñ X
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given by the action map. That this is actually equivariant is probably most
easily seen by making the identification

Xj � homHpH�1
j , Xq

in whichH�1
j denotes the leftH-coset consisting of the inverses of the elements

of Hj , and then writing ¹
jPG{H

Xj � homHpG,Xq.

Under this identification, the “diagonal” map is the map

X Ñ homHpG,Xq
adjoint to the action map

G�
H
X Ñ X,

which is clearly equivariant.
One can combine these construction to define the norm on ROpGq-graded

cohomology of a G-space X

NG
H : RVHpXq Ñ RIndV

G pXq
sending

S0 ^X
aÝÑ SV ^ iGHR

to the composite

S0 ^X ÝÑ S0 ^NX
NaÝÝÑ SIndV ^NiGHRÑ SIndV ^R.

9.8 Change of group and smash product

The restriction functor
iGH : SpG Ñ SpH

preserves weak equivalences, fibrations and cofibrations in the positive stable
equifibrant model structure. This implies

Proposition 9.8.1. The change of group adjunction for G-spectra.
Let H � G be a subgroup. The restriction functor and its left adjoint form a
Quillen pair

G

H
p� q : SpH K

//
SpG : iGH ,oo

as do the restriction functor and its right adjoint

iGH : SpG K
//
SpH :

¹
jPG{H

p� qj .oo
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Corollary 9.8.2. An indexed wedge of cofibrations is a cofibration.

Corollary 9.8.2 is one of our reasons for introducing the positive stable
equifibrant model structure. The positive stable model structure of [MM02,
§III.5] does not have this property.
Associated to any map φ : G1 Ñ G of finite groups is a functor

φ� : SpG Ñ SpG
1

.

This functor has both a left and right adjoint. The functor φ� sends the
generating cofibrations to indexed wedges of generating cofibrations, hence
cofibrations by Corollary 9.8.2. Since it is a left adjoint it therefore sends
cofibrations to cofibrations. It also sends the generating trivial cofibrations
to weak equivalences. To see this note that the generators of the form X ^
pIn�1
� Ñ In�q are homotopy equivalences hence go to homotopy equivalences.

To check that the corner maps in (9.2.9) go to weak equivalences, it suffices
to show that the maps G 


H

rξV,W (see (7.2.63), (7.4.17) and Remark 7.3.5)

go to weak equivalences. Since G 

H

pξV,W is a homotopy equivalence, this is
equivalent to showing that maps of the form

G

H
^ξV,W : G


H
^�S�V`W ^ SW

�Ñ G

H
^S�V

go to weak equivalences. But these maps go to an indexed wedge of maps of
the form

ξV 1,W 1 :
�
S�V

1`W 1 ^ SW
1�Ñ S�V

1

which are weak equivalences. Thus φ� also sends trivial cofibrations to trivial
cofibrations. This gives

Proposition 9.8.3. If φ : G1 Ñ G is any homomorphism of finite groups,
then the pullback functor

φ� : SpG Ñ SpG
1

is a left Quillen functor (Definition 4.5.1). In particular the restriction functor
(the case where φ : H Ñ G is the inclusion) is a left Quillen functor.

Theorem 9.8.4. SpG as a closed symmetric monoidal model category.
Equipped with the smash product, the positive stable equifibrant model category
structure on pSpG,^, S�0q makes it a closed Quillen ring (Definition 5.5.9)
satisfying the monoid axiom of Definition 5.5.22.

Proof We already know it is a closed symmetric monoidal category by The-
orem 9.1.25. We need to show that the smash product satisfies the pushout
product and unit axioms of Definition 5.5.9 in addition to the monoid axiom.
The pushout product axiom asserts that given cofibrations fi : Ai Ñ Bi

for i � 1 and 2, then f1 l f2 is a cofibration which is trivial if either f1 or f2
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is trivial. By Proposition 5.5.14 it suffices to check the cofibration condition
when f1 and f2 are in I and so of the form

G
Ĥi

S�Vi ^ �
Ski�1 Ñ Dki

�
for i � 1, 2.

But in that case the corner map is the smash product of�
G
Ĥ1

S�V1



^
�
G
Ĥ2

S�V2



(which can be described more explicitly with the help of Theorem 8.1.10)
with the pushout product of Sk1�1 Ñ Dk1 and Sk2�1 Ñ Dk2 , namely the
inclusion Sk1�k2�1 Ñ Dk1�k2 as in Example 2.6.17. This is an indexed wedge
of cofibrations hence a cofibration by Proposition 5.5.39.
In order to show the second part of the pushout product axiom, we claim

that if g : X Ñ Y is a trivial cofibration in SpG, and Z is arbitrary then
g^Z is a flat weak equivalence. Since g is a cofibration it is an h-cofibration,
so it suffices to show that pY {Xq ^ Z is weakly contractible if Y {X is. But
Y {X is cofibrant, hence flat, so the claim follows from Proposition 9.6.6. Now
let f : A Ñ B be a cofibration and consider the diagram (similar to that of
Definition 2.6.12)

A^X
f^X //

A^g �

��

B ^X

�

�� B^g

��

A^ Y //

f^Y
,,YYYYY

YYYYYY
YYYYYY

YYYYYY
YYYYYY

YYYYY P pf ^X,A^ gq
flg

))SSS
SSS

SSS
SSS

S

B ^ Y

Then B ^ g is an equivalence since g is a trivial cofibration, so f l g is one
by the two out of three property.
The unit axiom follows from Proposition 9.6.6 since cofibrant objects are

Bredon cofibrant (Remark 9.2.17), hence flat (Proposition 9.6.5).
The monoid axiom asserts that maps obtained from those in J through

certain constructions are weak equivalences; see Lemma 5.5.23. The maps in
J are all precofibrations as in Definition 5.1.15, so this follows from Proposi-
tion 5.1.21.

9.9 The ROpGq-graded homotopy of HZ

We describe part of the ROpGq-graded Mackey functor π�pHZq, where HZ is
the integer Eilenberg-MacLane spectrum HZ in the G-equivariant category
(see Theorem 9.1.47), for a finite cyclic 2-group G. For each actual (as opposed
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to virtual) G-representation V we have an equivariant reduced cellular chain
complex CV� for the space SV . It is a complex of ZrGs-modules withH�pCV q �
H�pS|V |q. It has Mackey functor homology as in Definition 8.5.1.
Given a finite G-CW spectrum X, meaning a suspension spectrum (see

Remark 7.1.25) of a finite G-CW complex as in Definition 8.4.13, we get a
reduced cellular chain complex of ZrGs-modules C�X, leading to a chain com-
plex of fixed point Mackey functors C�X, as in Definition 8.5.1. Its homology
is a graded Mackey functor H�X with

H�XpG{Hq � π�pX ^HZqpG{Hq � π�pX ^HZqH .

In particular H�XpG{ teuq � H�X, the underlying homology of X. In general
H�XpG{Hq is not the same as H�pXHq because fixed points do not commute
with smash products of spectra; see Remark 9.1.27.
For a finite cyclic 2-group G � C2k , the irreducible representations are

the 2-dimensional ones λpmq corresponding to rotation through an angle of
2πm{2k for 0   m   2k�1, the sign representation σ and the trivial one of
degree one, which we denote by 1. The 2-local equivariant homotopy type of
Sλpmq depends only on the 2-adic valuation of m, so we will only consider
λp2jq for 0 ¤ j ¤ k� 2 and denote it by λj . The planar rotation λk�1 though
angle π is the same representation as 2σ. We will denote λp1q � λ0 simply
by λ.

Proposition 9.9.1. The regular representation ρG for G � C2k is, in
the notation defined above,

ρG � 1� σ �
¸

0 m 2k�1

λpmq

We will describe the chain complex CV for

V � a� bσ �
¸

2¤j¤k

cjλk�j . (9.9.2)

for nonnegative integers a, b and cj . This generalizes the discussion of Exam-
ple 8.5.5, which deals with the case k � 1 and a � b � n. The isotropy group
of V (the largest subgroup fixing all of V ) is

GV �
$&%

C2k � G for b � c2 � � � � � ck � 0

C2k�1 �: G1 for b ¡ 0 and c2 � � � � � ck � 0

C2k�` for c` ¡ 0 and c1�` � � � � � ck � 0

The proof of the following is an exercise for the reader.

Proposition 9.9.3. The representation sphere SV as a G-CW com-
plex. Let G � C2k and let V be as in (9.9.2). Then the sphere SV has a
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G-CW structure with reduced cellular chain complex CV of the form

CVn �

$''&''%
Z for n � d0
ZrG{G1s for d0   n ¤ d1
ZrG{C2k�j s for dj�1   n ¤ dj and 2 ¤ j ¤ `

0 otherwise.

(9.9.4)

where

dj �
$&%

a for j � 0

a� b for j � 1

a� b� 2c2 � � � � � 2cj for 2 ¤ j ¤ `,

so d` � |V |.
The boundary map Bn : CVn Ñ CVn�1 is determined by the fact that

H�pCV q � H�pS|V |q. More explicitly, let γ be a generator of G, and let

ej �
¸

0¤t 2j

γt for 1 ¤ j ¤ k.

Then we have

Bn �

$''&''%
∇ for n � 1� d0
p1� γqxn for n� d0 even and 2� d0 ¤ n ¤ dn
xn for n� d0 odd and 2� d0 ¤ n ¤ dn
0 otherwise,

where ∇ is the fold map sending γ ÞÑ 1, and xn denotes multiplication by an
element in ZrGs to be named below. We will use the same symbol below for the
quotient map ZrG{Hs Ñ ZrG{Ks for H � K � G. The elements xn P ZrGs
for 2� d0 ¤ n ¤ |V | are determined recursively by x2�d0 � 1 and

xnxn�1 � ej for 2� dj�1   n ¤ 2� dj .

Then H|V |C
V � Z generated by either x1�|V | or its product with 1 � γ,

depending on the parity of b.

Corollary 9.9.5. The low dimensional homology of SV . Let G � C2k

and let V be as in (9.9.2). Then the map

Sa�bσ Ñ SV

induces an isomorphism in homology below dimension a� b.

The homology of Snσ will be computed below in Example 9.9.21.
The chain complex of Proposition 9.9.3 is

CV � Σ|V0|CV {V0

where V0 � V G. This means we can assume without loss of generality that
V0 � 0.
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An element
x P HnC

V pG{Hq � HnS
V pG{Hq

corresponds to an element x P πn�VHZpG{Hq.
We will denote the dual complex HomZpCV ,Zq by C�V . Its chains lie in

dimensions�n for 0 ¤ n ¤ |V |. An element x P H�npS�V qpG{Hq corresponds
to an element x P πV�nHZpG{Hq.
The method we have just described determines only a portion of the ROpGq-

graded Mackey functor πpG,�qHZ, namely the groups in which the index differs
by an integer from an actual representation V or its negative. For example it
does not give us πσ�λHZ for |G| ¥ 4.
We leave the proof of the following as an exercise for the reader.

Proposition 9.9.6. The top (bottom) homology groups for SV (S�V ).
Let G be a finite cyclic 2-group and V a nontrivial representation of G of degree
d with V G � 0 and isotropy group GV (see Definition 2.1.29(iv)). Then

CVd � C�V�d � ZrG{GV s
and

(i) If V is oriented then HdS
V � Z, the constant Z-valued Mackey functor

in which each restriction map is an isomorphism and each transfer TrKH is
multiplication by |K{H|.

(ii) H�dS
�V � ZpG,GV q, the constant Z-valued Mackey functor in which

ResKH �
"

1 for K � GV
|K{H| for GV � H

and

TrKH �
" |K{H| for K � GV

1 for GV � H.

(The above completely describes the cases where |K{H| � 2, and they
determine all other restrictions and transfers.) The functor ZpG, eq is also
known as the dual Z�. These isomorphisms are induced by the maps

HdS
V H�dS

�V

Z
∆ // ZrG{GV s ∇ // ZpG,GV q.

(iii) If V is not oriented then HdS
V � Z� , where

Z� pG{Hq �
"

0 for H � G

Z� :� ZrGs{p1� γq otherwise

where each restriction map ResKH is an isomorphism and each transfer TrKH
is multiplication by |K{H| for each proper subgroup K.
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(iv) We also have H�dS
�V � ZpG,GV q� , where

ZpG,GV q� pG{Hq �
$&%

0 for H � G and V � σ

Z{2 for H � G and V � σ

Z� otherwise

with the same restrictions and transfers as ZpG,GV q. These isomorphisms
are induced by the maps

HdS
V H�dS

�V

Z�

∆� // ZrG{GV s
∇� // ZpG,GV q� .

The Mackey functor ZpG,GV q is one of those defined (with different nota-
tion) in [HHR17a, Definition 2.1].

Definition 9.9.7. Three elements in πG� pHZq. Let V be an actual (as
opposed to virtual) representation of the finite cyclic 2-group G with V G � 0

and isotropy group GV .

(i) The equivariant inclusion S0 Ñ SV defines an element in π�V S
0pG{Gq

via the isomorphisms

π�V S
0pG{Gq � π0S

V pG{Gq � π0S
V G � π0S

0 � Z,

and we will use the symbol aV to denote its image in π�VHZpG{Gq.
(ii) The underlying equivalence SV Ñ S|V | defines an element in

πV S
|V |pG{GV q � πV�|V |S

0pG{GV q
and we will use the symbol eV to denote its Hurewicz image in

πV�|V |HZpG{GV q.
(iii) If W is an oriented representation of G (we do not require that WG � 0),

there is a map
∆ : ZÑ CW|W | � ZrG{GW s

as in Proposition 9.9.6 giving an element

uW P H |W |S
W pG{Gq � π|W |�WHZpG{Gq.

For nonoriented W , Proposition 9.9.6 gives a map

∆� : Z� Ñ CW|W |

and an element

uW P H |W |S
W pG{G1q � π|W |�WHZpG{G1q.

The element uW above is related to the element ruV of (9.4.11) as follows.
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Lemma 9.9.8. The restriction of uW to a unit and permanent cy-
cle. Let W be a nontrivial representation of G with H � GW . Then the
homeomorphism

Σ�W ruW : G{H 
 S|W |�W Ñ G{H�

of (9.4.11) induces an isomorphism π0HZpG{Hq Ñ π|W |�WHZpG{Hq send-
ing the unit to ResKHpuW q for uW as defined in (iii) above and K � G or G1
depending on the orientability of W .

The product
ResKHpuW qeW P π0HZpG{Hq � Z

is a generator, so eW and ResKHpuW q are units in the ring π�HZpG{Hq, and
ResKHpuW q is in the Hurewicz image of π�S0pG{Hq.
Proof The diagram

G{K 
 S|W |�W G{H 
 S|W |�W ruW //foldoo G{H�

induces (via the functor r�,HZsG)

π|W |�WHZpG{Kq ResKH // π|W |�WHZpG{Hq π0HZpG{Hq�oo

H |W |S
W pG{Kq H |W |S

W pG{Hq Z

The restriction map is an isomorphism by Proposition 9.9.6 and the group on
the left is generated by uW .
The product is the composite of H-maps

SW
eW // S|W |

ResKH puW q // ΣWHZ,

which is the standard inclusion.

Remark 9.9.9. The elements aV and eV are permanent cyles but uV
may not be. Note that aV and eV are induced by maps to equivariant spheres
while uW is not. This means that in any spectral sequence based on a filtration
where the subquotients are equivariant HZ-modules, elements defined in terms
of aV and eV will be permanent cycles, while multiples and powers of uW can
support nontrivial differentials. Lemma 9.9.8 says a certain restriction of uW
is a permanent cycle.

Each nonoriented V has the form W �σ where σ is the sign representation
and W is oriented. It follows that

uV � uσRes
G
G1puW q P π|V |�VHZpG{G1q.

Note also that a0 � e0 � u0 � 1. The trivial representations contribute
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nothing to π�pHZq. We can limit our attention to representations V with
V G � 0. Among such representations of cyclic 2-groups, the oriented ones are
precisely the ones of even degree.

Lemma 9.9.10. Properties of aV , eV and uW . The elements

aV P π�VHZpG{Gq, eV P πV�|V |HZpG{GV q and uW P π|W |�WHZpG{Gq
for W oriented of Definition 9.9.7 satisfy the following.

(i) aV�W � aV aW and uV�W � uV uW .
(ii) |G{GV |aV � 0 where GV is the isotropy group of V .

(iii) For oriented V , TrGGV
peV q and TrG

1

GV
peV�σq have infinite order, while

TrGGV
peV�σq has order 2 if |V | ¡ 0 and TrGGV

peσq � TrGG1peσq � 0.
(iv) For oriented V and GV � G1 � G

TrGGV
peV quV � |G{GV | P π0HZpG{Gq � Z

and TrG
1

GV
peV�σquV�σ � |G1{GV | P π0HZpG{G1q � Z for |V | ¡ 0.

(v) aV�WTrGGV
peV�W q � 0 if |V | ¡ 0.

(vi) For V and W oriented, uWTrGGV
peV�W q � |GV {GV�W |TrGGV

peV q.
(vii) The gold (or au) relation. For V and W oriented representations of

degree 2 with GV � GW , aWuV � |GW {GV |aV uW .

For nonoriented W similar statements hold in π�HZpG{G1q. 2W is oriented
and u2W is defined in π2|W |�2WHZpG{Gq with ResGG1pu2W q � u2W .

Proof (i) This follows from the existence of the pairing

CV b CW Ñ CV�W .

It induces an isomorphism in H0 and (when both V and W are oriented) in
H|V�W |.
(ii) This holds because H0pV q is killed by |G{GV |.
(iii) This follows from Proposition 9.9.6.
(iv) Using the Frobenius relation we have

TrGGV
peV quV � TrGGV

peV ResGGV
puV qq

� TrGGV
p1q by Lemma 9.9.8

� |G{GV |
TrG

1

GV
peV�σquV�σ � TrG

1

GV
peV�σResG

1

GV
puV�σqq

� TrG
1

GV
p1q � |G1{GV |.

(v) We have

aV�WTrGGV
peV�U q : S�|V |�|U | Ñ SW�U .
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It is null because the bottom cell of SW�U is in dimension �|U |.
(vi) Since V is oriented, then we are computing in a torsion free group so

we can tensor with the rationals. It follows from (iv) that

TrGGV�W
peV�W q � |G{GV�W |

uV uW

and TrGGV
peV q � |G{GV |

uV

so uWTrGGV�W
peV�W q � |G{GV�W |

uV
� |GV {GV�W |TrGGV

peV q.

(vii) For G � C2n , each oriented representation of degree 2 is 2-locally
equivalent to a λj for 0 ¤ j   n. The isotropy group is Gλj � C2j . Hence the
assumption that GV � GW is can be replaced with V � λj and W � λk with
0 ¤ j   k   n. the statment we wish to prove is

aλk
uλj

� 2k�jaλj
uλk

.

One has a map Sλj Ñ Sλk which is the suspension of the 2k�jth power map
on the equatorial circle. Hence its underlying degree is 2k�j . We will denote
it by aλk

{aλj since there is a diagram

Sλj

aλk
{aλj

��
S0

aλj
44hhhhhhhhhhhhh

aλk **VVV
VVVV

VVVV
V

Sλk .

We claim there is a similar diagram

Sλk ^HZ

uλj
{uλk

��
S2

uλk 33gggggggggggg

uλj
++WWWW

WWWWW
WWW

Sλj ^HZ

(9.9.11)

in which the underlying degree of the vertical map is one.
Smashing aλk

{aλj with HZ and composing with uλj {uλk
gives a factoriza-

tion of the degree 2k�j map on Sλj ^HZ. Thus we have
uλj

uλk

aλk

aλj

� 2k�j

uλj
aλk

� 2k�juλk
aλj

as desired.
The vertical map in (9.9.11) would follow from a map

Sλk�λj Ñ HZ
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with underlying degree one. Let G � C2n and G � H � C2j . Then S�λj has
a cellular structure of the form

G{H 
 S�2 YG{H 
 e�1 Y e0.

We need to smash this with Sλk . Since λk restricts trivially to H,

G{H 
 Sλk � G{H 
 S2.

This means

Sλk�λj � Sλk ^ S�λj � G{H 
 S0 YG{H 
 e1 Y e0 ^ Sλk .

Thus its cellular chain complex has the form

2 ZrG{Ks
1�γ
��

∆

++XXXX
XXXXX

XXXXX
XXXXX

1 ZrG{Ks
∇��

�∆

++XXXX
XXXXX

XXXXX
XXXXX

ZrG{Hs
1�γ
��

0 Z ZrG{Hs
where K � G{Cpk and the left column is the chain complex for Sλk .
There is a corresponding chain complex of fixed point Mackey functors. Its

value on the G-set G{L for an arbitrary subgroup L is

2 ZrG{maxpK,Lqs
1�γ
��

∆

,,YYYYYY
YYYYYYY

YYYYYY

1 ZrG{maxpK,Lqs
∇��

�∆

,,YYYYYY
YYYYYYY

YYYYYY
ZrG{maxpH,Lqs

1�γ
��

0 Z ZrG{maxpH,Lqs
For each L the map ∆ is injective and maps the kernel of the first 1 � γ

isomorphically to the kernel of the second one. This means we can replace the
above by a diagram of the form

1 coker p1� γq
∇��

�∆

,,YYYYY
YYYYYY

YYYYYY
YY

0 Z coker p1� γq
where each cokernel is isomorphic to Z and each map is injective.
This means that H�S

λk�λj is concentrated in degree 0 where it is the
pushout of the diagram above, meaning a Mackey functor whose value on each
subgroup is Z. Any such Mackey functor admits a map to Z with underlying
degree one. This proves the claim of (9.9.11).

The elements aV and uV behave well with respect to the norm. The fol-
lowing result is a simple consequence of the fact (Proposition 8.3.28) that
NSV � SIndV .



672 Orthogonal G-spectra

Lemma 9.9.12. The norms of aV and uV . Suppose that V is a d-dimensional
representation of a subgroup H � G, let W � IndGHV be the induced represen-
tation over G, and let L � IndGHd, the representation of G induced up from
the d-dimensional trivial representation of H. Then

aW � NG
HaV

and uW � uL �NG
HuV .

When the subgroup H above is normal, the representation L is d copies of
the composition of GÑ G{H with the regular representation ρG{H .

Corollary 9.9.13. The case where H has index 2 in G and d � 2k.
Here L � 2kp1 � σq, where σ is the sign representation of G (which factors
through G{H), so we have

uW � uk2σN
G
HuV .

Remark 9.9.14. Notation for multiplication. As is standard in algebra,
we will adopt the convention that the operation of mutiplication by an element
of a ring on a module is denoted by the element of the ring. We will also use
it in closely related contexts. For example, for a G-spectrum X we will refer
to the to the maps

aV ^ 1X : S�V ^X Ñ X

uV ^ 1X : Sd�V ^X Ñ HZ^X

as multiplication by aV and uV respectively, and, when no confusion is likely,
denote them simply by aV and uV . Note that X might be a virtual repre-
sentation sphere. This means that we will not usually distinguish in notation
between these maps and their suspensions. Similarly, if R is any equivariant
algebra, and x P πGV S0 then the product of x with 1 P πG0 R will be denoted
x P πGV R. In accordance with this, at various places in this paper the symbol aV
might refer to a map S�V Ñ S0, or its suspension S0 Ñ SV or the Hurewicz
image S0 Ñ HZ^ SV or equivalently an element of πG0 HZ^ SV .

The Z-valued Mackey functor H0S
λk�λj is discussed in more detail in

[HHR17a], where it is denoted by Zpk, jq.
Example 9.9.15. Inverting aV . Let S8V be the colimit of the spaces SnV
under the standard inclusions. Each of these inclusions is “multiplication by
aV .” Smashing with a G-spectrum X we find that S8V ^X is the colimit of
the sequence

X
aVÝÝÑ SV ^X

aVÝÝÑ SV`V ^X � � � aVÝÝÑ SnV ^X
aVÝÝÑ � � � .

Using the suspension isomorphism to replace πG� SnV ^ X with πG��nVX the
sequence of the ROpGq-graded groups becomes

πG� X
aVÝÝÑ πG��VX � � � aVÝÝÑ πG��nVX � � �
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from which one gets an isomorphism

πG� S
8V ^X � a�1

V πG� X.

Under this isomorphism the effect in ROpGq-graded homotopy groups induced
by the inclusion

SnV ^X Ñ S8V ^X

sends x P πG� X � πG��V S
nV ^X to a�nV x P a�1

V πG� X.

Example 9.9.16. Inverting aσ. Passing to the colimit as dÑ8 and using
the last part of Example 9.9.15 we find that apd�kqσ � ukσ is sent to

a�1
dσ � apd�kqσ � ukσ � a�1

kσukσ P πkS8σ.
Writing b � a�1

2σ u2σ we find that the homogeneous component

πC2
2nHZ^ S8σ � πC2

� HZ^ S8σ � a�1
2σ π

C2HZ

is cyclic of order 2, generated by bn. See Remark 9.9.20 below.

In §13.1 below we will need a description of of π�Snρ ^ HZ, the ROpGq-
graded homotopy of Snρ ^ HZ for G � C2, where ρ denotes the regular
representation. The representation ring ROpC2q is the free abelian group gen-
erated by 1, meaning the trivial one dimensional representation, and σ, the
sign representation. The regular representation ρ is σ � 1. It follows that

πa�bσS
nρ ^HZ � πa�bσS

n�nσ ^HZ

� πa�n�pb�nqσHZ.

Hence we need to find πa�bσHZ for all integers a and b.
In (8.5.9) we determined

HiS
nρ � πiS

n�nσ ^HZ � πi�n�nσ ^HZ

for n ¥ 0 and all integers i. Thus we know πa�bσHZ for all integers a and b
with b ¤ 0.
It remains to compute

πa�bσHZ � πa�bS
�bρHZ for b ¡ 0.

Since S�nρ is the Spanier-Whitehead dual (see (9.5.16)) of Snρ, we need to
look at the Z-linear dual of the chain complex of (8.5.8). It has the form

�n �n� 1 �n� 2 �n� 3 �2n

l
∆ // pl γ2 // pl γ3 // pl γ4 // � � � γn // pl

Z

1

��

1 // Z

∆
��

0 // Z

∆
��

2 // Z

∆
��

0 // � � � εn // Z

∆
��

Z

2

WW

∆ // ZrGs
∇

WW

γ2 // ZrGs
∇

WW

γ4 // ZrGs
∇

WW

γ4 // � � � γn // ZrGs
∇

WW
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A key point here is that ∆ : l Ñ pl is the dual of ∇ : pl Ñ l. The for-
mer induces an isomorphism when evaluated on G{G while the latter induces
multiplication by 2.
Passing to homology we get

�n �n� 1 �n� 2 �n� 3 �2n

0 0 0  � � � H�2n

0

��

0

��

0

��

Z{2

��

� � � H�2npG{Gq
∆

��
0

VV

0

VV

0

VV

0

UU

� � � ZrGs{pγnq
∇

TT

We need to pay careful attention to the bottom homology group H�2n, which
depends on the parity of n. For n ¡ 1 there is an exact sequence of Mackey
functors

pl γn // pl // H�2n
// 0. (9.9.17)

For even n it reads

Z

∆
��

0 // Z

∆
��

1 // Z

2

��

// 0

��
ZrGs

∇

VV

1�γ // ZrGs
∇

VV

∇ // Z

1

VV

// 0.

VV

while for odd n we have

Z

∆

��

2 // Z

∆

��

1 // Z{2
0

��

// 0

��
ZrGs

∇

VV

1�γ // ZrGs
∇

VV

∇� // Z�

1

UU

// 0.

VV

These homology groups are respectively the Mackey functors and 9l of
Table 8.1.
For n � 1, instead of the exact sequence of (9.9.17) we have

l
δ // pl // H�2n

// 0,

which reads

Z

1

��

1 // Z

∆
��

1 // 0

��

// 0

��
Z

2

VV

1�γ // ZrGs
∇

VV

∇� // Z�

VV

// 0.

VV
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Thus for n ¡ 0 we have

HipS�nρq �

$''''&''''%
 for �n� 3 ¥ i ¡ �2n and i� n odd

for i � �2n and n even
9l for i � �2n and n odd and n ¡ 1

l for i � �2n and n odd and n � 1

0 otherwise.

(9.9.18)

The vanishing ofH�1�nS
�nρ, which contrasts with the nonvanishing ofHnS

nρ

in (8.5.9), is part of the phenomenon we call the gap.
By combining (9.9.18) with (8.5.9) we can describe πa�bσΣnρHZ in all

cases. The following is illustrated in Figure 9.1 below.

Theorem 9.9.19. The ROpC2q-graded homotopy of HZ. For G � C2, σ
the sign representation and ρ � σ � 1 the regular representation, the Mackey
functor

πa�bσΣ
nρHZ � πa�bσ�nΣ

nσHZ

is as follows, with Mackey functor notation as in Table 8.1.

 For a� b � 2n it is

π2pn�bqΣ
pn�bqρHZ � H2pn�bqS

pn�bqρ � Hpn�bqS
pn�bqσ

�

$''&''%
l for n� b ¥ 0 and n� b even
l for n� b ¥ �1 and n� b odd

for n� b ¤ 2 and n� b even
9l for n� b ¤ �3 and n� b odd.

 It is  for n ¡ b (which is equivalent to n   2n � b), a � n even and
n ¤ a   2n� b.

 It is also  for n   b (which is equivalent to n ¡ 2n � b), a � n odd and
n� 3 ¥ a ¡ 2n� b.

 It is trivial in all other cases.

Moreover, in the notation of Definition 9.9.7, we have the following.

 For n ¥ b and n� b even, H2pn�bqS
pn�bqρpG{Gq is generated by upn�bq{22σ .

 For n ¥ b and n� b odd, H2pn�bqS
pn�bqρpG{eq is generated by upn�bqσ .

 For n ¡ b and 0 ¤ i   pn � bq{2 the group Hn�n�2iS
pn�bqρpG{Gq (which

has order 2) is generated by ui2σab�n�2i
σ .

 For n   b, H2pn�bqS
pn�bqρpG{eq is generated by epb�nqσ. Its transfer in

H2pn�bqS
pn�bqρpG{Gq is trivial for b � n � 1, has infinite order for b � n

even, and has order two for b� n odd and b� n ¥ 3.
 For b� n odd and b� n ¥ 3, the element of order 2

xn�b :� TrGe epb�nqσ P H2pn�bqS
pn�bqρpG{Gq
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Figure 9.1 The ROpC2q-graded homotopy of HZ as in Theo-
rem 9.9.19. The Mackey functor HiS

nρ � πiΣ
nρHZ is shown at pi, 2n�iq.

The symbols used are defined in Table 8.1. Multiplication by aσ, uσ and
u2σ are in directions p1, 1q, p2, 0q and p4, 0q respectively.

is infinitely divisible by aσ P H1S
ρ. For such b and n, for each i ¥ 0,

a�iσ xn�b generates the group H2pn�bq�iS
pn�b�iqρpG{Gq, which also has order

2. Equivalently the generator of this group is the product of aσ with that of
H2pn�bq�i�1S

pn�b�i�1qρpG{Gq.

The following is closely related to Example 9.9.16.

Remark 9.9.20. Inverting aσ in π�HZpG{Gq. In Theorem 9.11.20 below
we will see that formally inverting aσ in π�HZpG{Gq is of interest because its
Z-graded part is the homotopy of the geometric fixed point spectrum ΦGHZ

of Definition 9.11.7 below. Since aσ has order 2, inerting it necessarily kills
2 and thus converts the object to 2-torsion. We see from Figure 9.1 that it
kills everything to the left of the origin, leaving Z{2ra�1

σ , u2σs. The Z-graded
portion of this is Z{2rbs where b � u2σa

�2
σ is in dimension 2.

We will use the following in the proof of Lemma 13.3.2 below. It is closely
related to the computation of Example 8.5.5.

Example 9.9.21. The homology of the space Snσ for a general cyclic
2-group. Let G be a finite cyclic 2-group with with index 2 subgroup G1. Let
σ denote the composition of the map GÑ G{G1 with the sign representation
of G{G1 � C2. The case where G � C2 was done in Example 8.5.5 with the
answer given explicitly in (8.5.10). The relevant chain complex of Mackey
functors is that of (8.5.8) desuspended n times.

For a general finite cyclic 2-group G with generator γ, the cellular chain
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complex is a variant of that of (8.5.6), namely

Cnσi �
$&%

ZrGs{pγ � 1q for i � 0

ZrG{G1s for 0   i ¤ n

0 otherwise.
(9.9.22)

Let cpnqi denote a generator of Cnσi . The boundary operator d is given by

dpcpnqi�1q �

$'&'%
c
pnq
i for i � 0

γi�1pcpnqi q for 0   i ¤ n

0 otherwise
(9.9.23)

where γi � 1 � p�1qiγ. It is determined by the fact that the homology of the
underlying chain complex must be that of the underlying space S2n.

As before, applying the fixed point Mackey functor of Definition 8.2.8 gives
a chain complex of Mackey functors similar to the nth desuspension of that
of (8.5.8). We need to adjust the shape of the Lewis diagrams according to the
cyclic group under consideration. In the following we will abbreviate ZrG{G1s
by ZG{G1. For G � C4 we get

0 1 2 3 n

Z

1

��

Z

∆
��

2oo Z

∆
��

0oo Z

∆
��

2oo � � �oo Z

∆
��

εnoo

Z

1

��

2

VV

ZG{G1

1

��

∇

VV

∇oo ZG{G1

1

��

∇

VV

γ2oo ZG{G1

1

��

∇

VV

γ3oo � � �oo ZG{G1

1

��

∇

VV

γnoo

Z

2

VV

ZG{G1
2

UU

∇oo ZG{G1
2

UU

γ2oo ZG{G1
2

UU

γ3oo � � �oo ZG{G1,
2

UU

γnoo

where, as before, γi � 1� p�1qiγ. Let kn � 1� p�1qn, which is either 0 or 2
depending on th eparity of n. Passing to homology we get

0 1 2 3 n

Z{2

��

0

��

Z{2

��

0

��

� � � HnpG{Gq
kn{2

��
0

��

UU

0

��

VV

0

��

UU

0

��

VV

� � � HnpG{G1q
1

��

kn

UU

0

VV

0

VV

0

VV

0

VV

� � � HnpG{eq,
2

UU

where

HnpG{Gq �
"

Z for n even
0 for n odd
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and

HnpG{G1q � HnpG{eq �
"

Z for n even
Z� for n odd.

For G � C2k for k ¥ 3 a similar computation gives a similar answer, which
is also valid for k � 1 and 2, namely

HipSnσqpC2k{C2`q �

$''&''%
Z{2 for 0 ¤ i   n, i even and ` � k

Z for i � n, n is even and 0 ¤ ` ¤ k

Z� for i � n, n is odd and 0 ¤ `   k.
0 otherwise.

Each restriction map is an isomorphism when both its domain and codomain
are nontrivial, and the degree of each corresponding transfer map is twice as
much. This can be written in the same form as (8.5.10), namely

HipSnσq �

$''&''%
 for 0 ¤ i   n and i even
l for i � n and n even
l for i � n and n odd
0 otherwise,

after redefining the first three symbols of Table 8.1 as follows.

l �MpZq, l �MpZ�q, and  pC2k{C2`q �
"

Z{2 for ` � k

0 otherwise,

where M is the fixed point Mackey functor of Definition 8.2.8.
The group H2jS

nσpG{Gq is generated by an�2j
σ uj2σ for 0 ¤ j ¤ tn{2u.

9.10 Fixed point spectra

The fixed point spectrum EH for a subgroup H � G and a G-spectrum E

was given in Definition 9.1.9. Now we can discuss its homotopical properties.
We begin with a cautionary example.

Example 9.10.1. The fixed point spectrum is not a homotopy in-
variant. Let G � C2 and let σ denote the sign representation. Consider the
map

sσ : S�σ ^ Sσ Ñ S�0

of (7.2.68). The group action in the target is trivial, so pS�0qG � S�0. On
the other hand we have

ppS�σ ^ SsqnqG � pJGpσ, nq ^ SσqG � JGpσ, nqG ^ pSσqG
� � ^ S0 by (9.3.12),
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so
pS�σ ^ SσqG � �.

Hence the stable equivalence sσ does not induce an equivalence of fixed point
sets.

It also fails to induce an equivalence of homotopy fixed point sets. See
Remark 8.3.15.

Definition 9.1.9 describes what Schwede calls the naive fixed point spec-
trum in [Sch14, §7.1]. The way out of its nonhomotopical nature is to replace
the naive fixed spectrum of X by that of its fibrant replacement as in Defi-
nition 7.4.26 and (9.3.14). Schwede [Sch14, Definition 7.1] has a less drastic
solution.

Definition 9.10.2. The Schwede and fibrant fixed point spectra FGX
and RGX. Let X be a genuine or naive G-spectrum.

(i) Let FX be the G-spectrum defined by

pFXqV � ΩVbρXVbρ,

where ρ � ρG, and ρ denotes the reduced regular representation of G as in
Example 8.5.17. Since

V b ρ � |V |ρ,
we have

pFXqV � Ω|V |ρ�VX|V |ρ. (9.10.3)

Then the Schwede fixed point spectrum FGX is given by

pFGXqk � ppFXqkqG,
so FGX is the naive fixed point spectrum (as in Definition 9.1.9) of FX.

(ii) Let RX � Θ8
genuineX as in (9.3.14), so that

pRXqk � hocolim
n

ΩnρXnρ�k.

Then fibrant fixed point spectrum RGX is given by

pRGXqk � ppRXqkqG,
so RGX is the naive fixed point spectrum (as in Definition 9.1.9) of RX.

Note that for any naive G-spectrum, that is any G-object in the category of
orthogonal spectra, the naive fixed point spectrum is the categorical
limit of the original functor. In particular the spectrum RGX is fibrant
(hence the name) because RX is and any limit of fibrant objects is fibrant by
Proposition 4.1.13.
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Remark 9.10.4. Properties of Schwede’s functor F . Like the functor
Θ of Definition 7.4.24, F is coaugmented, meaning that there is a natrual
transformation to it from the identity functor. Therefore it can be iterated and
we can define F8 as a homotopy sequential colimit or telescope. Unlike Θ, F
does not alter the 0-space of a spectrum, so pF8Xq0 is equivalent to X0.

One can show by induction on d that for d ¥ 0,

pF d�1XqV � ΩVbρΩ|V |pg
d�1qρX|V |gdρ

so for |V | ¡ 0, pF8XqV :� phocolim
d

F d�1XqV
� ΩVbρhocolim

d
Ω|V |pg

d�1qρX|V |gdρ

� ΩVbρpRXq|V |ρ � pFRXqV ,
and pRFXqV � hocolim

m
ΩmρpFXqV�mρ

� hocolim
m

ΩmρΩpV�mρqbρXp|V |�mgqρ

� ΩVbρhocolim
m

ΩmgρXp|V |�mgqρ � pFRXqV .

A spectrum Y which is weakly equivalent to FY must satisfy

YV � ΩVbρYVbρ � ΩVbρY|V |ρ.

These two spaces are SpGpS�V , Y q and SpGpS�|V |ρ ^ SVbρ, Y q respectively.
This means Y is local (as in Definition 6.2.1) with respect to the set

SF �
!
ξV,Vbρ : S

Vbρ ^ S�|V |ρ Ñ S�V : V P JG

)
,

where ξV,Vbρ is the map of (7.2.63). Note here that the only map in this set
with codomain S�0 is the identity map.

We could use the set SF to define a Bousfield localization of the projective
model structure which differs only slightly from stabilization. Its fibrant objects
are spectra Y as above. For each positive dimensional V , YV is required to be
an infinite loop space, but there is no condition on Y0.

Proposition 9.10.5. Equivariant homotopy groups as ordinary ho-
motopy groups of fixed point spectra. For a genuine or naive G-spectrum
X, the groups πG�X, π�FGX and π�R

GX are naturally isomorphic. In par-
ticular, FGX and RGX equivariantly homotopical on X.

Proof For the isomorphism between πG�X and π�FGX we have

πGk X � colim
m

πGk�mρXmρ by (9.1.2)

� colim
m

π0T GpSk�mρ, Xmρq
� colim

m
π0T GpSk�m,ΩmρXmρq by Proposition 8.9.4

� colim
m

πk�mpΩmρXmρqG by Proposition 8.3.13



9.10 Fixed point spectra 681

� colim
m

πk�mpFGXqm
� πkF

GX.

Similarly,

πGk X � colim
m

πGk�mρXmρ � colim
m

π0T GpSk�mρ, Xmρq
� colim

m
π0T GpSk,ΩmρXmρq � colim

m
πkpΩmρXmρqG

� πkphocolim
m

ΩmρXmρqG � πkppRX0qGq � πkR
GX.

Recall (Example 2.2.30 (iii)) that the fixed point functor on G-sets has a
left adjoint ∆ that assigns to each set X the same set with trivial G-action.
The same can be done with pointed topological spaces. For spectra the fixed
point functor of Definition 9.1.9 has a left adjoint

∆ : SpÑ SpG (9.10.6)

which sends S�V ^XV P Sp to S�V ^XV P SpG, where in the latter expression
G acts trivially on both V and XV . It can be computed for general X in terms
of the tautological presentationª

V,W

JpV,W q 
 S�W ^XV Ñ
ª
V

S�V ^XV Ñ X

for the trivial group (see (9.1.19), once one observes that

JpV,W q � JGpV,W q
when V and W have trivial G-action.
Under the equivalence between SpG and the category of objects in Sp

equipped with a G-action, the fixed point spectrum functor is formed by
passing to objectwise fixed points, and its left adjoint is given by regarding a
non-equivariant spectrum as a G-object with trivial G-action.

Proposition 9.10.7. The diagonal fixed poitn adjunction for spectra.
The fixed point functor p� qG Definition 9.1.9 and its left adjoint ∆ (9.10.6)
form a Quillen pair (Definition 4.5.1).

∆ : Sp K
//
SpG : p� qGoo

Proof The functor ∆ preserves both cofibrations and trivial cofibrations, so
the result follows from Proposition 4.5.12.

Neither the fixed point functor nor its left adjoint is homotopical and so
both need to be derived. The right derived functor of the former is RGp�q by
Proposition 9.10.5.
The (derived) fixed point functor on spectra does not always have the prop-

erties one might be led to expect by analogy with spaces. For example even
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though the composition of the fixed point functor with its left adjoint is the
identity, the composition of the derived functors is not. The derived fixed
point functor does not generally commute with smash products, or with the
formation of suspension spectra.

9.11 Geometric fixed points

The ordinary fixed point functor, even when it is adjusted as in Defini-
tion 9.10.2 so as to be homotopical, has some inconvenient features.

 It does not commute with smash products, that is pX^Y qG is not the same
as XG ^ Y G.

 It does not behave on suspension spectra as one would like. For a pointed
G-space K, pΣ8KqG need not be the same as Σ8pKGq.

Example 9.11.1. The suspension spectrum of a pointed space K with
trivial G-action. Then the naive fixed point (as in Definition 9.1.9) is of
Σ8K is Σ8K as expected.

However, the 0th space of the fibrant replacement of Σ8K is

hocolim
m

ΩmρΣmρK.

The action of G here is nontrivial and the fixed point set is not the space itself.
This means that RGΣ8K is not the spectrum RΣ8K. The fixed point set of
the fibrant replacement of Σ8K is the subject of the tom Dieck splitting
theorem of [tD75, Satz 2], also given in [LMSM86, §V.11].

Similarly the kth space of the Schwede spectrum FΣ8K of Definition 9.10.2(i)
is

ΩkρΣkρK,

which also has a nontrivial G-action. It follows that pFGΣ8Kqk is not the
space above, and FGΣ8K is not equivalent to Σ8K.

Since pS�0qG is not S�0 and S�0 is the unit for the smash product of
spectra, it follows that XG � pX ^ S�0qG is not the same as XG ^ pS�0qG.
The purpose of this section is to describe an alternative functor ΦG, the

geometric fixed point functor of Definition 9.11.7. We will see in The-
orem 9.11.8 that it suffers from neither of the defects above.

9.11A Isotropy separation and geometric fixed points
A standard approach to getting at the equivariant homotopy type of a G-
spectrum X is to put X in a cofiber sequence between two other spectra, one
an aggregate of information about the spectra iGHX for all proper subgroups
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H � G, and the other a localization of X at a “purely G” part. This is the
isotropy separation sequence of X.
More formally, let P denote the family of proper subgroups of G, and EP

the universal P-space of Definition 8.6.15. It is characterized up to equivariant
weak equivalence by the property that the space of fixed points EPG is empty,
while for any proper H � G, EPH is weakly contractible. Such a space was
explicitly described in Example 8.6.16(iv) for an arbitrary finite group G,
and in Example 8.6.16(iii) a simpler description when G is a cyclic p-group.
Any such G-CW complex EP admits an equivariant cell decomposition into
moving cells as in Definition 8.4.14.

Definition 9.11.2. For a finite group G, isotropy separation space rEP
is the mapping cone of EP Ñ �, or equivalently that of EP� Ñ S0, with
the cone point taken as base point. The G-CW complexes EP� and ẼP are
characterized up to equivariant homotopy equivalence by the properties

�
EP�

�H �
#
� H � G

S0 H � G
and

� rEP
�H �

#
S0 H � G

� H � G.
(9.11.3)

The isotropy separation sequence is constructed by smashing a G spectrum
X with the defining cofibration sequence for rEP,

EP 
X Ñ X Ñ rEP ^X. (9.11.4)

The term on the left can be described in terms of the action of proper subgroups
H � G on X.

Proposition 9.11.5. Smash products involving EP� and rEP. For the
G-spaces EP� and rEP defined above,

EP 
 EP� � EP�,rEP ^ rEP � rEP

and EP 
 rEP � �.
Proof Since fixed points commute with smash products of pointed G-spaces,
we see from (9.11.3) that in each case the two sides of the asserted equivalence
have the same fixed point sets. The first equivalence is induced by the smash
product of EP� with the map EP� Ñ S0, the second by that of rEP with
the map S0 Ñ rEP, and the third by the unique map EP 
 rEP Ñ �.
Example 9.11.6. EP for a finite cyclic p-group. When G � C2n , the
space EP is the space EC2 with G acting through the epimorphism GÑ C2.
Taking S8 with the antipodal action as a model of EC2, this leads to an
identification rEP � colim

nÑ8
Snσ,
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in which Snσ denotes the one point compactification of the direct sum of n
copies of the real sign representation of G.

For p an odd prime we use the degree 2 representation λ of the order p
quotient Cp that sends a generator of the latter to a rotation of order p. Then
we have rEP � colim

nÑ8
Snλ.

See Example 8.6.16(iii) and (iv) for two other descriptions of EP. The latter
implies that rEP � colim

nÑ8
Snρ,

where ρ is the reduced regular representation for a finite group G.

The homotopy type of the term on the right in (9.11.4) is determined by
its right derived fixed point spectrum, namely the following.

Definition 9.11.7. For a G-spectrum X, the geometric fixed point spec-
trum is

ΦGpXq � �p rEP ^Xqf
�G
,

in which the subscript f indicates a functorial fibrant replacement, such as
Θ8 as in Definition 5.7.3. For a subgroup H � G, we define ΦHX to be
ΦHpiGHXq. In particular when H is the trivial group e, ΦeX � piGe Xqf . We
will call the connectivity of ΦHX for various H the geometric connectivity
of X.

The functor ΦG has many remarkable properties.

Theorem 9.11.8. Properties of ΦG.

(i) The functor ΦG sends weak equivalences to weak equivalences, i.e., it is
homotopical.

(ii) The functor ΦG commutes with filtered homotopy colimits.
(iii) For a G-space A and a representation V of G there is a weak equivalence

ΦGpS�V ^Aq � S�V
G ^AG where V G � V is the subspace of G-invariant

vectors. In particular (the case V � 0), ΦGpΣ8Aq � Σ8AG.
(iv) For G-spectra X and Y the spectra

ΦGpX ^ Y q and ΦGpXq ^ ΦGpY q.

are related by a natural chain of weak equivalences.

Before giving the proof we recall the canonical homotopy presentation of
§7.4F. It was described there for smashable spectra in general. For orthogonal
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G-spectra in particular, the diagrams of (7.4.59) and (7.4.60) read

S�pn�1qρ ^JGpnρ, pn� 1qρq ^Xnρ

jpnρ,pn�1qρq^Xnρ

{{ww
ww
ww
ww
ww
ww

S�pn�1qρ^εXnρ,ρ

%%KK
KKK

KKK
KKK

KKK

S�nρ ^Xnρ S�pn�1qρ ^Xpn�1qρ

and

S�pn�1qρ ^ Sρ ^Xnρ

vvnnnn
nnn

))SSS
SSSS

S�nρ ^Xnρ S�pn�1qρ ^Xpn�1qρ,

where ρ denotes the regular representation of G. Thus Definition 7.4.63 gives

X hocolim
n

pS�nρ ^Xnρqc�oo � // hocolim
n

pS�nρ ^Xnρqcf,

and properties (i)–(iii) of Theorem 9.11.8 imply that

ΦGX � hocolim
n

�
S�nρ

�G ^XG
nρ � hocolim

n
S�n ^XG

nρ. (9.11.9)

Sketch of proof of Theorem 9.11.8 The first assertion follows from the fact
that smashing with rEP is homotopical (Proposition 9.6.5), so need not be
derived, and that the fixed point functor is homotopical on the full subcategory
of fibrant objects (Proposition 9.10.5). The second is straightforward. Part (iii)
will be proved below as Corollary 9.11.19. By (ii), the canonical homotopy
presentation of §7.4F reduces (iv) to the case X � S�mρ^A, Y � S�nρ^B,
for G-CW complexes A and B. One easily checks the assertion in this case
using (iii).

Proposition 9.11.10. The simplifying effect of smashing with rEP.
An equivariant a map f : X Ñ Y of cofibrant (or Bredon cofibrant as in
Definition 9.2.15) G-spectra induces a weak equivalencerEP ^X Ñ rEP ^ Y

iff the map of geometric fixed point spectra ΦGX Ñ ΦGY is a weak equivalence.

Proof The map rEP^f is an equivariant equivalence iff it induces an ordinary
weak equivalence on each fixed point set. Since for every proper H � G,

πH�
rEP ^X � πH�

rEP ^ Y � 0,

this is equivalent to showing that the map πG�
rEP ^ X Ñ πG�

rEP ^ X is an
isomorphism. Now π�Φ

GX � πG� p rEP ^Xq by Definition 9.11.7 and the fact
that fibrant replacement is a stable equivalence.
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Proposition 9.11.11. Geometric fixed points detect equivariant con-
tractibility and equivalences.

(i) Suppose that X is a G-spectrum with the property that for all H � G, the
geometric fixed point spectrum ΦHX is contractible. Then X is contractible
as a G-spectrum.

(ii) If f : Y Ñ Z is an equivariant map such ΦHf is a weak equivalence for
each H, then it is an equivariant equivalence.

(iii) The spectrum EP 
X is equivariantly contractible iff ΦHX is contractible
for all proper subgroups H � G.

(iv) The spectrum rEP^X is equivariantly contractible iff ΦGX is contractible.

Proof (i) By induction on |G| we may assume that for proper H � G, the
spectrum iGHX is contractible. Since both G 


H
^p� q and the formation of

mapping cones are homotopical, it follows that T^X is contractible for any G-
CW complex built entirely from cells of the form G


H
Dn with H � G proper.

This applies in particular to T � EP�. The isotropy separation sequence then
shows that

X Ñ rEP ^X

is a weak equivalence. But Proposition 9.11.10 and our assumption that ΦGX
is contractible imply that rEP ^X is contractible.
(ii) For the map f , we can apply the previous argument to its cofiber to

conclude that it is an equivariant equivalence.
(iii) Let W � EP ^X and consider its isotropy separation sequence,

EP ^W // W // rEP ^W

EP ^ EP ^X
� ��

EP ^X rEP ^ EP ^X
� ��

EP ^X �
where the two equivalences follow from the facts that EP ^ EP � EP andrEP ^ EP is contractible.
The argument for (iv) is similar to that of (iii).

Proposition 9.11.12. Isotropy separation and induced G-cells. If a
pointed G-space T is obtained from a G-space T0 by attaching G-cells induced
from proper subgroups, then the restriction map

rT, rEP ^XsG� Ñ rT0, rEP ^XsG�
is an isomorphism. This holds in particular when T0 � T is the subcomplex
of G-fixed points.

Proof SupposeW is a G-CW complex, built entirely from G-cells of the form
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G{H �Dn with H a proper subgroup of G. Then since πH� rEP ^X � 0 for
every proper H � G,

rW, rEP ^XsG� � 0.

The quotient T {T0 is such a W , so the result follows.

Since the formation of mapping cones is homotopical, for a map A Ñ X,
the map

ΦGpXq Y CΦGpAq �ÝÑ ΦGpX Y CAq (9.11.13)

is a weak equivalence. Among other things this provides a long exact sequence
of homotopy groups π�ΦGpXq associated to a cofiber sequence in the X vari-
able.
The characterizing property of rEP implies that for any G-space Z and

any G-CW complex A, the restriction map

rA, rEP ^ ZsG Ñ rAG, rEP ^ ZsG

is an isomorphism. Since G-acts trivially on AG, the right hand side is iso-
morphic to

rAG, � rEP ^ Z
�Gs � rAG, ZGs.

Combining these gives the isomorphism

rA, rEP ^ ZsG � rAG, ZGs. (9.11.14)

This isomorphism is the foundation for our investigation into ΦG.
For spectra which are Bredon cofibrant in the sense of Definition 9.2.15, the

geometric fixed point functor is an inverse to the functor ∆ of (9.10.6).

Proposition 9.11.15. Geometric fixed points for Bredon cofibrant
spectra with trivial G-action. For a Bredon cofibrant spectrum X P Sp as
in Definition 9.2.15, the map

X Ñ ΦGp∆Xq (9.11.16)

adjoint (under the adjunction of Proposition 9.10.7) to

∆X Ñ rEP ^∆X Ñ p rEP ^∆Xqf .
is a weak equivalence.

Proof The long exact sequence of homotopy groups coming from (9.11.13)
reduces the claim to the case in which X has the form S�V ^ A with V a
vector space and A a CW complex. This case can be checked by a direct
computation. For a G-representation W we have

∆XW � JGpV,W q ^A,
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and

p∆XW qG � JGpV,W qG ^A � JGpV,WGq ^A � XWG . (9.11.17)

We can then compute

πkΦ
Gp∆Xq � HoSppSk, � rEP ^XqGf

�
� HoSppSk, � rEP ^XqG�
� HoSpGpSk, rEP ^Xq
� colim
W¡�k

πGk�W
rEP ^XW

� colim
W¡�k

πk�WGpXW qG

� colim
W¡�k

πk�WGXWG

with the penultimate isomorphism coming from (9.11.14), and the last isomor-
phism from (9.11.17). Under the composite isomorphism, the map on stable
homotopy groups induced by (9.11.16) is

colim
V¡�k

πk�VXV Ñ colim
W¡�k

πGk�WGXWG ,

in which V is ranging through the poset of finite dimensional orthogonal
vector spaces and W through the poset of G-representations. This is clearly
an isomorphism.

Since rEP is H-equivariantly contractible when H is a proper subgroup of
G, the smash product rEP ^ X is contractible if X is a Bredon cofibrant
spectrum built entirely from G-cells induced from a proper subgroup of G.
More generally

Lemma 9.11.18. Attaching moving cells does not alter geometric
fixed points. Let A and Y be G-spectra. If X is constructed from A by
attaching G-cells as in Definition 8.4.14, then the inclusion A Ñ X induces
a weak equivalence rEP ^A^ Y

�ÝÑ rEP ^X ^ Y

hence a weak equivalence

ΦG
�
A^ Y

� �ÝÑ ΦG
�
X ^ Y

�
.

Corollary 9.11.19. Geometric fixed points for generalized suspen-
sion spectra. Let V be a G-representation and A a G-CW complex. Then

ΦG
�
S�V ^A

� � S�V
G ^AG.

In particular (the case V � 0) ΦGΣ8A � Σ8AG.
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Proof We will show that the maps

S�V
G ^AG Ñ S�V

G ^AÐ S�V ^A,

constructed from the inclusions AG � A and V G � V , induce weak equiva-
lences

S�V
G ^AG � ΦG

�
S�V

G ^AG
� �ÝÑ ΦG

�
S�V

G ^A
� �ÐÝ ΦG

�
S�V ^A

�
,

giving a zigzag of weak equivalences

ΦG
�
S�V ^A

�Ø �S�V G ^AG.

We work our way from the left. The weak equivalence

S�V
G ^AG � ΦGpAG ^ S�V

Gq
is Proposition 9.11.15. The next map is a weak equivalence by Lemma 9.11.18
since A is constructed from AG by adding induced G-cells. The last map can
be constructed by applying ΦG to the composition

S�V ^AÑ S�V ^ SV�V
G ^AÑ S�V

G ^A.

The right arrow is a weak equivalence. Since SV�V G is a G-CW complex with
fixed point space S0, it is constructed from S0 by adding induced G-cells.
The left map therefore induces an equivalence of geometric fixed points by
Lemma 9.11.18.

We now explicitly describe the geometric fixed point spectrum of HZ when
G � C2n . The computation plays an important role in the proof of the Re-
duction Theorem in §12.4E.

Theorem 9.11.20. Geometric fixed points of HZ for a finite cyclic
2-group. Let G � C2n . For any G-spectrum X, the ROpGq-graded homotopy
groups of rEP ^X are given by

πG� p rEP ^Xq � a�1
σ πG� pXq,

and π�ΦGX is the Z-graded part of the indicated ROpGq-graded group.
In particular the homotopy groups of the commutative algebra ΦGHZ are

given by
π�pΦGHZq � Z{2rbs,

where b � u2σa
�2
σ P π2pΦGHZq � πG2 p rEP ^HZq � a�1

σ πG� HZ, for u2σ and
aσ as in Definition 9.9.7.

Proof As mentioned in Example 9.11.6, the space rEP can be identified with

lim
nÑ8

Snσ.

The first assertion therefore follows from Example 9.9.15. The second assertion
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follows from Example 9.9.16 and the fact that the map a�1
σ πG� X Ñ πG�

rEP^X
is a ring homomorphism when X is an equivariant algebra.
For the computation of π�pΦGHZq see Remark 9.9.20.

9.11B Homotopy fixed points revisited
Recall the homotopy fixed point spectrum of Definition 9.1.9. We saw in
Example 9.10.1 that the homotopy fixed point functor is not homotopical
on spectra.
Here are the stable analogs of Definition 8.6.7 and Theorem 8.6.8.

Definition 9.11.21. An stable hG-equivalence is an equivariant map of
G-spectra underlain by an ordinary stable equivalence.

Theorem 9.11.22. A stable hG-equivalence induces a stable equiva-
lence on homotopy fixed point spectra. An equivariant map f : X Ñ Y

of G-spectra that is an underlying stable equivalence of orthogonal spectra
induces a stable equivalence fhG : XhG Ñ Y hG.

Proof By Theorem 7.4.29, f is an underlying stable equivalence iff Θ8
Of is

a projective weak equivalence. Thus it suffices to show that if f is an un-
derlying projective weak equivalence, so is fhG, which follows directly from
Theorem 8.6.8.

Recall (Proposition 7.2.49) that for a pointed G-space K and an orthogonal
G-spectrum X we have a spectrum XK defined by

pXKqV � pXV qK � TGpK,XV q,
and an adjunction isomorphism as in (7.2.50),

SpGpZ ^K,Xq � SpGpZ,XKq.
Definition 9.11.23. A G-spectrum X is cofree if the map

X Ñ XEG� (9.11.24)

adjoint to the projection map EG
X Ñ X is a weak equivalence.

If X is cofree then the map

πG�X Ñ πG�X
EG� � π�X

hG

is an isomorphism. The Homotopy Fixed Point Theorem 13.3.28 below asserts
that any module over D�1MU ppGqq is cofree.
The map of (9.11.24) is an equivalence of underlying spectra, and hence

becomes an equivalence after smashing with any G-CW complex built entirely
out of free G-cells. In particular, the map

EG
X
�ÝÑ EG
 pXEG�q (9.11.25)
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is an equivariant equivalence. One exploits this, as in [Car84], by making use
of the pointed G-space ẼG defined by the cofibration sequence

EG� Ñ S0 Ñ ẼG. (9.11.26)

Lemma 9.11.27. Cofreeness conditions. For a G-spectrum X, the fol-
lowing are equivalent:

(i) For all non-trivial H � G, the spectrum ΦHX (as in Definition 9.11.7) is
contractible.

(ii) The map EG
X Ñ X is a weak equivalence.
(iii) The G-spectrum ẼG^X is contractible.

Proof The equivalence of the second and third conditions is immediate from
the cofibration sequence defining ẼG. Since EG� is built from free G-cells,
condition 2 implies condition 1. For H � G non-trivial, we have

ΦHpẼG^Xq � ΦHpẼGq ^ ΦHpXq � S0 ^ ΦHpXq.
Since the non-equivariant spectrum underlying ẼG is contractible, condition
1 therefore implies that ΦHpẼG^Xq is contractible for all H � G. But this
means that ẼG^X is contractible (Proposition 9.11.11).

Corollary 9.11.28. Modules over a cofree ring are cofree. If R is an
equivariant ring spectrum (as in Definition 9.7.1) satisfying the equivalent
conditions of Lemma 9.11.27 then any module over R is cofree.

The condition of Corollary 9.11.28 requires R to be an equivariant ring
spectrum in the weakest possible sense, namely that R possesses a unital
multiplication (not necessarily associative) in HoSpG. Similarly, the “module”
condition is also one taking place in the homotopy category.

Proof Let M be an R-module. Consider the diagram

EG
M //

��

M //

��

ẼG^M

��
EG
MEG� // MEG� // ẼG^MEG�

(9.11.29)

obtained by smashing M Ñ MEG� with the sequence (9.11.26). The fact
that R satisfies the condition 1 of Lemma 9.11.27 implies that any R-module
M 1 does since ΦHpMq is a retract of ΦHpR ^Mq � ΦHpRq ^ ΦHpMq. Thus
both M and MEG� satisfy the conditions of Lemma 9.11.27, and the terms
on the right in (9.11.29) are contractible. The left vertical arrow is the weak
equivalence of (9.11.25). It follows that the middle vertical arrow is a weak
equivalence.
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9.11C Monoidal geometric fixed points
The geometric fixed point functor was studied in §9.11A. For some purposes it
is useful to have a version of it which is lax symmetric monoidal. For example,
such a functor automatically takes (commutative) algebras to (commutative)
algebras.
In this section we describe the variation constructed by Mandell-May in

[MM02, §V.4]. We refer to the Mandell-May construction as the monoidal
geometric fixed point functor and denote it ΦGM , in order not to confuse
it with the usual geometric fixed point functor. It is so named because it is
lax monoidal as in Definition 2.6.19; see (9.11.46) below. Its construction is
simpler in that it does not require the use of the isotropy separation sequence
and fibrant replacement.
The following is a compendium of results from [MM02, §V.4]. The construc-

tion and proofs are described in §9.11D below.

Proposition 9.11.30. Basic properties. The monoidal geometric fixed
point functor has the following properties:

(i) It preserves trivial cofibrations.
(ii) It is lax symmetric monoidal.

(iii) If X and Y are cofibrant, the map

ΦGM pXq ^ ΦGM pY q Ñ ΦGM pX ^ Y q
is an isomorphism.

(iv) It commutes with cobase change along a closed inclusion.
(v) It commutes with directed colimits.

Property(iii) implies that ΦGM is weakly symmetric monoidal in the sense
of the definition below.

Definition 9.11.31 ([SS03a]). A functor F : C Ñ D between (symmetric)
monoidal model categories is weakly (symmetric) monoidal if it is lax
(symmetric) monoidal, and the map

F pXq ^ F pY q Ñ F pX ^ Y q
is a weak equivalence when X and Y are cofibrant.

The next result is [MM02, Proposition V.4.17] and is discussed in more
detail as Proposition 9.11.49, where the middle object is defined.

Proposition 9.11.32. The left derived functor of ΦGM is ΦG. More
specifically, there are natural transformations

ΦGpXq Ñ Φ̃GM pXq �ÐÝ ΦGM pXq
in which the rightmost arrow is always a weak equivalence and the leftmost
arrow is a weak equivalence when X is cofibrant.
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Because ΦG is lax monoidal, it determines functors

ΦGM : AlgG Ñ Alg

and ΦGM : CommG Ñ Comm,

and for each associative algebra R a functor

ΦGM : MR ÑMΦG
MR.

In addition, if R is an associative algebra, M a right R-module and N a left
R-module there is a natural map

ΦGM pM
R̂
Nq Ñ ΦGMM ^

ΦG
MR

ΦGMN. (9.11.33)

We will see in Proposition 10.8.7 that it is a an isomorphism if M and N are
cofibrant. Blumberg and Mandell [BM15, Appendix A] have shown that one
need only require one of M or N to be cofibrant in order to guarantee that
this map is an isomorphism.
While these properties if ΦGM are very convenient, they must be used with

caution. The value ΦGM pXq is only guaranteed to have the “correct” homotopy
type on cofibrant objects. The spectrum underlying a commutative algebra
is rarely known to be cofibrant, making the monoidal geometric fixed point
functor difficult to use in that context. The situation is a little better with
associative algebras. The weak equivalence (9.11.33) leads to an expression
for the geometric fixed point spectrum of a quotient module which we will use
in §12.4E. In order to do so, we need criteria guaranteeing that the monoidal
geometric fixed point functor realizes the correct homotopy type. Such criteria
are described in §9.11F.

9.11D Definition and categorical properties
To motivate the definition, for an orthogonal representation V of G let V G �
V be the space of invariant vectors, and V K the orthogonal complement of
V G. Recall (Proposition 8.9.30) that

JGpV,W qG � JpV G,WGq �OpV K,WKqG, (9.11.34)

so that there is a canonical map

JGpV,W qG Ñ JpV G,WGq,
given in terms of (9.11.34) by smashing the identity map with the map

OpV K,WKqG Ñ �.
We wish to define a functor ΦGM with the property that

ΦGM pS�V ^Aq � S�V
G ^AG (9.11.35)
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and which commutes with colimits as far as is possible. A value needs to be
assigned to the effect of ΦGM on the map

S�W ^JGpV,W q Ñ S�V .

The only obvious choice is to take

ΦGM pS�W ^JGpV,W qq Ñ ΦGM pS�V q
to be the composite

S�W
G ^JGpV,W qG Ñ S�W

G ^JpV G,WGq Ñ S�V
G

. (9.11.36)

If ΦGM actually were to commute with colimits, it would be determined by
the specifications given by (9.11.35) and (9.11.36). Indeed, using the tauto-
logical presentation to write a general equivariant orthogonal spectrum X as
a reflexive coequalizerª

V,W

S�W ^JGpV,W q ^XV Ñ
ª
V

S�V ^XV Ñ X,

the value of ΦGM pXq would be given by the reflexive coequalizer diagramª
V,W

S�W
G ^JGpV,W qG 
XG

V Ñ
ª
V

S�V
G ^XG

V Ñ ΦGMX. (9.11.37)

We take this as the definition of ΦGM pXq.
Definition 9.11.38. The monoidal geometric fixed point functor

ΦGM : SpG Ñ Sp

is the functor defined by the coequalizer diagram (9.11.37).

Remark 9.11.39. In the case X � S�V ^A, the tautological presentation is
a split coequalizer, and one recovers both (9.11.35) and (9.11.36).

A fundamental property of the usual geometric fixed point functor ΦG is
that for properH � G, the spectrum ΦGpG


H
Xq is contractible. The monoidal

geometric fixed point functor has this property on the nose.

Proposition 9.11.40. The functor ΦGM on an indexed wedge. Suppose
that T is a G-set and X an equivariant T -diagram. If T has no G-fixed points
then the map

ΦGM
�ª
tPT

Xtq Ñ �

is an isomorphism. In particular, if H � G is a proper subgroup and X an
orthogonal H-spectrum, then the map

ΦGM pG

H
Xq Ñ �

is an isomorphism.
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Proof Since indexed wedges are computed componentwise, the assumption
that T has no fixed points implies that for all representations W of G,�ª

tPT

Xt

�G
W
� �ª

tPT

pXtqW
�G � �.

The claim then follows from the definition of ΦGM .

Working through an equivariant cell decomposition gives the following ana-
log of Lemma 9.11.18.

Corollary 9.11.41. Attaching moving cells does not alter monoidal
geometric fixed points. Let A and Y be G-spectra. If X is constructed from
A by attaching moving G-cells as in Definition 8.4.14, then the map

ΦGM pA^ Y q Ñ ΦGM pX ^ Y q
is an isomorphism.

There is a natural map
XG Ñ ΦGMX (9.11.42)

from the fixed point spectrum of X to the monoidal geometric fixed point
spectrum. To construct it note that the fixed point spectrum ofX is computed
termwise, and so is given by the coequalizer diagramª

V,WPJ

S�W ^JpV,W q 
XG
V Ñ

ª
V PJ

S�V ^XG
V Ñ XG. (9.11.43)

The map (9.11.42) is given by the evident inclusion of (9.11.43) into (9.11.37).
The functor ΦGM cannot commute with all colimits. However, since colimits

of orthogonal G-spectra are computed objectwise, the definition implies that
ΦGM commutes with whatever enriched colimits are preserved by the fixed
point functor on G-spaces. This means that there is a functorial isomorphism

ΦGM pX ^Aq � ΦGM pXq ^AG (9.11.44)

for each pointed G-space A, and that ΦGM commutes with the formation of
wedges, directed colimits and cobase change along a closed inclusion. Be-
cause h-cofibrations and hence cofibrations are objectwise closed inclusions
(Lemma 3.5.18), the functor ΦGM has good homotopy theoretic properties.

9.11E Homotopy properties of ΦG
M

Several variations on the following appear in in [MM02, §V.4].

Proposition 9.11.45. The functor ΦGM preserves cofibrations. The
functor ΦGM sends cofibrations to cofibrations and acyclic cofibrations to trivial
cofibrations. It therefore sends weak equivalences between cofibrant objects to
weak equivalences.
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Proof That ΦGM sends cofibrations to cofibrations follows from the fact that
it preserves cobase change along closed inclusions and sends generating cofib-
rations to generating cofibrations. A similar argument applies to the trivial
cofibrations, once one checks that ΦGM sends both maps in the factorization
(7.4.17)

SW ^ S�V`W Ñ rS�VW Ñ S�V

to weak equivalences. But the second map is a homotopy equivalence and the
composite map is sent to a weak equivalence by (9.11.35). The last assertion
is a consequence of Ken Brown’s Lemma 5.1.7.

Proposition 9.11.45 implies that the monoidal geometric fixed point functor
has a left derived functor which can be computed on any cofibrant approx-
imation. A similar argument with a slightly different model structure could
be used to show that the left derived functor can be computed on a cellular
approximation. We will show in §9.11G that the left derived functor LΦGM is
the geometric fixed point functor ΦG.

9.11F Monoidal geometric fixed points and smash products
The properties (9.11.35) and (9.11.36) give an identification

ΦGM pS�V ^A^ S�W ^Bq � ΦGM pS�V ^Aq ^ ΦGM pS�W ^Bq
making the diagram

ΦGM pS�V1 ^JGpW1, V1qq ^ ΦGM pS�V2 ^JGpW2, V2qq
,,YYYYYY

YYYYYYY

��

ΦGM pS�W1q ^ ΦGM pS�W2q

��

ΦGM pS�V1 ^JGpW1, V1q ^ S�V2 ^JGpW2, V2qq
,,YYYYYY

YYYYYY
Y

ΦGM pS�W1 ^ S�W2q

commute. Applying ΦGM termwise to the smash product of the tautological
presentations of X and Y , and using the above identifications, gives a natural
transformation

ΦGM pXq ^ ΦGM pY q Ñ ΦGM pX ^ Y q, (9.11.46)

making ΦGM lax monoidal (Definition 2.6.19. From the formula (9.11.35) this
map is an isomorphism if X � S�V ^A and Y � S�W ^B. This leads to

Proposition 9.11.47 ([MM02], Proposition V.4.7). The functor ΦGM is
lax monoidal. The map (9.11.46) is an isomorphism if X and Y are Bredon
cofibrant.
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Proof The class of spectra X and Y for which (9.11.46) is an isomorphism is
stable under smashing with a G-space, the formation of wedges, directed col-
imits, and cobase change along an objectwise closed inclusion. Since (9.11.46)
is an isomorphism when

X � G

H
S�V ^A and Y � G


H
S�W ^B

this implies it is an isomorphism when X and Y are Bredon cofibrant. Since
isomorphisms are weak equivalences, the result follows.

Remark 9.11.48. Blumberg and Mandell [BM15, Appendix A] have shown
that Proposition 9.11.47 remains true under the assumption that only one
of X or Y is Bredon cofibrant. This implies that Proposition 10.8.7 below
remains true if only one of N or N 1 is cofibrant.

9.11G Relation with the geometric fixed point functor
We now turn to identifying the left derived functor LΦGM with the geometric
fixed point functor ΦG. The inclusion S0 Ñ rEP and the fibrant replacement
functor give maps

X Ñ rEP ^X Ñ p rEP ^Xqf .
Proposition 9.11.49 ([MM02], Proposition V.4.17). The functors ΦG and
ΦGM agree on cofibrant spectra. If X is cofibrant, then the maps

ΦGX � p rEP ^Xf qG Ñ ΦGM ppẼP ^Xqf q Ð ΦGM pXq
are weak equivalences. The middle object is denoted by Φ̃GM pXq in Proposi-
tion 9.11.32.

Sketch of proof: For the arrow on the left, note that both functors are ho-
motopical and, up to weak equivalence, preserve filtered colimits along h-
cofibrations. Using the canonical homotopy presentation of Definition 7.4.63,
it suffices to check that the arrow on the left is a weak equivalence when
X � S�V ^A, with A a G-CW complex. This follows from Corollary 9.11.19,
the identity (9.11.35), and a little diagram chasing to check compatibility.
The right arrow is the composition of

ΦGM pXq Ñ ΦGM p rEP ^Xq
which is an isomorphism by (9.11.44), and

ΦGM p rEP ^Xq Ñ ΦGM pp rEP ^Xqf q,
which is a trivial cofibration by Proposition 9.11.45.
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9.11H Geometric fixed points and the norm
The geometric fixed point construction interacts well with the norm. Suppose
H � G is a subgroup, and that X is an H-spectrum. The following is due to
Andrew Blumberg and Mike Mandell.

Proposition 9.11.50. Suppose H � G. There is a natural transformation

ΦHM p� q Ñ ΦGM �NG
H p� q

which is an isomorphism, hence a weak equivalence on Bredon cofibrant objects.

Because of Proposition 9.11.32 and the fact that the norm preserves cofi-
brant objects (Theorem 10.2.4 below), the above result gives a natural zigzag
of weak equivalences relating ΦHpXq and ΦGpNG

HXq when X is cofibrant. In
fact there is a natural zigzag of maps

ΦHX Ø ΦGpNG
HXq

which is a weak equivalence not only for cofibrant X, but for suspension
spectra of cofibrant G-spaces and for the spectra underlying cofibrant com-
mutative rings. The actual statement is somewhat technical, and is one of the
main results of this section. The condition is described in the statement of
Proposition 9.11.55. See also Remark 9.11.57 and Remark 9.11.58.

Corollary 9.11.51. For the spectra satisfying the condition of Proposition 9.11.55
below, the composite functor

ΦG �NG
H : SpH Ñ Sp

preserves, up to weak equivalence, wedges, directed colimits along closed in-
clusions and cofiber sequences.

Proof The properties obviously hold for ΦH .

There is another useful result describing the interaction of the geometric
fixed point functor with the norm map in ROpGq-graded cohomology de-
scribed in § 9.7C. Suppose that R is a G-equivariant commutative algebra,
X is a G-space, and V P ROpHq a virtual real representation of a subgroup
H � G. In this situation one can compose the norm

N : RVHpXq Ñ RIndV
G pXq

with the geometric fixed point map

ΦG : RIndV
G pXq Ñ pΦGRqV H pXGq,

where V H � V is the subspace of H-fixed vectors, and XG is the space of
G-fixed points in X.



9.11 Geometric fixed points 699

Proposition 9.11.52. The composite

ΦG �N : RVHpXq Ñ pΦGRqV H pXGq
is a ring homomorphism.

Proof Multiplicativity is a consequence of the fact that both the norm and
the geometric fixed point functors are weakly monoidal. Additivity follows
from the fact that the composition ΦG�N preserves wedges (Corollary 9.11.51).

Proof of Proposition 9.11.50. To construct the natural transformation, first
note that there is a natural isomorphism

AH � pNG
HAqG

for H-equivariant spaces A. Next note that for an orthogonal representation
V of H, Proposition 9.7.8 and the property (9.11.35) give isomorphisms

ΦGMN
G
HS

�V � ΦGMS
�IndG

HV � S�V
H � ΦHS�V .

The monoidal properties of ΦGM and the norm then combine to give an iso-
morphism

ΦHpS�V ^Aq � ΦGNG
H pS�V ^Aq (9.11.53)

which one easily checks to be compatible with the maps

S�V ^JHpW,V q Ñ S�W .

To construct the transformation, write a general H-spectrum X in terms of
its tautological presentationª

V,W

S�W ^JHpV,W q ^XV Ñ
ª
V

S�V ^XV Ñ X,

and apply (9.11.53) termwise to produce a diagramª
V,W

S�W
H ^JHpV,W qH ^XH

V Ñ
ª
V

S�V
H ^XH

V Ñ ΦGNG
HX.

The coequalizer of the two arrows is, by definition, ΦHM pXq. This gives the
natural transformation.
The isomorphism assertion for Bredon cofibrant X reduces to the special

case (9.11.53), once one shows that ΦGM�NG
H p� q commutes with the formation

of wedges, cobase change along cofibrations between cofibrant objects, and
filtered colimits along closed inclusions. The last property is clear since both
of the functors being composed commutes with filtered colimits along closed
inclusions. For the other two assertions it will be easier to work in terms of
equivariant J-diagrams for J � G{H.
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Suppose that T is an indexing set, and Xt, t P T a set of equivariant J-
diagrams. We wish to show that the natural mapª

tPT

ΦGMX
^J
t Ñ ΦGM

�ª
tPT

Xt

�^J
is an isomorphism. For this use the distributive law to rewrite the argument
of the right hand side as ª

γPΓ

X^γ

where γ is the G-set of functions J Ñ T and

X^γ �
©
jPJ

Xγpjq.

The map asserted to be an isomorphism on monoidal geometric fixed points is
the inclusion of the summand indexed by the constant functions. But since G
acts trivially on T , the other summands form an indexed wedge over a G-set
with no fixed points. The claim then follows from Proposition 9.11.40.
The cobase change property is similar. Suppose we are given a pushout

square of equivariant J-diagrams

A //

��

B

��
X // Y

in which AÑ B is a cofibration and A is cofibrant. We consider the filtration
of Y ^J given in §2.9C whose stages fit into a pushout square

ª
J�J0>J1
|J1|�m

X^J0 ^ BAB^J1 //

��

ª
J�J0>J1
|J1|�m

X^J0 ^B^J1

��
film�1Y

^J // filmY ^J .

By Proposition 10.3.9, the upper arrow is an h-cofibration, so the resulting
diagram of monoidal geometric fixed points is a pushout. But since J is a
transitive G-set, unless m � |J | the group G has no fixed points on the G-
set indexing the wedges. Applying Proposition 9.11.40 then shows that for
m   |J | the map

ΦGMX
^J Ñ ΦGMfilmY

^J
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is an isomorphism, and that the pushout square when m � |J | becomes

ΦGMBAB^J //

��

ΦGMB
^J

��
ΦGMX

^J // ΦGMY
^J .

However the term BAB^J is the term fil|J|�1B
^J in the case in which X � A

and Y � B, and so ΦGMA
^J Ñ ΦGMBAB^J is an isomorphism. This completes

the proof.

Thinking in terms of left derived functors, one can get a slightly better re-
sult. As long as X has the property that the map pLNG

H qX Ñ NG
HX is a weak

equivalence, there will be a weak equivalence between ΦHX and ΦGNG
HX.

Since it plays an important role in our work, we spell it out. Start with
X P SpH and let Xc Ñ X be a cofibrant approximation. Now consider the
diagram

ΦHXc

�

��

oo �

zig zag
// ΦHMXc

� // ΦGMN
G
HXc

oo �

zig zag
// ΦGNG

HXc

��
ΦHX ΦGNG

HX

(9.11.54)

The left vertical arrows are weak equivalences since the geometric fixed point
functor preserves weak equivalences. The weak equivalences in the top row
are given by Proposition 9.11.49, Theorem 10.2.4, and Proposition 9.11.50.
Since ΦG is homotopical we have

Proposition 9.11.55. Suppose that X P SpH has the property that for some
(hence any) cofibrant approximation Xc Ñ X the map

NG
HXc Ñ NG

HX

is a weak equivalence. Then the functorial relationship between ΦHX and
ΦGNG

HX given by (9.11.54) is a weak equivalence.

Remark 9.11.56. Proposition 9.11.55 can be proved without reference to ΦGM
by using the canonical homotopy presentation of (7.4.62).

Remark 9.11.57. Proposition 9.11.55 applies in particular when X is equifi-
brantly flat in the sense of § 10.9B below. By Theorem 10.9.9 this means
that if R P SpH is a cofibrant commutative ring, then ΦHR and ΦGNG

HR are
related by a functorial zigzag of weak equivalences. The case of interest to us
is H � C2, G � C2n and R � MUR. Then we have NG

HR � MU ppGqq, and
we get an equivalence

ΦGMU ppGqq � ΦC2MUR �MO.
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Remark 9.11.58. Proposition 9.11.55 also applies to the suspension spectra
of cofibrant H-spaces. Indeed, if X is a cofibrant H-space then

S�1 ^ S1 ^X Ñ X

is a cofibrant approximation. Applying NG
H leads to the map

S�V ^ SV ^NG
H pXq Ñ NG

H pXq
with V � IndGH1, which is a weak equivalence (in fact a cofibrant approxima-
tion). This case is used to show that ΦG �NG

H is a ring homomorphism on the
ROpGq-graded cohomology of G-spaces (Proposition 9.11.52).
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Multiplicative properties of G-spectra

This is the most technically difficult chapter in the book. The first time reader
may want to skip it until she encounters a point in remaining three chapters
where its results are needed.
In §11.4 we will use some of them to study multiplicative properties of the

slice spectral sequence. In particular we will use the fact that indexed smash
products (Theorem 10.4.7) and indexed symmetric powers (Theorem 10.5.10)
of cofibrant spectra are cofibrant. The latter objects will be specified in Defi-
nition 10.5.6.
The results of this chapter will be used again in §12.1 in our construction

of the real cobordism spectrum MUR. In §12.2 they will be used to study
the norms of MUR to larger groups. The method of twisted monoid rings of
§10.10 will be used in §12.2 and §12.4 to analyze the slice filtration of MUR

and its norms.

Indexed smash products. In the first four sections, we will study indexed
smash products such as the norm of Definition 9.7.3. The purpose here is to
establish Theorem 10.4.7, which asserts that such smash products have a total
left derived functor (Definition 4.4.7) which may be computed on cofibrant
objects. In other words, while the indexed smash product functor on certain
diagrams of spectra is not homotopical in general, it becomes so if we replace
the input diagram X by a cofibrant approximation.
This works for the stable equifibrant model structure, with or without pos-

itivity. This means that such smash products are also homotopical on Bredon
cofibrant objects (Definition 9.2.15). These are spectra that are cofibrant with
respect to the stable equifibrant model structure, in which there is no posi-
tivity condition.
Many of the technical results in these sections are also required for our

analysis of symmetric powers and of commutative algebras later in the chapter.
Let Sp denote the category of orthogonal spectra as in Definition 7.2.4. It

is convenient to work in the category SpJ of functors to it from certain small
categories J . Recall that when J is the one object category BG associated
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with a group G, then SpJ � SpGnaive, the category of naive G-spectra, which is
known by Theorem 9.3.10 to be equivalent to SpG, the category of genuine G-
spectra. More generally we will consider small categories of the form J � BTG
for a finite G-set T , as in Definition 2.1.31. This is spelled out in §10.1. Thus
SpBTG is the category of T -shaped diagrams of spectra equipped with certain
G-actions.
The resulting indexed smash products of cofibrations are studied in §10.2,

where the main result is Theorem 10.2.4. We need to show that the indexed
smash product of a trivial cofibration of cofibrant T -diagrams is a weak equiv-
alence and therefore a trivial cofibration itself. This is established in Propo-
sition 10.4.6, which leads directly to Theorem 10.4.7. It says that the left
derived functor for the indexed smash product is the indexed smash product
of the cofibrant replacements of the spectra in question.
How does this compare with the results of §9.6? Proposition 9.6.4 says that

an indexed wedge of weak equivalences is a weak equivalence, and smashing
with a flat spectrum is homotopical by definition. Theorem 10.2.4 says that an
indexed smash product of cofibrations is an h-cofibration. Proposition 10.4.6
says that an indexed smash product of weak equivalences between cofibrant
objects is again a weak equivalence between cofibrant objects.

Symmetric powers. In the next five sections, §10.5–§10.9, we study the
homotopical properties of symmetric smash powers, or just “symmetric pow-
ers” for short. The nth symmetric power of a spectrum X is described in
Definition 10.5.1, which is a special case of Definition 2.6.63. This will fig-
ure in the left adjoint of the forgetful functor from commutative algebras in
the category of spectra to spectra as in Lemma 2.6.66. In order to apply the
Crans-Kan Transfer Theorem 5.2.27 we need to know that the symmetric
power functor is homotopical on cofibrant spectra. Example 10.5.2 illustrates
why we need the sphere spectrum S�0 not to be cofibrant for this to happen.
In order to proceed we need to generalize the nth symmetric power of

Definition 10.5.1 in two ways:

(i) We replace the n-fold smash product X^n by a smash product X^T in-
dexed by a finite G-set T . This means that the group ΣT of (not necessarily
equivariant) isomorphisms of the set T has an action of G by conjugation.

(ii) For the sake of generality we replace the group ΣT by a G-stable subgroup
Λ, which could be ΣT itself.

This leads to the notions of indexed symmetric powers and indexed symmet-
ric corner maps given in Definition 10.5.6 and Definition 10.5.7. The former
is acted on and the latter is equivariant with respect to that action by the
group rG :� Λ�G.
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The main result of § 10.5 is Theorem 10.5.10, which says that good things
happen when we have a cofibration X Ñ Y between cofibrant rG-equivariant
T -diagrams. Its proof occupies most of the section. We show that being cofi-
brant means that Λ acts freely away from the base point of X^T . Indeed the
positivity condition is designed to make this happen. For more details see
Remark 10.5.20. We also show that for a cofibrant rG-equivariant T -diagram
X there is a cofibrant approximation to its indexed symmetric power SymT

ΛX

involving the G-equivariant universal Λ-space EGΛ of Definition 8.7.1.
In §10.6 we study iterated indexed symmetric powers. Suppose that we

have a second finite G-set S. The action of Λ on T leads to an action of ΛS
(the group of Λ-valued functions on S) on T �S that leaves the S-coordinate
unchanged. Combining this with the actions of G on S, T and Λ leads to an
action of the group rGpSq :� ΛS �G.

The analog of Theorem 10.5.10 in this case is Proposition 10.6.6, which
concerns indexed smash products of indexed symmetric powers. For indexed
smash symmetric powers of indexed symmetric powers, see Remark 10.6.7.
In §10.7 we will define a cofibrantly generated model structure on CommG,

the category of commutative algebras in SpG as in Definition 9.7.1. The proof
is easy now that we have the relevant machinery in place. The main tools in
addition to the Crans-Kan Transfer Theorem 5.2.27 are the target exponent
filtration of Definition 2.9.34 and Theorem 10.5.10.
The subject of §10.8 is the category MR of left modules over an equivariant

associative algebra R. We define a cofibrantly generated model structure on
it in Proposition 10.8.1. In Corollary 10.8.2 we show that a map f : R Ñ R1

of equivariant associative algebras leads to a Quillen pair of functors between
their model categories. In Proposition 10.8.3 we show that the functor M

R̂

p� q is flat if M is a cofibrant right R-module. In Corollary 10.8.4 we show
that applying it to a map of left R-modules N Ñ N 1 whose underlying map
of spectra is an h-cofibration leads to the expected cofiber sequence.
In §10.9 we address a serious technical issue. The spectrum underlying

a commutative ring R is almost never cofibrant, even when R is a cofibrant
object in CommG. This means that there is no guarantee that the norm
of a commutative ring has the correct homotopy type. The fact that
it does, Corollary 10.9.10, is one of the main results of this chapter. We also
prove some results about indexed smash products of commutative rings that
will be needed in §11.4.

Twisted monoid rings. Finally in §10.10 we discuss twisted monoid rings.
These are associative algebras weakly equivalent to wedges of spheres, which
can be manufactured by hand and mapped to commutative algbras. They
are used in the proof Lemma 12.4.23, which is a key step in the proof the
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Reduction Theorem 12.4.8, which in turn is pivotal in the proof of the Gap
Theorem of §1.1C(iii).

10.1 Equivariant T -diagrams

Given a non-empty finite G-set T , consider the category SpBTG of functors

BTGÑ Sp � rJO
S1 , T s

for J
O
S1 as in Definition 7.2.4; see Example 2.9.1 and Example 2.9.8. Recall

that SpBG{HG is equivalent to SpBH � SpHnaive by Corollary 2.1.40, which is
equivalent to SpH by Theorem 9.3.10. By Corollary 9.3.24, a choice of a point
t in each G-orbit of T gives a Quillen equivalence

SpBTG �
¹
t

SpGt , (10.1.1)

where Gt is the stabilizer of t; and the model structure on the right is the
product of any of the eight model structures on each factor given by The-
orem 9.2.13. We will use the positive stable equifibrant one on each factor,
and refer to the corresponding one on SpBTG as the model category of
equivariant T -diagrams of spectra.
If p : rT Ñ T is a map of finite G-sets, then the precomposition functor

p� : SpBTG Ñ SpB�TG

has both a left and right adjoint, given by the two Kan extensions. All three
functors are homotopical, and both the restriction functor and its left adjoint
send cofibrations to cofibrations. This means that p� is both a left and right
Quillen functor.

Example 10.1.2. Precomposition and change of group. Let K � H �
G be subgroups, rT � G{K, T � G{H and let p : G{K Ñ G{H be the usual
map. Suppose also that we have chosen a point t1 P G{K and its image is
t � ppt1q P G{H. Then our precomposition functor p� and its left adjoint
p! � p_� (the indexed wedge of (9.3.20)) are related to the change of group
adjunction of (9.1.18) as in the diagram

SpBG{KG

j�$

��

p_�

K
//
SpBG{HG

p�
oo

j�$

��
SpKnaive

i!$

��

SpBK
k�

OO

SpBH
k�

OO

SpHnaive
i!$

��
SpK

i�

OO

H

K
�

K
//
SpH ,

i�

OO

iHK

oo
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where the upper vertical maps are induced by the functors j : BK Ñ BG{KG,
k : BG{KG Ñ BK and similar ones for H as in Proposition 2.2.31, and the
lower vertical maps are each the left Kan extension of Theorem 9.3.10. The
equalities in the diagram are there by Definition 9.3.2.

10.2 Indexed smash products and cofibrations

Let p : rT Ñ T be an equivariant map of finite G-sets as above. The indexed
smash product gives a functor

p^� � p� q^ rT {T : SpB�TG Ñ SpBTG (10.2.1)

as in (5.5.34). When rT Ñ T is the map G{H Ñ �, this is the norm. The
various homotopical properties of indexed and symmetric smash products
we require are most naturally expressed as properties of p� q^ rT {T . Working
fiberwise (Definition 2.9.4), establishing these reduces to the case T � �. To
keep the discussion uncluttered we focus on that case in this chapter, leaving
the extension to the case of more general T to the reader.
Let p : rT Ñ � be the unique equivariant map and write the indexed smash

product as p� q^ rT . Note that if V is a representation of rT then

pS�V q^ rT � S�p!V ,

where p!V as in Definition 8.9.10(vii). When T � G{H, p!V � IndGHV .

Example 10.2.2. The norm of a Yoneda spectrum. Let rT � G{H. Then
a representation of rT is a representation of the subgroup H. Then p!V is the
induced representation RrGs bRrHs V and we have NG

HS
�V � S�p!V . See

Proposition 9.7.8.

Lemma 10.2.3. The indexed corner map of a diagram of generating
cofibrations is a cofibration. Suppose that i : A Ñ B is a generating
cofibration in SpBTG as in (9.3.26). The indexed corner map BAB^T Ñ B^T

is an indexed wedge of the formª
Γ

S�V
1 ^ �

SpW 1q� Ñ DpW 1q�
�

in which Γ is a finite G-set (to be identified in the proof), V 1 and W 1 are rep-
resentations of Γ, and V 1 is positive as in Definition 8.9.10(v). In particular,
BAB^T Ñ B^T is a cofibration.

More generally for any cofibration i : AÑ B in SpBTG, the indexed corner
map BAB^T Ñ B^T is again a cofibration.

Proof This is a straightforward consequence of the indexed distributive law
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(Proposition 2.9.20) applied to (9.3.26), and the compatibility of the formation
of BAB^T with indexed wedges, as described in (2.9.54).
In more detail, we will apply the indexed distributive law of Proposi-

tion 2.9.20 to the case where the symmetric monoidal category V is the cat-
egory Sp of orthogonal spectra, and the indexing categories J , K and L are
instances of those in Example 2.9.22, namely

J
p // K

q // L

B rTG BTG BG

Hence the diagram of (2.9.51) is

SpB�TG
1

Ev� //

p_�
��

SpBT�ΓG
1

$l�
��

SpBTG
1

ql� $$HH
HHH

HHH
H

SpBΓG
1

r_�yyttt
ttt

ttt

SpBG1 ,

where Sp�1 denotes the arrow category of Sp� . Here BΓG is the G-set of
sections s : BTG Ñ B rTG with ps � 1T . Its fiber product with BTG over BG
is the same as the Cartesian product because BG has only one object. The
evaluation and projection functors

B rTG BT�ΓG
Evoo $ // BΓG

are defined in the obvious way, and the functor r : BΓGÑ BG is unique.
Our generating cofibration i : A Ñ B is a morphism in SpBTG that is

the image under p_� of morphism i1 : A1 Ñ B1 in SpB�TG (also a generating
cofibration) in which each component has the form S�Vt1 ^ int�. The image
of i1 under ql� p_� is an indexed pushout product of an indexed wedge of these
components.
The distributive law equates this pushout product of wedges with a wedge

(the functor r_� ) of large number, given by the functor Ev�, of pushout prod-
ucts, the functor $l� . The image under $l� Ev� of each component of i1 is a
map of the form specified in the Lemma.

Theorem 10.2.4. The indexed smash product of cofibrations. Suppose
that T is a non-empty finite G-set. If f : X Ñ Y is a cofibration of equivariant
T -diagrams, then the indexed smash product

f^T : X^T Ñ Y ^T
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is an h-cofibration. If X is cofibrant, then f^T is a cofibration between cofibrant
objects in SpG.

Proof The assertion that f^T is an h-cofibration is contained in Proposi-
tion 3.5.26. For the cofibrant object assertion we work by induction on |T |,
and may therefore assume the result to be known for any non-empty T0 � T

and any H � G stabilizing T0 as a subset. In particular, we may assume that
if X is cofibrant, then X^T0 is a cofibrant H-spectrum for any non-empty
proper subset T0 of T and any H � G stabilizing T0 as a subset.
We will establish the theorem in the case where f arises from a pushout

square of T -diagrams

A
i //

��

B

��
X

f // Y

in which i is a generating cofibration. We will show in this case that f^T is an
h-cofibration, and is a cofibration between cofibrant objects if X is cofibrant.
Since the formation of indexed smash products commutes with directed colim-
its and retracts, the proposition then follows from the small object argument.
We give Y ^T the target exponent filtration of Definition 2.9.34. The suc-

cessive terms are related by the pushout squareª
T�T0>T1

|T1|�n

X^T0 ^ BAB^T1 //

��

ª
T�T0>T1

|T1|�n

X^T0 ^B^T1

��
filn�1Y

^T // filnY ^T .

(10.2.5)

By Lemma 10.2.3, each of the maps

BAB^T1 Ñ B^T1

is a cofibration. If X is cofibrant, then X^T0 is either the sphere spectrum
S�0 (if T0 � ∅) or cofibrant by induction, hence

X^T0 ^ BAB^T1 Ñ X^T0 ^B^T1

is a cofibration by the pushout product axiom. Since indexed wedges preserve
cofibrations, the top row of (10.2.5) is then a cofibration and hence so is the
bottom row.

To show that the indexed smash product has a left derived functor (see
Definition 5.1.11 and Theorem 5.1.13) we need to augment Theorem 10.2.4
and show that what when X Ñ Y is a trivial cofibration, then X^T Ñ
Y ^T is a weak equivalence. This can be proved with the above argument
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once we know that the indexed corner maps BAB^T Ñ B^T associated to
the generating trivial cofibrations are weak equivalences. But the generating
trivial cofibrations contain the maps of the form (9.3.21) so dealing with them
requires understanding something about indexed corner maps of fairly general
cofibrations.
In §5.5D we saw that the arrow category for a closed Quillen ring(such as

SpG) has the pushout product of maps, i.e., the formation of corner maps, as
its binary operation. This gives us a convenient way to study indexed corner
maps.

10.3 The arrow category and indexed corner maps

Let SpG1 denote the category whose objects are maps X1 Ñ X2 in SpG,
with morphisms being the evident commutative diagrams. As mentioned in
Definition 2.6.55, SpG1 can be made into a closed symmetric monoidal category
using the pushout product operation l, for which the unit is � Ñ S�0.
Starting with any one of the eight model structures on SpG of Theo-

rem 9.2.13, we can give SpG1 the projective model structure (Definition 5.4.2)
in which a map

pX1 Ñ X2q Ñ pY1 Ñ Y2q (10.3.1)

is a weak equivalence or fibration if each of Xi Ñ Yi is, and is a cofibration if
both X1 Ñ Y1 and the corner map

X2 Y
X1

Y1 Ñ Y2 (10.3.2)

are cofibrations. An object X1 Ñ X2 is cofibrant if X1 is cofibrant and X1 Ñ
X2 is a cofibration; see Proposition 5.5.29.
Each of these model structures on SpG1 is compactly generated. The gener-

ating (trivial) cofibrations in SpG1 are of two types. Type I are the maps

pK Ñ Kq Ñ pLÑ Lq (10.3.3)

and type II are the maps

p� Ñ Kq Ñ p� Ñ Lq (10.3.4)

whereK Ñ L is running through the set of generating (trivial) cofibrations in-
dicated in Theorem 9.2.13. The following is a special case of Proposition 5.5.32.

Proposition 10.3.5. The arrow category is symmetric monoidal. Equipped
with each of the model structures just described, SpG1 is a Quillen ring satis-
fying the monoid axiom.
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Proposition 10.3.5 addresses the homotopy properties of ordinary smash
products in SpG1 . For the indexed smash products we work in the arrow cate-
gory SpBTG

1 of maps of equivariant T -diagrams, in the projective model struc-
ture. Our aim is to establish Proposition 10.3.8, which gives control over the
indexed corner maps (Definition 2.9.29) in SpG (Proposition 10.3.9). It is the
analogue in SpBTG

1 of Theorem 10.2.4. In preparation, we need to identify the
generating (trivial) cofibrations. Those in SpG1 were identitied above.

Remark 10.3.6. A map as in (10.3.1) is an h-cofibration if both X1 Ñ Y1
and the corner map (10.3.2) are. Since cofibrations in SpG are h-cofibrations
the same is true of cofibrations in SpG1 .

Lemma 10.3.7. The behavior of indexed smash products in the ar-
row category. If i : AÑ B is a generating cofibration in the category SpBTG

1 ,
then the indexed corner map

iT : BAB^T Ñ B^T

as in Definition 2.9.29 is a cofibration between cofibrant objects in SpG1 .

Proof First note that for generating cofibrations of type I (as in (10.3.3)),
the corner map is

pBKL^T Ñ BKL^T q Ñ pL^T Ñ L^T q
and in type II (as in (10.3.4)), it is

p� Ñ BKL^T q Ñ p� Ñ L^T q.
The assertion therefore reduces to Lemma 10.2.3.

Proposition 10.3.8. The behavior of an indexed smash product of
cofibrations in the diagram category indexed by a G-set. Suppose that
T is a finite G-set. If i : X Ñ Y is a cofibration in SpBTG

1 and X is cofibrant,
then the indexed smash product

i^T : X^T Ñ Y ^T

is a cofibration between cofibrant objects in SpG1 .

Proof The proof proceeds exactly as that of Theorem 10.2.4. The target ex-
ponent filtration of Definition 2.9.34 and induction on |T | reduce the problem
to showing that the indexed corner map (in SpBTG

1 )

iT : BAB^T Ñ B^T

is a cofibration between cofibrant objects, when A Ñ B is a cofibrant gener-
ator. This is the content of Lemma 10.3.7.

Specializing, we now have
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Proposition 10.3.9. The behavior of an indexed corner map of co-
fibrations in the diagram category indexed by a G-set. If i : X Ñ Y

is a cofibration in BTG and X is cofibrant, then the indexed corner map
iT : BXY ^T Ñ Y ^T is a cofibration between cofibrant objects.

Proof If i : X Ñ Y is a cofibration of cofibrant T -diagrams, then pX Ñ Y q
is cofibrant T -diagram in SpG1 , and so

pX Ñ Y qlT � piT : BXY ^T Ñ Y ^T q
is cofibrant by Proposition 10.3.8.

10.4 Indexed smash products and trivial cofibrations

With the indexed corner maps of cofibrations under control we can now turn
to the trivial cofibrations.

Lemma 10.4.1. The behavior of an indexed corner map of trivial
cofibrations in the diagram category indexed by a G-set. If i : AÑ B

is a generating trivial cofibration in SpBTG, then the indexed corner map

iT : BAB^T Ñ B^T

as in Definition 2.9.29 is a trivial cofibration of cofibrant objects in SpG.

Proof We know from Proposition 10.3.9 that the indexed corner maps are
cofibrations between cofibrant objects, so what remains is the assertion that
they are weak equivalences. This can be reduced further. Suppose that i :

AÑ B is a trivial cofibration in SpBTG and we wish to show that the indexed
corner map iT : BAB^T Ñ B^T is a weak equivalence. Give B^T the target
exponent filtration of Definition 2.9.34, in which the successive terms are
related by the pushout squareª

T�T0>T1

|T1|�n

A^T0 ^ BAB^T1 //

��

ª
T�T0>T1

|T1|�n

A^T0 ^B^T1

��
filn�1B

^T // filnB^T .

By Proposition 10.3.9 and the pushout product axiom, the upper arrow is a
cofibration, which, by induction on |T |, we may assume to be trivial when
|T |   n. Since the cofibrations are flat, this means that the bottom arrow is a
trivial cofibration when |T |   n. It follows that in this case, the indexed corner
map is a weak equivalence if and only if the absolute map i^T : X^T Ñ B^T

is.
We now turn to the generating trivial cofibrations. The generators of the
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form A^ �
In�1
� Ñ In�

�
are homotopy equivalences, hence so are the absolute

maps. The other generators are of the form�
Sn�1
� Ñ Dn

�

�
l
�
p_�S

�V`W ^ SW Ñ p_� S̃
V,W

�
, (10.4.2)

(see (9.3.21)) where p : rT Ñ T is a map of finite G-sets and V and W are
equivariant vector bundles over rT . The fact that the norm is symmetric mon-
oidal by Proposition 9.7.4, together with the monoid axiom for SpG1 , reduces
us to considering only the right hand factor in (10.4.2). The distributive law
further reduces us to the case rT � T . Finally, since the map S̃V,W Ñ S�V

is a homotopy equivalence, we may replace S̃V,W with S�V . Evaluating both
sides using Proposition 9.7.8 we see that the assertion amounts to checking
that

S�V
1`W 1 ^ SW

1 Ñ S�V
1

is a weak equivalence, where V 1 and W 1 are the G-spaces of global sections.
But this is a special case of Proposition 9.5.6.

As with Lemma 10.3.7, the separate cases of type I and type II generators
reduce the result below to Lemma 10.4.1.

Lemma 10.4.3. The indexed corner map of a generating trivial co-
fibration. If i : A Ñ Y is a generating trivial cofibration in the category of
equivariant T -diagrams in SpG1 , then the indexed corner map

iT : BAB^T Ñ B^T

is a trivial cofibration of cofibrant objects in SpG1 .

Proposition 10.4.4. The indexed smash product of trivial cofibra-
tions between cofibrant objects. Suppose that T is a finite G-set. The
functor

p� q^T : SpBTG
1 Ñ SpG1

sends trivial cofibrations between cofibrant objects to trivial cofibrations be-
tween cofibrant objects, and hence weak equivalences between cofibrant objects
to weak equivalences between cofibrant objects.

Proof The proof proceeds exactly as in the case of Theorem 10.2.4. That the
second assertion follows from the first is Ken Brown’s Lemma 5.1.7.

Specializing Proposition 10.4.4, we have

Proposition 10.4.5. The indexed corner map and indexed smash
product of a trivial cofibration from a cofibrant object. If i : X Ñ Y

is a trivial cofibration in SpBTG and X is cofibrant, then both the indexed
corner map iT : BXY ^T Ñ Y ^T and the absolute map i^T : X^T Ñ Y ^T are
trivial cofibrations between cofibrant objects.
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With all this in hand we can now show that indexed smash products
have left derived functors. From Theorem 10.2.4, Proposition 10.4.5, and Ken
Brown’s Lemma 5.1.7 we have

Proposition 10.4.6. The indexed smash product of weak equivalence
between cofibrant objects. The indexed smash product

p� q^T : SpBTG Ñ SpG

takes weak equivalences between cofibrant objects to weak equivalences between
cofibrant objects.

This gives the main result of this section.

Theorem 10.4.7. The left derived functor of the indexed smash
product. The indexed smash product has a left derived functor

p� qL^T : SpBTG Ñ HoSpG

which may be computed as

X
L
^T � pXcq^T

where Xc Ñ X is a cofibrant approximation.

10.5 Indexed symmetric powers

The following is a special case of the nth symmetric product of Definition 2.6.63.

Definition 10.5.1. Let Σn denote the symmetric group on n letters. The nth
symmetric (smash) power of a G-spectrum X is the Σn-orbit spectrum

SymnpXq � X^n{Σn.
The homotopy properties of this functor are fundamental to understanding

the homotopy theory of equivariant commutative algebras. Before proceeding
further we offer the following.

Example 10.5.2. A badly behaved map of symmetric powers. The
map

e1 : S�1 ^ S1 Ñ S�0

of (7.2.68) is a weak equivalence. However, the induced map

SymnpS�1 ^ S1q Ñ SymnS�0 (10.5.3)

for n ¡ 1 is not, even if G is trivial. In other words, this bad behavior has
to do with symmetric powers rather than G-equivariance.



10.5 Indexed symmetric powers 715

The right side of (10.5.3) is S�0 since it is the unit for the smash product,
while the left side works out by Lemma 10.5.18(ii) below to be weakly equivalent
to the suspension spectrum of the classifying space for G-equivariant principal
Σn-bundles with disjoint base point.

Fortunately the sphere spectrum S�0 is not cofibrant in the positive stable
equifibrant model structure, so e1 is not a weak equivalence of cofibrant spectra.

This example illustrates the need for the positivity condition in
our model structure of choice and why S�0 cannot be cofibrant.
Another reason is given in Remark 5.5.28. We need a model structure in
which the symmetric power functor is homotopical on cofibrant objects.
For a finite G-set T , let ΣTn be the |T |-fold Cartesian product of Σn equipped

with a G-action induced by the one on T . It is a G-stable subgroup of Σn�T

(where n � t1, . . . , nu), the group of nonequivariant isomorphisms of the G-
set n � T , on which G acts by conjugation. It can also be thought of as the
group of Σn-valued functions on T , with pointwise multiplication. It has an
action of G induced by the one on T .
For indexed smash products of commutative algebras, the distributive law

leads one to consider indexed smash products of symmetric powers

pSymnXq^T .

These can be written as

pSymnXq^T � pX^n{Σnq^T � X^pn�T q{ΣTn (10.5.4)

The last expression in (10.5.4) is an indexed symmetric power. The
definition (Definition 10.5.6) and homotopy properties of indexed symmetric
powers are the subject of this section and the next.
Before turning to the definition, we consider a simpler situation. Recall

that by Theorem 9.3.10 and Proposition 9.3.16, the category of orthogonal G-
spectra SpG is homotopically equivalent to the category SpBG of orthogonal
spectra with G-actions.
The following is a variant of Definition 9.1.9. Recall that for groups G and

G̃, SpBG and SpB rG are the categories of naive G-spectra and naive G̃-spectra
respectively.

Proposition 10.5.5. An orbit spectrum that is a left Kan extension.
Suppose that i : rG Ñ G is a surjective group homomorphism with kernel N .
Then the functor i� : SpBG Ñ SpB rG has both a left and a right adjoint. The left
adjoint i! : Sp

rG Ñ SpG sends a naive G̃-spectrum X to the orbit spectrum
X{N equipped with its residual G-action, as explained in Example 2.5.8(v).

The expression on the right of (10.5.4) is a special case of this in which rG
is the semi-direct product ΣTn �G.



716 Multiplicative properties of G-spectra

Proof The left and right adjoints of the precomposition functor i� are the
left and right Kan extensions i! and i�. The adjunction i! % i� means that for
any naive G-spectrum Y there is a natural isomorphism

SpB rGpX, i�Y q � SpBGpi!X,Y q,
so for each n ¥ 0, there is an isomorphism

T G̃pXn, pi�Y qnq � T Gppi!Xqn, Ynq.
The G̃-space pi�Y qn is Yn with G̃-action induced by the homomorphism i, so
N acts trivially on it, so we have

T G̃pXn, Ynq � T G̃pXn{N,Ynq � T GpXn{N,Ynq.
The last isomorphims follows from that fact that both Xn{N and Yn have
trivial N -action, so a G̃-equivariant map is the same thing as a G-equivariant
map. Thus the adjunction isomorphism reads

T GpXn{N,Ynq � T Gppi!Xqn, Ynq,
which implies that

pi!Xqn � Xn{N � pX{Nqn,
where the second isomorphism follows from the fact that colimits of spectra,
such as orbit spectra, are defined objectwise.

Definition 10.5.6. Indexed symmetric powers. Let T be a finite G-set,
and ΣT the group of (not necessarily equivariant) automorphisms of T , with
G acting on it by conjugation. Fix a G-stable subgroup Λ � ΣT , and letrG � Λ � G. The actions of Λ and G on T define an action of rG on it. For
a rG-equivariant T -diagram X the indexed symmetric power is the orbit
G-spectrum

SymT
ΛX � X^T {Λ.

When the indexing set T has a trivial G-action, Λ could be the full symme-
try group of T . Then the equivariant T -diagram is the constant diagram with
value X P SpG, and this construction is the usual symmetric power Sym|T |X

discussed above. We will usually use the same notation for the rG-spectrum X

and the constant equivariant T -diagram with value X.

Definition 10.5.7. If f : X Ñ Y is a map of rG-equivariant T -diagrams, the
indexed symmetric corner map is the map of orbit G-spectra

SymΛfT : BXSymT
ΛY Ñ SymT

ΛY

obtained by passing to Λ-orbits from the indexed corner map of Definition 2.9.29

esfT : BXY ^T Ñ Y ^T .
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It is the indexed symmetric power (as in Definition 10.5.6) of f in the arrow
category SpBT

rG
1 .

Example 10.5.8. In the case X � �, the domain of the map above is also
the point valued spectrum. This can be derived from Example 2.6.14.

Remark 10.5.9. Since the orbit spectrum functor is a continuous left adjoint,
it sends h-cofibrations to h-cofibrations. For example, suppose that i : X Ñ Y

is a cofibration of cofibrant rG-equivariant T -diagrams. By Theorem 10.2.4 and
Proposition 10.3.9, both the indexed smash product

i^T : X^T Ñ Y ^T

and the corner map
iT : BXY ^T Ñ Y ^T

are cofibrations, and hence h-cofibrations, of rG-spectra. This means that all
four of the maps

SymT
Λi : Sym

T
ΛX Ñ SymT

ΛY,

SymΛiT : BXSymT
ΛY Ñ SymT

ΛY,

pEGΛq 

Λ
i : pEGΛq 


Λ
X^T Ñ pEGΛq 


Λ
Y ^T

and pEGΛq 

Λ
iT : pEGΛq 


Λ
BXY ^T Ñ pEGΛq 


Λ
Y ^T

are h-cofibrations of G-spectra.

Note that X^T with its rG-action is a special case of an indexed monoidal
product, the subject of §2.9. This means that the distributive law (see §2.9B)
applies to symmetric powers. Given a pushout square

W //

��

Y

��
X // Z ,

there is a filtration of SymT
ΛZ whose successive terms are related by passing

to Λ-orbits from the target exponent filtration of Definition 2.9.34.
As described in [MM02, §III.8], the homotopy theoretic analysis of indexed

symmetric powers requires certain equivariant principal bundles. For the mo-
ment, let Λ be any finite group with a G-action. Let rG denote the group Λ�G,
and let EGΛ be a G-equivariant universal Λ-space of Definition 8.7.1.
The symmetric powers of a cofibrant spectrum are cofibrant, as we see from

the following in the case where X is a point.

Theorem 10.5.10. An indexed symmetric power of a cofibration of
cofibrant diagrams is a cofibration of cofibrant objects. Suppose that



718 Multiplicative properties of G-spectra

i : X Ñ Y is a cofibration between cofibrant rG-equivariant T -diagrams. In the
commutative square of G-spectra

pEGΛq 

Λ
BXY ^T

pEGΛq

Λ
iT

//

�

��

pEGΛq 

Λ
Y ^T

�

��
BXSymT

ΛY
SymΛiT // SymT

ΛY,

(10.5.11)

every object is flat, the upper row is a cofibration between cofibrant objects, the
vertical maps are weak equivalences, and the bottom row is an h-cofibration.
The horizontal maps are weak equivalences if i is one.

Remark 10.5.12. By Proposition 9.6.6 the maps in (10.5.11) asserted to be
weak equivalences remain so after smashing with any spectrum Z.

Remark 10.5.13. In studying the free commutative algebra functor, we have
a cofibration i : X Ñ Y of cofibrant G-spectra, regarded as rG-spectra through
the map rG Ñ G, and then regarded as constant equivariant T -diagrams.
This map of equivariant T -diagrams is a cofibration by Proposition 9.8.3, so
Theorem 10.5.10 applies.

Along the way to proving Theorem 10.5.10 we will also show

Proposition 10.5.14. The functors pEGΛq 

Λ
p� q^T and SymΛp� qT take

weak equivalences between cofibrant objects to weak equivalences.

Remark 10.5.15. Theorem 10.5.10 is part of the reason for the positive
condition in the model structure we have chosen. The result is not true for
general Bredon cofibrant objects of Definition 9.2.15, though it is true for
Bredon cofibrant objects built from cells of the form G


H
S�V ^Dk

� with V non-
zero. The condition that V is non-zero is used in the proof of Lemma 10.5.18.
See Remark 10.5.20 below.

The assertions about the top row in Theorem 10.5.10 are most easily an-
alyzed in the arrow category SpBTG

1 . Recall that Λ is a finite group with an
action by another finite group G, rG denotes the group Λ�G, and EGΛ denotes
the G-equivariant universal Λ-space of Definition 8.7.1.

Lemma 10.5.16. The top row of (10.5.11). The functor

EGΛ�
Λ̂
p� q^T : SpBT

rG
1 Ñ SpBG1

takes trivial cofibrations between cofibrant objects to trivial cofibrations between
cofibrant objects and hence weak equivalences between cofibrant objects to weak
equivalences between cofibrant objects.
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Proof The space EGΛ is built entirely of G̃-cells of the form

G̃ 
̃
H

Dn
�

for subgroups H̃ � G̃ having trivial intersection with Λ. This fact, along with
the pushout product axiom (see Definition 5.5.9) means that it suffices to
show that for a trivial cofibration j : X Ñ Y between cofibrant objects in
SpBT

rG, the map

G̃{H̃ 

Λ
j^T

is a trivial cofibration between cofibrant objects in SpBG for any subgroup H̃
as above. This is a wedge of maps, indexed by the orbit set G̃{ΛH̃ (where ΛH̃
denotes the subgroup generated by Λ and H̃), which is a G-set. This is the
same as j^ rT where rT � G̃{H̃ �

Λ
T,

which is a trivial cofibration between cofibrant objects by Proposition 10.4.4.
The assertion about weak equivalences between cofibrant objects follows from
that about trivial cofibrations by Ken Brown’s Lemma 5.1.7.

The vertical maps in (10.5.11) require a more detailed analysis. Each of
them is the map from the homotopy orbit spectrum to the actual orbit spec-
trum for an action of the group Λ. Recall that for a pointed Λ-space in which
the group action is free away from the base point, this map is a weak equiva-
lence by Proposition 8.6.6.

Definition 10.5.17. Λ-free rG-spectra. Suppose that Λ is a group with an
action of G, and that X is a rG-spectrum, with rG � Λ�G as before. We will say
that X is Λ-free as a rG-spectrum if for each orthogonal G-representation
W (which is also a representation of rG), the Λ-action on the pointed G̃-space
XW is free away from the base point.

Lemma 10.5.18. Properties of cofibrant rG-equivariant T -diagrams.
Let X be a cofibrant rG-equivariant T -diagram in Sp for a finite G-set T , and
let Z be any rG-spectrum. Then

(i) X^T ^ Z is a Λ-free G-spectrum, where Λ acts on X^T by permuting
its factors through the inclusion of Λ as a subgroup of ΣT , the group of
(nonequivariant) isomorphisms of the finite G-set T , and

(ii) the map

EGΛ

Λ
pX^T ^ Zq Ñ pX^T ^ Zq{Λ

is a weak equivalence in SpBG.
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Remark 10.5.19. We will be mostly interested in the case in which the Λ-
action on Z is trivial. In that case the equivalence of Lemma 10.5.18(ii) takes
the form �

EGΛ

Λ
X^T

�^ Z
� // SymT

ΛpXq ^ Z.

Remark 10.5.20. The role of the positivity condition. Consider the
assertion of Lemma 10.5.18(ii) when G is trivial, Z is the sphere spectrum
S�0 and Λ is the full symmetric group Σi for i � |T |. The statement then is
that the homotopy orbit spectrum pEΣiq


Λ
X^i is stably equivalent to the actual

orbit spectrum X^i{Σi. This is the case when the action of Σi is free away
from the base point, but not in general. However for a pointed CW complex
Y other than a point, the action of Σi on Y ^i for i ¡ 1 is never free away
from the base point, because there is always a diagonal subspace fixed by Σi.

The positivity condition means that S�1^Y is cofibrant but S�0^Y is not,
so we illustrate with X � S�1 ^ Y . Then X^i � S�i ^ Y ^i, so by definition
pX^iqn � Jpi, nq ^ Y ^i. By Proposition 8.9.29, Jpi, nq has a free (away
from the base point) action of the orthogonal group Opiq, and hence of its
subgroup Σi. It follows that the same is true of the spectrum X^i.

This is the very reason for the positivity condition. We need the
i-fold smash power of a cofibrant spectrum to have a free Σi-action.

Proof of Lemma 10.5.18. For the Λ-freeness assertion, note first that the
initial object in the category, the constant �-valued diagram, is Λ-free by
definition. Thus it suffices to show that applying the functor p� q^T ^ Z to
the process of attaching a cell in SpBT

rG preserves Λ-freeness. In other words
it suffices to show that if A Ñ B is a generating cofibration in SpBT

rG (see
(9.3.25) and (9.3.26)),

A //

��

B

��
X0

// X1 ,

is a pushout square, and X^T
0 ^ Z is Λ-free, then X^T

1 ^ Z is Λ-free.
We now take a closer look at the generating cofibration AÑ B. The G-set

T has orbits of the form G{Gt, where Gt � G is the subgroup fixing t P T .
T is also a rG-set in which action of Λ permutes these G-orbits, so a rG-orbit
is a finite union of isomorphic G-orbits. The orbit of t has the form rG{ rGt
where rGt � Σt �Gt. A generating cofibration is a wedge, indexed by the set
of rG-orbits of T , of mapsrGt� �̂Ht

S�Vt ^ pSnt�1
� Ñ Dnt

� q

with Vt a positive representation of rHt � rGt. The positivity condition on Vt
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implies the source and target of this map are Λ-free by an argument similar
to that of Remark 10.5.20.
It can also be described as in (9.3.26) as

p_�
�
S�V ^ �

Sn�1
� Ñ Dn

�

��
with p : rT Ñ T a finite surjective map of rG-sets, and V a positive represen-
tation of rG-set rT as in Definition 8.9.10(v).
We use the target exponent filtration of Definition 2.9.34 to study X^T

1 and
consider the pushout square belowª

T�T0>T1

|T1|�m

X^T0
0 ^ BAB^T1 ^ Z //

��

ª
T�T0>T1

|T1|�m

X^T0
0 ^B^T1 ^ Z

��
film�1X1 ^ Z // filmX1 ^ Z.

(10.5.21)

Since A Ñ B is a cofibration, the map in the top row is an h-cofibration
(Proposition 10.3.9) hence a closed inclusion. The object in the upper left is
an indexed wedge of indexed smash products of Λ-free spectra, so it is also
Λ-free. The object on the lower left is Λ-free by induction on m.
It therefore suffices to show that Λ acts freely away from the base point on

the upper right term of (10.5.21); see Remark 2.1.47. Induction on |T | reduces
this to the case m � |T |. In this way the first assertion of the lemma reduces
to checking the special case

X � p_�S
�V ^Dk

�,

with p : rT Ñ T a surjective map of rG-sets and V a positive representation
of rT as in Definition 8.9.10(v). Since the factor pDk

�q^T can be absorbed into
Z, we might as well suppose

X � p_�S
�V .

The indexed distributive law (Proposition 2.9.20) gives

X^T �
ª
γPΓ

S�Vγ ,

where Γ is the rG-set of sections T Ñ rT , and
Vγ �

à
tPT

Vγptq.
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For an orthogonal rG-representation W we have, by Proposition 9.1.23,

pX^T ^ ZqW �

$'&'%
� if |W |   |Vγ |ª
γPΓ

OpVγ ` Uγ ,W q 

OpUγq

ZUγ
if |W | ¥ |V |γ ,

in which U � tUγu is any representation of Γ with |Uγ | � |W | � |Vγ |. We are
interested in representations W which are pulled back from the projection
map rG Ñ G. In the first case there is nothing to prove. In the second case
the complement of the base point is homeomorphic toº

γPΓ

OpVγ ` Uγ ,W q �
OpUγq

pZUγ
� t�uq

(see Remark 2.1.47). The Λ-freeness then follows from the fact that this space
has an equivariant map to the disjoint union of Stiefel-manifoldsº

γPΓ

OpVγ ,W q �
º
γPΓ

OpVγ ` Uγ ,W q{OpUγq,

which is Λ-free since each Vγptq is non-zero, and Λ acts faithfully on T (meaning
there is no nontrivial λ P Λ that fixes all of T ) but trivially on W .
With one additional observation, a similar argument reduces the assertion

about weak equivalences to the same case

X � p_�S
�V . (10.5.22)

To spell it out, abbreviate (10.5.21) as

K //

��

L

��
Y // Y 1

and form

EGΛ

Λ
K

5 //

�

%%KK
KKK

KKK
K

��

EGΛ

Λ
L

�

##G
GG

GG
GG

G

EGΛ

Λ
Y

�

%%LL
LLL

LLL
K{Λ

5
//

��

L{Λ

Y {Λ.
By Remark 10.5.9 the two horizontal maps are h-cofibrations, hence flat, as
indicated by the musical symbol 5. This means that if the diagonal maps are
weak equivalences, then the map of pushouts

EGΛ

Λ
Y 1 Ñ Y 1{Λ
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is also a weak equivalence by Proposition 5.1.24. With this in hand, one now
reduces the second claim to the cases

X � p_�S
�V ^ Sk�1

� and X � p_�S
�V ^Dk

�.

Absorbing the factors pSk�1
� q^T and pDk

�q^T into Z completes the reduction
to (10.5.22).
With thisX, the map onW th spaces induced by the map of Lemma 10.5.18(ii)

is the identity map of the terminal object if |W |   |Vγ | and otherwise the map
of Λ-orbit spaces induced by

EGΛ

ª
γPΓ

OpVγ ` Uγ ,W q� ^
OpUγq

ZUγ
Ñ

ª
γPΓ

OpVγ ` Uγ ,W q� ^
OpUγq

ZUγ
,

(whereX
Y is as in Definition 2.1.49) in which U � tUγu is any rG-equivariant
vector bundle over Γ with |Uγ | � |W |�|Vγ |. The proposition then follows from
the fact that

EGΛ�
º
γPΓ

OpVγ ` Uγ ,W q Ñ
º
γPΓ

OpVγ ` Uγ ,W q

is an equivariant homotopy equivalence for the compact Lie group

pG � �¹
γPΓ

OpUγq � Λ
��G.

To see this, note that by [Ill83, Ill78], both sides are pG-CW complexes so it
suffices to check that the map is a weak equivalence of H-fixed point spaces
for all H � pG. If the image of H in rG is not a subgroup of Λ then EGΛH is
contractible and the map of fixed points is a homotopy equivalence. If H is a
subgroup of

±
OpUγq then it acts trivially on EGΛ, and once again EGΛH is

contractible.
Finally, suppose that there is an element h P H whose image in rG is a

nontrivial element of Λ. Since W is pulled back from a G-representation, this
element acts trivially on W . If γ P Γ is not fixed by h then no point of
OpVγ ` Uγ ,W q can be fixed by h. If γ P Γ is fixed by h, then h acts on
Vγ . This action is non-trivial since Λ acts faithfully on T . This means that
OpVγ ` Uγ ,W q has no points fixed by h since h acts trivially on W . Both
sides therefore have empty H-fixed points in this case.

Proof of Theorem 10.5.10. The assertion that the upper arrow is a cofibra-
tion between cofibrant objects and a weak equivalence if X Ñ Y is contained
in Lemma 10.5.16. Indeed consider the map of arrows

pX Ñ Y q Ñ pY Ñ Y q.

If X Ñ Y is a cofibration between cofibrant objects then both the domain
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and range of the above map of arrows are cofibrant. By Lemma 10.5.16 the
map �

EGΛ

Λ
BXY ^T Ñ EGΛ


Λ
Y ^T

�Ñ �
EGΛ


Λ
Y ^T Ñ EGΛ


Λ
Y ^T

�
is a map of cofibrant objects, which is a weak equivalence if X Ñ Y is. This
gives the assertion about the upper row. The fact that the bottom row is an
h-cofibration is part of Remark 10.5.9.
For the remaining assertions it will be helpful to reference the expanded

diagram

EGΛ

Λ
BXY ^T ^ Z //

��

EGΛ

Λ
Y ^T ^ Z //

��

EGΛ

Λ
pY {Xq^T ^ Z

��
BXSymT

ΛY ^ Z // SymT
ΛY ^ Z // SymT

ΛpY {Xq ^ Z ,

in which Z is any G-spectrum. By Lemma 10.5.18 the two right vertical maps
are weak equivalences. Since the left horizontal maps are h-cofibrations, hence
flat, this implies that the left vertical map is a weak equivalence. Taking
Z � S�0 gives the weak equivalence of the vertical arrows in the statement of
Theorem 10.5.10. Letting Z vary through a weak equivalence and using the
fact that cofibrant objects are flat gives the flatness assertion. By what we
have already proved, when X Ñ Y is a weak equivalence the vertical and top
arrows in the left square are weak equivalences, hence so is the bottom left
map. This completes the proof.

Proof of Proposition 10.5.14. Suppose that X Ñ Y is a weak equivalence of
cofibrant objects, and consider the diagram

EGΛ

Λ
X^T //

��

EGΛ

Λ
Y ^T

��
SymT

ΛX // SymT
ΛY .

The vertical maps are weak equivalences by Lemma 10.5.18. The top horizon-
tal map is a weak equivalence by Lemma 10.5.16 (applied to, say, the map
p� Ñ Xq Ñ p� Ñ Y q). The bottom map is therefore a weak equivalence.

10.6 Iterated indexed symmetric powers

In our analysis of the norms of commutative rings in §10.9 we will encounter
iterated indexed smash products and symmetric powers. These work out just
to be other indexed smash or symmetric powers. The point of this section is
to spell this out.
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Suppose that S and T are G-sets and that X is an equivariant pT � Sq-
diagram of orthogonal spectra. The factorization

T � S Ñ S Ñ �
gives an isomorphism

pX^T q^S � X^pT�Sq, (10.6.1)

in which X^T is shorthand for p^�X with p : T � S Ñ S the projection
mapping. The spectrum on the left is an iterated indexed smash product,
meaning an indexed smash product of indexed smash products, while the one
on the right is simply an indexed smash product with a bigger indexing set.
Applying this to the arrow category, given a map X Ñ Y of pT � Sq-

diagrams, we get an isomorphism of the corner map

BXY ^pT�Sq Ñ Y ^pT�Sq,

an indexed smash product of maps indexed by a bigger set, with the iterated
corner map

BWZ^T Ñ Z^T

in which W Ñ Z is the map

BXY ^S Ñ Y ^S .

Hence in both Sp and its arrow category Sp1 iterated indexed smash prod-
ucts can be identified simply as indexed smash products.
There is also a version with symmetric powers. An indexed symmetric power

of an indexed symmetric power of spectra or maps is itself an appropriately
defined indexed symmetric power.
Suppose as before that Λ � ΛT is a G-stable subgroup. Then the action of

ΛS (the set of Λ-valued functions on S) on T � S defined by

φ � pt, sq � pφpsq � t, sq
is G-stable, making T � S into a rGpSq-set, whererGpSq � ΛS �G.

The projection map T � S Ñ S is rGpSq-equivariant, with rGpSq acting on S

through G. When X is a rGpSq-equivariant pT �Sq-diagram, the isomorphism
(10.6.1) is rGpSq-equivariant.
Passing to ΛS-orbits from (10.6.1) gives an isomorphism of G-spectra

pSymT
ΛXq^S � SymT�S

ΛS X. (10.6.2)

By working in the arrow category we get an isomorphism of the corner map

BXSymT�S
ΛS Y Ñ SymT�S

ΛS Y
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with the iterated indexed corner map

BWZ^T Ñ Z^T (10.6.3)

in which W Ñ Z is the map

BXSymS
ΛY Ñ SymS

ΛY.

Our analysis of the homotopy properties of symmetric powers depended on
convenient cofibrant approximations, namely the vertical maps in (10.5.11).
Their sources are defined in terms of the universal G-equivariant Λ-space EGΛ
of Definition 8.7.1. For the iterated case, let EGΛS be pEGΛq�S or equivalently
the space of maps S Ñ EGΛ. The above discussion leads to an isomorphism�

EGΛ

Λ
X^T

�^S � EGΛ
S 


ΛS
X^pT�Sq, (10.6.4)

and an identification of the corner map

BW̃ rZ^T Ñ rZ^T ,
in which W̃ Ñ rZ is the map

EGΛ

Λ

�BXY ^S Ñ Y ^S
�
,

with �
EGΛ

S
� 

ΛS

�BXY ^pT�Sq Ñ Y ^pT�Sq
�
. (10.6.5)

We know by Lemma 8.7.3 that EGΛS is a universal equivariant ΛS-space
EGpΛSq. It follows that the isomorphisms above identify an iterated indexed
symmetric power of a diagram or map of diagrams with an indexed symmetric
power of same involving a larger group.
Lemma 8.7.3 and Theorem 10.5.10 imply the following.

Proposition 10.6.6. Nice properties of indexed smash products of
indexed symmetric powers. Suppose that X Ñ Y is a cofibration of cofi-
brant rGpSq-equivariant pT � Sq-diagrams. Then in the diagram

pEGΛqS 

ΛS

BXY ^pS�T q //

�

��

pEGΛqS 

ΛS

Y ^pT�Sq

�

��
BXSymT�S

ΛS Y // SymT�S
ΛS Y

every object is flat, the top row is a cofibration of cofibrant objects, the bottom
row is an h-cofibration, and the vertical maps are weak equivalences and remain
so after smashing with any spectrum Z.
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Remark 10.6.7. Iterated symmetric powers. In Proposition 10.6.6 we
are looking at a smash power indexed by S of a symmetric power indexed by
T , but we are not symmetrizing the former by passing to the orbit spectrum
of the action by a nontrivial G-stable subgroup Λ1 � ΛS. We could do so by
applying Theorem 10.5.10 a second time, with T and Λ replaced by S and Λ1.

The same conclusion therefore holds for the corresponding diagram of iter-
ated indexed symmetric powers

BW̃ p rZ^pT qq //

��

rZ^pT q
��

BW pZ^pT qq // Z^pT q

in which

W̃ //

��

rZ
��

W // Z

is the diagram

EGΛ

Λ
BXY ^S //

��

EGΛ

Λ
Y ^S

��
BXSymS

ΛY // SymS
ΛY .

Working fiberwise leads to an analogous result about the indexed smash
product along a map q : S1 Ñ S of finite G-sets. It plays an important role in
our analysis of the homotopy properties of the norms of commutative rings.
Aside from the map S1 Ñ S of finite G-sets, the situation is the same as
what we have been discussing in this section. We have fixed a finite G-set T ,
a G-stable subgroup Λ � ΣT , and a universal G-equivariant Λ-space EGΛ as
in Definition 8.7.1.

Proposition 10.6.8. Nice properties of iterated indexed symmetric
powers. Let X Ñ Y be a cofibration of cofibrant rGpS1q-equivariant T � S1-
diagrams and write

W̃ //

��

rZ
��

W // Z



728 Multiplicative properties of G-spectra

for the diagram

EGΛ

Λ
BXY ^S1 //

��

EGΛ

Λ
Y ^S1

��
BXSymS1

Λ Y // SymS1

Λ Y.

In the G-equivariant S-diagram of corner maps

BW̃ p rZ^S1{Sq //

��

rZ^S1{S
��

BW pZ^S1{Sq // Z^S
1{S

(see (10.2.1) for the meaning of p� q^S1{S) every object is flat, the vertical
maps are weak equivalences after smashing with any object, the upper map is
a cofibration of cofibrant objects and the lower map is an h-cofibration. The
horizontal maps are weak equivalences if X Ñ Y is.

Remark 10.6.9. The actual hypothesis on X Ñ Y required for the fiberwise
argument is that for each s P S, the map X Ñ Y is a cofibration of ΛS1s �Gs-
equivariant T � S1s-diagram, where S1s � S1 is the inverse image of s, and
Gs is the stabilizer of s. For the sake of a cleaner statement we have made
the slightly stronger assumption that it is a cofibration of cofibrant rGpS1q-
equivariant T � S1-diagrams. That this implies the “fiberwise” hypothesis is a
consequence of Proposition 9.8.3.

Remark 10.6.10. As in Remark 10.5.13, Proposition 10.6.8 applies to the
situation in which X Ñ Y is a cofibration of cofibrant G-equivariant T -
diagrams, regarded as a rG-equivariant T � S diagram by pulling back along
the projection mappings rGÑ G and T � S Ñ T .

10.7 Commutative algebras in the category of G-spectra

The purpose of this section is to define a cofibrantly generated model structure
on CommG, the category of commutative algebras in SpG. Recall that The-
orem 5.5.25, proved by Schwede and Shipley as [SS00, Theorem 4.1], concerns
the category of (not necessarily commutative) algebras in a Quillen ring.
The main tool is the Crans-Kan Transfer Theorem 5.2.27, which we apply

to pair of adjoint functors

Sym : SpG K
//
CommG : U,oo
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where U is the forgetful functor and its left adjoint Sym is the free commuta-
tive algebra functor

X ÞÑ SymX :�
ª
i¥0

X^i{Σi � S�0 _X _ Sym2X _ � � �

of Lemma 2.6.66. The category of G-spectra SpG is endowed with the positive
stable equifibrant model category structure of Theorem 9.2.13 with generating
sets rIG,� and rKG,� as in (9.2.12).
As we saw in Remark 4.5.2, the functor U need not preserve cofibrancy, so

we make the following to avoid confusion.

Definition 10.7.1. Algebraic cofibrancy. A commutative algebra in SpG,
that is an object CommG, is algebraically cofibrant if it is cofibrant in the
model structure on that category to be described in Theorem 10.7.2, but not
necessarily cofibrant as a G-spectrum, that is an object in SpG.

Theorem 10.7.2. The model structure on CommG. The forgetful func-
tor

U : CommG Ñ SpG

creates a topological model structure on CommG in which the fibrations and
weak equivalences in CommG are the maps that are fibrations and weak
equivalences in SpG.

Proof It is easy to check that both Sym I and SymJ permit the small object
argument, which is the first of the two requirements of the Crans-Kan Transfer
Theorem 5.2.27. The second one is that U takes relative SymJ -cell complexes
(Definition 4.8.18) to weak equivalences. This means that if

SymA

��

Symj // SymB

��
R // R1

(compare with the diagram of Definition 2.9.47) is a pushout diagram in
CommG in which j : A Ñ B is a generating trivial cofibration in SpG,
then RÑ R1 is a weak equivalence; see Remark 5.2.30. This is a special case
Lemma 10.7.3 below.

Lemma 10.7.3. A pushout diagram of equivariant commutative rings.
Suppose that AÑ B is a map of G-spectra, and

SymA //

��

SymB

��
R // R1
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is a pushout diagram of equivariant commutative rings. If AÑ B is a trivial
cofibration of cofibrant objects, then RÑ R1 is a weak equivalence.

Proof We use the pushout ring filtration of Definition 2.9.47. It suffices to
show that the map filRk�1R

1 Ñ filRk R
1 is a weak equivalence for each k. In the

diagram (2.9.48), if AÑ B is a trivial cofibration between cofibrant objects,
then

BASymkB Ñ SymkB

is a weak equivalence and an h-cofibration of flat spectra by Theorem 10.5.10.
It follows that the bottom map is a weak equivalence.

Corollary 10.7.4. The norm functor on commutative algebras

NG
H : CommH Ñ CommG

is a left Quillen functor. It preserves the classes of cofibrations and trivial
cofibrations, hence weak equivalences between cofibrant objects.

Proof This is immediate from Corollary 9.7.6. The assertion about weak
equivalences is Ken Brown’s Lemma 5.1.7.

Corollary 10.7.5. For H � G, the adjoint functors

NG
H : CommH

K
//
CommG : iGHoo

form a Quillen pair.

Proof The restriction functor preserves the classes of fibrations and weak
equivalences.

Corollary 10.7.6. The norm of the restriction of a commutative al-
gebra. There is a natural isomorphism

NG
H piGHRq Ñ R^pG{Hq

under which the counit of the adjunction is identified with the map

R^pG{Hq Ñ R

given by the unique G-map G{H Ñ pt.

Proof Since both R^pG{Hq and the left adjoint to restriction corepresent the
same functor, this follows from Corollary 10.7.5.

A useful consequence Corollary 10.7.6 is that the group ofG-automorphisms
of G{H, the Weyl group NpHq{H, acts naturally on NG

H piGHRq. The result
below is used in the main computational assertion of Proposition 12.3.10.
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Corollary 10.7.7. For γ P NpHq{H the following diagram commutes:

NG
H piGHRq

��<
<<

<<
<<

γ // NG
H piGHRq

����
��
��
�

R

Proof Immediate from Corollary 10.7.6.

The following is a consequence of Theorem 10.9.9 below.

Proposition 10.7.8. Suppose that R is an algebraically cofibrant commuta-
tive H-algebra, and that R̃Ñ R is a cofibrant approximation of the underlying
H-spectrum. If rZ Ñ Z is a weak equivalence of G-spectra then

NG
H pR̃q ^ rZ Ñ NG

H pRq ^ Z

is a weak equivalence.

We refer to the property exhibited in Proposition 10.7.8 by saying that
cofibrant commutative rings are equifibrantly flat. See Definition 10.9.6
below.

10.8 R-modules in the category of spectra

The category MR of left modules over an equivariant associative algebra R
is defined in §9.7A. As pointed out there, when R is commutative, a left R-
module can be regarded as a right R-module, and MR becomes a symmetric
monoidal category under the operation M

R̂
N of (9.7.2).

10.8A A model structure for R-modules
The following result is a consequence of Theorem 9.8.4 and [SS00, Theo-
rem 4.1]. Except for the slight change of model structure, it is [MM02, Theo-
rem III.7.6].

Proposition 10.8.1. A model structure for R-modules. The forgetful
functor

MR Ñ SpG

creates a model structure on MR in which the fibrations and weak equivalences
are the maps which become fibrations and weak equivalences in SpG. When R

is commutative, the operation (9.7.2) satisfies the pushout product and monoid
axioms making MR into a symmetric monoidal model category.

Though not explicitly stated, the following formal result was surely known
to the authors of [SS00]; see the proof of [SS00, Theorem 4.3].



732 Multiplicative properties of G-spectra

Corollary 10.8.2. A change of rings Quillen pair. Let f : R Ñ R1 be a
map of equivariant associative algebras. The functors

R1
R̂
p� q : MR K

//
MR1 : Uoo

given by restriction and extension of scalars form a Quillen pair. If R1 is
cofibrant as a left R-module, then the restriction functor is also a left Quillen
functor.

Proof Proposition 10.8.1 implies that the restriction functor preserves fibra-
tions and trivial fibrations. This gives the first assertion. The second follows
from the fact that the restriction functor preserves colimits, and the conse-
quence of Proposition 10.8.1 that the generating (trivial) cofibrations for MR1

are formed as the smash product of R1 with the generating (trivial) cofibra-
tions for SpG.

The following result is [MM02, Proposition III.7.7]. Using the fact that
h-cofibrations are flat, the proof reduces to checking the case

M � G

H
S�V ^R,

which is Proposition 9.6.5.

Proposition 10.8.3. Tensoring over an associative ring R with a cofi-
brant module. Suppose that R is an associative algebra, and M is a cofibrant
right R-module. The functor M

R̂
p� q preserves weak equivalences.

In other words, the functorM
R̂
p� q is flat ifM is cofibrant, and so it need

not be derived.

Corollary 10.8.4. Tensoring a cofibrant R-module with a short exact
sequence of R-modules. Suppose that R is an associative algebra, M a
cofibrant right R-module. If N Ñ N 1 a map of left R-modules whose underlying
map of spectra is an h-cofibration, then the sequence

M
R̂
N ÑM

R̂
N 1 ÑM

R̂
pN 1{Nq

is weakly equivalent to a cofiber sequence.

Note that the assumption is not that N Ñ N 1 is an h-cofibration in the
category of left R-modules. In that case the result would not require any
hypothesis on M .

Proof We must show that the map from the mapping cone of

M
R̂
N ÑM

R̂
N 1 (10.8.5)
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to M
R̂
pN 1{Nq is a weak equivalence. The mapping cone of (10.8.5) is iso-

morphic to
M

R̂
pN 1 Y CNq,

and the spectrum underlying the R-module mapping cone N 1YN is the map-
ping cone formed in spectra. Since N Ñ N 1 is an h-cofibration, Corollary 5.6.9
says the map N 1 Y CN Ñ N 1{N is a weak equivalence. The result now follows
from Proposition 10.8.3.

Corollary 10.8.4 can be used to show that many constructions derived from
the formation of monomial ideals (as in Definition 2.9.57) have good homotopy
theoretic properties. It is used in §10.10D and in §12.4. In those cases the
map of spectra underlying N Ñ N 1 is the inclusion of a wedge summand, and
so obviously an h-cofibration.

10.8B The relative monoidal geometric fixed point functor
The functor ΦGM can be formulated relative to an equivariant commutative or
associative algebra R. As described below, care must be taken in using the
theory in this way.
Because it is lax monoidal, the functor ΦGM gives a functor

ΦGM : MR ÑMΦG
MR

which is lax monoidal when R is commutative.

Proposition 10.8.6. Monoidal geometric fixed points of R-modules.
The functor

ΦGM : MR ÑMΦG
MR

commutes with cobase change along a cofibration and preserves the classes of
cofibrations and trivial cofibrations.

Proof This follows easily from the fact that the maps of equivariant orthogo-
nal spectra underlying the generating cofibrations for MR are h-cofibrations.

Proposition 10.8.7. Monoidal geometric fixed points of modules
over a commutative ring. When R is commutative, the functor

ΦGM : MR ÑMΦG
MR

is weakly monoidal, and the map

ΦGM pMq ^
ΦG

M pRq
ΦGM pNq Ñ ΦGM pM

R̂
Nq (10.8.8)

is an isomorphism if M and N are cofibrant.
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As noted in Remark 9.11.48, this holds if either M or N is cofibrant.

Proof The proof is the same as that of Proposition 9.11.47 once one knows
that the class of modules M and N for which (10.8.8) is an isomorphism is
stable under cobase change along a generating cofibration. This, in turn, is a
consequence of the fact that both sides of (10.8.8) preserve h-cofibrations in
each variable, since h-cofibrations are closed inclusions. The functor ΦGM does
so since it commutes with the formation of mapping cylinders, and M

R̂
p� q

does since MR is a closed symmetric monoidal category.

As promising as it looks, it is not so easy to make use of Proposition 10.8.7.
The trouble is that unless X is cofibrant, ΦGM pXq may not have the weak
homotopy type of ΦGpXq. So in order to use Proposition 10.8.7 one needs a
condition guaranteeing that M

R̂
N is a cofibrant spectrum. The criterion of

Proposition 10.8.9 below was suggested to us by Mike Mandell.

Proposition 10.8.9. Cofibrancy of smash products over R. Suppose R
is an associative algebra with the property that S�1 ^ R is cofibrant. If M is
a cofibrant right R-module, and S�1 ^N is a cofibrant left R-module, then

M
R̂
N

is cofibrant.

Proof First note that the condition on R guarantees that for every represen-
tation U with |UG| ¡ 0 and every cofibrant G-space T , the spectrum

S�U ^R^ T (10.8.10)

is cofibrant. Since the formation of M
R̂
N commutes with cobase change

in both variables, the result reduces to the case M � S�V ^ R ^ X and
N � S�W ^ R ^ Y with V having a non-zero fixed point space, and X and
Y cofibrant G-spaces. But in that case

M
R̂
N � S�V`W ^R^X ^ Y

which is of the form (10.8.10), and hence cofibrant.

Corollary 10.8.11. Cofibrancy of R-modules. Suppose R is an associative
algebra with the property that S�1 ^ R is cofibrant. If M is a cofibrant right
R-module, then the equivariant orthogonal spectrum underlying M is cofibrant.

Proof Just take N � R in Proposition 10.8.9.

The following result plays an important role in determining ΦGRp8q (§12.4E).
Proposition 10.8.12. Smashing over R with the sphere spectrum.
Suppose that R is an equivariant associative algebra whose underlying G-
spectrum is Bredon cofibrant, and that RÑ S�0 is an equivariant associative
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algebra map. If M is a cofibrant right R-module, then M
R̂
S�0 is a cofibrant

spectrum, and the map

ΦGM pMq ^
ΦG

MR
S�0 Ñ ΦGM pM

R̂
S�0q

is an isomorphism.

Proof One easily reduces to the case M � S�V ^ X ^ R, in which V is
a representation with V G � 0, and X is a cofibrant G-space. In this case
M

R̂
S�0 is isomorphic to S�V ^X which is cofibrant. The assertion about

monoidal geometric fixed points follows easily from Proposition 9.11.47.

10.9 Indexed smash products of commutative rings

10.9A Description of the problem
Theorem 10.4.7 asserts that the indexed smash product functor

p� q^T : SpBTG Ñ SpG

for a finite G-set T has a left derived functor

p� qL^T : HoSpBTG Ñ HoSpG

which can be computed by applying the indexed smash product to a cofi-
brant approximation. We also know from Corollary 10.7.5 (and the fact that
coproducts of weak equivalences are weak equivalences) that the restriction
functor and its left adjoint form a Quillen pair

p! : CommSpBTG K
//
CommSpG : p�,oo

where both maps are induced by p : T Ñ �. Furthermore, the following dia-
gram, in which the vertical arrows are the forgetful functors of Corollary 9.7.6,
commutes.

CommSpBTG
p! //

U

��

CommSpG

U

��
SpBTG

p� q^T

// SpG
(10.9.1)

However, what we really want is the commutativity of the diagram

HoCommSpBTG
Lp! //

HoU
��

HoCommSpG

HoU
��

HoSpBTG

p� q
L
^T

// HoSpG
(10.9.2)
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in which the vertical maps are the forgetful functors (which are homotopical,
so don’t need to be derived), and the horizontal arrows are the left derived
functors indicated. The point of this section is to establish this as
Corollary 10.9.10 below.
In particular for T � G{H, using the equivalence of BG{HG with BH of

Proposition 2.1.38, (10.9.2) becomes

HoCommSpH

HoU
��

LNG
H // HoCommSpG

HoU
��

HoSpH
LNG

H // HoSpG,

(10.9.3)

the homotopy analog of the diagram of Corollary 9.7.6. This means that the
norm of a commutative ring spectrum has the expected homotopy
type.
To clarify the issue, suppose that R P CommSpBTG is a cofibrant T -

diagram of commutative rings. Let R̃ Ñ R be a cofibrant approximation of
the underlying T -diagram of spectra. What needs to be checked is that the
map

pR̃q^T Ñ pRq^T (10.9.4)

is a weak equivalence. The proof involves an elaboration of the notion of
flatness. To motivate it, we describe a bit of the argument.
The main point in the proof is to investigate the situation of a pushout

diagram of equivariant T -diagrams of commutative rings

SymX //

��

SymZ

��
R1

// R2

(as in Definition 2.9.47) in which the top row is constructed by applying the
symmetric algebra functor Sym to a generating cofibration X Ñ Z, and in
which one knows that the map (10.9.4) is a weak equivalence for R � R1. We
would like to conclude that (10.9.4) is also a weak equivalence for R � R2.
To pass from R1 to R2 we use the pushout ring filtration of Definition 2.9.47,

which is derived from the target exponent filtration of Definition 2.9.34 via
the symmetric product filtration of Definition 2.9.45. Its stages are related by
pushout squares

R1 ^ BXSymkZ //

��

R1 ^ SymkZ

��
filR1

k�1R2
// filR1

k R2 ,

(10.9.5)
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as in (2.9.48), where

BXSymkZ � �BXZ^k� {Σk.
To interpolate between

pfilR1

k�1R2q^T and pfilR1

k R2q^T ,
we will use the target exponent filtration of Definition 2.9.34 in which the
diagram of (2.9.31) is the T -diagram of spectra in which each component is
(10.9.5). The upper right hand corner of the diagram of Lemma 2.9.39 is a
wedge of terms of the form

pfilk�1R2q^T0 ^ pR1 ^ SymkZq^T1 ,

indexed by the set-theoretic decompositions T � T0 > T1.
We need to know two things about this expression. One is that the left

derived functor of its formation (in all variables) is computed in terms of
the expression itself, and the other is that formation of each of the pushout
squares we encounter is homotopical. Motivated by this we are led to consider
a technical condition slightly stronger than the requirement that (10.9.4) be
a weak equivalence. That is the subject of the next subsection.

10.9B Equifibrantly flat diagrams
For a map of finite G-sets q : K Ñ L and an equivariant K-diagram X, we
will write

X^pK{Lq :� q^�X

for the indexed smash product, as in § 10.6. This object is an equivariant
L-diagram.

Definition 10.9.6. An equivariant T -diagram X is equifibrantly flat if
it has the following property: for every cofibrant approximation X̃ Ñ X of
equivariant T -diagrams, every diagram of finite G-sets

T K
poo q // L (10.9.7)

and every weak equivalence of equivariant L-diagrams rZ Ñ Z, the map

pp�X̃q^pK{Lq ^ rZ Ñ pp�Xq^pK{Lq ^ Z (10.9.8)

is a weak equivalence.

Our goal is to establish the following result.

Theorem 10.9.9. Cofibrant commutative ring diagrams are equifi-
brantly flat. If R P SpBTG is a cofibrant commutative ring, then the equiv-
ariant T -diagram of spectra underlying R is equifibrantly flat.
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The condition that R be equifibrantly flat certainly implies that (10.9.4) is
a weak equivalence. Theorem 10.9.9 therefore implies

Corollary 10.9.10. Derived indexed smash products of commutative
rings. The diagram of (10.9.2),

HoCommSpBTG
Lp! //

HoU
��

HoCommSpG

HoU
��

HoSpBTG

p� q
L
^T

// HoSpG

commutes up to natural isomorphism. Hence the diagram of (10.9.3) also
commutes, and the norm of a commutative ring spectrum has the expected
homotopy type.

Remark 10.9.11. Since identity maps are weak equivalences, the condition
of being equifibrantly flat implies that every arrow in the diagram

pp�X̃q^pK{Lq ^ rZ //

��

pp�X̃q^pK{Lq ^ Z

��
pp�Xq^pK{Lq ^ rZ // pp�Xq^pK{Lq ^ Z

(10.9.12)

is a weak equivalence. In particular it implies that p�X̃q^pK{Lq are pp�Xq^pK{Lq
is flat as in Definition 5.1.20.

Since X̃^pK{Lq is cofibrant (Theorem 10.2.4), and cofibrant objects are flat
(Proposition 9.6.5), the top arrow in (10.9.12) is always a weak equivalence.
It therefore suffices to check the equifibrantly flat condition when rZ Ñ Z is
the identity map. This corresponds to the two vertical arrows in (10.9.12).

If (10.9.8) is a weak equivalence for one cofibrant approximation it is a weak
equivalence for any cofibrant approximation. It therefore suffices to check the
“equifibrantly flat” condition for a single cofibrant approximation X̃ Ñ X.

Lemma 10.9.13. Wedges, smash products and filtered colimits pre-
serve equifibrant flatness. Arbitrary wedges of equifibrantly flat spectra
are equifibrantly flat. Smash products of equifibrantly flat spectra are equifi-
brantly flat. Filtered colimits of equifibrantly flat equivariant T -diagrams along
h-cofibrations are equifibrantly flat.

Proof The first assertion follows easily from the distributive law, and the
fact that the formation of indexed wedges is homotopical. The second follows
from the fact that the formation of indexed smash products is symmetric
monoidal. The third makes use of Proposition 3.5.26. The details are left to
the reader.
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Example 10.9.14. Here is one motivation for the definition of equifibrant
flatness. Suppose we are given a pushout square of equivariant J-diagrams

A //

��

B

��
X // Y

and we are interested in the filtration of Y ^pK{Lq described in §2.9C, whose
stages are related by pushout squaresª

p`,K1qPGn

X^K0 ^ BAB^K1 //

��

ª
p`,K1qPGn

X^K0 ^B^K1

��
filn�1Y

^K{L // filnY ^K{L ,

(10.9.15)

where Gn � GnpK{Lq is the G-set of pairs p`,K1q with ` P L and K1 � q�1p`q
a subset of cardinality n, and the map Gn Ñ L sends p`,K1q to `. For
p`,K1q P Gn we have written K0 to denote the complement of K1 in q�1p`q.

The condition that B be equifibrantly flat gives some control over the upper
right term. To see this let Vn � VnpK{Lq be the set of triples p`,K1, kq with
p`,K1q P Gn and k P K1. We define maps

J Vn
foo g // Gn

qpkq p`,K1, kq�oo � // p`,K1q
The spectra X^K0 form an equivariant Gn-diagram, which we denote Z. The
B^K1 are the constituents of pf�Bq^pVn{Gnq, and so the indexed wedge occur-
ring in the pushout square isª

Gn

Z ^ pf�Bq^pVn{Gnq.

Since the formation of indexed wedges is homotopical, its homotopy properties
come down to understanding the homotopy properties of the equivariant Gn-
diagram Z ^ f�B^pVn{Gnq, some of which are specified by the condition that
B be equifibrantly flat.

By replacing the category of equivariant T -diagrams with its arrow category,
we arrive at the notion of a equifibrantly flat object of SpBTG

1 . The formal
properties of being equifibrantly flat persist in this context, and in particular
the analogues of Remark 10.9.11 and Lemma 10.9.13 hold.
To get a feel for the more particular aspects of equifibrantly flat arrows,

suppose that pW Ñ Y q is an object of SpBTG
1 , and pW̃ Ñ Ỹ q is a cofibrant

approximation to it. Consider a weak equivalence of the form

pX̃ Ñ �q Ñ pX Ñ �q.
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In this case the equifibrantly flat condition becomes that

pp�pỸ {W̃ q^pK{Lq ^ X̃ Ñ �q
��

pp�pY {W q^pK{Lq ^X Ñ �q
is a weak equivalence. This is so if and only if Y {W is equifibrantly flat.
Next consider a weak equivalence of the form

p� Ñ X̃q Ñ p� Ñ Xq.
The equifibrantly flat condition in this case is that

pBp�W̃ p�Ỹ ^pK{Lq Ñ p�Ỹ ^pK{Lqq ^ X̃

��
pBp�W p�Y ^pK{Lq Ñ p�Y ^pK{Lqq ^X

is a weak equivalence. This holds if and only if Y is equifibrantly flat and
pW Ñ Y q satisfies the condition that

Bp�W̃ p�Ỹ ^pK{Lq ^ X̃ Ñ Bp�W p�Y ^pK{Lq ^X (10.9.16)

is a weak equivalence. If we happen to know that the indexed corner maps

Bp�W̃ p�Ỹ ^pK{Lq Ñ Ỹ ^pK{Lq and Bp�W p�Y ^pK{Lq Ñ Y ^pK{Lq

are h-cofibrations, then the leftmost horizontal maps in

Bp�W̃ p�Ỹ ^pK{Lq ^ X̃ //

��

p�Ỹ ^pK{Lq ^ X̃ //

��

p�pỸ {W̃ q^pK{Lq ^ X̃

��
Bp�W p�Y ^pK{Lq ^X // p�Y ^pK{Lq ^X // p�pY {W q^pK{Lq ^X

are h-cofibrations, hence flat. Thus the middle and left vertical arrows are
weak equivalences if and only if the middle and right vertical arrows are, or
in other words if and only if both Y and Y {W are equifibrantly flat. So in the
presence of the condition above, a necessary condition that pW Ñ Y q be a
equifibrantly flat arrow is that Y and Y {W are equifibrantly flat. This turns
out to be sufficient. We single out this condition for future reference.

Condition 10.9.17. For every T pÐÝ K
qÝÑ L the corner map

Bp�W pp�Y q^pK{Lq Ñ pp�Y q^pK{Lq

is an h-cofibration.

Remark 10.9.18. By Proposition 10.3.8 and the monoid axiom for SpBLG
1 ,

a cofibrant object pW Ñ Y q of SpBTG
1 is equifibrantly flat and satisfies Con-

dition 10.9.17.
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Lemma 10.9.19. A condition that makes a morphism of diagrams
equifibrantly flat. If W1 Ñ W2 satisfies Condition 10.9.17, and both W1

and W2{W1 are equifibrantly flat, then W � pW1 ÑW2q is equifibrantly flat.

Proof Fix a diagram of finite G-sets

T
pÐÝ K

qÝÑ L

let W̃ � pW̃1 Ñ W̃2q be a cofibrant approximation to W � pW1 ÑW2q, and

X̃ Ñ X

X̃ � pX̃1 Ñ X̃2q
X � pX1 Ñ X2q

a weak equivalence in SpBLG
1 . By Remark 10.9.18, W̃ also satisfies the condi-

tions of the lemma. Let

X 1 Ñ X Ñ X2

be the sequence

p� Ñ X2q Ñ pX1 Ñ X2q Ñ pX1 Ñ �q.

and X̃ 1 Ñ X̃ Ñ X̃ 1 the analogous sequence for X̃. The maps X 1 Ñ X and
X̃ 1 Ñ X̃ are not h-cofibrations, but they are so objectwise, and hence flat.
Consider the diagram

p�W̃^pK{Lq ^ X̃ 1 //

��

p�W̃^pK{Lq ^ X̃ //

��

p�W̃^pK{Lq ^ X̃2

��
p�W^pK{Lq ^X 1 // p�W^pK{Lq ^X // p�W^pK{Lq ^X2 .

(10.9.20)

Our aim is to show that the middle vertical map is a weak equivalence.
The first step is to show that the left horizontal maps are flat. This reduces

us to checking that the left and right vertical maps are weak equivalences. For
this, let’s examine the bottom left horizontal map in more detail. It is given
by

pBp�W1
p�W

^pK{Lq
2 ^X2 Ñ p�W

^pK{Lq
2 ^X2q

��
pC Ñ p�W

^pK{Lq
2 ^X2q

(10.9.21)
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in which C is defined by the pushout diagram

Bp�W1
p�W

^pK{Lq
2 ^X1

//

��

p�W
^pK{Lq
2 ^X1

��
Bp�W1

p�W
^pK{Lq
2 ^X2

// C.

(10.9.22)

When W1 Ñ W2 satisfies Condition 10.9.17 the top map in (10.9.22) is an
h-cofibration, hence so is the bottom map. This means that (10.9.21) is an
objectwise h-cofibration, and so flat. Since W̃1 Ñ W̃2 also satisfies Condi-
tion 10.9.17 the upper left horizontal map in (10.9.20) is also flat. Thus we
are reduced to checking that the maps

p�W̃^pK{Lq ^ X̃ 1 Ñ p�W p^K{Lq ^X 1

p�W̃^pK{Lq ^ X̃2 Ñ p�W p^K{Lq ^X2

are weak equivalences. As described above, this fact for the second map follows
from the assumption that W2{W1 is equifibrantly flat. The assertion in the
case of the first map is that the middle and left vertical arrows in

Bp�W̃1
p�W̃

^pK{Lq
2 ^ X̃2

//

6�
��

p�W̃
^pK{Lq
2 ^ X̃2

//

�

��

p�pW̃2{W̃1q^pK{Lq ^ X̃2

�

��
Bp�W1

p�W
^pK{Lq
2 ^X2

// p�W^pK{Lq
2 ^X2

// p�pW2{W1q^pK{Lq ^X2

are weak equivalences. SinceW2 andW2{W1 are equifibrantly flat, the middle
and right vertical maps are weak equivalences. Condition 10.9.17 shows that
the left horizontal maps are h-cofibrations, hence flat. It follows that the left
vertical map is a weak equivalence.

We can now establish an important technical fact used in the proof of
Theorem 10.9.9.

Lemma 10.9.23. A condition that makes a corner map of diagrams
equifibrantly flat. Suppose that W Ñ Y is a cofibrant object of SpBTG

1 , I is
a G-set and Λ � ΛI a G-stable subgroup. Then

SymI
ΛpW Ñ Y q � pBWSymI

ΛY Ñ SymI
ΛY q

is equifibrantly flat.

Proof Proposition 10.6.8 implies that in this situation the map SymI
ΛpW Ñ

Y q satisfiesCondition 10.9.17, and that for every cofibrant Y , SymI
ΛY is

equifibrantly flat (so both SymI
ΛY and SymI

ΛpY {W q are equifibrantly flat
). The result then follows from Lemma 10.9.19.
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Example 10.9.24. Continuing with Example 10.9.14, the top map in (10.9.15)
arises naturally in the arrow category as

ª
GnpK{Lq

Z ^ pp�pW Ñ Y q^pK{Lqq,

where Z is the identity arrow of the diagram X^T0 . Since the formation of
indexed wedges is homotopical, the information in the homotopy type of this
expression is contained in the GnpK{Lq-diagram Z^pp�pW Ñ Y q^pK{Lqq. The
condition that pW Ñ Y q be equifibrantly flat thus specifies good homotopical
properties of the top map in (10.9.15).

Lemma 10.9.25. A condition that makes a pushout of a diagram
equifibrantly flat. Consider a pushout square

W //

��

Y

��
X // Z

(10.9.26)

in which pW Ñ Y q is a equifibrantly flat object of SpBTG
1 satisfying Condi-

tion 10.9.17. If X is equifibrantly flat, then so is Z.

Proof Using the fact that cofibrations are flat, we can arrange things so that
the cofibrant approximation rZ Ñ Z fits into a pushout square

W̃ //

��

Ỹ

��
X̃ // rZ

(10.9.27)

of cofibrant approximations to (10.9.26), in which W̃ Ñ Ỹ is a cofibration.
We give Z̃^pK{Lq and Z^pK{Lq the filtration described in §2.9C. We will prove
by induction on n that for any weak equivalence rZ Ñ Z of equivariant T -
diagrams, the map

filn rZ^K ^ rZ Ñ filnZ
^K ^ Z (10.9.28)

is a weak equivalence. The case n � 0 is the assertion that X is equifibrantly
flat, which is true by assumption. For the inductive step, consider the diagram
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ª
GnpK{Lq

X̃^K0 ^ BW̃ Ỹ ^K1 ^ rZ
wwooo

o
))SSS

SS

��

filn�1
rZ^K ^ rZ

��

ª
GnpLq

X̃^K0 ^ Ỹ ^K1 ^ rZ

��

ª
GnpK{Lq

sX^K0 ^ BWY ^K1 ^ Z

wwooo
oo ))SSS

SS

filn�1Z
^K ^ Z

ª
GnpK{Lq

X^K0 ^ Y ^K1 ^ Z .

The map from the pushout of the top row to the pushout of the bottom
row is (10.9.28). The rightmost horizontal maps are h-cofibrations by Condi-
tion 10.9.17. The left vertical map is a weak equivalence by induction, and the
other two vertical maps are weak equivalences since pW Ñ Y q is equifibrantly
flat (Example 10.9.24). The map of pushouts is therefore a weak equivalence
since h-cofibrations are flat.

10.9C The proof of Theorem 10.9.9
Since the class of equifibrantly flat T -diagrams is closed under the formation
of filtered colimits along h-cofibrations by Lemma 10.9.13, it suffices to show
that if W Ñ Y is a generating cofibration in SpBTG,

SymW //

��

SymY

��
X // Z

is a pushout square of commutative T -algebras, and X is equifibrantly flat,
then Z is equifibrantly flat. Working fiberwise, the pushout ring filtration of
Definition 2.9.47 gives a filtration of Z byX-modules, whose stages are related
by the pushout squares

X ^ BWSymmY //

��

X ^ SymmY

��
film�1Z // filmZ .

(10.9.29)

We show by induction on m that each filmZ is equifibrantly flat. Since fil0Z �
X, the induction starts. The arrow pBWSymmY Ñ SymmY q is equifibrantly
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flat by Lemma 10.9.23. This means that the top row of (10.9.29) is a equifi-
brantly flat arrow, since smash products of equifibrantly flat objects are equifi-
brantly flat (Lemma 10.9.13). This places us in the situation of Lemma 10.9.25,
which completes the inductive step.

10.10 Twisted monoid rings

We will describe a method of constructing various equivariant ring spectra.
They will be used in §12.2 and §12.4.

10.10A Definitions
Definition 10.10.1. Let V be a virtual representation of a subgroup H � G. A
positive representative of V is a pair of representations pV 1, V 2q of actual
representations such that V � V 1 � V 2 with pV 2qH positive dimensional,
i.e., V 2 has a nonzero vector fixed by H. For such a choice we define SV

to be the spectrum S�V
2 ^ SV

1 , where S�V
2 is the Yoneda spectrum as in

Definition 7.2.52 and the space SV 1 is the one point compactification of V 1 as
in §8.9.

The existence of a nonzero H-invariant vector in V 2 insures the cofibrancy
of S�V 2 ^ SV

1 in the positive equifibrant model structure, with or without
stabilization.

Definition 10.10.2. Given a positive representative of V as in Definition 10.10.1,
the free associative algebra or twisted monoid ring generated by SV

is

S�0rSV s :�
ª
k¥0

�
S�V

2 ^ SV
1
	^k

�
ª
k¥0

S�kV
2 ^ SkV

1

.

The underlying stable homotopy type of S�0rSV s is that of a wedge of
spheres, one in each nonnegative dimension divisible by |V |. In particular it
has the stable homotopy type of a suspension spectrum. However the positivity
condition of Definition 10.10.1 implies that it appears not to be isomorphic
to a suspension spectrum (since S�V 2 is not one), hence our use of the word
twisted.
Let x P πHV S

�0rSV s be the homotopy class of the generating inclusion.
Then πH� S�0rSV s is a free module over πH� S�0 on the set

 
1, x, x2, . . .

(
. For

this reason we will sometimes write

S�0rSV s � S�0rxs. (10.10.3)

It is not commutative because the map SV ^ SV Ñ S2V does not factor
through the orbit spectrum pSV ^ SV qΣ2

.
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Example 10.10.4. Noncommutativity. Consider the case SV � S�1 ^ S1,
so we have a Σ2 action on SV ^ SV � S�2 ^ S2. As a coend we have

S�2 ^ S2 �
»

J

S�n ^Jp2, nq ^ S2 �
»

J

S�n ^Jp2, nq ^Jp0, 2q.

The symmetric group Σ2 acts nontrivially on both Jp2, nq and Jp0, 2q via its
permutation action on R2. Recall that the map e2 : S�2^S2 Ñ S�0 of (7.2.68)
is induced by the composition map j0,2,n : Jp2, nq ^ Jp0, 2q Ñ Jp0, nq
of Definition 8.9.24. This j is Σ2-equivariant with respect to the specified
action on the source and the trivial action on the target. The orbit spectrum
pS�2 ^ S2qΣ2

has as its nth space

Jp2, nqΣ2
^Jp0, 2qΣ2

.

Since S�0rSV s is an H-spectrum, we can apply the norm functor NG
H of

Definition 9.7.3 to it and get

S�0rG � SV s :� NG
H pS�0rSV sq.

More explicitly we have

NG
H

�
S�0rSV s� � ©

jPG{H

�
8ª
n�0

S^nVj

�
,

where Vj is the virtual representation of gHg�1 whose positive representative
pV 1
j , V

2
j q is the precomposition of pV 1, V 2q with the canonical isomorphism

gHg�1 Ñ H. As in (10.10.3) we will write this as

S�0rG � SV s � S�0rG � xs. (10.10.5)

We can smash together such ring spectra for a set of positive representatives
pV 1
i , V

2
i q of various virtual representations of various subgroups Hi of G. We

will denote the resulting G-equivariant associative algebra by

R � S�0rG � x1, G � x2, . . . s with xi P πHi

Vi
rSVis.

When the set we are considering is infinite, we will smash together the first
m of them and then pass to the colimit as m increases. More explicitly, let

Bm �
º

1¤i¤m

G{Hi.

Then we have

Rm �
©
bPBm

�
8ª
n�0

S^nVb

�
(10.10.6)

where Vb for b P G{Hi is the virtual representation of gHig
�1 whose positive

representative pV 1
b , V

2
b q is the precomposition of pV 1

i , V
2
i q with the canonical

isomorphism gHig
�1 Ñ Hi.
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Since (10.10.6) describes Rm as a smash product of wedges, we can use
the distributive law of Proposition 2.9.20 to rewrite it as a wedge of smash
products. In the case at hand, the binary operations ` and b are replaced
by _ and ^. In the notation of Proposition 2.9.20, the category L is trivial,
but J and K are not discrete as in Definition 2.1.7. Let Km � BBmG and
as in Example 2.9.1, and Jm � Km � N where N is the discrete category
associated with the natural numbers N, and the functor pm : Jm Ñ Km is
given by pb, nq ÞÑ b. Then the category Γm of sections Km Ñ Jm is the set
NBm of N-valued functions on the G-set Bm.
Then Proposition 2.9.20 gives

Rm �
ª
fPΓm

SVf where Vf �
¸
bPBm

fpbqVb.

Here Vf is a virtual representation of the stabilizer Hf of f with positive
representative � à

bPBm

fpbqV 1
b ,

à
bPBm

fpbqV 2
b

�
.

The G-set Γm is an abelian monoid under addition of functions, and the ring
structure on Rm is the indexed sum of the isomorphisms

SVf ^ SVg � SVf`Vg � SVf�g .

When our ring spectrum R involves infinitely many xi, we pass to the
colimit of spectra Tm as above. This means the finite G-sets Bm get replaced
by an infinite one,

B � colim
m

Bm,

and the category and abelian monoid

Γ � colim
m

Γm

is that of finitely supported N-valued functions on B. Thus we have

R � colim
m

Rm �
ª
fPΓ

SVf . (10.10.7)

with Vf defined as in the finite case.

10.10B Ideals
Definition 10.10.8. A monoid ideal in an abelian monoid L is a subset I
with I �L � I. Its nth power is nI, the set of n-fold sums of elements in I.

For a G-invariant monoid ideal I � Γ for Γ as in (10.10.7), the correspond-
ing monomial ideal is the G-spectrum

RI �
ª
fPI

SVf ,
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which is a sub-bimodule of R.

Monomial ideals in a monoidal product of free associative algebras in a
closed symmetric monoidal category were discussed in §2.9G.

Example 10.10.9. Some monomial ideals.

(i) [(i)] Let I be the set of all nonzero elements of Γ, the augmentation
ideal. We denote the corresponding spectrum by pG � x1, G � x1, . . . q.

(ii) [(ii)] Let dim : ΓÑ N be given by

dim f � |Vf | �
¸
bPB

fpbq|Vb|.

When |Vb| ¡ 0 for all b P B, the set Id � tf : dim f ¥ du is a monoid ideal,
and the corresponding monoidal ideal Md is the wedge of all “spheres” in
R of dimension ¥ d, and

Md{Md�1 �
ª

dim f�d

SVf .

10.10C The method of twisted monoid rings
Definition 10.10.10. Suppose that

fi : Bi Ñ R, i � 1, . . .m

are algebra maps from associative algebras Bi to a commutative algebra R.
The smash product of the fi is the algebra map©

m

Bi

�
m fi // R^m // R

in which the right most map is the iterated multiplication.
If B is an H-equivariant associative algebra, and f : B Ñ iGHR is an algebra

map, we define the norm of f to be the G-equivariant algebra map

NG
HB Ñ R

given by
NG
HB Ñ NG

H piGHRq Ñ R,

in which the rightmost map is the counit of the adjunction described in Corol-
lary 10.7.5.

These constructions make it easy to map a twisted monoid ring to a com-
mutative algebra. Suppose that R is a fibrant G-equivariant commutative
algebra, and we have a sequence

xi P πHi

Vi
R, i � 1, 2, . . . .
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A choice of positive representative pV 1
i , V

2
i q of Vi and a map

SVi Ñ R

representing xi determines an associative algebra map

S�0rxis Ñ R.

Applying the norm gives a G-equivariant associative algebra map

S�0rG � xis Ñ R.

By smashing these together we can make a sequence of equivariant algebra
maps

S�0rG � x1, . . . , G � xms Ñ R.

Passing to the colimit gives an equivariant algebra map

S�0rG � x1, G � x2, . . . s Ñ R (10.10.11)

representing the sequence xi. We will refer to this process by saying that the
map (10.10.11) is constructed by the method of twisted monoid rings.
The whole construction can also be made relative to a commutative algebra

E. Let

ErG � x1, G � x2, . . . s :� E ^ S�0rG � x1, G � x2, . . . s (10.10.12)

Then we have an E-algebra map

ErG � x1, G � x2, . . . s Ñ R (10.10.13)

when R is a commutative E-algebra.

10.10D Quotient modules
One important construction in ordinary stable homotopy theory is the for-
mation of the quotient of a module M over a commutative algebra R by the
ideal generated by a sequence tx1, x2, . . . u � π�R. This is done by inductively
forming the cofiber sequence of R-modules

Σ|xn|M{px1, . . . , xn�1q ÑM{px1, . . . , xn�1q ÑM{px1, . . . , xnq (10.10.14)

and passing to the homotopy colimit in the end. There is an evident equiva-
lence

M{px1, . . . q �M
R̂
R{px1, . . . q

when M is a cofibrant R-module. The situation is slightly trickier in equivari-
ant stable homotopy theory, where the group G might act on the elements xi,
and prevent the inductive approach described above. The method of twisted
monoid rings (§10.10C) can be used to get around this difficulty.
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Suppose that R is a fibrant equivariant commutative algebra, and that

xi P πHi

Vi
pRq i � 1, 2, . . .

is a sequence of equivariant homotopy classes. Using the method of twisted
monoid rings, construct an associative R-algebra map

T � RrG � x1, G � x2, . . . s Ñ R. (10.10.15)

Using this map, we may regard an equivariant R-module M as a T -module.
In addition to (10.10.15) we will make use of the augmentation ε : T Ñ R

sending the xi to zero.

Definition 10.10.16. The quotient module M{pG�x1, . . . q is the R-module

M
L

T̂
R

in which T acts on M through the map (10.10.15) and on R through the
augmentation.

The symbol L^ denotes derived smash product. By Proposition 10.8.3 it can
be computed by taking a cofibrant approximation in either variable.
Let us check that this construction reduces to the usual one when G is

trivial and M is a cofibrant R-module. For ease of notation, write

T � Rrx1, . . . s
Tn � Rrx1, . . . , xns.

Using the isomorphism

T � Tn
R̂
Rrxn�1, . . . s

one can construct an associative algebra map

T Ñ Rrxn�1, . . . s
by smashing the augmentation

Tn Ñ R

sending each xi to 0, with the identity map of Rrxn�1, . . . s. By construction,
the evident map of T -algebras

colim
n

Rrxn�1, . . . s Ñ R

is an isomorphism, and hence so is the map

colim
n

M
T̂
Rrxn�1, . . . s ÑM

T̂
R.

In fact this isomorphism is also a derived equivalence. To see this, construct
a sequence

� � � Ñ Nn�1 Ñ Nn�2 Ñ � � �
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of cofibrations of cofibrant left T -module approximations to

� � � Ñ Rrxn�1, . . . s Ñ Rrxn�2, . . . s Ñ � � � .
We have

π�colim
n

Nn � colim
n

π�Nn � colim
n

pπ�Rqrxn, . . . s � π�R

from which one concludes that the map

colim
n

Nn Ñ colim
n

Rrxn, . . . s

is a cofibrant approximation. It follows that

M{px1, . . . q � hocolim
n

M{px1, . . . , xnq.

To compare M{px1, . . . , xn�1q with M{px1, . . . , xnq let Tn Ñ Rrxns be as-
sociative algebra map constructed from the isomorphism

Tn � Tn�1
R̂
Rrxns.

by smashing the augmentation of Tn�1 with the identity map of Rrxns. We
have

M{px1, . . . , xn�1q �M ^
Tn�1

R �M
T̂n

Tn ^
Tn�1

R �M
T̂n

Rrxns.

By Proposition 10.8.3,

M
T̂n

Rrxns

is a cofibrant Rrxns-module. The cofiber sequence (10.10.14) is now con-
structed by applying the functor

M{px1, . . . , xn�1q ^
Rrxns

p� q.

to the pushout diagram of Rrxns bimodules

pxnq //

��

Rrxns

��
� // R

and appealing to Corollary 10.8.4.
A similar discussion applies to the equivariant situation, giving

M{pG � x1, . . . q � colim
n

M{pG � x1, . . . , G � xnq,

a relation

M{pG � x1, . . . , G � xnq �M{pG � x1, . . . , G � xn�1q ^
RrG�xns

R,
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and a cofiber sequence

pG � xnq �M{pG � x1, . . . , G � xn�1q
��

M{pG � x1, . . . , G � xn�1q
��

M{pG � x1, . . . , G � xnq,
derived by applying the functor

M{pG � x1, . . . , G � xn�1q ^
RrG�xns

p� q

to
pG � xnq Ñ RrG � xns Ñ R.

One can also easily deduce the equivalences

R{pG � x1, . . . , G � xnq � R{pG � x1q
R̂
� � �

R̂
R{pG � x1q

and
R{pG � x1, . . . q � colim

n
R{pG � x1q

R̂
� � �

R̂
R{pG � xnq.

These expressions play an important role in the proof Lemma 12.4.23, which
is a key step in the proof the Reduction Theorem 12.4.8.



PART THREE

PROVING THE KERVAIRE INVARIANT
THEOREM





11

The slice filtration and slice spectral sequence

The slice spectral sequence is our main computational tool. It is named after
an analogous construction in motivic homotopy theory [Voe02, Voe04, Lev13,
Hoy15].
The slice filtration, which we study in §11.1, is an equivariant analogue of

the Postnikov tower, to which it reduces in the case of the trivial group. In
this chapter we introduce the slice filtration and establish some of its basic
properties. We work for the most part with a general finite group G, though
our application to the Kervaire invariant problem involves only the case G �
C2n . While the situation for general G exhibits many remarkable properties,
the reader should regard as exploratory the apparatus of definitions at this
level of generality.
There are two differences between the presentation here and that of [HHR16].

 Our slice spheres (called slice cells in [HHR16]) of Definition 11.1.3, in-
volve multiples (both positive and negative) of regular representations of
subgroups H � G. In [HHR16, Definition 4.1] slices cells are the objects
identified in Definition 11.1.1 and their single desuspensions; see Re-
mark 11.1.5. The current definition was not available when [HHR16] was
written. It leads to better multiplicative properties than we had before.

 We use the recent work of Yarnall and the first author [HY18] to characterize
slice connectivity (Definition 11.1.11) in terms of ordinary connectivity of
geometric fixed points; see §11.1D.

In §11.2 we study the slice spectral sequence, which is the homotopy spectral
sequence of the slice tower of Definition 11.1.42. We show that it converges
and is concentrated in certain parts of the first and third quadrants when
displayed with the Adams convention. This is illustrated in Figure 11.1. We
also discuss an ROpGq-graded form of the spectral sequence.
In §11.3 we discuss cases when the slice filtration has a particularly conve-

nient form: each slice or layer is the smash product of the Eilenberg-MacLane
spectrum HZ with a wedge of slice spheres of the appropriate dimension.
These are the spherical slices of Definition 11.3.14. We call a spectrum pure
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(Definition 11.3.14) if all of its slices are spherical and bound, that is in-
duced up from nontrivial subgroups. It turns out that all slices of the spectra
we need to compute with have this property. Its convenience is apparent in
Lemma 11.3.16 and Theorem 11.3.17. The latter says that a map between
such spectra is a weak equivalence of G-spectra if the underlying map is an
ordinary stable equivalence of spectra.
§11.4 is more technical and makes use of the machinery developed in §10.7.

Here we have to be more careful and replace the slice spheres of Defini-
tion 11.1.1 with cofibrant approximations. We show that slice connectivity is
preserved by indexed wedges (Proposition 11.4.2), indexed smash products
(Proposition 11.4.4) and indexed symmetric powers (Proposition 11.4.10).
Then we show in Theorem 11.4.13 that each stage of the slice tower of a
commutative ring spectrum is again a commutative ring spectrum.

A word about notation and negative dimensions. In this chapter we
will often speak of cells in both negative and positive dimensions. We remind
the reader that for n ¥ 0, Sn denotes the n-dimensional sphere, which is a
pointed topological space, while S�n denotes a Yoneda spectrum as in Defi-
nition 7.2.52. In particular, the symbols S0 and S�0 have different meanings.
The letter denotes the sphere spectrum, and the suspension spectrum of a
pointed space X is X ^ S�0 or Σ8X.
When n   0, we will usually write S�|n| rather than Sn to emphasize that

we mean a spectrum rather than a space. We will sometimes refer to S�n (for
n ¡ 0) as the Spanier-Whitehead dual (see §8.0C) of Sn^S�0 � ΣnS�0 �
Σ8Sn. The map ξ0,n : Sn ^ S�n Ñ S�0 of (7.2.63) is a stable equivalence.
Similar remarks apply in the equivariant case.

11.1 The filtration behind the spectral sequence

11.1A The Postnikov filtration of a spectrum
We begin by recalling the classical Postnikov filtration. Given a space or spec-
trum X, one can kill its homotopy groups above dimension n by attaching
cells of dimension ¡ n� 1, and doing so does not alter the homotopy groups
in dimensions ¤ n. In this way one obtains a map X Ñ PnX, where PnX is
the nth Postnikov section of X satisfying

πkP
nX �

"
πkX for k ¤ n

0 for k ¡ n.

Since PnX is obtained from X by attaching cells, the map X Ñ PnX is a
cofibration. The fiber of this map is Pn�1X, the n-connected cover of X. We
denote the fiber of the map PnX Ñ Pn�1X by PnnX. It is the Eilenberg-
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MacLane space or spectrum satisfying

πkP
n
nX �

"
πnX for k � n

0 otherwise.

The diagram

PnnX

��

Pn�1
n�1X

��
� � � // PnX // Pn�1X // � � �

is the Postnikov tower of X. The limit and colimit of the bottom row are
X and � respectively.
The category τn of pn�1q-connected spaces is an example of a localizing sub-

category as in Definition 6.3.12. Then, using the notation of Theorem 6.3.17,
we have Pn � P τn and Pn�1 � Pτn .
The category of spectra Sp is known to be Hirschhorn as in Definition 6.3.2,

so we can do a similar construction there with τn being the localizing subcat-
egory generated by Σ8Sn.

11.1B Slice spheres
We will define a nested sequence of localizing subcategories of SpG analogous
to the τns above. They will be generated by certain finite G-CW complexes
we call slice spheres, which are merely spheres when G is trivial. They will
enable us to construct an equivariant analog of the Postnikov tower we call
the slice tower in §11.1E. In §11.1D we will give an equivalent and easier to
work with definition of these subcategories in terms of geometric connectivity.

Definition 11.1.1. Slice spheres. For a subgroup H � G let ρH denote its
regular representation, and write

pSpm,Hq � G

H

"
SmρH ^ S�0 for m ¥ 0

S�|m|ρH for m   0.

Note here that we are defining a G-spectrum pSpm,Hq. The symbol SmρH for
m ¥ 0 denotes a pointed H-space (the one point compactification of the vector
space mρH), which we need to convert to a suspension spectrum by smashing
with the sphere spectrum S�0. For m   0, the symbol S�|m|ρH already denotes
an H-spectrum, namely the Yoneda spectrum of Definition 7.2.52. We refer
to these spectra as slice spheres.

These spectra are Bredon cofibrant as in Definition 9.2.15, but for m ¥ 0

they are not cofibrant in the positive stable equifibrant model structure of
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Theorem 9.2.13. The spectra S�1 ^ S1 ^ pSpm,Hq are cofibrant replacements
for them that we use in §11.4 below. For m   0, we have

SmρH � S�|m|ρh � S�|m| ^ S�|m|ρH ,

(where ρH denotes the reduced regular representation of H as in Exam-
ple 8.9.8), which is cofibrant. Thus we define

pScpm,Hq � #
S�1 ^ S1 ^ pSpm,Hq for m ¥ 0pSpm,Hq otherwise.

(11.1.2)

We refer to these spectra as cofibrant slice spheres.

Definition 11.1.3. The set of G-slice spheres (or just slice spheres when
the group G is clear from the context) is

tpSpm,Hq | m P Z,H � Gu.
The set of cofibrant G-slice spheres is

tpScpm,Hq | m P Z,H � Gu.
Remark 11.1.4. Slice spheres and their cofibrant replacements. Most
definitions and statements in this chapter will be made in terms of slice
spheres, but they could be stated in terms of cofibrant slice spheres. The dis-
tinction only become important in §11.4 where it is import to keep everything
cofibrant to insure that certain constructions (such as symmetric products)
are homotopical.

Remark 11.1.5. The original definition of slice spheres. In [HHR16,
Definition 4.1] these spectra were called slice cells and the set of them was
defined to be

tpSpm,Hq,Σ�1 pSpm,Hq | m P Z,H � Gu;
it included the single desuspensions of the slice spheres of Definition 11.1.3.
We learned later that the desuspensions were not needed and that the resulting
slice tower of §11.1E has better properties without them. The details were first
published in [Ull13].

The terminology in the following is meant to resemble that of Defini-
tion 8.4.14.

Definition 11.1.6. A G-slice sphere is moving or induced up from H if
it is of the form

G

H

pS,
where pS is an H-slice sphere and H � G is a proper subgroup; otherwise it
is stationary. It is free if H is the trivial group. A slice sphere is bound
(called isotropic in [HHR16, Definition 1.12]) if it is not free.
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Since

rG

H
S,XsG � rS, iGHXsH and

rX,G

H
SsG � riGHX,SsH ,

induction on |G| usually reduces claims about stationary slice spheres, namely
ones of the form Σ8SmρG for m ¡ 0 and SmρG for m ¤ 0.

Definition 11.1.7. The dimension of a slice sphere is defined by

dim pSpm,Hq � m|H|.
In other words the dimension of a slice sphere is that of its underlying

spheres.

Remark 11.1.8. The ordinary suspension or desuspension of a slice sphere
need not be a slice sphere when the subgroup H is nontrivial.

The following is immediate from the definition.

Proposition 11.1.9. Restrictions of slice spheres. Let H � G be a
subgroup. If pS is a G-slice sphere of dimension n, then iGH

pS is a wedge of
H-slice spheres of dimension n. If pS is an H-slice sphere of dimension n then
G

H

pS is a G-slice sphere of dimension n.

The slice spheres behave well under the norm.

Proposition 11.1.10. Norms of slice spheres. Let H � G be a subgroup.
If xW is a wedge of H-slice spheres, then NG

H
xW is a wedge of G-slice spheres.

Proof The wedges of H-slice spheres are exactly the indexed wedges (as in
Definition 2.9.6) of spectra of the form SmρK for K � H, and m P Z. Since
regular representations induce up to regular representations, Proposition 9.7.8
and the indexed distributive law (Proposition 2.9.20) show that the norm of
such an indexed wedge is an indexed wedge of SmρK with K � G and m P Z.
The claim follows.

11.1C Slice connected and slice coconnected spectra
Underlying the theory of the Postnikov tower is the notion of “connectivity”
and the class of pn � 1q-connected spectra. In this section we describe the
slice analogues of these ideas. We will see in §11.1D that slice connectivity
as in Definition 11.1.11 below coincides with the geometric connectivity of
Definition 9.11.7. This means that slice connectivity plays nicely with smash
products, as stated in Corollary 11.1.28 below.
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Definition 11.1.11. A G-spectrum Y is slice n-coconnected (called slice
n-null in [HHR16]), written

Y   n or Y ¤ n� 1

if for every slice sphere pS with dim pS ¥ n the space SpGppS, Y q is contractible. A
G-spectrum X is slice n-connected (slice n-positive in [HHR16]), written

X ¡ n or X ¥ n� 1

if it is in the localizing subcategory (Definition 6.3.12) generated by the set!pSpm,Kq : m|K| ¡ n
)
, (11.1.12)

which we denote by SpG¡n or SpG¥n�1.
Similarly, the full subcategory of SpG consisting of X with X   n will be

denoted by SpG n or SpG¤n�1. We will use the terms slice connected and
slice coconnected instead of “slice 0-connected” and “slice 0-coconnected.”

The nth slice layer category SpG�n (whose objects are n-slices as in
Definition 11.1.42 below) is the intersection

SpG¥n X SpG¤n,

the category of spectra which are both slice pn � 1q-connected and pn � 1q-
coconnected.

Remark 11.1.13. A generator for SpG¡n. As noted in Remark 6.3.15, the
generating set of (11.1.12) could be replaced by the singleton consisting of the
wedge of all the spectra in the set. In the case at hand we can get by with just
a finite wedge of slice spheres. The reader can verify that

SρG ^ pSpm,Kq � pSpm� |G{K|,Kq.
This means that SpG¡n is generated byª

K�G
n m|K|¤n�|G|

pSpm,Kq.
Remark 11.1.14. Notation in other papers. The category SpG¥n as de-
fined above is denoted by τGn in [Ull13], and he denotes by τGn the localizing
subcategory generated by"

G

K
SmρK : m|K| ¥ n

*
Y
"
G

K
SmρK�1 : m|K| � 1 ¥ n

*
.

This latter subcategory is denoted by SpG¥n in [HHR16] and by τG¥n in [Hil12].
Ullman shows [Ull13, Proposition 3.1] that ΣτGn � τGn�1. We will denote the
subcategory generated by the first set above (Ullman’s τGn ) by τGn here; see
Definition 11.1.22 and Theorem 11.1.27 below.
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Lemma 11.1.15. Contractibility of SpGppS,Xq. For a G-spectrum X, if
for all slice spheres pS with dim pS ¥ n, rpS,XsG � 0 (in particular if SpGppS,Xq
is contractible), then the G-space SpGppS,Xq is equivariantly contractible.

Proof We will prove this by induction on |G|, so we need to do it first for
trivial G. The statement is that the space SppΣ8Sk, Xq is contractible for
k ¥ n when rΣ8S`, Xs � 0 for ` ¥ n. Now πiSppΣ8Sk, Xq � πi�kX, and by
hypothesis this group vanishes for i � k ¥ n, i.e., for i ¥ n � k. Since k ¥ n

we have πi � 0 for i ¥ 0, so the space SppΣ8Sk, Xq is contractible as desired.
For nontrivial G we may assume by the induction hypothesis that the G-

space
SpGppS,Xq

is equivariantly contractible for all moving slice spheres pS with dim pS ¥ n,
and that for all slice spheres pS with dim pS ¥ n, and all proper H � G, the
space

SpGppS,XqH
is contractible. We therefore also know that the G-space

SpGpT ^ pS,Xq
is contractible for all slice spheres pS with dim pS ¥ n and all pointed G-CW
complexes T which are built entirely from G-cells of the form G{H�Dm with
H � G a proper subgroup, and m ¥ 0. Equivalently,

SpGpT ^ pS,ΣXq
is contractible for all slice spheres pS with dim pS ¥ n and all G-CW complexes
T which are built entirely from moving cells of nonnegative dimension. This
condition on a T is equivalent to requiring that TG � � and that for all proper
H � G, the space TH be connected.
We must show that the groups rSt^SmρG , XsG � 0 for t ¥ 0 andm|G| ¥ n.

They are zero by assumption when t � 0. Let T be quotient G-CW complex

T � StρG{St,
and consider the exact sequence (see Proposition 9.4.3(i))

rStρG ^ SmρG , XsG Ñ rSt ^ SmρG , XsG Ñ rT ^ SmρG ,ΣXsG.
The leftmost group is zero since StρG ^ SmρG is a slice sphere of dimension
pt �mq|G| ¥ n. The rightmost group is zero by the induction hypothesis as
T is easily checked to be a have the fixed point properties described above. It
follows from exactness that the middle group is zero.

Remark 11.1.16. The fiber of a map of slice n-connected spectra is not
assumed to be slice n-connected, and need not be. For example, the fiber of
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� Ñ SρG is SρG which is not slice p|G|�1q-connected, even though both � and
SρG are.

Proposition 11.1.17. The slice connectivity of G-cells. For each n ¥ 0

and each subgroup H � G, The spectrum G

H
ΣnS�0 is in SpG¥n.

Proof Since G 
 ΣnS�0 � pSpn,Gq is a generator, the statement is true for
trivial G, and it suffices to prove that G


H
ΣnS�0 is in SpG¥n for each nontrivial

subgroup H. We do this by induction on |G|. The inductive hypothesis gives
it to us for each proper subgroup, so it suffices to show it for ΣnS�0.
For this we use the cofiber sequence

SpnρGq� Ñ S0 Ñ SnρG

in T G. (Compare with the discussion in Example 8.5.17.) Smashing with
ΣnS�0 gives

SpnρGq 
 ΣnS�0 Ñ ΣnS�0 Ñ SnρG ^ S�0.

Now the spectrum on the left is made entirely of moving G-cells (Defini-
tion 8.4.14) and is therefore in SpG¥n by induction, while the one on the right
is a generator of SpG¥|G|n. It follows that Σ

nS�0 is SpG¥n as claimed.

For n � 0 and n � 1, the notions of slice n-coconnected and slice n-
connected coincide with the usual notions of connectivity and coconnectivity.

Proposition 11.1.18. For a G-spectrum X the following hold

(i) X ¥ 0 ðñ X is p�1q-connected, i.e. πkX � 0 for k   0;
(ii) X   0 ðñ X is 0-coconnected, i.e. πkX � 0 for k ¥ 0;

(iii) X ¥ 1 ðñ X is 0-connected, i.e. πkX � 0 for k   �1;
(iv) X   1 ðñ X is 1-coconnected, i.e. πkX � 0 for k ¥ �1;

Proof The first two statements are equivalent, so we only need to prove the
first one. The only generators of SpG¥0 which are not 0-connected are the
spectra pSp0,Hq � G


H
S�0. This means that the category contains all p�1q-

connected G-CW spectra and hence all p�1q-connected G-spectra.
The last two statements are also equivalent, so we need only prove the third.

We will do so by showing that G 

H
ΣS�0 is in SpG¥1 for each H. We do this

by induction on |G|.
Since G
ΣS�0 � pSp1, Gq is a generator, the statement is true for trivial G,

and it suffices to prove that G

H
ΣS�0 is in SpG¥1 for each nontrivial subgroup

H. The inductive hypothesis gives it to us for each proper subgroup, so it
suffices to show it for ΣS�0. This is the case n � 1 of Proposition 11.1.17.
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Remark 11.1.19. Slice connectivity and ordinary connectivity. It is
not the case that if Y ¡ 0 then π0Y � 0. In Proposition 11.1.37 we will see
that the fiber F of S0 Ñ HZ has the property that F ¡ 0. On the other hand
π0F is the augmentation ideal of the Burnside ring. Proposition 11.3.3 below
gives a characterization of slice connected spectra.

The classes of slice n-coconnected and slice n-connected spectra are pre-
served under change of group.

Proposition 11.1.20. The effect of restriction and induction on slice
connectivity. Suppose H � G, that X is a G-spectrum and Y is an H-
spectrum. The following implications hold

X ¡ n ùñ iGHX ¡ n

X   n ùñ iGHX   n

Y ¡ n ùñ G

H
Y ¡ n

Y   n ùñ G

H
Y   n.

Proof The second and third implications are straightforward consequences
of Proposition 11.1.9. The fourth implication follows from the stable analog
of the Wirthmüller isomorphism (8.0.16) and Proposition 11.1.9, and the first
implication is an immediate consequence of the fourth.

11.1D Slice connectivity and geometric connectivity
The following definition was introduced by the first author and Carolyn Yarnall
in [HY18]. Recall Definition 9.11.7 of the geometric fixed point spectrum ΦHX

for a subgroupH � G and the corresponding notion of geometric connectivity.
For a rational number x, we will denote the largest integer not exceeding x

by txu, the floor of x, and the smallest integer not exceeded by x by rxs, the
ceiling of x. Note that

tx� yu ¥ txu� tyu , rx� ys ¤ rxs� rys and t�xu � � rxs . (11.1.21)

Definition 11.1.22. Some localizing subcategories of SpG. Let τGn be
the full subcategory of SpG whose objects are G-spectra X satisfying

πkΦ
HX � 0 for k   n{|H|.

Proposition 11.1.23. Properties of τGn .

(i) The subcategory τGn is a localizing subcategory (Definition 6.3.12) of SpG.
(ii) The spectrum Σ8SρG is in τG|G|, and S�ρG is in τG�|G|.

(iii) If X is in τGm and Y is in τGn , then X ^ Y is in τGm�n.
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(iv) For each integer n there is an equivalence of categories τGn Ñ τGn�|G| given
by X ÞÑ X ^ SρG with inverse given by Y ÞÑ Y ^ S�ρG .

Proof The first statement follows immediately from the definitions and (ii)
is a consequence of Theorem 9.11.8 (iii).
For (iii), observe that if X is in τGm, the first nontrivial homotopy group of

ΦHX occurs in dimension at least rm{|H|s for each H � G. Hence that of
pφHXq ^ pφHY q occurs in dimension at least rm{|H|s� rn{|H|s. Since

rm{|H|s� rn{|H|s ¥ rpm� nq{|H|s
and

ΦHpX ^ Y q � pΦHXq ^ pΦHY q
by Theorem 9.11.8 (iv), ΦHpX ^ Y q has the required connectivity.
The last statement follows easily from (ii) and (iii).

Proposition 11.1.24. Geometric connectivity of SpG¥n. The localizing
subcategory SpG¥n as in Definition 11.1.11 is contained in the category τGn of
Definition 11.1.22.

Proof We know that X is in SpG¥n iff SρG ^ X is in SpG¥n�|G|; see Re-
mark 11.1.13. Similarly, X is in τGn iff SρG ^ X is in τGn�|G| by Proposi-
tion 11.1.23 (iv). Hence it suffices to treat the case n ¥ 0.
Since pSpm,Kq for m ¥ 0 is a suspension spectrum, the connectivity of its

geometric fixed point set ΦH coincides with that of the ordinary fixed points
of the corresponding space. These are easily seen to be what is needed to placepSpm,Kq in τm|K|.
We want to show the converse of Proposition 11.1.24, i.e., that τGn � SpG¥n,

so that geometric connectivity coincides with slice connectivity. We will argue
by induction on |G|, the statement being immediate for trivial G.
To proceed further we need two lemmas.

Lemma 11.1.25. Using the inductive hypothesis. If τHn � SpH¥n for all
proper subgroups H � G, Y is in τGn and ΦGY is weakly contractible, then Y

is in SpG¥n.

Proof If φGY is weakly contractible, then Y is equivalent to EP 
 Y by
Proposition 9.11.11(iv). Thus Y is built out of moving H-cells as in Defini-
tion 8.4.14. By hypothesis these are induced up from cells in SpH¥n, so they
are in SpG¥n by Proposition 11.1.20. The conclusion follows.

Lemma 11.1.26. The inductive step. If Y is in τGn and ΦHY is weakly
contractible for all proper subgroups H � G then Y is in SpG¥n.

Proof The hypotheses implies that πkΦGY � 0 for k   n{|G| and hence for
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k   rn{|G|s. This means that Y is in the smaller subcategory τGm|G| where
m � rn{|G|s.
We also know that Y � rEP ^Y by Proposition 9.11.11 (iii). Hence Propo-

sition 9.11.12 implies that for all proper subgroups H � G and all integers `,
SpGpG 


H
S`, Y q is contractible and the inclusion map S` Ñ pSp`,Gq induces

an isomorphism rpSp`,Gq, Y sG Ñ πG` Y � π`Φ
GY .

This tells us that for such Y , the Postnikov filtration coincides, after rescal-
ing by a factor of |G|, with both the slice filtration and the geometric connec-
tivity filtration. Therefore Y is in SpG¥m|G| and hence in the larger subcategory
SpG¥n.

Theorem 11.1.27. Geometric connectivity characterization of SpG¥n.
The localizing subcategories SpG¥n (Definition 11.1.11) and τGn (Definition 11.1.22)
are equal.

Proof We know that SpG¥n � τGn by Proposition 11.1.24. We will prove the
converse by induction on |G|. To start the induction, note that for trivial G
each category is that of pn� 1q-connected spectra.
For the inductive step, let X be in τGn and consider the isotropy separation

sequence of §9.11A,

EP 
X Ñ X Ñ rEP ^X,

where EP is the space of Definition 8.6.15. Since τGn is closed under homotopy
colimits, both the left and right spectra are in it, and their restrictions are
in τHn � SpH¥n for each proper subgroup H. We claim the spectra on the
left and right satisfy the hypotheses of Lemma 11.1.25 and Lemma 11.1.26
respectively. It follows that X is in SpG¥n.
The claim about Y � EP 
X is that ΦGY is weakly contractible. For this

we have

ΦGpEP 
Xq � ΦGΣ8EP 
 ΦGX by Theorem 9.11.8(iv)
� Σ8EPG� ^ ΦGX by Theorem 9.11.8(iii)
� � ^ ΦGX � � by (9.11.3).

The claim about Y � rEP ^ X is that ΦHY is weakly contractible for all
proper subgroups H. For this we have

ΦHp rEP ^Xq � ΦHΣ8 rEP ^ ΦHX by Theorem 9.11.8(iv)

� Σ8 rEPH ^ ΦHX by Theorem 9.11.8(iii)
� � ^ ΦHX � � by (9.11.3).

With the above characterization of SpG¥n in hand, the following is a conse-
quence of Proposition 11.1.23(iii).
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Corollary 11.1.28. Slice connectivity of smash products. If X is in
SpG¥m and Y is in SpG¥n, then X ^ Y is in SpG¥m�n.

Another advantage of this characterization of SpG¥n is that it enables us to
say which of these subcategories contain other representation spheres.

Proposition 11.1.29. Slice connectivity of representation spheres
and Yoneda spectra. Let V be a representation of G of degree d.

(i) |V H | ¥ td{|H|u for all subgroups H � G iff Σ8SV is in τGd .
(ii) |V H | ¤ td{|H|u for all subgroups H � G iff S�V is in τG�d.

Proof For (i), if the conditions on |V H | are met, we have πkΦHΣ8SV � 0

for k   |V H | because

ΦHΣ8SV � Σ8SV
H

by Theorem 9.11.8(iii).

Since |V H | ¥ td{|H|u, this implies that πkΦHΣ8SV � 0 for k   d{|H|, so
Σ8SV is in τGd . We leave the converse to the reader.
For (ii), if the conditions on |V H | are met, Theorem 9.11.8(iii) gives ΦHS�V � S�V

H ,
so πkΦHS�V � 0 for k   �|V H |. We also know that

|V H | ¤ td{|H|u implies � |V H | ¥ � td{|H|u � r�d{|H|s ,
so πkΦHS�V � 0 for k   r�d{|H|s and hence for k   �d{|H|. Again we leave
the converse to the reader.

Remark 11.1.30. The smallest τGn containing Σ8SV and S�V . The
suspension spectrum Σ8SV as in Proposition 11.1.29 is not in τGd�1 since
πudΣ

8SV � Z. Similarly S�V is not in τG1�d. If the conditions on |V H | are
not met, then the largest d1 with Σ8SV in τGd1 is some number less that d. A
similar statement holds for S�V .

Remark 11.1.31. The spectra G 

K

Σ8SV and G 

K
S�V for a repre-

sentation V of a proper subgroup K � G. Similar statements to those of
Proposition 11.1.29 about these spectra, with conditions on |V H | for H � K,
can be proved in a similar fashion. For either of them, the geometric fixed
point set ΦH1p� q for K � H 1 � G is contractible. We leave the details to the
reader.

Corollary 11.1.32. Smashing with representation spheres. Suppose
there is a representation V of degree d and an integer n such thatR

n

|H|
V
� |V H | �

R
n� d

|H|
V

for all H � G.

Then SV ^ p� q : τGn Ñ τGn�d is an equivalence of categories whose inverse is
S�V ^ p� q.
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Proof The defining condition for X P τGn , namely πkΦHX � 0 for k   n{|H|,
is equivalent to πkΦHX � 0 for k   rn{|H|s, and similarly for SV ^ X P
τGn�d.

The situation when the conditions of Corollary 11.1.32 are met for two
adjacent values of n is the subject of Proposition 11.1.48 below.

Corollary 11.1.33. Relations between slice connective covers and
between slice sections. Suppose n and V satisfy the hypothesis of Corol-
lary 11.1.32. Then the natural maps

SV ^ Pn�1X Ñ Pn�d�1

�
SV ^X

�
SV ^ PnX Ñ Pn�d

�
SV ^X

�
are weak equivalences.

In particular the natural maps

SmρG ^ Pk�1X Ñ Pk�m|G|�1 pSmρG ^Xq
SmρG ^ P kX Ñ P k�m|G| pSmρG ^Xq

are weak equivalences for all m and k.

Example 11.1.34. Some equivalences among the subcategories τGn .

(i) Let G be any finite group and V � ρG. Then the conditions of Corol-
lary 11.1.32 hold for any n. Hence SρG ^ p� q induces an equivalence be-
tween τGn and τGn�|G| for all n. This is a restatement of Proposition 11.1.23(iv).

(ii) Let G be any finite group and V � ρG, the reduced regular representation.
The conditions of Corollary 11.1.32 hold for any n congruent to 1 mod |G|.
Hence SρG ^ p� q induces an equivalence between τG1 and τG|G|.

(iii) Let G � C2. Then the two previous examples show that each τGn is equivalent
to τG0 .

(iv) Let G � C4. Then V � σ leads to an equivalence between τG2 and τG3 , while
V � ρG (the reduced regular representation) leads to one between τG1 and
τG4 . Hence each τGn is equivalent to either τG0 or τG2 .

(v) Let G � C8. Let σ be the sign representation and let λ and λ1 be rotations of
order 8 and 4 respectively. Then the representations σ, σ�λ, σ�λ�λ1 and
ρ � σ�2λ�λ1 lead respectively to equivalences τG4 Ñ τG5 , τG3 Ñ τG6 , τG2 Ñ
τG7 and τG1 Ñ τG8 . Thus there are four equivalence classes corresponding
the four even values of n mod 8.

(vi) Let G � Cp for p an odd prime, and let V � λ, a 2-dimensional rotation
matrix of order p. Then the conditions of Corollary 11.1.32 hold provided
n is not congruent to 0 or -1 mod p. Hence we get equivalences

τG1 Ñ τG3 Ñ � � � Ñ τGp and τG2 Ñ τG4 Ñ � � � Ñ τGp�1.

Combining these with the first example shows that each τGn is equivalent to
τG1 or τG2 .
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(vii) Let G � Cp2 for p an odd prime, and let λ and λ1 denote rotations of
orders p2 and p respectively. Then V � λ leads to equivalences τGn Ñ τGn�2

for n not congruent to 0 or �1 mod p. Similarly V � pp � 1qλ � λ1 leads
to equivalences τGn Ñ τGn�2p for 1 ¤ n ¤ p2 � 2p. Thus there are four
equivalence classes, those of τG1�a0�a1p for 0 ¤ a0, a1 ¤ 1.

11.1E The slice tower
Let PnX be the Bousfield localization, or Dror Farjoun nullification (Theo-
rem 6.3.17) of X with respect to τGn�1 (Definition 11.1.22), and Pn�1X the
homotopy fiber (as in Definition 5.8.43) of X Ñ PnX. Equivalently (by Theo-
rem 11.1.27) it is localization with respect to the subcategory SpG¡n of Defini-
tion 11.1.11. Thus, by definition, there is (up to weak equivalence) a functorial
fiber sequence

Pn�1X Ñ X Ñ PnX.

Definition 11.1.35. The spectra PnX and Pn�1X are respectively the nth
slice section of and slice n-connected cover of X.

The functor PnX can be constructed (up to weak equivalence) as the colimit
of a sequence of functors

W0X ÑW1X Ñ � � � .
The WiX are defined inductively starting with W0X � X, and taking WkX

to be the cofiber of ª
Lk

pS ÑWk�1X,

in which the indexing set Lk is the union of the sets rpS, colim
k

Wk�1XsG over

slice spheres pS of dimensions ¡ n. Equivalently, Wk is the pushout in the
diagram (compare with Quillen’s diagram (4.2.11))ª

Lk

pS
��

// Wk�1

��ª
Lk

C pS // Wk,

(11.1.36)

where C pS denotes the cone on pS. Then we have

rpS, colim
k

WkXsG � 0

for such pS, by Lemma 11.1.15 the G-space SpGppS, colim
k

WkXq is weakly con-
tractible.
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Proposition 11.1.37. A filtration for slice n-connected spectra. A
spectrum X is slice n-connected if and only if it admits (up to weak equivalence)
a filtration

X0 � X1 � � � �
whose associated graded spectrum

�
Xk{Xk�1 is a wedge of slice spheres of

dimension greater than n. For any spectrum X, Pn�1X is slice n-connected.

Proof This follows easily from the construction of PnX described above.

The map Pn�1X Ñ X is characterized up to a contractible space of choices
by the properties

i) for all X, Pn�1X P τGn�1;
ii) for all A P τGn�1 and all X, the map SpGpA,Pn�1Xq Ñ SpGpA,Xq is a

weak equivalence of G-spaces.

In other words, Pn�1X Ñ X is the “universal map” from an object of τGn�1

to X. Similarly X Ñ PnX is the universal map from X to a slice pn � 1q-
coconnected G-spectrum Z. More specifically

iii) the spectrum PnX is slice pn� 1q-coconnected;
iv) for any slice pn� 1q-coconnected Z, the map

SpGpPnX,Zq Ñ SpGpX,Zq
is a weak equivalence.

These conditions lead to a useful recognition principle.

Lemma 11.1.38. Recognition of the nth slice section. Suppose X is a
G-spectrum and that rPn�1 Ñ X Ñ rPn
is a fiber sequence with the property that rPn ¤ n and rPn�1 ¡ n. Then the
canonical maps rPn�1 Ñ Pn�1X and PnX Ñ rPn are weak equivalences.

Proof We show that the map X Ñ rPn satisfies the universal property of
PnX. Suppose that Z ¤ n, and consider the fiber sequence of G-spaces

SpGp rPn, Zq Ñ SpGpX,Zq Ñ SpGpP̃n�1, Zq
The rightmost space is contractible since rPn�1 ¡ n, so the left map is a weak
equivalence.

The following consequence of Lemma 11.1.38 is used in the proof of the
Reduction Reduction Theorem 12.4.8.
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Corollary 11.1.39. Cofibrations of slice connected covers. Suppose that
X Ñ Y Ñ Z is a cofiber sequence, and that the mapping cone of PnX Ñ PnY

is slice pn� 1q-coconnected. Then both

PnX Ñ PnY Ñ PnZ

and

Pn�1X Ñ Pn�1Y Ñ Pn�1Z

are cofiber sequences.

Remark 11.1.40. The functors Pn and Pn�1 do not preserve cofiber
sequences in general. The hypothesis about the coconnectivity of the cofiber
of PnX Ñ PnY in Corollary 11.1.39 is essential. In the nonequivariant case
consider the cofiber sequence

Σ8Sn Ñ � Ñ Σ8Sn�1. (11.1.41)

Applying the functor Pn to the first map gives

ΣnHZÑ �,
whose cofiber Σn�1HZ is not pn�1q-coconnected. Applying the functor Pn to
(11.1.41) gives

ΣnHZÑ � Ñ �,
which is not a cofiber sequence. The functors Pn�1 and Pnn (see Defini-
tion 11.1.43 below) also fail to give cofiber sequences.

Proof of Corollary 11.1.39 Consider the diagram

Pn�1X //

��

Pn�1Y //

��

rPn�1Z

��
X //

��

Y //

��

Z

��
PnX // PnY // rPnZ

in which the rows and columns are cofiber sequences. By construction, rPn�1Z

is slice n-connected since τGn�1 is closed under cofibers. If rPnZ ¤ n then
the right column satisfies the condition of Lemma 11.1.38, and the result
follows.

Since τGn�1 � τGn , there is a natural transformation

PnX Ñ Pn�1X.

Definition 11.1.42. The slice tower of X is the tower tPnX : n P Zu.
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When considering more than one group, we will write

PnX � PnGX and PnX � PGn X.

The risk of ambiguity here is minimal since the image of τGn under the re-
striction functor iGH is τHn . On the other hand, the image of τHn under the
right adjoint G


H
p� q is not τGn , but the subcategory of it generated by slice

spheres induced up from H.
Let PnnX be the fiber of the map

PnX Ñ Pn�1X.

Definition 11.1.43. The n-slice of a spectrum X is PnnX. A spectrum X is
an n-slice if X � PnnX.

The following is a consequence of Corollary 11.1.39.

Corollary 11.1.44. Cofibrations of slices. Suppose the hypothesis of Corol-
lary 11.1.39 holds for both n � m and n � m � 1. Then the cofiber of
PmmX Ñ Pmm Y is equivalent to PmmZ.

The spectrum PnX is analogous to the pn � 1q-connected cover of X, and
for n � 0 they coincide. The following is a straightforward consequence of
Proposition 11.1.18.

Proposition 11.1.45. The (-1)-connected slice cover. For any spectrum
X, P0X is the p�1q-connected cover of X. The 0-slice of X is given by

P 0
0X � Hπ0X.

The formation of slice sections and therefore of the slices themselves behave
well with respect to change of group.

Proposition 11.1.46. Slice sections and change of group. The func-
tor Pn commutes with both restriction to a subgroup and induction. More
precisely, given H � G there are natural weak equivalences

iGHpPnGXq Ñ PnHpiGHXq
and

G

H
pPnHXq Ñ PnGpG


H
Xq.

Proof This is follows from Lemma 11.1.38 and Proposition 11.1.20.

Remark 11.1.47. When G is the trivial group the slice spheres are just
ordinary spheres and the slice tower becomes the Postnikov tower. It therefore
follows from Proposition 11.1.46 that the tower of non-equivariant spectra
underlying the slice tower is the Postnikov tower.
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Proposition 11.1.48. Relations among slices. Let V be a representation
of degree d of a finite group G. Suppose that m is an integer such that the
conditions of Corollary 11.1.32 are met for both n � m and n � m � 1.
Then the smash product of SV with any m-slice (Definition 11.1.43) is an
pm� dq-slice, and that of S�V with any pm� dq-slice is an m-slice.

Proof The hypotheses imply that

SV ^ Pm�1X � Pm�d�1pSV ^Xq and SV ^ PmX � Pm�dpSV ^Xq,
so

SV ^ PmmX � Pm�dm�d pSV ^Xq.
The following special cases follow from parts (i), (vi) and (vii) of Exam-

ple 11.1.34.

Corollary 11.1.49. Some specific slice relations.

(i) For any integer n and any finite group G, X is an n-slice iff SρG ^X is an
pn � |G|q-slice. Thus any slice is equivalent to the smash product of some
power of Sρg with a k-slice for 0 ¤ k   |G|.

(ii) Let G � Cp or Cp2 for a prime p ¥ 5. Then for n not congruent to 0, �1
or �2 mod p (equivalently for

�
n�2
3

�
not divisible by p), X is an n-slice iff

Sλ ^ X is an pn � 2q-slice. For G � Cp, each k-slice for 0   k   p can
be obtained from a from a 1-slice or a 2-slice by smashing with a power of
Sλ. For G � Cp2 , each k0 � k1p-slice for 0   k0   p and 0 ¤ k1   p can
be obtained from a from a p1� k1pq-slice or a p2� k1pq-slice by smashing
with a power of Sλ.

(iii) Let Cp2 for a prime p ¥ 5 and let V be as in Example 11.1.34(vii). Then
X is an n-slice iff SV ^ X is an pn � 2pq-slice when n � k mod p2 for
1 ¤ k ¤ p2 � 2p� 1. In particular each pk0 � k1pq-slice for 1 ¤ k0 ¤ 2 and
0 ¤ k1   p can be obtained from a k0-slice or a pk0 � pq-slice by smashing
with a power of SV , and each k1p-slice for 0   k1   p can be so obtained
from a p-slice or a 2p-slice.

11.1F Multiplicative properties of the slice tower
The theme of this section is that the functor Pn for n ¥ 0 plays nicely
with multiplicative structures on connective spectra. One important result is
Corollary 11.1.54 asserting that the slice sections of a p�1q-connected homo-
topy commutative or associative algebra have similar properties. Three more
precise results along these lines, which will be proved in § 11.4, are stated
for convenience here as Proposition 11.1.55, Proposition 11.1.56 and Proposi-
tion 11.1.57.
The following definition should be compared to Definition 6.2.1.
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Definition 11.1.50. A map X Ñ Y is a slice Pn-equivalence if PnX Ñ PnY

is a weak equivalence. Equivalently, X Ñ Y is a slice Pn-equivalence if for
every Z   n, the map

SpGpY, Zq Ñ SpGpX,Zq
is a weak equivalence.

Lemma 11.1.51. The fiber of a slice Pn-equivalence. If the homotopy
fiber F of f : X Ñ Y is in τGn�1, then f is a slice Pn-equivalence.

Proof This follows immediately from the fiber sequence

SpGpY, Zq Ñ SpGpX,Zq Ñ SpGpF,Zq.
Remark 11.1.52. The converse of the above result is not true. For instance,
� Ñ S0 is a P�1-equivalence, but the fiber S�1 is not in τG0 .

Lemma 11.1.53. The smash product of a slice Pn-equivalence with
a slice connected spectrum.

(i) If X Ñ Y is a slice Pn-equivalence and Z ¥ 0, then X ^ Z Ñ Y ^ Z is a
slice Pn-equivalence;

(ii) For X1, . . . , Xk P SpG¥0, the map

X1 ^ � � � ^Xk Ñ PnX1 ^ � � � ^ PnXk

is a slice Pn-equivalence.

Proof Since Pn�1X and Pn�1Y are both slice n-connected, the vertical maps
in the square below are slice Pn-equivalences by Lemma 11.1.51 and Propo-
sition 11.1.23(iv).

X ^ Z //

��

Y ^ Z

��
PnX ^ Z // PnY ^ Z .

The bottom row is a weak equivalence by assumption. It follows that the top
row is a slice Pn-equivalence.
The second assertion is proved by induction on k, the case k � 1 being

trivial. For the induction step consider

X1 ^ � � � ^Xk�1 ^Xk
// PnX1 ^ � � � ^ PnXk�1 ^Xk

��
PnX1 ^ � � � ^ PnXk�1 ^ PnXk.

The first map is a slice Pn-equivalence by the induction hypothesis and part
1. The second map is a slice Pn-equivalence by part 1.
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Corollary 11.1.54. Multiplicative structures preserved by Pn. Let R
be a p�1q-connected G-spectrum. If R is a homotopy commutative or homotopy
associative algebra, then so is PnR for all n.

The following additional results are proved in §11.4. The first two are Propo-
sition 11.4.4 and Proposition 11.4.10, while the third, which is a more precise
variant of Corollary 11.1.54, is easily deduced from Theorem 11.4.13.

Proposition 11.1.55. Slice connectivity is preserved by the norm.
Suppose that n ¥ 0 is an integer. If A is a slice pn� 1q-connected H-spectrum
then NG

HA is a slice pn� 1q-connected G-spectrum.

Proposition 11.1.56. Slice connectivity is preserved by symmetric
powers. Suppose that n ¥ 0 is an integer. If A is a slice pn � 1q-connected
G-spectrum then for every m ¡ 0, the symmetric smash power SymmA is slice
pn� 1q-connected.

Proposition 11.1.57. Equivariant commutativity is preserved by Pn.
Suppose that n ¥ 0 is an integer. If R is a p�1q-connected equivariant com-
mutative ring, then the slice section PnR can be given the structure of an
equivariant commutative ring in such a way that RÑ PnR is a commutative
ring homomorphism. Moreover this commutative ring structure is unique.

This result insures that the slice spectral sequence, to be studied in the
next section, is one of algebras when applied to a commutative ring spectrum
such as MUR and its norms, the subject of the next chapter. This means
that differentials are derivations as expected. This will enable us to prove
Theorem 13.3.23 and hence the Periodicity Theorem of §1.1C.

11.2 The slice spectral sequence

The slice spectral sequence is the homotopy spectral sequence of the
slice tower of Definition 11.1.42. The main point of this section is to establish
strong convergence of the slice spectral sequence, and to show that for any
X, the E2-term is distributed in the gray region of Figure 11.1, as explained
in Corollary 11.2.12. We begin with some results relating the slice sections to
Postnikov sections.

11.2A Connectivity and the slice filtration
Our convergence result for the slice spectral sequence depends on knowing
how slice spheres are constructed from G-cells.
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Definition 11.2.1. Decomposition of a G-spectrum. A space or spectrum
X decomposes into the elements of a collection of spaces or spectra tTαu if
X is weakly equivalent to a spectrum X̃ admitting an increasing filtration

X0 � X1 � � � �
with the property that Xn{Xn�1 (with X�1 � �) is weakly equivalent to a
wedge of Tα.

Remark 11.2.2. The suspension spectrum of a G-CW complex decomposes
into the collection of spectra tΣ8G{H
Sm | H � G,m ¥ 0u. More generally,
a pn� 1q-connected G-spectrum X decomposes into the collection of spectra

tΣ8G{H 
 Sm | H � G,m ¥ nu.
Remark 11.2.3. To say that X decomposes into the elements of a collec-
tion of compact objects tTαu means that X is in the localizing subcategory
(Definition 6.3.12) generated by the Tα.

Lemma 11.2.4. The cellular structure of slice spheres. For m ¥ 0,pSpm,Kq decomposes into the spectra Σ8G{H 
 Sk with m ¤ k ¤ m|K| and
H � K. For m   0 it has a similar decomposition with m|K| ¤ k ¤ m.

Proof The cell structure of SρG described in Example 8.5.17 (the one associ-
ated with the barycentric subdivision) has G-cells ranging in dimension from 0

to |G|�1, and suspends to a cell decomposition of SρG with G-cells whose di-
mensions ranges from 1 to |G|. The case pS � Σ8SmρG with m ¥ 0 is handled
by smashing these together and passing to suspension spectra, giving G-cells
whose dimensions range from m to m|G|. For m   0, Spanier-Whitehead du-
ality gives (see §8.0C) an equivariant cell decomposition of S�|m|ρG into cells
whose dimensions range from �|m||G| to �|m|. Finally, the case in which pS is
induced from a subgroup K � G is proved by left inducing its K-equivariant
cell decomposition.

Corollary 11.2.5. Bredon cofibrant decomposition of spectra in τGn .
Let X P τGn . If n ¥ 0, then X can be decomposed into the spectra G{H
Sm^
S�0 with m ¥ rn{|G|s. If n   0 then X can be decomposed into G{H 
 Sm ^
S�|n| with m ¥ 0.

Proof The class of G-spectra X which can be decomposed into Σ8G{H
Sm
with m ¥ rn{|G|s is closed under weak equivalences, homotopy colimits, and
extensions. By Lemma 11.2.4 it contains the slice spheres pS with dim pS ¥ n. It
therefore contains all X P τGn . A similar argument handles the case n   0.

Proposition 11.2.6. The relation between slice connectivity and or-
dinary connectivity.

(i) If n ¥ 0, then pG{Hq 
 Σ8Sn is in τGn .
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(ii) If n   0, then pG{Hq 
 S�|n| is in τG�|n||G|.
(iii) If Y is in τGn for n ¥ 0, then πkY � 0 for k   rn{|G|s.
(iv) If Y is in τGn for n   0, then πkY � 0 for k   n.
(v) If X is an pn� 1q-connected G-spectrum with n ¥ 0 then X is in τGn .

Proof (i) We will prove the claim by induction on |G|, the case of the trivial
group being obvious. Using Proposition 11.1.20 we may assume by induction
that Σ8pG{Hq 
 Sn ¥ n when n ¥ 0 and H � G is a proper subgroup. This
implies that if T is an equivariant CW spectrum built from G-cells of the
form Σ8pG{Hq 
 Sn with and H � G a proper subgroup, then T ¥ n. The
homotopy fiber of the natural inclusion

Σ8Sn Ñ Σ8SnρG

can be identified with the suspension spectrum of SpnρG�nq 
Sn, and so is
such a T . Since Σ8SnρG ¥ n|G| ¥ n the fiber sequence

T Ñ Σ8Sn Ñ Σ8SnρG

exhibits Σ8Sn as an extension of two slice pn� 1q-connected spectra, making
it slice pn� 1q-connected.
(ii) For n ¡ 0 we have

pG{Hq 
 S�n � pG{Hq 
 SnpρGq ^ S�nρG .

Since n ¡ 0, the spectrum Σ8SnpρGq is a suspension spectrum of a finite
G-CW complex, so

pG{Hq 
 S�n ¥ �n|G|.
The third and fourth assertions are immediate from Corollary 11.2.5.
(v) The class of pn � 1q-connected spectra is exactly the class of spectra

which decompose into terms of the form G{H 
Sm with m ¥ n. By (i) these
are in τGn .

11.2B The spectral sequence
The slice spectral sequence is the spectral sequence associated to the tower of
fibrations tPnXu of Definition 11.1.42, and it takes the form

Es,t2 X :� πGt�sP
t
tX ùñ πGt�sX. (11.2.7)

It has variants in which the functor πG� is replaced by πH� for a subgroup
H, including the trivial subgroup for which we use the notaion πu, where “u”
stands for “underlying.” We can also apply the Mackey functor valued functor
π, which is discussed in § 9.4B. The integer t (the second superscript) can
be replaced by an element V P ROpGq in the orthogonal representation ring
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of G. However the first superscript s (the filtration degree) and the
differential index r below are always ordinary integers.
We have chosen our indexing so that the display of the spectral sequence is

in accord with the classical Adams spectral sequence: the Es,tr -term is placed
in the plane in position pt�s, sq. The situation is depicted in Figure 11.1. The
differential dr maps Es,tr to Es�r,t�r�1

r , or in terms the display in the plane,
the group in position pt� s, sq to the group in position pt� s� 1, s� rq.
The following is an easy consequnce of Proposition 11.1.23 (iii).

Proposition 11.2.8. The external pairing induced by the smash prod-
uct. For G-spectra X and Y there is a spectral squence pairing

Es,tr pXq b Es
1,t1

r pY q Ñ Es�s
1,t�t1

r pX ^ Y q
representing the pairing π�X ^ π�Y Ñ π�pX ^ Y q.
Remark 11.2.9. An E1-term for the slice spectral sequence. In many
cases of interest, P ttX is contractible for t odd, and for even t it has the form
Wt ^HZ where Wt is a wedge of slice spheres pSpm,Kq with m|K| � t. This
means that π�P ttX � H�Wt. For t ¥ 0, Wt is the suspension spectrum of
a finite G-CW complex. Its cellullar chain complex could be regarded as the
graded group E�,t1 . For t   0 Wt is the smash product of HZ with the dual to
such spectrum, and a similar remark applies.

The following is an immediate consequence of Proposition 11.2.6.

Theorem 11.2.10. The homotopy groups of PnX. Let X be a G-
spectrum. The map X Ñ PnX induces an isomorphism in Mackey functor
homotopy groups πk

for

#
k   rpn� 1q{|G|s if n ¥ 0

k   n� 1 if n   0.

We also have

πkP
nX � 0 for

#
k ¥ n� 1 if n ¥ 0

k ¥ rpn� 1q{|G|s if n   0.

Thus for any X, colim
n

PnX is contractible, the map X Ñ lim
n
PnX is a

weak equivalence, and for each k, the map

tπkXu Ñ tπkPnXu
from the constant tower to the slice tower of Mackey functors is a pro-
isomorphism.

Proof The fiber of the map X Ñ PnX is Pn�1X, so there is an exact se-
quence

πkPn�1X Ñ πkX Ñ πkP
nX Ñ πk�1Pn�1X.
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Since Pn�1X is in τGn�1, the vanishing statements of Proposition 11.2.6(iii)–(iv)
give the desired isomorphisms in πk.
The vanishing of πkPnX for the stated values of k follows from that fact

any map to PnX from an object in τGn�1 is null homotopic, and the latter
contains the G-cells indicated in Proposition 11.2.6(i)–(ii).
The remaining statements follow easily from the first two.

Corollary 11.2.11. The homotopy groups of n-slices. If Y is an n-slice,
then πkY � 0 unless"

rn{|G|s ¤ k ¤ n for n ¥ 0

n ¤ k   rpn� 1q{|G|s for n   0.

Corollary 11.2.12. Vanishing regions for the slice E2-term. In the slice
spectral sequence for a G-spectrum X,

Es,t2 � πt�sP
t
tX � 0 for

$'''''''''''''''&'''''''''''''''%

t ¥ 0 and t� s  
R
t

|G|
V

(first quadrant above line of slope |G| � 1)
t   0 and s ¡ 0

(entire second quadrant)

t   0 and t� s ¡
R
t� 1

|G|
V

(third quadrant below line of slope |G| � 1)
t ¥ 0 and s   0

(entire fourth quadrant).

Theorem 11.2.10 gives the strong convergence of the slice spectral sequence,
while Corollary 11.2.12 shows that the E2-term vanishes outside of a restricted
range of dimensions. The situation is depicted in Figure 11.1 for a group of
order 4. The homotopy groups of individual slices lie along lines of slope �1,
and the groups contributing to π�PnX lie to the left of a line of slope �1
intersecting the pt� sq-axis at pt� sq � n. All of the groups outside the gray
regions are zero.
4/4/20. We should remove the circled numbers from Figure 11.1.

Remark 11.2.13. The peculiarity of the slice spectral sequence. The
vanishing lines depicted in Figure 11.1 hold for any G-spectrum X. In partic-
ular, replacing X by ΣkX does not move the entire chart k units to the right
as one might expect based on experience with the Adams spectral sequence.

The slice filtration itself does not play nicely with ordinary suspension. It is
not true that P ttΣkX is the same as ΣkP ttX, although it is the case that

P ttΣ
kρGX � ΣkρGP ttX.
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Figure 11.1 The integer graded slice spectral sequence for G � C4.

The integer Eilenberg-Mac Lane spectrum HZ of Theorem 9.1.47 is a 0-
slice, but for a virtual representation V , its V th suspension is in general not
a |V |-slice. The determination of the slice filtration for ΣVHZ is a topic of
ongoing research. For some results in this direction, see [Hil12], [HHR17b],
[Yar17], [HY18] and [GY18].

Remark 11.2.14. The difficulty of using the slice spectral sequence.
In general it is very difficult to determine the slices P ttX for a G-spectrum X.
Since the restriction of the slice filtration to the trivial group is the same as
the ordinary Postnikov filtration, identifying the slices entails identifying the
underlying homotopy groups of X.

Fortunately this information is available in the cases we need to consider,
namely various equivariant relatives of the complex cobordism spectrum MU .
Their construction and properties are the subject of the first two sections
of the next chapter. In § 12.4 we develop some handy tools for identifying
their slices with complete precision. The mainspring of this calculation
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is the Reduction Theorem 12.4.8, which identifies the 0-slice as the integer
Eilenberg-Mac Lane spectrum in certain cases.

We end this section with an application. The next result says that if a tower
looks like the slice tower, then it is the slice tower.

Proposition 11.2.15. Slice tower recognition. Suppose that X Ñ t rPnu
is a map from X to a tower of fibrations with the properties

(i) the map X Ñ lim
n

rPn is a weak equivalence;

(ii) the spectrum colim
n

rPn is contractible;

(iii) for all n, the fiber of the map rPn Ñ rPn�1 is an n-slice.

Then
! rPn) is the slice tower of X.

Proof We first show that rPn is slice pn � 1q-coconnected. We will use the
criteria of Lemma 11.1.15. Suppose that pS is a slice sphere with dim pS ¡ n.
By condition (iii), the maps

rpS, rPnsG Ñ rpS, rPn�1sG Ñ rpS, rPn�2sG Ñ � � �
are all monomorphisms. Since pS is finite, the map

colim
k¤n

rpS, rP ksG Ñ rpS, colim
k¤n

rP ksG
is an isomorphism. It then follows from assumption (ii) that rpS, P̃nsG � 0.
This shows that rPn is slice pn�1q-coconnected. Now let rPn�1 be the homotopy
fiber of the map X Ñ rPn. By Lemma 11.1.38, the result will follow if we can
show rPn�1 ¡ n. By assumption (iii), for any N ¡ n� 1, the spectrumrPn�1 Y C rPN
admits a finite filtration whose layers are m-slices, with m ¥ n� 1. It follows
that rPn�1 Y C rPN ¡ n.

In view of the cofiber sequencerPN Ñ rPn�1 Ñ rPn�1 Y C rPN ,
to show that rPn�1 ¡ n it suffices to show that P̃N ¡ n for some N ¡ n.
Let Z be any slice pn�1q-coconnected spectrum. We need to show that the

G-space

SpGp rPN , Zq
is contractible. We do this by studying the Mackey functor homotopy groups of
the spectra involved, and appealing to an argument using the usual equivariant



11.2 The slice spectral sequence 781

notion of connectivity. By 11.2.10, there is an integerm with the property that
for k ¡ m,

πkZ � 0.

By Corollary 11.2.11 and assumption (iii), for N " 0 and any N 1 ¡ N ,

πk
rPN Y C rPN 1 � 0, k ¤ m,

so

πk
rPN 1 Ñ πk

rPN
is an isomorphism for k ¤ m. Since holim

N 1

rPN 1 is contractible this implies that
for N " 0

πk
rPN � 0, k ¤ m.

Thus for N " 0, rPN is m-connected in the usual sense and so

SpGp rPN , Zq
is contractible.

11.2C The ROpGq-graded slice spectral sequence
Applying ROpGq-graded homotopy groups to the slice tower leads to an
ROpGq-graded slice spectral sequence

Es,V2 � πGV�sP
|V |
|V |X ùñ πGV�sX.

The grading convention is chosen so that it restricts to the one of § 11.2B
when V is a trivial virtual representation. The rth differential is a map

dr : E
s,V
2 Ñ Es�r,V�r�1

2 .

Remark 11.2.16. Gradings in the slice spectral sequence. Note that
while V is an element of ROpGq, the indices r (the index of the differential),
s (the filtration degree) and |V | (the slice degree) are ordinary integers. Thus
the spectral sequence is not bigraded over ROpGq, but rather it is graded over
Z�ROpGq. Differentials preserve the image of V � s in ROpGq{Z.

The ROpGq-graded slice spectral sequence is thus a sum of spectral sequences
bigraded over Z, one for each element of ROpGq{Z. If one wants to depict
this spectral sequence in the usual way with a 2-dimensional chart, one would
need a different chart for each element of ROpGq{Z. Of course this is
rarely done in practice.

The quotient ROpGq{Z is isomorphic to the subring generated by virtual
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representations of degree 0. For any actual representation V , the virtual rep-
resentation V �|V | (where |V | denotes a vector space having the same dimen-
sion as V but with trivial G-action) has degree 0. For G � C2, this subring is
generated by the reduced sign representation σ � 1

We will call the spectral sequence corresponding to the coset V � Z P
ROpGq{Z the slice spectral sequence for πGV��X. This spectral sequence
can be displayed on the px, yq-plane, and we will do so following the Adams
convention, with the term Es,V�t2 displayed at a position with x-coordinate
p|V | � t� sq and y-coordinate s.
Corollary 11.2.12 implies the following.

Corollary 11.2.17. Vanishing regions for the ROpGq-graded slice E2-
term. In the slice spectral sequence for a G-spectrum X,

Es,V2 � 0 for

$'''''''''''''''&'''''''''''''''%

|V | ¥ 0 and |V | � s  
R |V |
|G|

V
(first quadrant above line of slope |G| � 1)

|V |   0 and s ¡ 0

(entire second quadrant)

|V |   0 and |V | � s ¡
R |V | � 1

|G|
V

(third quadrant below line of slope |G| � 1)
|V | ¥ 0 and s   0

(entire fourth quadrant),

where the quadrants and sloped lines are in a hypothetical chart for each fixed
value of V � |V | as in Remark 11.2.16.

11.3 Spherical slices

In this section we define spectra with spherical slices in Definition 11.3.14.
Our main result (Theorem 11.3.17) asserts that a map X Ñ Y of G-spectra
with spherical slices is a weak equivalence if and only if the underlying map
of non-equivariant spectra is. We need it for the proof of the Reduction Theo-
rem 12.4.8. We will also describe methods for determining the slices of spectra,
and introduce a convenient class of equivariant spectra.
Our first results make use of the isotropy separation sequence (§ 9.11A)

obtained by smashing with the cofiber sequence of pointed G-spaces

EP� Ñ S0 Ñ rEP.

Lemma 11.3.1. Slice connectivity of EP 
X. Fix an integer d. If X is
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a G-spectrum with the property that iGHX ¡ d for all proper H � G, then
EP 
X ¡ d.

Proof Suppose that Z ¤ d. Then

SpGpEP 
X,Zq � TGpEP�,SpGpX,Zqq.
By the assumption on X, the G-space SpGpX,Zq has contractible H fixed
points for all proper H � G. The space EP� is an equivariant CW complex
built from G-cells of the form pG{Hq
Sn with H � G a proper subgroup. It
follows that if W is a pointed G-space whose H-fixed points are contractible
for all properH � G, then TGpEP�,W q is contractible. The result follows.
Lemma 11.3.2. Slice connectivity of rEP and its suspension. The sus-
pension spectrum of ẼP is in τG0 but not in τG1 , while that of its single
suspension is in τG|G| but not in τG1�|G|.

Proof The suspension spectrum of rEP is in τG0 , since it is p�1q-connected
(Proposition 11.1.18). To see that it is not in τG1 , note that

ΦGpΣ8 rEPq � Σ8p rEPqG � Σ8S0,

so π0ΦGpΣ8 rEPq � 0.
Similarly, ΦGpΣ8Σ rEPq � Σ8S1. The map rEP ^ S1 Ñ rEP ^ SρG is

a weak equivalence (Theorem 9.11.8 and Proposition 9.11.10). Thus Exam-
ple 11.1.34(i) shows that Σ8Σ rEP is in τG|G| but not in τ

G
1�|G|.

The following result is due to Yan Zou.

Proposition 11.3.3. Ordinary connectivity and slice connectivity. Let
k be an integer that is not divisible by any prime factor of |G|. Suppose that X
is a G-spectrum in τGk and that πukX � 0, i.e., the non-equivariant spectrum
iG0 X (for iGe as in Definition 2.1.29(v)) underlying X is k-connected. Then X
is in τGk�1, i.e., X is slice k-connected. In particular this holds for k � 1.

Proof For any H � G we have

πiΦ
HX � 0 for i   k

|H| .

Our hypothesis on k implies that for nontrivial H, k{|H| is not an integer.
This means that for an integer i, the condition i   k{|H| is equivalent to
i ¤ k{|H|, which is equivalent to i   pk � 1q{|H|.
For H trivial, π�ΦHX � πu�X, so π�ΦHX � 0 for i   k� 1 by hypothesis.

Hence X meets all the conditions to be in τGk�1.

Proposition 11.3.4. A property of Eilenberg-Mac Lane 1-slices. Sup-
pose that ΣHM is a 1-slice for a Mackey functor M . Then for each pair of
subgroups K � H � G, the restiction map ResHK : MpG{Hq Ñ MpG{Kq is
one to one.
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Proof Suppose that f : S Ñ S1 is a surjective map of finite G-sets, and let
C be the cofiber of the map S� Ñ S1�. Hence C is finite wedge of circles that
are permuted by G. Then X � Σ8C is in τG0 with πu0X � 0, so ΣX is in τG1
with πu1ΣX � 0. Hence ΣX is in τG2 by Proposition 11.3.3.
This means rΣX,ΣHM s � rX,HM s is trivial, so the map

rΣ8S1�,HM s Ñ rΣ8S�,HM s
is one to one. Under the identification of (9.4.8), this means that the map
MpS1q Ñ MpSq is one to one. When the map S Ñ S1 is G{K Ñ G{H for
K � H � G, this is the restriction map ResHK for the Mackey functor M .

Thus we have a necessary condition on M for ΣHM to be a 1-slice. The
Proposition below shows that this is also a sufficient condition.

Theorem 11.3.5. Characterization of 0-slices and 1-slices.

(i) A spectrum X is a 0-slice if and only if it is of the form X � HM for a
Mackey functor M .

(ii) A spectrum X is a 1-slice if and only if it is of the form ΣHM with M a
Mackey functor all of whose restriction maps are monomorphisms.

Remark 11.3.6. The original definition of the slice filtration. Under
the definition of the slice filtration used in [HHR16], (see Remark 11.1.5) the
above was a statement about p�1q-slices and 0-slices. The spectrum Σ8Sρ �
Σ�1 pSp1, Gq was a p|G| � 1q-slice sphere. Now Σ�1 pSp1, Gq is in τG0 but not
in τG1 . In particular, for G � C2, this is true for Σ8Sσ, where σ is the sign
representation.

Remark 11.3.7. The G-sets G � S and G � S1. The condition on M

in Theorem 11.3.5(ii) is that if S Ñ S1 is a surjective map of finite G-
sets then MpS1q Ñ MpSq is a monomorphism. Let G act on G � S and
G � S1 through its left action on G. Then G � S Ñ G � S1 has a section,
so MpG � S1q Ñ MpG � Sq is always a monomorphism. Using this one
easily checks that this condition is also equivalent to requiring that for every
finite G-set S1, the map MpS1q ÑMpG�S1q, induced by the action mapping
G� S1 Ñ S1, is a monomorphism.

Proof of Theorem 11.3.5. The first assertion is immediate from Proposition 11.1.45,
which, combined with Proposition 11.2.6(i), also shows that a 0-slice is an
Eilenberg-MacLane spectrum.
For the second assertion, Proposition 11.2.6(iii) tells us that for Y in τG1

(in particular for Y a 1-slice), πkY � 0 for k ¤ 0. The slice coconnectivity
condition for a 1-slice is that it admits no essential maps from any spectrum
in τG2 . By Proposition 11.2.6(iii) this means πnY � 0 for n ¥ 2, so Y � ΣHM

for some Mackey functorM . Proposition 11.3.4 tells us that thisM must have
monomorphic restriction maps.
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It remains to show that ΣHM is a 1-slice for any such M . Consider the
cofiber sequence

P2ΣHM Ñ ΣHM Ñ P 1ΣHM.

Since P2ΣHM ¥ 1 it is 0-connected, and so P2ΣHM is an Eilenberg-
MacLane spectrum. For convenience, write

M 1 � π1P2ΣHM

M2 � π1P
1ΣHM

so that there is a short exact sequence

0ÑM 1 ÑM ÑM2 Ñ 0.

Suppose that S is any finite G-set and consider the following diagram

0 // M 1pSq //

��

MpSq

��

// M2pSq

��

// 0

0 // M 1pG� Sq // MpG� Sq // M2pG� Sq // 0

in which the rows are exact, and the vertical maps are induced by the action
mapping, as in Remark 11.3.7. The bottom right arrow is an isomorphism
since iG0 ΣHM Ñ iG0 P

1ΣHM is an equivalence. Thus M 1pG � Sq � 0. The
middle vertical arrow is one to one by Remark 11.3.7, so M 1pSq � 0 and
therefore M 1 � 0.

Corollary 11.3.8. If X � ΣHM is a 1-slice and πu1X � 0 then X is
contractible.

Corollary 11.3.9. The 1-slice of ΣHM for arbitrary M . Given a Mackey
functor M , let M 1 be given by

M 1pG{Hq � kerResHe :MpG{Hq ÑMpG{eq,
and let M2 �M{M 1. Then P 1

1ΣHM � P 1ΣHM � ΣHM2.

Proof The Mackey functor M2 satisfies the condition of Theorem 11.3.5(ii),
so ΣHM2 is a 1-slice. We also have M 1pG{eq � 0. We can use Proposi-
tion 11.3.3 to show that ΣHM 1 is in τG2 . It follows that P 1

1ΣHM � ΣHM2

as claimed.

Corollary 11.3.10. The 0-slice of S�0 is Hπ0S
�0, and the 1-slice of

ΣS�0 is ΣHZ.

Proof The first assertion follows easily from Theorem 11.3.5 (i). For the
second assertion note that the S1 Ñ ΣHπ0S

�0 is a P 1-equivalence, so the
1-slice of ΣS�0 is P 1ΣHπ0S

�0. This is ΣHZ by Corollary 11.3.9.
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Remark 11.3.11. The tom Dieck theorem. It follows from a theorem of
tom Dieck [tD79] (which is also discussed in [LMSM86, Chapter VII.11] and in
[Sch14, §6]) that π0S

�0 � A, the Burnside Mackey functor of Definition 8.2.7.
For our present purposes, all we need to know about π0S

�0 is that its value
on G{e, which is πu0S�0, is Z, and that the generator of this group, which is
represented by the identity map on S�0, is in the image of every restriction
map. It follows that Z is the image of the surjective map from π0S

�0 obtained
as in Corollary 11.3.9.

Corollary 11.3.12. The bottom slices for slice spheres and their sus-
pensions. For K � G, the m|K|-slice of pSpm,Kq is

Hπ0S
�0 ^ pSpm,Kq

and the pm|K| � 1q-slice of ΣpSpm,Kq is

HZ^ ΣpSpm,Kq.
In particular, for K � teu, the m-slice of pSpm, eq is HZ^ ΣmG�.

Proof Using the fact that G

K
p� q commutes with the formation of the slice

tower (Proposition 11.1.46) it suffices to consider the case K � G. The result
then follows from Proposition 11.1.23(iv) and Corollary 11.3.10.
ForK trivial, pSpm,Kq � G
Sm � ΣpSpm�1,Kq, so them-slice of pSpm,Kq

is the ppm� 1q � 1q-slice of pSpm� 1,Kq.
While the bottom slice of pSpm,Kq is not HZ ^ pSpm,Kq, the latter is

nevertheless a slice.

Proposition 11.3.13. Smash products of slice spheres with HZ. For
any integer m and subgroup K � G, the spectrum HZ^ pSpm,Kq is an m|K|-
slice.

Proof We can argue by induction on |G| using Proposition 11.1.23 (iv), so
it suffices to treat the case K � G. We know that HZ is a 0-slice by Theo-
rem 11.3.5. The result then follows from Corollary 11.1.49(i).

Definition 11.3.14. Spherical slices and pure spectra. A d-slice is
spherical (cellular in [HHR16, Definition 4.56]) if it is of the form HZ^xW ,
where xW is a wedge of slice spheres of dimension d. (Such spectra are slices
by Proposition 11.3.13.) A spherical slice is bound (isotropic in [HHR16,
Definition 1.12]) if xW can be written as a wedge of slice spheres, none of which
is free (i.e., of the form G 
 Sn). A G-spectrum X has spherical slices if
PnnX is spherical for all n, and is pure if in addition its slices are all bound.

Spherical slices are not to be confused with the slice spheres of
§11.1B. The former involve smash products of the latter with HZ.
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This terminology differs from that of [HHR16], where “pure” meant that
all slices had summands of the form

HZ^ pSpm,Kq rather than HZ^ Σ�1 pSpm,Kq.
A pivotal result of this book is that the real cobordism spectrum MUR (the
subject of Chapter 12) and certain related spectra are all pure. This is Slice
Theorem 12.4.1, which is proved in Chapter 13.

Remark 11.3.15. Slices of pure spectra. The n-slice of a pure spectrum is
contractible if n is prime to |G| since the only slice spheres in such dimensions
are free. In particular if G is a 2-group, the slices of a pure spectrum are
concentrated in even dimesions.

Lemma 11.3.16. Maps between spherical d-slices. Suppose that f : X Ñ Y

is a map of spherical d-slices and πudf is an isomorphism. Then f is a weak
equivalence of G-spectra.

Proof The proof is by induction on |G|. If G is the trivial group, the result is
obvious sinceX and Y are Eilenberg-MacLane spectra. Now suppose we know
the result for all proper H � G, and consider the map of isotropy separation
sequences

EP 
X //

��

X

��

// rEP ^X

��
EP 
 Y // Y // rEP ^ Y.

By the induction hypothesis, the left vertical map is a weak equivalence. If d
is not congruent to 0 modulo |G| then the rightmost terms are contractible,
since every slice sphere of dimension d is moving. Smashing with SmρG for
suitable m, we may therefore assume d � 0. We assume that X � HM0 and
Y � HM1 where M0 and M1 are permutation Mackey functors. The result
then follows from part (iv) of Lemma 8.2.12.

Theorem 11.3.17. Maps between spectra with spherical slices. Sup-
pose that X and Y have spherical slices. If f : X Ñ Y has the property that
πu�f is an isomorphism, then f is a weak equivalence of G-spectra.

Proof It suffices to show that for each d the induced map of slices

P ddX Ñ P dd Y (11.3.18)

is a weak equivalence. Since the map of ordinary spectra underlying the slice
tower is the Postnikov tower, the map satisfies the conditions of Lemma 11.3.16,
and the result follows.

The following will be used to describe spectra related to MU in the next
chapter.
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Definition 11.3.19. Suppose that X is a G-spectrum with the property that
πudX is a free abelian group. A refinement of πudX is an equivariant map
cd : xWd Ñ X in which xWd is a wedge of slice spheres of dimension d, with the
property that the map πudxWd Ñ πudX is an isomorphism.

Suppose further that πudX is a free abelian group for all d. Then a refine-
ment of πu�X is an equivariant map c : xW Ñ X in which xW is a wedge of
slice spheres of varying dimensions, such that for each d the restriction of c
to the d-dimensional summands of xW is a refinement of πudX.

11.4 The slice tower, symmetric powers and the norm

The main goal of this section is to prove Theorem 11.4.13, which says that
if R is an equivariant commutative ring in τG0 (see Definition 11.1.22), and
n ¥ 0 is an integer, then there is a variant , 

PnalgR : n ¥ 0
(

to be defined in §11.4B,

of the slice tower in which each section is also an equivariant commutative ring
in τG0 . The proof uses the results of §10.9B to show that cofibrant commutative
rings are equifibrantly flat.
The results here are needed to prove Proposition 11.1.55, Proposition 11.1.56

and Proposition 11.1.57. We need them to show that differentials in slice spec-
tral sequence play nicely with products, i.e., they are derivations.
The reader may wish to look again through §11.1 for the basic definitions

concerning the slice tower. Our presentation there was homotopy theoretic,
and the slice sections Pn and related constructions were given up to weak
equivalence.
Here we will use some explicit constructions, and some care needs to be

taken to ensure that the derived functors we are ultimately interested in can
be computed on the objects that arise. Using the fact that indexed smash
products (Theorem 10.4.7) and indexed symmetric powers (Theorem 10.5.10)
of cofibrant spectra are cofibrant, one can check that this is indeed the case.

Definition 11.4.1. The cofibrant slice tower. The nth cofibrant slice
section Pnc X is the spectrum obtained by replacing the slice spheres in
(11.1.36) by their cofibrant replacements as in (11.1.2).

This functor is homotopical, the map X Ñ Pnc X is a positive equifibrant
cofibration, and its codomain is cofibrant when X is.
Our task will be to show that something functorially weakly equivalent to

Pnc takes commutative rings in τG0 to commutative rings in τG0 .
We begin with the interaction of the slice filtration with the formation of

indexed smash products. As in Chapter 10 we fix a finite G-set T and work
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with the homotopy theory of equivariant T -diagrams of orthogonal spectra.
We define slice spheres and the slice filtration in the evident manner, so that
the slice filtration on equivariant T -diagrams corresponds to the product of
slice filtrations on Gt-spectra under the equivalence

SpBTG �
¹
t

SpGt ,

where Gt is the stabilizer of t as in (10.1.1).

11.4A Slice connectivity of indexed products
The proposition below follows easily from Proposition 11.1.20.

Proposition 11.4.2. Indexed wedges preserve slice connectivity. Sup-
pose that T is a non-empty G-set, X is a cofibrant equivariant T -diagram,
and n is an integer. If each Xt is slice pn � 1q-connected, then the indexed
wedge ª

tPT

Xt

is slice pn� 1q-connected.

The next two results make use of the implication

X ¥ 0 and Y ¥ k ùñ X ^ Y ¥ k (11.4.3)

of Proposition 11.1.23(iii).

Proposition 11.4.4. Indexed smash products preserve slice connec-
tivity. Suppose that T is a non-empty G-set, X is a cofibrant equivariant
T -diagram, and n ¥ 0 is an integer. If each Xt is slice pn�1q-connected, then
the indexed smash product ©

tPT

Xt

is slice pn� 1q-connected.

Proof By induction on |G| we may suppose that iGHX^T is slice pn � 1q-
connected for any proper subgroup H � G. This implies that K ^X^T ¥ n

if K is any G-CW complex built entirely from moving G-cells. Since the for-
mation of indexed smash products commutes with filtered colimits, it suffices
by Proposition 11.1.37 to consider a cofibration A Ñ B of equivariant T -
diagrams in which B{A is a wedge of slice spheres of dimension greater than
n, and show that

A^T ¥ n ùñ B^T ¥ n. (11.4.5)
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Using the filtration of §2.9C for the identity pushout square

A //

��

B

��
A // B ,

gives a filtration of B^T whose stages fit into cofibration sequences

film�1B
^T Ñ filmB

^T Ñ
ª

A^T0 ^ pB{Aq^T1 (11.4.6)

in which the indexing G-set for the coproduct on the right is the set of all set
theoretic decomposition T � T0

²
T1 with |T1| � m. The implication (11.4.3)

and Proposition 11.4.2 above reduce the claim to showing that if T1 � ∅,
then pB{Aq^T1 (regarded as an equivariant spectrum for the stabilizer of T1)
is slice pn� 1q-connected. In other words, it suffices to prove the proposition
when X is a wedge of slice spheres of dimension greater than or equal to n.
Making use of the distributive law, (11.4.3) and Proposition 11.4.2, one

reduces to the case in which T � G{H is a single orbit, and X corresponds
to SkρH with k|H| ¥ n. Then we have

X^T � SkρG

has dimension k|G| ¥ k|H| ¥ n.

Remark 11.4.7. A simplification brought about by the use of Defini-
tion 11.1.3 instead of the original definition of slice spheres. The above
result is [HHR16, Proposition B.169]. In the proof there it was also necessary
(see Remark 11.1.5) to consider the case X � SkρH�1 with k|H| � 1 ¥ n,
referred to there as “the second case.” The argument for it was more compli-
cated than that for “the first case,” X � Skρ , presented above. It also contains
a typo: the definition of the representation W should be pIndGH1q � 1, not
IndGH � 1.

Proposition 11.4.8. The slice connectivity of a cofibrant indexed
smash product. For X and T be as in Proposition 11.4.4,

Σ�1pΣXq^T ¥ n. (11.4.9)

Proof Rewrite the spectrum in (11.4.9) as�
Σ�1pS1q^T q ^ pX^T q.

The factor Σ�1pS1q^T is weakly equivalent to the sphere SV with V � RT�1.
This gives

Σ�1pS1q^T ¥ 0

and the relation (11.4.9) then follows from Proposition 11.4.4 and (11.4.3).
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We next turn to indexed symmetric powers. As in §10.5 we consider a finite
G-set T , a G-stable subgroup Λ � ΣT , and the indexed symmetric power

SymT
ΛX � X^T {Λ.

Proposition 11.4.10. Indexed symmetric powers and slice connec-
tivity. Let n ¥ 0 be an integer, T a nonempty finite G-set, and X a cofibrant
equivariant T -diagram. If X is slice pn � 1q-connected then both the indexed
symmetric power SymT

ΛX and Σ�1SymT
ΛpΣXq are slice pn� 1q-connected.

Proof Using the equivalences

EGΛ

Λ
X^T � SymT

ΛX

Σ�1EGΛ

Λ
pΣXq^T � Σ�1SymT

ΛpΣXq

of Lemma 10.5.18 and working through an equivariant cell decomposition of
EGΛ reduces the claim to showing that

S 

Λ
X^T and Σ�1S 


Λ
pΣXq^T (11.4.11)

are slice pn�1q-connected when S is a finite Λ-free Λ�G-set. But the first spec-
trum in (11.4.11) is an indexed wedge of indexed smash products of X (see the
proof of Lemma 10.5.16), hence slice pn� 1q-connected by Proposition 11.4.4
and Proposition 11.4.2. The second spectrum is an indexed wedge of desus-
pensions of indexed smash products of ΣX, hence slice pn� 1q-connected by
Proposition 11.4.8 and Proposition 11.4.2.

11.4B The cofibrant slice tower for a commutative ring
We can now investigate the slice sections of commutative rings. Let

Pnalg : CommG Ñ CommG,

the nth algebraic slice section, be the multiplicative analogue of Pnc ,
constructed for an equivariant commutative ring R as the colimit of a sequence
of functors

Pn,0alg RÑ Pn,1alg RÑ � � � .

The Pn,kalg R are defined inductively on k starting with Pn,0alg R � R, and in
which Pn,kalg R is defined by the pushout square (compare with (11.1.36), Defi-
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nition 11.4.1, and Quillen’s diagram (4.2.11))

Sym

��ª
Ln,k

Σt pSc
� //

��

Pn,k�1
alg R

��
Sym

��ª
Ln,k

C Σt pSc
� // Pn,kalg R

(11.4.12)

in which the indexing set Ln,k is the set of maps Σt pSc Ñ Pn,k�1
alg R with pSc ¡ n

a cofibrant slice sphere and t ¥ 0. The functor Pnalg is homotopical and for any
R, the map RÑ PnalgR is a cofibration of equivariant commutative rings. The
arrow R Ñ PnalgR is characterized up to weak equivalence by the following
universal property: if S is an equivariant commutative ring whose underlying
spectrum is slice pn� 1q-coconnected then the map

HoCommGpPnalgR,Sq Ñ HoCommGpR,Sq
is an isomorphism.
Let U be the forgetful functor

U : CommG Ñ SpG.

By the small object argument, the spectrum UPnalgR is slice pn�1q-coconnected,
so there is a natural transformation

Pnc URÑ UPnalgR

of functors to SpG.

Theorem 11.4.13. The multiplicative slice tower of a commutative
ring spectrum. If R is a slice p�1q-connected cofibrant equivariant commu-
tative ring, then for all n P Z, the map

Pnc URÑ UPnalgR

is a weak equivalence. Thus R has a slice tower in which each section is itself
an equivariant commutative ring.

Proof When n is negative, Pnc UR is contractible, and PnalgR is a commutative
ring whose unit is null homotopic, hence also contractible. We may therefore
assume n is non-negative.
It suffices to show that each of the maps

R1 :� UPn,k�1
alg RÑ UPn,kalg R �: R2

is a slice Pn-equivalence. We do this by working through the pushout ring
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filtration of Definition 2.9.47, whose successive terms are related by the ho-
motopy coCartesian square

R1 ^ BASymmB //

��

R1 ^ SymmB

��
filR1
m�1R2

// filR1
m R2,

in which AÑ B is the mapª
Ln,k

Σt pSc Ñ ª
Ln,k

C Σt pSc. (11.4.14)

By induction we may assume that the maps

URÑ UPn,k�1
alg RÑ film�1P

n,k
alg R

are Pn equivalences, so the three spectra are all in τG0 . The homotopy fiber
of film�1P

n,k
alg RÑ filmP

n,k
alg R is

UPn,k�1
alg R^ Σ�1SymmpB{Aq.

Now B{A is the suspension of the left term in (11.4.14) which is slice n-
connected. It follows (Proposition 11.4.10) that Σ�1SymmpB{Aq is also slice
n-connected hence so is UPn,k�1

alg R^ Σ�1SymmpB{Aq since

UPn,k�1
alg R ¥ 0.

The fact that film�1P
n,k
alg R Ñ filmP

n,k
alg R is a slice Pn-equivalence is now a

consequence of Lemma 11.1.51.
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The construction and properties of MUR

In this chapter we give a construction of the real bordism spectrum MUR as
a commutative algebra in SpC2 . This construction owes a great deal to the
Stefan Schwede’s construction of MU in [Sch07, Chapter 2]. We are indebted
to him for some very helpful correspondence concerning these matters.
We assume that the reader is familiar with the ordinary spectrum MU . If

not, please consult [Rav86, Section 4.1], [Sto68b] or [Mil60]. In particular we
will make use of the facts that

H�pMU ;Zq � Zrb1, b2, . . . s, with bi P H2i (12.0.1)

and

π�pMUq � Zrx1, x2, . . . s, with xi P π2i. (12.0.2)

The homology generators bi can be defined in terms of complex projective
spaces, but there is no simple way to define the homotopy generators xi.
We will define specific generators for equivariant homotopy below in Corol-
lary 12.3.9.
Our goal is to construct a C2-equivariant commutative ringMUR admitting

the canonical homotopy presentation (see §7.4F)

MUR � hocolimS�nC ^MUpnq, (12.0.3)

where C denotes the complex numbers with conjugation regarded as a real
orthogonal representation of C2, and MUpnq is the Thom complex of the
universal bundle over BUpnq, the classifying space of the group Upnq of n�n
unitary matrices. The group C2 acts on everything by complex conjugation,
so we could also write this expression as

MUR � hocolimS�nρ2 ^MUpnq. (12.0.4)

The map

S�ρ2 ^MUp1q ÑMUR
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defines a real orientation. These properties form the basis for everything we
will prove about MUR.
The most natural construction of MUR realizes this structure in the cate-

gory SpR of real spectra, which is related to the category of C2-equivariant
orthogonal spectra by a multiplicative Quillen equivalence

r! : SpR K
//
SpC2 : r�.oo

We will construct a commutative algebra MUR P CommSpR (not to be con-
fused with MUR), whose underlying real spectrum has a canonical homotopy
presentation of the form

hocolim
n

S�nC ^MUpnq
�

{{www
ww
ww
ww

�

((RR
RRR

RRR
RRR

R

MUR phocolim
n

S�nC ^MUpnqqf ,
(12.0.5)

as in Definition 7.4.63. In this case S�nρ2 ^MUpnq is already cofibrant, so
there is no need for a cofibrant replacement. The map on the right is fibrant
replacement.
Applying r! to (12.0.5) and making the identification r!S�C � S�ρ2 leads

to the diagram

hocolim
n

S�nρ2 ^MUpnq

}}||
||
||
||

�

((PP
PPP

PPP
PPP

r!MUR phocolim
n

S�nρ2 ^MUpnqqf ,
(12.0.6)

We define MUR to be the spectrum r!MU 1R, where MU 1R ÑMUR is a cofi-
brant commutative algebra approximation. The functor r! is strictly monoidal,
so MUR is a commutative ring in SpC2 . The map on the right in (12.0.6) is
a weak equivalence since r! is a left Quillen functor. The problem is to show
that the one on the left is.
This involves two steps. The first is to show that the forgetful functor

CommSpR Ñ SpR

creates a model structure on CommSpR. This involves analyzing the sym-
metric powers of cofibrant real spectra. The second is to show that the func-
tor r! is homotopical on a subcategory of SpR containing the real spectra
underlying cofibrant real commutative rings. As in our analysis of norms of
commutative rings, this involves a generalized notion of flatness. The role
of the model category structure on CommSpR is to identify the cofibrant
real commutative algebras. But the only real work in establishing the model
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structure is showing that what one thinks is a cofibrant approximation is ac-
tually a weak equivalence, and that is what is needed to show that every real
commutative algebra is weakly equivalent to a cofibrant one.

12.1 Real and complex spectra

In this section we describe the basics of real and complex spectra. The
additive results follow from the results of [MM02], but the important multi-
plicative properties require a separate analysis.
For finite dimensional complex Hermitian vector spacesA andB, let UpA,Bq

be the Stiefel manifold of unitary embeddings A ãÑ B. There is a natural Her-
mitian inner product on the complexification VC of a real orthogonal vector
space V , so there is a natural embedding

OpV,W q Ñ UpVC,WCq.
The group C2 acts on UpVC,WCq by complex conjugation, and the fixed point
space is OpV,W q. The complex numbers C with conjugation is isomorphic to
ρ2 as a 2-dimensional orthogonal representation of C2. It follows that there is
a natural embedding

UpVC,WCq Ñ OpVρ2 ,Wρ2q. (12.1.1)

where Vρ2 denotes V b ρ2.
The following two definitions should be compared with Definition 8.9.24

and Definition 9.0.2.

Definition 12.1.2. The complex Mandell-May category JC is J
U

as in Definition 7.2.4(iv). It is topological category whose objects are finite
dimensional Hermitian vector spaces, and whose morphism space JCpV,W q
is the Thom complex

JCpV,W q � ThompUpV,W q;W � V q.
Here UpV,W q denotes the space (a complex Steifel manifold) of unitary embed-
dings of V into W . As in the orthogonal case, each such embedding i : V ÑW

has a unitary complement which we denote by W�ipV q. This defines a complex
vector bundle over the complex Stiefel manifold UpV,W q, and the morphism
object is its Thom space.

The real Mandell-May category JR is the C2-equivariant topological
category (meaning a category enriched over T C2) whose objects are finite
dimensional orthogonal real vector spaces V , and with

JRpV,W q :� JCpVC,WCq,
where VC denotes V bC, on which C2 acts by complex conjugation.
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It follows that JRpm,nq is a certain subspace of JC2
pmρ2, nρ2q related

to the embedding of (12.1.1).
The following is a consequence of the unitary case of Proposition 7.2.24.

Proposition 12.1.3. The categories JC and JR are both J
O-algebras

as in Definition 7.2.19.

Definition 12.1.4. The category SpC of complex spectra is the topological
category of enriched functors

JC Ñ T .

The category SpR of real spectra is the topological category of C2-enriched
functors

JR Ñ T C2 .

We will write
V ÞÑ XVC

for a typical real spectrum X, and let S�VC P SpR be the functor co-
represented by V P JR. From the Yoneda lemma there is a natural iso-
morphism

SpRpS�VC , Xq � XVC
.

As with smashable spectra in general, every real spectrumX has a tautological
presentation as in Proposition 7.2.57,ª

V,WPJR

S�WC ^JRpV,W q ^XWC
Ñ

ª
V PJR

S�VC ^XVC
Ñ X. (12.1.5)

A similar apparatus exists for complex spectra.

Remark 12.1.6. Skeletal subcategories of JR and JC. The category
JR is equivalent to its full subcategory with objects Rn, and similarly JC

is equivalent to its full subcategory with objects Cn. Thus a real spectrum X

is specified by the spaces XVC
with V � Rn together with the structure maps

between them, and an object Y P SpC is specified by its spaces YCn , together
with the structure maps between them.

The group C2 acts on SpC through its action on JC. We write this as
X ÞÑ X, where

XV � XV

A fixed point for this action is a complex spectrum X equipped with an
isomorphism X Ñ X having the property that

X Ñ X Ñ X � X

is the identity map. Restricting to the spaces XCn and using the standard
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basis to identify Cn with C
n one sees that a fixed point for this C2-action

consists of a sequence C2-spaces XCn , together with an associative family of
C2-equivariant maps

JCpCn,Cmq ^Upnq XCn Ñ XCm ,

where C2 is acting by conjugation. But this is the same thing as giving a real
spectrum indexed on the spaces Rn. This shows that the category of fixed
points for the C2-action on SpC is SpR.

12.1A Smash products and indexed smash products
The direct sum operation makes JC into a T -enriched symmetric monoidal
category and JR an T C2 -enriched symmetric monoidal category. Using this
one can define the smash product X ^ Y giving both SpR and SpC the
structure of symmetric monoidal categories. The smash product in SpR is
specified by the formula

S�VC ^ S�WC � S�pV`W qC

and the fact that it commutes with colimits in each variable. A similar char-
acterization holds for SpC.
There are indexed monoidal products in this context. Let T be a finite set

with a C2-action. The actions of C2 on T and on SpC combine to give an action
on the product category SpTC. The category of SpTR of real T -diagrams is the
category of fixed points for this action. The category of real T -diagrams for
T � tptu is equivalent to SpR. When T � C2, the category of real T -diagrams
is equivalent to SpC. For general T � n1 � n2C2, one has an equivalence

SpTR � Spn1

R � Spn2

C .

There are indexed wedges and indexed smash products from SpTR to SpR.

12.1B Homotopy theory of real and complex spectra
We now turn to the homotopy theory of real and complex spectra. We describe
the case of SpR and leave the analogous case of SpC to the reader.
Suppose that X is a real spectrum. For H � C2 and k P Z set

πHk pXq � colim
V

πHk�VC
XVC

.

The colimit is taken over the poset of finite dimensional orthogonal vector
spaces over R, ordered (in agreement with Definition 8.9.9) by dimension. A
stable weak equivalence in SpR is a map X Ñ Y inducing an isomorphism
πHk X Ñ πHk Y for all H � C2 and k P Z. For fixed k, the groups πHk form a
Mackey functor which we denote πk.
Equipped with the stable weak equivalences, the category SpR becomes a
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homotopical category. We refine it to a model category by defining a map to
be a fibration if for each non-zero V , the map XVC

Ñ YVC
is a fibration

in T C2 . The cofibrations are the maps having the left lifting property against
the trivial fibrations. This is the positive stable model structure on SpR.
The positive stable model structure is cofibrantly generated. The generating

cofibrations can be taken to be the maps of the form

S�VC ^ �
Sn�1
� Ñ Dn

�

�
and

C2 
 S�VC ^ �
Sn�1
� Ñ Dn

�

�
with V ¡ 0. The generating trivial cofibrations are the analogous maps

S�VC ^ �
In� Ñ In�1

�
and

C2 
 S�VC ^ �
In� Ñ In�1

�
together with the corner maps formed by smashing

S�VC`WC ^ SWC Ñ S̃VC,WC (12.1.7)

with the maps Sn�1
� Ñ Dn

� and C2
pSn�1
� Ñ Dn

�q. We assume V ¡ 0, while
W need not be. The map (12.1.7) is extracted from the factorization

S�VC`WC ^ SWC Ñ S̃VC,WC Ñ S�VC

formed by applying the small object construction with the generating cofib-
rations. As in the case of the equifibrant positive stable model structure on
SpG, the map S̃VC,WC Ñ S�VC is a homotopy equivalence. The verification
of the model category axioms is a special case of Theorem 7.4.52.

12.1C The relation between real spectra and C2-spectra
Let

r : JR Ñ JC2

be the functor sending V to

Vρ2 � V b ρ2.

Then the precomposition functor

r� : SpC2 Ñ SpR

has both a left and right adjoint which we denote r! and r� respectively. The
left adjoint sends S�VC to S�Vρ2 , and is described in general by applying the
functor termwise to the tautological presentation.
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Since the functor r� is symmetric monoidal as in Definition 2.6.20, the left
adjoint r! is oplax symmetric monoidal by Proposition 2.6.21. This means that
for real spectra X and Y , there is a natural map

µX,Y : r!pX ^ Y q Ñ r!X ^ r!Y

in SpC2with properties spelled out in Definition 2.6.19.

Proposition 12.1.8. A Quillen equivalence between real spectra and
C2-spectra. The functors

r! : SpR K
//
SpC2 : r�oo

form a Quillen equivalence.

Remark 12.1.9. A similar argument leads to a Quillen equivalence

SpC K
//
Sp.oo

Proof Since r! is a left adjoint and

r!pS�VC ^Aq � S�Vρ2 ^A

for a pointed C2-space A, it is immediate that r! sends the generating (trivial)
cofibrations to (trivial) cofibrations, and hence is a left Quillen functor. Using
the tautological presentations of the two categories (see Proposition 3.2.33),
one can easily check that a map X Ñ Y in SpC2 is a weak equivalence if and
only if r�X Ñ r�Y is. This means that to show that r! and r� form a Quillen
equivalence it suffices to show that the unit map

X Ñ r�r!X (12.1.10)

is a weak equivalence for every cofibrant X P SpR. Since r� is also a left
adjoint, it preserves colimits, and therefore so does r�r!. Since both functors
also commute with smashing with a C2-space, we are reduced to checking that
for each 0 � V P JR, the map

S�VC Ñ r�S�Vρ2 (12.1.11)

is a weak equivalence.
For W P JR, the WCth space of S�VC is

JRpV,W q � ThompUpVC,WCq;WC � VCq
and the W th space of r�S�Vρ2 is

JC2
pVρ2 ,Wρ2q � ThompOpVρ2 ,Wρ2q;Wρ2 � Vρ2q.

The unit of the adjunction is derived from the inclusion

UpVC,WCq Ñ OpVρ2 ,Wρ2q of (12.1.1).
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We must therefore show that for each integer k, the map

colim
WPJR

πk�WC
JRpV,W q Ñ colim

WPJR

πk�WC
JC2pVρ2 ,Wρ2q (12.1.12)

is an isomorphism.
We may suppose that |W | ¥ |V | since otherwise both spaces above are

points. For a fixed W choose an orthogonal embedding V � W , write W �
V ` U , and consider the diagram

JRp0, Uq SUC //
�
��

JRpV,W q
��

JC2
p0, Uq SUρ2 //JC2

pVρ2 ,Wρ2q .

The left vertical map is an equivariant homeomorphism. A straightforward
argument using the connectivity of Stiefel manifolds shows that for |W | " 0

the horizontal maps are isomorphisms in both πuk�WC
and πC2

k�WC
. It follows

that the right vertical map is as well, and hence so is (12.1.12).

For later reference, we record one fact that emerged in the proof of Propo-
sition 12.1.8.

Lemma 12.1.13. The precomposition functor r� detects weak equiv-
alences. A morphism in SpC2 is a weak equivalence if and only if its image
under r� is one.

12.1D Multiplicative properties of real spectra
The multiplicative homotopy theory of real spectra is similar to that of SpG
as described in Chapter 10. There does not seem to be a simple way to deduce
the results directly from the case of SpC2 , but the proofs are very similar.

Proposition 12.1.14. Indexed corner maps of real spectra. If T is a
finite C2-set and X Ñ Y is a cofibration of cofibrant real T -diagrams, then both
the indexed corner map BXY ^T Ñ Y ^T and the absolute map X^T Ñ Y ^T

are cofibrations between cofibrant objects. They are weak equivalences if X Ñ Y

is.

Proof This is an analogue of Proposition 10.3.8 and Proposition 10.4.5, and
is proved in the same way, using the arrow category and the target exponent
filtration of §2.9C.

For the symmetric powers, we fix a finite C2-set T and a C2-stable sub-
group Λ � ΣT . The following three results are analogs of Lemma 10.5.18,
Theorem 10.5.10 and Theorem 10.7.2, making use of Proposition 12.1.14,
Lemma 12.1.15 and Theorem 12.1.16 respectively.
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Lemma 12.1.15. If X P SpR is cofibrant and Z is any real spectrum equipped
with an action of Λ� C2 extending the C2-action, then the map

pEC2
Λq 


Λ
pX^T ^ Zq Ñ pX^T ^ Zq{Λ.

is a weak equivalence.

Theorem 12.1.16. Cofibrations and indexed symmetric powers. Given
a cofibration of cofibrant real spectra AÑ B and a finite C2-set T , in the di-
agram

EC2
Λ


Λ
BAB^T //

��

EC2
Λ


Λ
B^T

��
BASymTB // SymTB

the upper row is a cofibration between cofibrant objects, the vertical maps
are weak equivalences and remain so after smashing with any object, and the
bottom row is an h-cofibration of flat spectra. The horizontal maps are weak
equivalences if AÑ B is.

Theorem 12.1.17. A model structure on commutative algebras in
SpR. The forgetful functor

U : CommSpR Ñ SpR

creates a model structure on CommSpR, in which a map of commutative
algebras is a fibration or weak equivalence if and only if the underlying map
of real spectra is.

12.1E C2-flat real spectra
Our next task is to show that the left derived functor of r! of Proposition 12.1.8
can be computed on a subcategory of real spectra containing those which
underlie real commutative rings.
The following should be compared with Definition 10.9.6, in which the func-

tor in place of r! is pp��q^K{L. Theorem 12.1.22 below is the analogue of
Theorem 10.9.9.

Definition 12.1.18. C2-flatness. A real spectrum X P SpR is C2-flat if it
satisfies the following property: for every cofibrant approximation X̃ Ñ X in
SpR and every weak equivalence rZ Ñ Z in SpC2 , the map

r!X̃ ^ rZ Ñ r!X ^ Z (12.1.19)

is a weak equivalence.
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Remark 12.1.20. Since r! is a left Quillen functor and cofibrant objects of
SpC2 are flat as in Definition 5.1.20, cofibrant objects of SpR are C2-flat.

Remark 12.1.21. If (12.1.19) is a weak equivalence for one cofibrant ap-
proximation of X, it is a weak equivalence for any cofibrant approximation of
X.

Our main result is

Theorem 12.1.22. C2-flatness of cofibrant commutative algebras. If
R P SpR is a cofibrant commutative algebra, then it is C2-flat.

The proof of Theorem 12.1.22 follows the argument for the proof of Theo-
rem 10.9.9.

Lemma 12.1.23. C2-flatness of symmetric powers. If A P SpR is cofi-
brant, and n ¥ 1, then SymnA is C2-flat.

Proof By Lemma 12.1.15, the map

pEC2
Σnq 


Σn

A^n Ñ SymnA

is a cofibrant approximation. Since r! is a continuous left adjoint, we may
identify

r!
�pEC2Σnq 


Σn

A^n
�^ rZ Ñ r!

�
SymnA

�^ Z (12.1.24)

with
pEC2Σnq 


Σn

pr!Aq^n ^ rZ Ñ Symnpr!Aq ^ Z. (12.1.25)

Since r! is a left Quillen functor, r!pAq is cofibrant, and Lemma 10.5.18 implies
that (12.1.25), hence (12.1.24) is a weak equivalence.

We also require an analogue of Lemma 10.9.25, though the statement and
proof are much simpler in this case, since r! is a left adjoint.

Lemma 12.1.26. C2-flatness in cofiber sequences. If S Ñ T is an h-
cofibration in SpR, and two of S, T , T {S are C2-flat, then so is the third.

Proof We may choose a map S̃ Ñ T̃ of cofibrant approximations which is a
cofibration, hence an h-cofibration. Our assumption is that two of the vertical
maps in

r!S̃ ^ rZ //

��

r!T̃ ^ rZ //

��

r!pT̃ {S̃q ^ rZ
��

r!S ^ Z // r!T ^ Z // r!pT {Sq ^ Z

are weak equivalences. This implies that the third is, since the two left hori-
zontal maps are h-cofibrations hence flat.
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Lemma 12.1.27. C2-flatness of pushouts. Consider a pushout square in
SpR,

S //

��

T

��
X // Y

(12.1.28)

in which S Ñ T is an h-cofibration. If T , T {S and X are C2-flat, then so is
Y .

Proof Since T and T {S are C2-flat, so is S by Lemma 12.1.26. We may choose
cofibrant approximations of everything fitting into a pushout diagram

S̃ //

��

T̃

��
X̃ // Ỹ

in which the top row is an h-cofibration. Now consider

r!X̃ ^ rZ
��

r!S̃ ^ rZoo //

��

r!T̃ ^ rZ
��

r!X ^ Z r!S ^ Zoo // r!T ^ Z

The left horizontal maps are h-cofibrations, hence flat, and the vertical maps
are weak equivalences by assumption. It follows that the map of pushouts is
a weak equivalence.

Proof of Theorem 12.1.22 It suffices to show that if A Ñ B is a generating
cofibration in SpR then

SymA //

��

SymB

��
X // Y

is a pushout square of commutative algebras in SpR, and if X is C2-flat, then
Y is C2-flat. We induct over the filtration described in §2.9C. Since fil0Y � X,
the induction starts. For the inductive step, consider the pushout square

X ^ BASymmB //

��

X ^ SymmB

��
film�1Y // filmY ,

(12.1.29)

and assume that film�1Y is C2-flat. Both SymmB and

SymmB{BASymmB � SymmpB{Aq
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are C2-flat by Lemma 12.1.23. Since smash products of C2-flat spectra are
C2-flat, both X ^ SymmB and X ^ SymmpB{Aq are C2-flat. The top row of
(12.1.29) is an h-cofibration, so Lemma 12.1.27 implies that filmY is C2-flat.
This completes the inductive step, and the proof.

Though we don’t quite need the following result, having come this far we
record it for future reference.

Proposition 12.1.30. A Quillen equivalence between real and C2-
equivariant commutative rings. The functors r! and r� restrict to a
Quillen equivalence

r! : CommSpR K
//
CommSpC2 : r�oo

Proof It is immediate from the definition of the model structures onCommSpR
and CommSpC2 , and the fact that

r! : SpR K
//
SpC2 : r�oo

is a Quillen pair, that

r� : CommSpC2 Ñ CommSpR

preserves the classes of fibrations and trivial fibrations. It remains to show
that if A P CommSpR is cofibrant, then the composition

AÑ r�r!AÑ r�pr!Af q

is a weak equivalence, where r!A Ñ r!Af is a fibrant replacement. Since r�
reflects weak equivalences (Lemma 12.1.13) this is equivalent to showing that

AÑ r�r!A

is a weak equivalence. Let A1 Ñ A be a cofibrant approximation in SpR, and
consider the following diagram in SpR

A1
� //

�

��

r�r!A
1

�

��
A // r�r!A .

(12.1.31)

By Theorem 12.1.22 the map r!A1 Ñ r!A is a weak equivalence. The rightmost
arrow in (12.1.31) is therefore a weak equivalence. The top arrow is a weak
equivalence by Proposition 12.1.8, and the left arrow is a weak equivalence by
assumption. This implies that the bottom arrow is a weak equivalence.
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12.2 The real bordism spectrum

We begin with a real spectrum that will lead us to the C2-spectrum MUR.

Definition 12.2.1. The real spectrum for complex cobordism MUR

is given by

pMURqV �MUpVCq � ThompBUpVCq, VCq for V P JR,

the Thom complex of the bundle

EUpVCq �
UpVCq

VC

over BUpVCq (the classifying space of Proposition 3.4.15(iii)), equipped with
the C2-action of complex conjugation.

This means that the functor JR Ñ TC2

V ÞÑMUpVCq (12.2.2)

that defines MUR is lax symmetric monoidal as in Definition 2.6.19. It fol-
lows by an argument similar to that of Proposition 9.1.39 that MUR is a
commutative ring.

Definition 12.2.3. The real bordism spectrum is the C2-spectrum

MUR � r!MU 1R,

where MU 1R ÑMUR is a cofibrant approximation to MUR in CommSpR
with the model structure of Theorem 12.1.17.

ThusMUR is algebraically cofibrant inCommSpC2 as in Definition 10.7.1.
To get at the homotopy type of MUR, we examine the canonical homotopy

presentation of MUR as in Definition 7.4.63. This gives a weak equivalence

hocolim
n

S�Cn ^MUpnq �ÝÑMU 1R (12.2.4)

in which MUpnq �MUpCnq. Applying r! and using Theorem 12.1.22 gives

hocolim
n

S�nρ2 ^MUpnq �ÝÑMUR.

In this presentation the universal real orientation of MUR (Example 12.2.11)
is given by restricting to the term n � 1

S�ρ2 ^MUp1q ÑMUR.

The next result summarizes some further consequences of the presentation
(12.2.4).

Proposition 12.2.5. Properties of MUR.

(i) The non-equivariant spectrum underlying MUR is stably equivalent to the
usual complex cobordism spectrum MU .
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(ii) The equivariant cohomology theory represented by MUR coincides with the
one studied in [Lan68], [Fuj76],[Ara79] and [HK01].

(iii) There is an equivalence

ΦC2MUR �MO.

(iv) The Schubert cell decomposition of complex Grassmannians described by
Milnor and Stasheff in [MS74, §6] leads to a Bredon cofibrant approxima-
tion of MUR by a C2-CW spectrum with one 0-cell (S�0) and the remaining
cells of the form emρ2 ^ S�0, with m ¡ 0.

12.2A The spectrum MU ppGqq

Assume now that G � C2n , and for convenience we localize all spectra at
the prime 2. Write g � 2n and let γ P G be a fixed generator. We now
introduce our equivariant variation on the complex cobordism spectrum by
defining

MU ppGqq � NG
C2
MUR, (12.2.6)

whereMUR is the C2-equivariant real bordism spectrum of Definition 12.2.3.
It is a algebraically cofibrant as in Definition 10.7.1. The norm is taken along
the unique inclusion C2 � G. Since the norm is symmetric monoidal, and
its left derived functor may be computed on the spectra underlying cofibrant
commutative rings (Theorem 10.9.9), the spectrum MU ppGqq is an equivari-
ant commutative ring spectrum. For H � G the unit of the restriction-norm
adjunction (Corollary 10.7.5) gives a canonical commutative algebra map

MU ppHqq Ñ iGHMU ppGqq. (12.2.7)

By analogy with the shorthand iGe for restriction along the inclusion of the
trivial group, we will employ the shorthand notation

iG2 � iGC2

for the restriction map SpG Ñ SpC2 induced by the unique inclusion C2 � G.
Restricting, one has a C2-equivariant smash product decomposition

iG2 MU ppGqq �
g{2�1©
j�0

γjMUR. (12.2.8)

12.2B Real bordism, real orientations and formal groups
We begin by reviewing work of [Ara79] and [HK01] on real bordism.
Consider the complex projective spacesCPn andCP8 as pointed C2-spaces

under the action of complex conjugation, with CP 0 as the base point. The
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fixed point spaces are the real projective spaces RPn and RP8. There are
homeomorphisms

CPn{CPn�1 � Snρ2 , (12.2.9)

and in particular an identification CP 1 � Sρ2 .

Definition 12.2.10 ([Ara79]). Let E be a C2-equivariant homotopy commu-
tative ring spectrum. A real orientation of E is a class x P Ẽρ2C2

pCP8q
whose restriction to

Ẽρ2C2
pCP 1q � Ẽρ2C2

pSρ2q � E0
C2
pptq

is a unit. A real oriented spectrum is a C2-equivariant ring spectrum E

equipped with a real orientation.

If pE, xq is a real oriented spectrum and f : E Ñ E1 is an equivariant
multiplicative map, then

f�pxq P pE1qρ2pCP8q
is a real orientation of E1. We will often not distinguish in notation between
x and f�x.

Example 12.2.11. The real orientations for MUR and its norms. The
zero section CP8 ÑMUp1q is an equivariant equivalence, and defines a real
orientation

x PMUρ2R pCP8q,
making MUR into a real oriented spectrum. From the map

MUR Ñ iG2 MU ppGqq

provided by (12.2.7), the spectrum iG2 MU ppGqq gets a real orientation which
we’ll also denote

x P pMU ppGqqqρ2pCP8q.
Example 12.2.12. Real orientations on smash products. If pH,xHq
and pE, xEq are two real oriented spectra then H^E has two real orientations
given by

xH � xH b 1 and xE � 1b xE .

The following result of Araki follows easily from the homeomorphisms (12.2.9).

Theorem 12.2.13 ([Ara79]). The real oriented cohomology of CP8

and CP8 � CP8. Let E be a real oriented cohomology theory. There are
isomorphisms

E�pCP8q � E�rrxss
and E�pCP8 �CP8q � E�rrxb 1, 1b xss.
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Because of 12.2.13, the map CP8 � CP8 Ñ CP8 classifying the tensor
product of the two tautological line bundles defines a formal group law over
πG� E. Using this, much of the theory relating formal groups, complex cobor-
dism, and complex oriented cohomology theories works for C2-equivariant
spectra, with MUR playing the role of MU . For information beyond the dis-
cussion below, see [Ara79, HK01].

Remark 12.2.14. A real orientation x corresponds to a coordinate on the
corresponding formal group. Because of this we will use the terms interchange-
ably, preferring “coordinate” when the discussion predominantly concerns the
formal group, and “real orientation” when it concerns spectra.

The standard formulae from the theory of formal groups give elements in
the ROpC2q-graded homotopy groups πC2

� E of real oriented E. For example,
there is a map from the Lazard ring to πC2

� E classifying the formal group
law. Using Quillen’s theorem to identify the Lazard ring with the complex
cobordism ring, this map can be written as

π�MU Ñ πC2
� E. (12.2.15)

It sends π2nMU to πC2
nρ2E. When E �MUR this splits the forgetful map

πC2
nρ2MUR Ñ πu2nMUR � π2nMU, (12.2.16)

which is therefore surjective. A similar discussion applies to iterated smash
products of MUR giving

Proposition 12.2.17. The relation between underlying and equivari-
ant homotopy of smash powers of MUR. For every m ¡ 0, the above
construction gives a ring homomorphismà

j

πu2j

m©
MUR Ñà

j

πC2
jρ2

m©
MUR (12.2.18)

splitting the forgetful mapà
j

πC2
jρ2

m©
MUR Ñà

j

πu2j

m©
MUR. (12.2.19)

In particular, (12.2.19) is a split surjection.

It is a result of Hu-Kriz[HK01] that (12.2.19) is in fact an isomorphism.
This result, and a generalization to MU ppGqq can be recovered from the slice
spectral sequence.
The class

xH P Hρ2
C2
pCP8;Zp2qq

corresponding to 1 P H0
C2
ppt,Zp2qq under the isomorphism

Hρ2
C2
pCP8;Zp2qq � Hρ2

C2
pCP 1;Zp2qq � H0

C2
ppt;Zp2qq
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defines a real orientation of HZp2q. As in Example 12.2.12, the classes x and
xH give two orientations of E � HZp2q ^MUR. By 12.2.13 these are related
by a power series

xH � logF pxq � x�
¸
i¡0

mix
i�1,

with

mi P πC2
iρ2
HZp2q ^MUR. (12.2.20)

This power series is the logarithm of F . Similarly, the invariant differential
on F gives classes pn� 1qmn P πC2

nρ2MUR. The coefficients of the formal sum
give

ai,j P πC2

pi�j�1qρ2
MUR. (12.2.21)

Remark 12.2.22. Action of C2 on the homology of Snρ2 . Since the
generator of C2 acts by p�1qn on

H2ni
G
0 S

nρ2 � πu2nHZ^ Snρ2 ,

it acts also acts by p�1qn on the non-equivariant class mn underlying mn and
by p�1qn on πu2n

�m
MUR � π2n

�m
MU .

If pE, xEq is a real oriented spectrum then E ^MUR has two orientations

xE � xE b 1

xR � 1b x.

These two orientations are related by a power series

xR �
¸
bix

i�1
E (12.2.23)

defining classes

bi � b
E

i P πC2
iρ2
E ^MUR.

The power series (12.2.23) is an isomorphism over πC2
� E ^MUR

FE Ñ FR

of the formal group law for pE, xEq with the formal group law for pMUR, xq.

Theorem 12.2.24 ([Ara79]). The real oriented homology of MUR. The
map

E�rb1, b2, . . . s Ñ πC2
� E ^MUR

is an isomorphism.
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Araki’s theorem has an evident geometric counterpart. For each j choose a
map

Sjρ2 ^ S�0 Ñ E ^MUR (12.2.25)

representing bj . As in §10.10, let

S�0rbjs �
ª
k¥0

Sk�jρ2 as in Definition 10.10.2

and Erbjs � E ^ S�0rbjs as in (10.10.12).

be the free associative E-algebra on Sjρ2 and

S�0rbjs Ñ E ^MUR

the homotopy associative algebra map extending that of (12.2.25). Using the
multiplication map, smash these together to form a map of spectra

Erb1, b2, . . . s Ñ E ^MU ppGqq, (12.2.26)

where

Erb1, b2, . . . s :� hocolim
k

Erb1, b2, . . . , bks (12.2.27)

The map on ROpC2q-graded homotopy groups induced by (12.2.26) is the
isomorphism of Araki’s theorem. This proves

Corollary 12.2.28. The weak homotopy type of E ^MUR. If E is a
real oriented spectrum then there is a weak equivalence

E ^MUR � Erb1, b2, . . . s.
Remark 12.2.29. If E is strictly associative then (12.2.26) is a map of
associative algebras, and the above identifies E ^MUR as a twisted monoid
ring over E.

As in (12.2.27), write

S�0rb1, b2, . . . s � hocolim
k

S�0rb1s ^ S�0rb2s ^ � � � ^ S�0rbks,

and
S�0rG � b1, G � b2, . . . s � NG

C2
S�0rb1, b2, . . . s.

Using Proposition 11.1.10 one can easily check that S�0rG � b1, G � b2, . . . s is
a wedge of bound slice spheres. In particulat, let

MU ppGqqrG � b1, G � b2, . . . s �MU ppGqq ^ S�0rG � b1, G � b2, . . . s.
Corollary 12.2.30. The restriction of MU ppGqq to a subgroup. For
H � G of index 2, there is an equivalence of H-equivariant associative algebras

iGHMU ppGqq �MU ppHqqrH � b1,H � b2, . . . s.
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Proof Apply NH
C2

to the decomposition of Corollary 12.2.28 with E �MUR.

12.2C The unoriented cobordism ring
Passing to geometric fixed points from

x̄ : CP8 Ñ Σρ2MUR

gives the canonical inclusion

a : RP8 �MOp1q Ñ ΣMO,

defining the MO Euler class of the tautological line bundle. There are iso-
morphisms

MO�pRP8q �MO�rrass
MO�pRP8 �RP8q �MO�rrab 1, 1b ass

and the multiplication map RP8 �RP8 Ñ RP8 gives a formal group law
over MO�. By Quillen [Qui69a], it is the universal formal group law F over
a ring of characteristic 2 for which F pa, aq � 0.
As described by Quillen [Qui71, age 53], the formal group can be used to

give convenient generators for the unoriented cobordism ring. Let

e P H1pRP8;Z{2q
be the HZ{2 Euler class of the tautological line bundle. Over π�HZ{2^MO

there is a power series relating e and the image of the class a

e � `paq � a�
¸
αna

n�1.

Lemma 12.2.31. A power series over π�MO. The composite series�
a�

¸
j¡0

α2j�1a
2j

��1

� `paq � a�
¸
j¡0

xja
j�1 (12.2.32)

has coefficients in π�MO. The classes xj with j � 1 � 2k are zero. The
remaining xj are polynomial generators for the unoriented cobordism ring

π�MO � Z{2rxj , j � 2k � 1s. (12.2.33)

The unoriented cobordism ring was originally determined by Thom in [Tho54,
Théorème IV.12]. Our notation for the generators is that of Stong [Sto68a,
page 40].

Proof The assertion that xj � 0 for j � 1 � 2k is straightforward. Since the
sequence

π�MO Ñ π�HZ{2^MO Ñ π�HZ{2^HZ{2^MO (12.2.34)
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is a split equalizer, to show that the remaining xj are in π�MO it suffices to
show that they are equalized by the parallel maps in (12.2.34). This works
out to showing that the series (12.2.32) is invariant under substitutions of the
form

e ÞÑ e�
¸
eme

2m , (12.2.35)

The series (12.2.32) is characterized as the unique isomorphism of the formal
group law for unoriented cobordism with the additive group, having the ad-
ditional property that the coefficients of a2k are zero. This condition is stable
under the substitutions (12.2.35). The last assertion follows from Quillen’s
characterization of π�MO.

Remark 12.2.36. A class in MO1pRP8q. Recall the real orientation x of
iG2 MU ppGqq of Example 12.2.11. Applying the ROpGq-graded cohomology norm
(§9.7C) to x, and then passing to geometric fixed points, gives a class

ΦGNpxq PMO1pRP8q.
One can easily check that ΦGNpxq coincides with the MO Euler class a defined
at the beginning of this section. Similarly one has

ΦGNpxHq � e.

Applying ΦGN to logF and using the fact that it is a ring homomorphism
(Proposition 9.11.52) gives

e � a�
¸

ΦGNpmkqak�1.

It follows that
ΦGNpmkq � αk.

12.2D Refinement of homotopy groups
We begin by stating a simple consequence of Proposition 12.2.17.

Proposition 12.2.37. Refining the C2-equivariant homotopy of smash
powers of MUR. For every m ¡ 1, every element of

π2k

�
m©
MU

�
can be refined (see Definition 11.3.19) to an equivariant map

Skρ2 Ñ
m©
MUR.

This result expresses an important property of the C2-spectra given by
iterated smash products of MUR. Our goal in this section is to formulate a
generalization to the case G � C2n .
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Remark 12.2.38. The underlying bottom homotopy group of a slice
sphere. Let σGpZq be the sign representation of G on Z, also known as Z�.
We use the former notation here because we will consider it for more than
one group. There is an G-module isomorphism

πu|G|S
ρG � σGpZq,

and more generally

πun|H|
�
G

H
^SnρH� � IndGHσHpZqbn.

This implies that when k is even, a necessary condition for πukX to admit a
refinement is that it be isomorphic as a G-module to a sumà

H�G

MH,k

where MH,k is zero unless |H| divides k and is a sum of copies of IndGH
�
σHpZqb`

�
when k � `|H|. Adding the further condition that for every H � G, with
k � `|H|, every element in πukX transforming in σHpZqb` refines to an el-
ement of πH`ρHX makes it sufficient. A similar analysis describes the case in
which k is odd.

Remark 12.2.39. Using Remark 12.2.38 one can check that a refinement of
πukX consists of bound slice spheres if and only if πukX does not contain a free
G-module as a summand.

The splitting (12.2.18) used to prove Proposition 12.2.37 is multiplicative.
This too has an important analogue.

Definition 12.2.40. Suppose that R is an equivariant associative algebra.
A multiplicative refinement of homotopy is an associative algebra mapxW Ñ R which, when regarded as a map of G-spectra is a refinement of
homotopy.

Proposition 12.2.41. The refinement of πu�MU ppGqq. For every m ¥ 1

there exists a multiplicative refinement of homotopy

xW Ñ
m©
MU ppGqq,

with xW a wedge of bound slice spheres.

Two ingredients form the proof of Proposition 12.2.41. The first, Lemma 12.2.42
below, is a description of πu�MU ppGqq as a G-module. The computation is of
interest in its own right, and is used elsewhere in this book. It will be proved
in §12.3. The second is the classical description of πu�p

�m
MU ppGqqq, m ¡ 1,

as a πu�MU ppGqq-module.



12.2 The real bordism spectrum 815

Lemma 12.2.42. πu�MU ppGqq as a polynomial algebra. There is a se-
quence of elements ri P πu2iMU ppGqq with the property that

πu�MU ppGqq � Zp2qrG � r1, G � r2, . . . s, (12.2.43)

in which G � ri stands for the sequence

pri, . . . γ
g
2�1riq

of length g{2.

We refer to the condition (12.2.43) by saying that the elements ri P πu2iMU ppGqq

form a set of G-algebra generators for πu�MU ppGqq.

Remark 12.2.44. Lemma 12.2.42 completely describes πu�MU ppGqq as a rep-
resentation of G. To spell it out, recall from Remark 12.2.22 that the
action of the generator of C2 on πu2iMU ppGqq is by p�1qi. The elements
ri P πu2iMU ppGqq therefore satisfy γ

g
2 ri � p�1qiri and transform in the rep-

resentation induced from the sign representation of C2 if i is odd and in
the representation induced from the trivial representation of C2 if i is even.
Lemma 12.2.42 implies that the map from the symmetric algebras on the sum
of these representations to πu�MU ppGqq is an isomorphism.

Note that we are not defining the ri P πu2iMU ppGqq explicitly in
Lemma 12.2.42. We will give a precise definition of related elements ri P
πC2
iπC2

iG2 MU ppGqq in Definition 12.3.6 below.

Remark 12.2.45. The refinement of πu�MU ppGqq is bound. The fact that
the action of C2 on πu2iMU ppGqq is either a sum of sign or trivial represen-
tations means that it cannot contain a summand which is free. The same is
therefore true of the G-action. By Remark 12.2.39 this implies that only bound
slice spheres may occur in a refinement of πu2iMU ppGqq.

Over πu�MU ppGqq ^MU ppGqq, there are two formal group laws, FL and FR
coming from the canonical orientations of the left and right factors. There is
also a canonical isomorphism between them, which can be written as

xR �
¸
bjx

j�1
L .

Write
G � bi

for the sequence
bi, γbi, . . . , γ

g{2�1bi.

The following result is a standard computation in complex cobordism.

Lemma 12.2.46. The ring πu�MU ppGqq ^MU ppGqq is given by

πu�MU ppGqq ^MU ppGqq � πu�MU ppGqqrG � b1, G � b2, . . . s.
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For m ¡ 1,

πu�

m©
MU ppGqq � πu�

�
MU ppGqq ^

m�1©
MU ppGqq

�
is the polynomial ring

πu�MU ppGqqrG � bpjqi : i ¡ 0, 0   j   ms,
The element bpjqi is the class bi arising from the jth factor of MU ppGqq in�m�1

MU ppGqq.

Proof The second assertion follows from the first and the Künneth formula.
If not for the fact that G acts on both factors of iG0 MU ppGqq, the first asser-
tion would also follow immediately from the Künneth formula and the usual
description of MU�MU . The quickest way to deduce it from the apparatus
we have describe so far is to let G � Ĝ be an embedding of index 2 into a
cyclic group, write

MU ppGqq ^MU ppGqq � iĜGMU ppĜqq

and use Corollary 12.2.30.

Remark 12.2.47. As with Lemma 12.2.42, the lemma above actually de-
termines the structure of πu�MU ppGqq ^ MU ppGqq as a G-equivariant
πu�MU ppGqq-algebra. See Remark 12.2.44.

Proof of Proposition 12.2.41, assuming Lemma 12.2.42. This is a straight-
forward application of the method of twisted monoid rings of §10.10. To keep
the notation simple we begin with the case m � 1. Choose a sequence ri P
πu2iMU ppGqq with the property described in Lemma 12.2.42. Since MU ppGqq is
a commutative algebra, the method of twisted monoid rings can be used to
construct an associative algebra map

S�0rG � r1, G � r2, . . . s ÑMU ppGqq, (12.2.48)

Using Proposition 11.1.10 one can easily check that S�0rG � r1, G � r2, . . . s is a
wedge of bound G-slice spheres. Using Lemma 12.2.42 one then easily checks
that (12.2.48) is multiplicative refinement of homotopy. The case m ¥ 1 is
similar, using in addition Lemma 12.2.46 and the collection tri, bipjqu.

12.3 Algebra generators for πu
�MU ppGqq

In this section we will describe convenient algebra generators for πu�MU ppGqq.
Our two main results are Proposition 12.3.5, which gives a criterion for a se-
quence of elements ri to “generate” πu�MU ppGqq as aG-algebra as in Lemma 12.2.42,
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and Corollary 12.3.9, which specifies a particular sequence of ri. Proposi-
tion 12.3.5 implies Lemma 12.2.42.
We remind the reader that the notation Hu

�X refers to the homology groups
H�piG0 Xq of the non-equivariant spectrum underlying X.

12.3A A criterion for a generating set
Let

mi P H2iMU � πu2iHZ^MUR

be the coefficient of the universal logarithm. Using the identification (12.2.8)

iG2 MU ppGqq �
g{2�1©
j�0

γjMUR

and the Künneth formula, one has

Hu
�MU ppGqq � Zp2qrγjmis,

where

i � 1, 2, . . . ,

j � 0, . . . , g{2� 1.

By the definition of the γjmi and Remark 12.2.22, the action ofG onHu
�MU ppGqq

is given by

γ � γjmi �
#
γj�1mi j   g{2� 1

p�1qimi j � g{2� 1 .
(12.3.1)

Let

I � kerπu�MU ppGqq Ñ Zp2q

IH � kerHu
�MU ppGqq Ñ Zp2q

denote the augmentation ideals, and

Q� � I{I2
QH� � IH{I2H

the modules of indecomposable, with Q2m and QH2m indicating the homoge-
neous parts of degree 2m (the odd degree parts are zero). The module QH� is
the free abelian group with basis tγjmiu, and from Milnor [Mil60], one knows
that the Hurewicz homomorphism gives an isomorphism

Q2i Ñ QH2i



818 The construction and properties of MUR

if 2i is not of the form 2p2n � 1q, and an exact sequence

Q2p2n�1q � QH2p2n�1q � Z{2 (12.3.2)

in which the rightmost map is the one sending each γjmi to 1.
Formula (12.3.1) implies that the G-module QH2i is the module induced

from the sign representation of C2 if i is odd and from the trivial representation
if i is even.

Lemma 12.3.3. The Zp2qrGs-module structure of the indecomposable
homology. For a given i ¡ 0, let

r �
¸
j

wi,jγ
jmi P QH2i.

The unique G-module map

Zp2qrGs Ñ QH2i

1 ÞÑ r

factors through a map

Zp2qrGs{pγg{2 � p�1qiq Ñ QH2i

which is an isomorphism if and only if
°
wi,j � 1 mod 2.

Proof The factorization is clear, since γg{2 acts with eigenvalue p�1qi on
QH2i. Use the unique map Zp2qrGs Ñ QH2i sending 1 to mi to identify QH2i

with A � Zp2qrGs{pγg{2 � p�1qiq. The main assertion is then that an element
r � °

wjγ
j P A is a unit if and only if

°
wj � 1 mod 2. Since A is a finitely

generated free module over the Noetherian local ring Zp2q, Nakayama’s lemma
implies that the map AÑ A given by multiplication by r is an isomorphism
if and only if it is after reduction modulo 2. So r is a unit if and only if it is
after reduction modulo 2. But A{p2q � Z{2rγs{pγg{2 � 1q is a local ring with
nilpotent maximal ideal pγ � 1q. The residue map

A{p2q Ñ A{p2, γ � 1q � Z{2
sends

°
wi,jγ

jmi to
°
wi,j . The result follows.

Lemma 12.3.4. The structure in dimension 2p2n � 1q. The G-module
Q2p2n�1q is isomorphic to the module induced from the sign representation of
C2. For y P QH2p2n�1q, the unique G-map

Zp2qrGs Ñ QH2p2n�1q

1 ÞÑ y

factors through a map

A � Zp2qrGs{pγg{2 � 1q Ñ Q2p2n�1q
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which is an isomorphism if and only if y � p1 � γqr where r P QH2p2n�1q

satisfies the condition
°
wj � 1 mod 2 of Lemma 12.3.3.

Proof Identify QH2p2n�1q with A by the map sending 1 to m2n�1. In this
case A is isomorphic to Zp2qrζs, with ζ a primitive gth root of unity, and in
particular is an integral domain. Under this identification, the rightmost map
in (12.3.2) is the quotient of A by the principal ideal pζ � 1q. Since A is an
integral domain, this ideal is a rank 1 free module generated by any element
of the form p1� γqr with r P A a unit. The result follows.

This discussion proves

Proposition 12.3.5. Recognizing polynomial generators. Let

tr1, r2, . . . u � πu�MU ppGqq

be any sequence of elements whose images

si P QH2i

have the property that

si �
#
p1� γq°j wi,jγ

jmi for i � 2n � 1°
j wi,jγ

jmi otherwise.

where
°
j wi,j is odd for each i ¡ 0. Then the sequence

tr1, . . . γ
g
2�1r1, r2, . . . , γ

g
2�1r2, . . . u

generates the ideal I, and the map

Zp2qrr1, . . . γ
g
2�1r1, r2, . . . , γ

g
2�1r2, . . . s Ñ πu�MU ppGqq

is an isomorphism.

12.3B Specific generators
We now use the action of G on iG0 MU ppGqq to define specific elements r̄i P
πC2
iρ2
MU ppGqq refining a sequence satisfying the condition of Proposition 12.3.5.

Write
F px, yq

for the formal group law over πC2
� MU ppGqq, and

logF pxq � x�
¸
i¡0

mix
i�1

for its logarithm. This defines elements

mi P πC2
iρ2
HZp2q ^MU ppGqq � Hiρ2

pMU ppGqq;Zp2qqpG{C2q.
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It is known that for G � C2, imi is the image of rCP is (the element of π2iMU

corresponding to the cobordism class of the complex manifold CP i) under the
composite of the 2-local Hurewicz map and the map of (12.2.15).

Definition 12.3.6. Specific generators r̄i P πC2
iρ2
MU ppGqq. The elements

ri � rGi P πC2
iρ2
MU ppGqq

are the coefficients of the unique strict isomorphism of F with the 2-typification
of F γ . The Hurewicz images

ri P πC2
iρ2
HZp2q ^MU ppGqq

are given by the power series identity¸
rix

i�1 �
�
x�

¸
γpm2n�1qx2

`
	�1

� logF pxq. (12.3.7)

Modulo decomposables this becomes

ri �
#
p1� γqmi i � 2n � 1

mi otherwise.
(12.3.8)

This shows that the elements ri satisfy the condition of Proposition 12.3.5,
hence

Corollary 12.3.9. Our specific polynomial generators. The classes

ri � iG0 ri

form a set of G-algebra generators for πu�MU ppGqq.

The ri of Definition 12.3.6 are the specific generators we will use. In §13.3
we will need to consider the classes ri for a group G and for a subgroup
H � G. We will then use the notation

rHi and rGi
to distinguish them.
The following result establishes an important property of these specific ri.

In the statement below, the symbol N is the norm map NG
C2

on the ROpGq-
graded homotopy groups of commutative rings.

Proposition 12.3.10. The image of ΦG on norms of our generators.
For all i ¡ 0

ΦGNpriq � xi P πiMO,

where the xi are the classes defined in Lemma 12.2.31. In particular, the set

tΦGNpriq | i � 2n � 1u
is a set of polynomial algebra generators of π�MO, and for all `

ΦGNpr2n�1q � h2n�1 � 0.
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Proof From Remark 12.2.36 we know that

ΦGNx � a

ΦGNxH � e

ΦGNmn � αn.

Corollary 10.7.7 implies that

ΦGNγmn � ΦGNmn,

so we also know that
ΦGNγmn � αn.

Since the Hurewicz homomorphism

π�Φ
GMU ppGqq

�

��

// π�ΦGpHZp2q ^MU ppGqqq
�

��
π�MO // π�HZ{2rbs ^MO

is a monomorphism, we can calculate ΦGNri using (12.3.7). Applying ΦGN

to (12.3.7), and using the fact that it is a ring homomorphism gives

a�
¸
pΦGNriqai�1

�
�
a�

¸
pΦGNγm2n�1qa2

`
	�1

�
�
a�

¸
pΦGNmiqai�1

	
�

�
a�

¸
α2n�1a

2`
	�1

�
�
a�

¸
αia

i�1
	
.

But this is the identity defining the classes xi.

In addition to

hi � ΦGNpriq P πiΦGMU ppGqq � πiMO

there are some important classes fi attached to these specific ri.

Definition 12.3.11. The elements fi in πG�MU ppGqq. Set

fi � aiρGNri P πGi MU ppGqq,

where ρG is the reduced regular representation.

The relationship between these classes is displayed in the following commu-
tative diagram.

Si

aiρ̄G

yyttt
tt
tt
tt

fi
��

xi

((PP
PPP

PPP
PPP

P

SiρG
Nri // MU ppGqq // rEP ^MU ppGqq.

(12.3.12)
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12.4 The slice structure of MU ppGqq

The results of this section are critical to the calculations that follow. Here
we identify the slices of the spectrum MU ppGqq of (12.2.6) for a finite cyclic
2-group G � C2n .
Using the method of twisted monoid rings of §10.10C, one can show the

Slice Theorem 12.4.1 and the Reduction Theorem 12.4.8 to be equivalent. In
§12.4 we formally state the Reduction Theorem, and assuming it, prove the
Slice Theorem. In §12.4B we establish a converse, for associative algebras R
which are pure and which admit a multiplicative refinement of homotopy by
a polynomial algebra. Both assertions are used in the proof of the Reduction
Theorem itself in §12.4E.

12.4A The slice theorem
We now state the Slice Theorem, which will enable us to identify the slices of
the spectrum MU ppGqq of (12.2.6).

Slice Theorem 12.4.1. The spectrum MU ppGqq is pure as in Definition 11.3.14.

For the proof of the slice theorem, let

AG � S�0rG � r1, G � r2, . . . s ÑMU ppGqq

be the multiplicative refinement of homotopy constructed in Proposition 12.2.41
using the method of twisted monoid rings of §10.10, and the specific generators
of Definition 12.3.6. Let T be the left G-set defined by

T �
º
i¡0

G{C2. (12.4.2)

This is a disjoint union of copies of G{C2, one for each positive integer i.
Hence each element t P T has an integer iptq ¡ 0 associated with it.
As described in §10.10, the spectrum AG is the indexed wedge

AG � S�0 ^
ª
fPNT

0

Sρf , (12.4.3)

where the wedge is over all finitely supported N0-valued functions f on T .
The group G acts on the set of such functions, so each function f has a
stabilizer group Gf � G. It always contains the subgroup C2 � G since the
latter acts trivially on T . In (12.4.3), ρf is the unique multiple of the regular
representation of Gf having dimension

dim ρf � 2
¸
tPT

iptq fptq. (12.4.4)

The spectrum AG is a wedge of bound (as in Definition 11.1.6) slice spheres
of various dimensions.
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Example 12.4.5. The case G � C4. Let γ P G be a generator. The stabilizer
group Gf of a function f is all of G iff fpγtq � fptq for all t P T as in (12.4.2).
This means the sum in (12.4.4) is even, so the dimension of ρf is divisible by
4, as we would expect since ρf is a multiple of ρG.

Similarly Gf � C2 iff there is a t P T for which fpγtq � fptq. In that case
the function γf defined by γfptq � fpγtq is distinct from f . Both ρf and ργf
are multiples of ρC2 , The corresponding summand of AG is

S�0 ^ pSρf _ Sργf q � S�0 ^G 

C2

Sρf � pSppdim ρf q{2, C2q

as in Definition 11.1.1.

As in Example 10.10.9(ii), let

Md � AG

be the monomial ideal consisting of the indexed wedge of the S�0 ^ Sρf in
AG with dim ρf ¥ d. Then M2d�1 �M2d, and the M2d fit into a sequence

� � � ãÑM2d�2 ãÑM2d ãÑM2d�2 ãÑ � � � .
The quotient

M2d{M2d�2

is the indexed wedge xW2d � S�0 ^
ª

dim ρf�2d

Sρf

on which AG is acting through the multiplicative map AG Ñ S�0 (Exam-
ple 10.10.9(ii) and Example 2.9.58). This G-spectrum is a wedge of bound
slice spheres of dimension 2d.
Replace MU ppGqq with a cofibrant right AG-module (see Proposition 10.8.1

for the model structure for AG-modules), and form

K2d �MU ppGqqAG^M2d.

The K2d fit into a sequence

� � � ãÑ K2d�2 ãÑ K2d ãÑ � � � .
Lemma 12.4.6. Some modules over the associative algebra AG. The
sequences

K2d�2 Ñ K2d Ñ K2d{K2d�2

K2d{K2d�2 ÑMU ppGqq{K2d�2 ÑMU ppGqq{K2d

are weakly equivalent to cofibration sequences. There is an equivalence

K2d{K2d�2 � Rp8q ^xW2d
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in which

RGp8q �MU ppGqq
ÂG

S�0. (12.4.7)

Proof Since the map K2d�2 Ñ K2d is the inclusion of a wedge summand it
is a cofibration of spectra, the first assertion follows from Proposition 9.4.3
(iii) and Corollary 10.8.4. The second assertion follows from the associativity
of the smash product

MU ppGqq
ÂG

pM2d{M2d�1q � pMU ppGqq
ÂG

S�0q ^xW2d � RGp8q ^xW2d.

This completes the proof.

The Thom map
MU ppGqq Ñ HZp2q

factors uniquely through an MU ppGqq-module map

RGp8q Ñ HZp2q.

The following important result will be proved in §12.4E.

Reduction Theorem 12.4.8. The map

RGp8q Ñ HZp2q

(for RGp8q as in (12.4.7)) is a weak equivalence.

The case G � C2 of this result is proved by Hu-Kriz as [HK01, Proposi-
tion 4.9]. Its analogue in motivic homotopy theory appears in unpublished
work of the second author and Morel.
To deduce the Slice Theorem 12.4.1 from the Reduction Theorem 12.4.8 we

need two simple lemmas.

Lemma 12.4.9. Connectivity. The spectrum K2d�2 is slice p2d�1q-connected.

Proof The class of left AG-modules M for which M
ÂG

M2d�2 ¡ 2d � 1 is
closed under homotopy colimits and extensions. It contains every module of
the form ΣkG{H 
AG, with k ¥ 0. Since AG is p�1q-connected this means it
contains every p�1q-connected cofibrant AG-module. In particular it contains
the cofibrant replacement of MU ppGqq.

Lemma 12.4.10. Coconnectivity. If the Reduction Theorem 12.4.8 holds,
then

MU ppGqq{K2d�2 ¤ 2d.

Proof This is easily proved by induction on d, using the fact that

RGp8q ^xW2d ÑMU ppGqq{K2d�2 ÑMU ppGqq{K2d.

is weakly equivalent to a cofibration sequence (Lemma 12.4.6).
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Proof of the Slice Theorem 12.4.1 assuming the Reduction Theorem 12.4.8.
It follows from the fibration sequence

K2d�2 ÑMU ppGqq ÑMU ppGqq{K2d�2,

Lemma 12.4.9 and Lemma 12.4.10 above, and Lemma 11.1.38 that

P 2d�1MU ppGqq � P 2dMU ppGqq �MU ppGqq{K2d�2.

Thus the odd slices of MU ppGqq are contractible and the 2d-slice is weakly
equivalent to

RGp8q ^xW2d � HZp2q ^xW2d.

This completes the proof.

12.4B A converse to the slice theorem
The arguments of the previous subsection can be reversed. Suppose that R is
a p�1q-connected associative algebra which we know in advance to be pure,
and that AÑ R is a multiplicative refinement of homotopy, with

A � S�0rG � x1, . . . s
a twisted monoid ring having the property that |xi| ¡ 0 for all i. Note that this
implies that πu0R � Z and that P 0

0R � HZ. Let Md�1 � A be the monomial
ideal consisting of the slice spheres in A of dimension ¡ d, writerPd�1R �Md�1

Â
R

and rP dR � R{ rPd�1R � pA{Md�1q
Â
R.

Then the rP dR form a tower. SinceMd�1 ¡ d and R ¥ 0 (Proposition 11.1.45),
the spectrum rPd�1R is slice d-connected. There is therefore a maprP dRÑ P dR, (12.4.11)

compatible with variation in d.

Proposition 12.4.12. The slice tower of a pure associative algebra.
The map of (12.4.11) is a weak equivalence. The tower tP̃ dRu is the slice
tower for R.

By analogy with the slice tower, write rP dd1R for the homotopy fiber of the
map rP dRÑ rP d1�1R,

when d1 ¤ d.
We start with a lemma concerning the case d � 0.
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Lemma 12.4.13. Leveraging the 0-slice. Let n ¥ 0. If the maprP 0RÑ P 0R

becomes an equivalence after applying Pn, then for every d ¥ 0 the maprP ddRÑ P ddR

becomes an equivalence after applying P d�n.

Proof Write xWd �Md{Md�1. Then there are equivalencesrP ddR � xWd
Â
R � xWd ^ pS�0

Â
Rq � xWd ^ rP 0

0R.

Since AÑ R is a refinement of homotopy and R is pure, the analogous mapxWd ^ P 0
0RÑ P ddR

is also a weak equivalence. Now consider the following diagram

xWd ^ Pnp rP 0
0Rq

� //

��

xWd ^ PnpP 0
0Rq

��
P d�nxWd ^ rP 0

0Rq //

�

��

P d�nxWd ^ P 0
0Rq

�

��
P d�np rP ddRq // P d�npP ddRq

The top map is an equivalence by assumption. The bottom vertical maps are
the result of applying P d�n to the weak equivalences just described. SincexWd is a wedge of slice spheres of dimension d, Corollary 11.1.33 implies that
the upper vertical maps are weak equivalences. It follows that the bottom
horizontal map is a weak equivalence as well.

Proof of Proposition 12.4.12. We will show by induction on k that for all d,
the map

P d�kp rP dRq Ñ P d�kpP dRq
is a weak equivalence. By the strong convergence of the slice tower (11.2.10)
this will give the result. The induction starts with k � 0 since rPd�1R ¡ d and
so R Ñ P̃ dR is a P d-equivalence. For the induction step, suppose we know
the result for some k ¥ 0, and consider

P d�k rP ddR //

�

��

P d�kp rP dRq //

�

��

P d�kp rP d�1Rq

��
P d�kpP ddRq // P d�kpP dRq // P d�kpP d�1Rq
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The bottom row is a cofibration sequence since it can be identified with

P ddRÑ P dRÑ P d�1R.

The middle vertical map is a weak equivalence by the induction hypothesis,
and the left vertical map is a weak equivalence by the induction hypothesis
and Lemma 12.4.13. It follows that the cofiber of the upper left map is weakly
equivalent to P d�kpP d�1Rq and hence is pd� k � 1q-slice null (in fact d slice
null). The top row is therefore a cofibration sequence by Corollary 11.1.39,
and so the rightmost vertical map is a weak equivalence. This completes the
inductive step and the proof.

12.4C The inductive approach to the Reduction Theorem
We will prove the Reduction Theorem 12.4.8 by induction on |G|. The case in
which G is the trivial group follows from Quillen’s results. We may therefore
assume that we are working with a non-trivial group G and that the Reduction
Theorem is known for all proper subgroups of G. In this section we will collect
some consequences of this induction hypothesis. The proof of the inductive
step is in §12.4E.
This next result holds for general G.

Lemma 12.4.14. Smashing with bound slice spheres preserves pu-
rity. Suppose that X is a pure spectrum (Definition 11.3.14) and xW is a
wedge of bound slice spheres as in Definition 11.1.6. Then xW ^X is pure.

Proof Using Proposition 11.1.46 one reduces to the case in which xW � SmρG .
In that case the claim follows from Corollary 11.1.33.

Proposition 12.4.15. Purity over the index two subgroup. Let G1 � G

be the index 2 subgroup. If the Slice Theorem holds for G1 then the spectrum
iGG1MU ppGqq is pure.

Proof This is an easy consequence of Corollary 12.2.30, which gives an asso-
ciative algebra equivalence

iGG1MU ppGqq �MU ppG
1qqrG1 � b1, G1 � b2, . . . s.

This shows that iGG1MU ppGqq is a wedge of smash products of bound slice
spheres with MU ppG

1qq, and hence (by Lemma 12.4.14) a pure spectrum since
MU ppG

1qq is.

Proposition 12.4.16. The restriction of RGp8q to the index 2 sub-
group. Suppose G1 � G has index 2. If the Slice Theorem holds for G1 then
the map

iGG1RGp8q Ñ iGG1HZp2q

is an equivalence.
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Proof By Proposition 12.4.15 we know that iGG1MU ppGqq is pure. The claim
then follows from Proposition 12.4.12.

12.4D Some auxiliary spectra
Our proof of the Reduction Theorem will require certain auxiliary spectra.
For an integer ` ¡ 0 we define

RGp`q �MU ppGqq{pG � r1, . . . , G � r`q �MU ppGqq
ÂG,`

A1G,` (12.4.17)

where

AG,` � S�0rG � r1, G � r2, . . . , G � r`s
A1G,` � S�0rG � r`�1, G � r`�2, . . . s.

The spectrum RGp`q is a right A1G,`-module. As in the case of MU ppGqq de-
scribed in §12.4A, the filtration of A1G by the “dimension” monomial ideals
leads to a filtration of RGp`q whose associated graded spectrum is

RGp8q ^A1G.

Thus the reduction theorem also implies that RGp`q is a pure spectrum.

Remark 12.4.18. RGp`q as a quotient of MU ppGqq. Alternatively,

RGp`q �MU ppGqq
Â2G,`

S�0,

where
A2G,` � S�0rG � r1, G � r2, . . . , G � r`s.

By an argument similar to that of Proposition 12.4.15 we have the following.

Proposition 12.4.19. Purity of RGp`q over the index two subgroup.
Let G1 � G be the index 2 subgroup. If the Slice Theorem holds for G1 then
the spectrum iGG1RGp`q is pure. In particular, its 0-slice is iGG1HZp2q. More
generally, for even m

Pmm i
G
G1RGp`q � iGG1pHZp2q ^xW 1

G,mq

where xW 1
G,m � A1G is the summand consisting of the wedge of slice spheres of

dimension m. For odd m the slice above is contractible.

When m is odd Proposition 12.4.19 implies that T ^ PmmRGpkq is con-
tractible for anyG-CW complex T built entirely from movingG-cells as in Def-
inition 8.4.14. In particular, the equivariant homotopy groups of EP 
RGpkq
may be investigated by smashing the slice tower of RGpkq with EP�, and we
will do so in §12.4E, where we will exploit some very elementary aspects of
the situation.
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12.4E The proof of the Reduction Theorem
As mentioned at the beginning of the chapter, our proof of the Reduction
Theorem is by induction on |G|, the case of the trivial group being a result of
Quillen. We may therefore assume that G is non-trivial, and that the result is
known for all proper subgroups H � G. By Proposition 12.4.16 this implies
that the map

RGp8q Ñ HZp2q

becomes a weak equivalence after applying iGH .
For the induction step we smash the map in question with the isotropy

separation sequence (9.11.4)

EP 
RGp8q //

f

��

RGp8q //

g

��

rEP ^RGp8q
h

��
EP 
HZp2q // HZp2q // rEP ^HZp2q .

By the induction hypothesis, the map f is an equivalence. It therefore suffices
to show that the map h is, and that, as discussed in Proposition 9.11.10, is
equivalent to showing that

πG� h : π�Φ
GRGp8q Ñ π�Φ

GHZp2q (12.4.20)

is an isomorphism.
We first show that the two groups are abstractly isomorphic.

Proposition 12.4.21. Geometric fixed points of HZp2q. The ring π�ΦGHZp2q
is given by

π�Φ
GHZp2q � Z{2rbs,

with

b � u2σa
�2
σ P π2ΦGHZp2q � a�1

σ πG� HZp2q.

The groups π�ΦGRGp8q are given by

πnΦ
GRGp8q �

#
Z{2 n ¥ 0 even
0 otherwise.

Proof The first assertion is a restatement of Theorem 9.11.20. For the second
we will make use of the monoidal geometric fixed point functor ΦGM . The
main technical issue is to take care that at key points in the argument we are
working with spectra X for which ΦGX and ΦGMX are weakly equivalent.
Recall the definition

RGp8q �MU ppGqqc
ÂG

S�0,
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where for emphasis we have written MU
ppGqq
c as a reminder that MU ppGqq

has been replaced by a cofibrant AG-module (see §10.10). Proposition 10.8.12
implies that RGp8q is cofibrant, so there is an isomorphism

π�Φ
GRGp8q � π�Φ

G
MRGp8q

by Proposition 9.11.49. For the monoidal geometric fixed point functor, Propo-
sition 10.8.12 gives an isomorphism

ΦGM pRGp8qq � ΦGM pMU ppGqqc
ÂG

S�0q � ΦGMMU ppGqqc ^
ΦG

MAG

S�0.

We next claim that there are associative algebra isomorphisms

ΦGMAG � S�0rΦGNr1,ΦGNr2, . . . s � S�0rΦC2r1,Φ
C2r2, . . . s.

For the first, decomposeAG into an indexed wedge, and use Proposition 9.11.40.
For the second use the fact that the monoidal geometric fixed point functor
distributes over wedges, and for V and W representations of C2, can be com-
puted in terms of the isomorphisms

ΦGM pNG
C2
pS�W ^ SV qq � ΦGM pS�IndG

C2
W ^ SIndG

C2
V q � ΦC2

M pS�W ^ SV q.

By Proposition 10.8.6, ΦGMMU
ppGqq
c is a cofibrant ΦGMAG-module, and so

ΦGMMU ppGqqc ^
ΦG

MAG

S�0 � ΦGMMU ppGqq{pΦGMNr1,ΦGMNr2, . . . q.

Since MU
ppGqq
c is a cofibrant AG-module, and the polynomial algebra AG has

the property that S�1^AG is cofibrant, the spectrum underlying MU
ppGqq
c is

cofibrant by Corollary 10.8.11. This means that

ΦGMMU ppGqqc

and

ΦGMU ppGqqc � ΦGMU ppGqq �MO

are related by a functorial zigzag of weak equivalences (Proposition 9.11.49).
Putting all of this together, we arrive at the equivalence

ΦGRGp8q �MO{pΦC2r1,Φ
C2r2, . . . q.

By Proposition 12.3.10

ΦGri �
#
hi i � 2n � 1

0 i � 2n � 1.

From this is an easy matter to compute π�MO{pΦGr1,ΦGr2, . . . q using the
cofibration sequences described at the end of § 10.10D. The outcome is as
asserted.
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Before going further we record a simple consequence of the above discussion
which will be used in §13.3A.

Proposition 12.4.22. The effect of the map MU ppGqq Ñ HZp2q on ge-
ometric fixed points. The map

π�Φ
GMU ppGqq � π�MO Ñ π�Φ

GHZp2q

is zero for � ¡ 0.

A simple multiplicative property reduces the problem of showing that (12.4.20)
is an isomorphism to showing that it is surjective in dimensions which are a
power of 2.

Lemma 12.4.23. A criterion for surjectivity. If for every k ¥ 1, the class
b2

k�1 is in the image of

π2kΦ
GMU ppGqq{pG � r2n�1q Ñ π2kΦ

GHZp2q, (12.4.24)

then (12.4.20) is surjective, hence an isomorphism.

Proof By writing

RGp8q �MU ppGqq{pG � r1q ^
MUppGqq

MU ppGqq{pG � r2q ^
MUppGqq

� � �

we see that if for every k ¥ 1, b2k�1 is in the image of (12.4.24), then all
products of the b2k�1 are in the image of

π�Φ
GRGp8q Ñ π�Φ

GHZp2q.

Hence every power of b is in the image of this map.

In view of Lemma 12.4.23, the Reduction Theorem follows from

Proposition 12.4.25. Meeting the surjectivity criterion. For every n ¡
0, the class b2n�1 is in the image of

π2nΦ
GpMU ppGqq{pG � r2n�1qq Ñ π2nΦ

GpHZp2qq.
To simplify some of the notation, write

cn � 2n � 1 and Mpnq �MU ppGqq{pG � rcnq. (12.4.26)

Since ScnρG is obtained from Scn by attaching moving G-cells (Defini-
tion 8.4.14), the restriction map

πGcnρG�1
rEP ^Mpnq Ñ πGcn�1

rEP ^Mpnq

is an isomorphism (Proposition 9.11.12). The element of interest in this group
(the one hitting b2n�1) arises from the class

Nrcn P πGcnρGMU ppGqq
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and from the fact that it is zero for two reasons in πGcnρG rEP^Mpnq: it has been
coned off in the formation of Mpnq, and it is zero in πGcnρG rEP ^MU ppGqq �
πcnMO by Proposition 12.3.10. We make this more precise and prove Propo-
sition 12.4.25 by chasing the class Nrcn around the sequences of equivariant
homotopy groups arising from the diagram

EP 
MU ppGqq //

��

MU ppGqq //

��

rEP ^MU ppGqq

��
EP 
Mpnq

//

��

//

��

rEP ^Mpnq

��
EP 
HZp2q // HZp2q // rEP ^HZp2q .

(12.4.27)

We start with the top row. By Proposition 12.3.10 the image of Nrcn in

πGcnρG
rEP ^MU ppGqq � πGcn

rEP ^MU ppGqq � πcnMO

is zero. There is therefore a class

yn P πGcnρGEP 
MU ppGqq (12.4.28)

mapping to Nrcn . The key computation, from which everything follows is

Proposition 12.4.29. Nontriviality of the image of yn. The image of
any choice of yn as in (12.4.28) under

πGcnρGEP 
MU ppGqq Ñ πGcnρGEP 
HZp2q,

is non-zero.

Proof of Proposition 12.4.25 assuming Proposition 12.4.29. We continue chas-
ing around the diagram (12.4.27). By construction the image of yn in πGcnρGEP

Mpnq maps to zero in πGcnρGMpnq. It therefore comes from a class

ỹn P πGcnρG�1
rEP ^Mpnq.

The image of ỹn in πGcnρG�1
rEP ^ HZp2q is non-zero since it has a non-zero

image in

πGcnρGEP 
HZp2q

by Proposition 12.4.29. Now consider the commutative square below, in which
the horizontal maps are the isomorphisms (Proposition 9.11.12) given by re-
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striction along the fixed point inclusion S2n � ScnρG�1:

πGcnρG�1
rEP ^Mpnq

� //

��

πG2n
rEP ^Mpnq

��
πGcnρG�1

rEP ^HZp2q �
// πG2n rEP ^HZp2q .

The group on the bottom right is cyclic of order 2, generated by b2n�1 . We’ve
just shown that the image of ỹn under the left vertical map is non-zero. It
follows that the right vertical map is non-zero and hence that b2n�1 is in its
image.

The remainder of this section is devoted to the proof of Proposition 12.4.29.
The advantage of this statement is that it entirely involves G-spectra which
have been smashed with EP�, and which (as discussed in §12.4D) therefore
fall under the jurisdiction of the induction hypothesis. In particular, the map

EP 
MU ppGqq Ñ EP 
HZp2q (12.4.30)

can be studied by smashing the slice tower of MU ppGqq with EP�.
We can cut down some the size of things by making use of the spectra

introduced in §12.4D. Factor (12.4.30) as

EP 
MU ppGqq Ñ EP 
RGp2n � 2q Ñ EP 
HZp2q,

and replace yn with its image

y1n P πGcnρGEP 
RGp2n � 2q.
Lemma 12.4.31. On πcnρG of the smash product of EP� with some
slices of RGp2n � 2q.

(i) For 0   m   cng,

πcnρGEP 
 PmmRGp2n � 2q � 0.

(ii) There is an exact sequence

πGcnρGEP 
 PcngRGp2n � 2q //πGcnρGEP 
RGp2n � 2q

��
πGcnρGEP 
HZp2q � Z{2 .

Proof (i) Because of the induction hypothesis, we know that the spectrum

EP 
 PmmRGp2n � 2q
is contractible when m is odd, and that when m is even it is equivalent to

EP 
HZ^xWm,
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where xWm � S�0rG � rcn , . . . s is the summand consisting of the wedge of slice
spheres of dimension m. Since 1   m   cng all of these slice spheres are
moving as in Definition 11.1.6. This implies that the map

EP 
HZ^xWm Ñ HZ^xWm

is an equivalence, since

EP� Ñ S�0

is an equivalence after restricting to any proper subgroup of G. But

πGcnρGHZ^xWm � πG0 HZ^ S�cnρG ^xWm � 0

since

HZ^ S�cnρG ^xWm

is an pm�cngq-slice andm�cng   0. This proves the first assertion. It implies
that the map

πGcnρGEP 
 PcngRGp2n � 2q Ñ πGcnρGEP 
 P1RGp2n � 2q

is surjective.
(ii) By Proposition 12.4.19,

P 0
0 i
G
G1RGp2n � 2q � iGG1HZp2q,

so

EP 
 P 0
0RGp2n � 2q � EP 
HZp2q,

and the second assertion follows from the exact sequence of the fibration

EP 
 �
RGp2n � 2q Ñ RGp2n � 2q Ñ P 0

0RGp2n � 2q� .
The exact sequence in Lemma 12.4.31 converts the problem of showing that

yn has non-zero image in πGcnρGEP 
HZp2q to showing that it is not in the
image of

πGcnρGEP 
 PcngRGp2n � 2q.

We now isolate a property of this image that is not shared by yn. Recall that
γ is a fixed generator of G.

Proposition 12.4.32. Divisibility by 1� γ. The image of

πGcnρGEP 
 PcngRGp2n � 2q Ñ πGcnρGRGp2n � 2q iG0ÝÑ πucngRGp2n � 2q

is contained in the image of p1� γq.
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The class yn does not have the property described in Proposition 12.4.32. Its
image in πucngRGp2n � 2q is iG0 Nrcn , which generates a sign representation of
G occurring as a summand of πucngRGp2n� 2q. Thus once Proposition 12.4.32
is proved, the proof of the Reduction Theorem is complete.
The proof of Proposition 12.4.32 makes use of the Mackey functor

πcnρGpXq
and the transfer map

πcnρGpXqpG{G1q Ñ πcnρGpXqpG{Gq,
in which G1 � G is the subgroup of index two. By Definition 9.4.14, this map
is given by the map of equivariant homotopy groups

πGcnρGpX �G{G1q Ñ πGcnρGpXq
induced by the unique surjective map G{G1 Ñ pt.
There are two steps in the proof of Proposition 12.4.32. First it is shown in

Corollary 12.4.35 that the image of

πGcnρGEP 
 PcngRGp2n � 2q Ñ πGcnρGRGp2n � 2q
is contained in the image of the transfer map just described. Then in Lemma 12.4.36
we will show that the image of the transfer map in πucngRGp2n � 2q is in the
image of p1� γq.
Lemma 12.4.33. The transfer map and EP�. Let M ¥ 0 be a G-
spectrum, and regard C2 as a finite G-set using the unique surjective map
GÑ G{G1 � C2. The image of

πG0 EP 
M Ñ πG0 M

is the image of the transfer map

πG0 M �G{G1 Ñ πG0 M.

Proof As mentioned in Example 9.11.6, the space EP� can be taken to be
the space S8� on which γ acts through the antipodal action. The standard
cell decomposition in this model has 0-skeleton G{G1�. Since M is p�1q-
connected (Proposition 11.1.18) this implies that πG0 G{G1
M Ñ πG0 EP
M
is surjective, and the claim follows.

Corollary 12.4.34. The image of the transfer map in a connective
cover of RGp2n � 2q. The image of

πGcnρGEP 
 PcngRGp2n � 2q Ñ πGcnρGPcngRGp2n � 2q
is contained in the image of the transfer map.
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Proof This follows from Lemma 12.4.33 above, after the identification

πGcnρGPcngRGp2n � 2q � πG0 S
�cnρG ^ PcngRGp2n � 2q

and the observation that

S�cnρG ^ PcngRGp2n � 2q � P0pS�cnρG ^RGp2n � 2qq
is ¥ 0.

Corollary 12.4.35. The image of the transfer map in RGp2n�2q itself.
The image of

πGcnρGEP 
 PcngRGp2n � 2q Ñ πGcnρGRGp2n � 2q
is contained in the image of the transfer map.

Proof Immediate from Corollary 12.4.34 and the naturality of the transfer.

The remaining step is the special case X � PcngRGp2n � 2q, V � cnρG of
the next result.

Lemma 12.4.36. The image of a fold map. Let X be a G-spectrum, V a
virtual representation of G of virtual dimension d, and regard C2 as a finite
G-set through the unique surjective map G Ñ G{G1. Write ε P t�1u for the
degree of

γ : iG0 S
V Ñ iG0 S

V .

The image of

πGV pX � C2q Ñ πGVX Ñ πudX

is contained in the image of

p1� εγq : πudX Ñ πudX.

Proof Consider the diagram

πGV pX � C2q //

��

πGVX

��
πud pX � C2q // πudX .

The non-equivariant identification

S�0 � C2 � S�0 _ S�0

gives an isomorphism of groups of non-equivariant stable maps

rSV , X � C2s � rSV , Xs ` rSV , Xs,
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and so an isomorphism of the group in the lower left hand corner with

πudX ` πudX

under which the generator γ P G acts as

pa, bq ÞÑ pεγb, εγaq.
The map along the bottom is pa, bq ÞÑ a�b. Now the image of the left vertical
map is contained in the set of elements invariant under γ which, in turn, is
contained in the set of elements of the form

pa, εγaq.
The result follows.

Proof of Proposition 12.4.32. As described after its statement, Proposition 12.4.32
is a consequence of Corollary 12.4.35 and Lemma 12.4.36.
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The proofs of the Gap, Periodicity and Detection
Theorems

This chapter is the payoff, the reason for developing all the machinery of the
previous eleven chapters. We will prove (in reverse order) the three theorems
listed in §1.1C, which we restate here for convenience.

Key properties of the C8 fixed point spectrum Ξ.

(i) Detection Theorem. It has an Adams-Novikov spectral sequence (which
is a device for calculating homotopy groups) in which the image of each θj
is nontrivial. This means that if θj exists, we will see its image in
π�pΞq.

(ii) Periodicity Theorem. It is 256-periodic, meaning that πkpΞq depends
only on the reduction of k modulo 256. As in the case of Bott periodicity,
we have an equivalence Ω256Ξ � Ξ.

(iii) Gap Theorem. πkpΞq � 0 for �4   k   0.

We will identify the spectrum Ξ in Definition 13.3.27. We will state and
prove the Gap Theorem 13.2.6 (for a class of spectra that includes Ξ) in
§13.2, the Periodicity Theorem as Corollary 13.3.30 in §13.3, and the Detection
Theorem 13.4.2 in §13.4.
We begin by describing the slice spectral sequence (which was developed

in Chapter 11) for the C2-spectrum MUR, the subject of Chapter 12. This
computation is relatively simple. The E2-term is a ring generated by four types
of elements listed in §13.1A. Three of them, aσ, eiσ for i ¡ 0 and u2σ (all
introduced in Definition 9.9.7)) are part of the equivariant homotopy of the
integral Eilenberg-MacLane spectrum. The fourth is the family of polynomial
generators

ri P πC2
iρ2
MUR for i ¡ 0

for the equivariant homotopy of MUR given in Definition 12.3.6. Of these,
all but u2σ are permanent cycles. Its powers support a family of differentials
listed in Theorem 13.1.1.
Typically theorems in stable homotopy theory about differentials in spectral



13.1 A warmup: the slice spectral sequence for MUR 839

sequences have proofs involving some geometry (such as an extended power
construction) beyond that needed to construct the spectral sequence in the
first place. In this case that additional geometry has to do with the geometric
fixed point spectra of §9.11.
We know by Proposition 12.2.5(iii) that the geometric fixed point spectrum

of MUR is the unoriented cobordism spectrum MO. Hence it follows from
Theorem 9.11.20 that π�MO is the integer graded portion of

a�1
σ πC2

� pMURq.
This means that formally inverting the permanent cycle aσ in the slice spec-
tral sequence for MUR will give a spectral sequence whose Z-graded portion
converges to π�MO, which is a graded polynomial algebra over Z{2 on gen-
erators xi of dimension i for i ¡ 0 not of the form 2n � 1. We show that
Thom’s xi correspond to the elements

fi � aiσri P Ei,2i2

of Definition 12.3.11. For i � 2n�1, this element has to die because it vanishes
in π�MO. This forces the pattern of differentials described in Theorem 13.1.1.
In Slice Differentials Theorem 13.3.9 we will leverage these differentials to get
similar ones in the slice spectral sequence for πG� MU ppGqq.
Returning the slice spectral sequence for πC2

� MUR, in §13.1C we explain
how inverting the element r2n�1 (by passing from MUR to a telescope de-
rived from it) leads to some interesting permanent cycles, which in turn lead
to periodicities. The simplest case is the 8-dimensional periodicity of Exam-
ple 13.1.8.

13.1 A warmup: the slice spectral sequence for MUR

We will study the ROpGq-graded spectral sequence of Mackey functors for the
group G � C2 converging to π�MUR. We denote its E2-term by E�,�2 . The
underline is meant to remind us that it is a Mackey functor as discussed in
§8.2. The first superscript is an integer while the second lies in ROpGq. We will
use the Adams grading convention, which means that Es,V8 is a subquotient
of πV�s. The rth differential (for r an ordinary integer ¥ 2) has the form

dr : E
s,V
r Ñ Es�r,V�r�1

r

It raises the filtration degree (the first superscript) by r and lowers the topo-
logical degree (in ROpGq) by one.
Another account of this spectral sequence, stated in terms of BPR rather

than MUR, can be found in [LSWX19, §3]. The authors also study the
Johnson-Wilson analogs ERpnq, and they have results about the C2-equivariant
Adams spectral sequence for these spectra.
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By the Slice Theorem 12.4.1, each oddly indexed slice of MUR is con-
tractible, while the 2ith slice is the wedge of a certain number ppiq copies of
Siρ2 ^HZ. The value of

π�S
iρ2 ^HZ � H�S

iρ2

is given in Theorem 9.9.19.
The number ppiq is the partition function defined by the generating function¸

d¥0

ppiqti �
¹
`¡0

1

1� t`

� 1� t� 2t2 � 3t3 � 5t4 � 7t5 � 11t6 � 15t7 � 22t8 � � � .
It is also the number of monomials of degree i in the variables r`, where the
degree of r` is `. Equivalently it is the rank of the free abelian group π2iMU

as described in (12.0.2).

13.1A The E2-term.
The slice spectral sequence forMUR has the following elements in its E2-term.

 The image of the element aσ of Definition 9.9.7(i) in E1,1�σ
2 pC2{C2q. It has

order 2 and its restriction in E1,1�σ
2 pC2{eq is trivial.

 The images in E0,iσ�i
2 of the elements eiσ of Definition 9.9.7(ii) for i ¡ 0.

 The image of the element u2σ of Definition 9.9.7(iii) in E0,2�2σ
2 pC2{C2q.

We also have uσ P E0,1�σ
2 pC2{eq, which is invertible by Lemma 9.9.8. The

restriction of u2σ is u2σ. That of ri is uiσri and ri is congruent of xi as in
(12.0.2) modulo decomposables in πu�MUR � π�MU .

 The images of the generators

ri P πiρ2MURpC2{C2q;
of Definition 12.3.6 in E0,iρ2

2 pC2{C2q.
Each of the generators listed above is a permanent cycle except u2σ. Its

powers support the differentials of Theorem 13.1.1 below.

13.1B The differentials
The following will be generalized to larger cyclic 2-groups below in the Slice
Differentials Theorem 13.3.9.

Theorem 13.1.1. Slice differentials. With notation as above, the following
differentials and no others (save multiplicative consequences of these) occur
in the slice spectral sequence for π�MUR:

d2n�1�1pu2
n�1

2σ q � a2
n�1�1
σ r2n�1 for n ¡ 0.
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Proof The key idea here is that by Theorem 9.11.20, inverting aσ and taking
the Z-graded portion must yield a spectral sequence converging to

π�Φ
GMUR � π�MO.

The ROpGq-graded E2-term is

E�,�2 � Z{2ra�1
σ , u2σsrri : i ¡ 0s.

The elements eiσ for i ¡ 0 are not present here because each of them is killed
by aσ by Lemma 9.9.10(v).
Its Z-graded subring is

E�,�2 � Z{2rbsrfi : i ¡ 0s, (13.1.2)

where b � u2σa
�2
σ P E�2,4

2 as in Theorem 9.11.20 and fi � aiσri P Ei,2i2 as in
Definition 12.3.11. In terms of these generators, the stated slice differentials
would be

d2n�1�1pb2
n�1q � f2n�1 for n ¡ 0, (13.1.3)

leaving

E8 � Z{2rfi : i ¡ 0, i � 2n � 1s.
On the other hand, we know from Proposition 12.3.10 and (12.3.12) that fi
maps to xi P πiMO and that x2n�1 � 0. It follows that for each n ¡ 0, f2n�1

must be killed by a differential in the slice spectral sequence. (This
will be generalized in Remark 13.3.10 below.) Since b is the only generator in
(13.1.2) that is not a permanent cycle, the pattern of differentials of (13.1.3)
is the only way to kill all the generators f2n�1.

It is not easy to describe the resulting value E8pG{Gq, which is the asso-
ciated bigraded (over Z�ROpC2q) object for πC2

� MUR.

Example 13.1.4. Toda brackets in πC2
� MUR. We refer the reader to

[Rav86, A1.4 and Remark 7.4.9] for an introduction to Massey products, and
to [Koc82], [Koc78] and [Koc80] for the relation between Massey products and
Toda brackets.

The first two slice differentials are

d3pu2σq � a3σr1 and d7pu22σq � a7σr3. (13.1.5)

It follows that

d7pr1u22σq � a7σr1r3 � a4σr3d3pu2σq.
This means that the intended target of the d7 on r1u

2
2σ has been killed by

an earlier differential (a d3), so it survives even though u22σ does not. (See
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Corollary 13.3.14 below for a generalization to larger cyclic 2-groups.) It is
the Massey product

xr1, a7σ, r3y,
which is defined in E8, and it represents a corresponding Toda bracket in
πC2
5�3σ. This element is killed by a3σ since d3pu32σq � a3σr1u2σ.
One can construct more elements of this sort by computing the differential

on some power of u2σ and dividing the target by the appropriate power of aσ.
If we do it for um2σ, the power of aσ will depend on the 2-adic valaution of
m, and the order of the Massey product will depend on αpmq, the number of
digits in the binary expansion of m.

We illustrate with the case m � 14, for which αpmq � 3. We have

d7pu142σq � a7σr3u
12
2σ

and r3u122σ represents the Massey product

xr3, a15α , xr7, a31σ , r15yy � xxr3, a15α , r7y, a31σ , r15y,
which is defined in E32 and represents a Toda bracket in πC2

27�21σ.

13.1C Inversion and periodicity
Since each ri is a permanent cycle, it represents a map Siρ ÑMUR. We can
use the multiplication m on MUR to form a self map, namely

ΣiρMUR
ri^MUR // MUR ^MUR

m // MUR.

This map, which we denote abusively by ri, can be iterated to form a diagram

MUR
ri // Σ�iρMUR

ri // Σ�2iρMUR
ri // � � � . (13.1.6)

We denote its homotopy colimit or telescope by

r�1
i MUR � hocolim

k
Σ�kiρMUR. (13.1.7)

This is an orthogonal C2-spectrum with

π�r
�1
i MUR � r�1

i π�MUR.

This construction is most interesting when i � 2n � 1 for some n ¡ 0.

Example 13.1.8. Inverting r1 leads to 8-dimensional periodicity. Sup-
pose we invert r1 P πGρ MUR as above. Then the first slice differential (see
(13.1.5)),

d3pu2σq � a3σr1,

can be rewritten as
d3pr�1

1 u2σq � a3σ,
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so a3σ � 0 in π�r
�1
1 MUR. This makes the target of the next slice differential,

a7σr3, trivial, so u22σ is a permanent cycle.
The unit inclusion

S�0 Ñ r�1
1 MUR

gives a map
HZ � P 0

0 S
�0 Ñ P 0

0 r
�1
1 MUR

and hence defines an elements

u2σ P π2�2σP
0
0R � E0,2�2σ

2

in the E2-term of the ROpGq-graded slice spectral sequence for πG� r�1
1 MUR.

Since u22σ is a permanent cycle, it gives us a map

S8 ^ r�1
1 MUR

u2
2σ // S4�4σ ^ r�1

1 MUR

r41 // r�1
1 MUR.

which underlain by a weak equivalence.
We claim that this map induces a weak equivalence of underlying

spectra. This follows from the fact that

u22σ P E0,4�4σ
8 pC2{C2q

restricts to a unit in
u22σ P E0,4�4σ

8 pC2{eq
by Lemma 9.9.8. This means it induces a weak equivalence on the homotopy
fixed point spectrum by Theorem 9.11.22,

pS8 ^ r�1
1 MURqhC2 Ñ pr�1

1 MURqhC2 .

This makes the homotopy fixed spectrum pr�1
1 MURqhC2 8-periodic.

The Homotopy Fixed Point Theorem 13.3.28 below shows that the map

η : pr�1
1 MURqC2 Ñ pr�1

1 MURqhC2

of (5.8.2) is a weak equivalence, so the ordinary fixed spectrum pr�1
1 MURqC2

is also 8-periodic.
A similar argument can be made if we invert r2n�1. In that case u2n2σ is a

permanent cycle and we have

u2
np2n�1qr2

n�1

2n�1 P πC2

2n�2p2n�1qpr�1
2n�1MURq

This leads to the following periodicity theorem.

Theorem 13.1.9. Periodicities for MUR. For each integer n ¡ 0, the fixed
point spectrum �

r�1
2n�1MUR

�C2

is 2n�2p2n � 1q-periodic.



844 The proofs of the Gap, Periodicity and Detection Theorems

13.2 The Gap Theorem

In this section we will prove §1.1C(iii).

Proposition 13.2.1. A gap in cohomology. Let G be any nontrivial finite
group and m ¥ 0 an integer. Except for the case G � C3, k � 3, and m � 1,
the groups

Hk
GpSmρG ;Zq

are trivial for 0   k   4. In the exceptional case one has

Hk
GpSρC3 ;Zq �

"
0 for k � 1 and k � 2

Z for k � 3.

Proof Since

Hk
GpSmρG ;Zq � Hk�m

G pSmpρGq;Zq,
connectivity and Example 8.5.4 show that Hk

GpSmρG ;Zq � 0 for k ¤ m � 1.
This takes care of the cases in which m � 1 ¥ 3, leaving only m � 1, and in
that case only the group

H2
GpSρG ;Zq

which is isomorphic to

H2pSρG{G;Zq.
Since the orbit space SρG{G is simply connected, the universal coefficient
theorem gives an inclusion

H2pSρG{G;Zq Ñ H2pSρG{G;Qq.
It therefore suffices to show that

H2pSρG{G;Qq � 0.

But since G is finite, this group is just the G-invariant part of

H2pSρG ;Qq
which is zero since G does not have order 3. When G does have order 3

the group is Q. The claim follows since the homology groups are finitely
generated.

Given the Slice Theorem, the Gap Theorem is a consequence of the following
special case of Proposition 13.2.1.

Proposition 13.2.2. The cohomology gap for regular representation
spheres. Suppose that G � C2n is a non-trivial group, and m ¥ 0. Then

Hk
GpSmρG ;Zp2qq � 0 for 0   k   4.
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Lemma 13.2.3. The gap for slice spheres. Let G � C2n for some n ¡ 0.
If pS is an bound (Definition 11.1.6) slice sphere (Definition 11.1.3 ) of even
dimension, then the groups πGk HZp2q ^ pS are zero for �4   k   0.

Proof Suppose that pS � G

H
SmρH

with H � G non-trivial. By the Wirthmüller isomorphism of (8.0.16),

πGk HZp2q ^ pS � πHk HZp2q ^ SmρH ,

so the assertion is reduced to the case pS � SmρG with G non-trivial. If m ¥ 0

then πGk HZp2q ^ pS � 0 for k   0. For the case m   0 write m1 � �m ¡ 0,
and

πGk HZp2q ^ pS � Hk
GpSm

1ρG ;Zp2qq.
The result then follows from Proposition 13.2.2.

Theorem 13.2.4. The gap for pure bound spectra. If X is pure and
bound, then

πGk X � 0 � 4   k   0.

Proof This is immediate from Lemma 13.2.3 and the slice spectral sequence
for X.

Corollary 13.2.5. If Y can be written as a directed homotopy colimit of
bound pure spectra, then

πGk X � 0 � 4   k   0.

Gap Theorem 13.2.6. Let G � C2n with n ¡ 0 and let D P π`ρGMU ppGqq

for ` ¡ 0 be any class. Then for �4   k   0

πGk D
�1MU ppGqq � 0.

Proof The spectrum D�1MU ppGqq is the homotopy colimit

hocolim
j

Σ�j `ρGMU ppGqq.

By the Slice Theorem, MU ppGqq is pure and bound. But then the spectrum

Σ�j `ρGMU ppGqq

is also pure and bound, since for any X

PmmΣρGX � ΣρGPm�gm�gX

by Corollary 11.1.33. The result then follows from Corollary 13.2.5.
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13.3 The Periodicity Theorem

Let G be the finite cyclic 2-group of order g. In this section we will de-
scribe a general method for producing periodicity results for spectra obtained
from MU ppGqq by inverting suitable elements of πG� MU ppGqq. We prove The-
orem 13.3.23, which has § 1.1C(ii) as a special case. The proof relies on a
small amount of computation in the e ROpGq-graded slice spectral sequence
for πG� MU ppGqq.

13.3A The ROpGq-graded slice spectral sequence for MU ppGqq

Let σ � σG be the real sign representation of G, and let

u � u2σ P πG2�2σHZp2q

be the element defined in Definition 9.9.7(iii). Since

P 0
0MU ppGqq � HZ,

the powers um define elements

um P E0,2m�2mσ
2 � πG2m�2mσP

0
0MU ppGqq (13.3.1)

in the E2-term of the ROpGq-graded slice spectral sequence

Es,V2 � πGV�sP
|V |
|V |MU ppGqq ùñ πV�sMU ppGqq,

with V P �2mσ � Z. Our periodicity theorems depend on the fate of these
elements. To study them it is convenient to consider odd negative multiples
of σ as well as even ones, and to investigate the slice spectral sequences for
π��kpσ�1q for k ¤ 0. See Remark 11.2.16.
It turns out to be enough to investigate the groups Es,V2 with

V � |V | � kpσ � 1q for s ¥ p2n � 1qp|V | � sq.
The situation is depicted in Figures 13.1–13.3 for the group G � C8. Note that
each chart has a vanishing line of slope 7, as required by Corollary 11.2.17.
We already know the groups in this range. Note that

Es,V2 � πGV�sP
|V |
|V |MU ppGqqP

|V |
|V |MU ppGqq � πG|V |�s�k�kσP

|V |
|V |MU ppGqq

� πG|V |�s�kS
kσ ^ P

|V |
|V |MU ppGqq.

Since Skσ^P |V ||V |MU ppGqq ¥ |V |, Proposition 11.2.6(iii) tells us that this group
vanishes if

|V | � s� k   t|V |{gu,
and hence if

s ¡ pg � 1q�V � s� kσq � k.
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Figure 13.1 The slice spectral sequence for πG
�2mσ��MU ppGqq.

This gives the vanishing line depicted in Figure 13.1 and Figure 13.3 for
k � 2m and in Figure 13.2 for k � 2m� 1.
Now P

|V |
|V |MU ppGqq is contractible unless |V | is even, in which case it a wedge

of G-spectra of the form HZ^ pS where pS is a slice sphere of dimension |V |.
Since the restriction of the sign representation σ to any proper subgroup H �
G is trivial, when pS � G


H
^S`1ρH is a moving slice sphere (Definition 11.1.6),

there are isomorphisms

Skσ ^ pS ^HZ � Skσ ^G

H
^�S`1ρH ^HZ

�
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Figure 13.2 The slice spectral sequence for πG
�p2m�1qσ��MU ppGqq.

� G

H
^�Sk�`1ρH ^HZ

�
,

so πG|V |�s�kS
kσ ^HZ^ pS is isomorphic to

πH|V |�sHZ^ S`
1ρH .

Proposition 11.2.6(iii) tells us that this group vanishes if

|V | � s   `1 � |V |{h ph � |H|q,

so certainly when

|V | � s ¤ |V |{g,
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Figure 13.3 Differentials on um.

or, equivalently when

s ¥ pg � 1q�pV � sq � pk � kσq�.
Thus in this range only the stationary slice spheres contribute; see
Definition 11.1.6.
The only stationary slice spheres are those of the form S`ρG . We are there-

fore studying the groups

πGj HZ^ Skσ�`ρG

with j ¤ `� k and k, ` ¥ 0.

Lemma 13.3.2. The homology of Skσ�`ρG in low dimensions. For k, ` ¥
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0 and j ¤ `� k the group

πGj HZ^ Skσ�`ρG � HjS
kσ�`ρGpG{Gq

is given by

πGj HZ^ Skσ�`ρG �

$'''&'''%
Z{2tak�2`�j

σ u
pj�`q{2
2σ a`ρ1u

for ` ¤ j   k � ` and j � ` even
Zp2qtuk{22σ u for j � k, k even and ` � 0

0 otherwise.

Here ρ1 � ρG � σ and aρ1 is as in Definition 9.9.7(i).

Proof The sphere we are studying is

Skσ�`ρ � S`�pk�`qσ�`ρ
1

.

It is a sum of 2-dimensional rotations described in Proposition 9.9.1. Hence
Corollary 9.9.5 tells us that

HjS
kσ�`ρ � HjS

`�pk�`qσ � Hj�`S
pk�`qσ for j   k � 2`,

and the groups are as stated. The factor a`ρ1 is there because we are mapping
S`�pk�`qσ into Skσ�`ρ. This covers the case j ¤ k � ` except when ` � 0,
which covered by Example 9.9.21

To complete the description of the E2-term of the ROpGq-graded slice spec-
tral sequence in this range we need to identify the summand of stationary slices
(Definition 11.1.6) of MU ppGqq. From the associative algebra equivalenceª

kPZ

P kkMU ppGqq � HZ^ S�0rG.r1, . . . s

this is equivalent to identifying the summand of stationary slice spheres in
the twisted monoid ring

S�0rG � r1, . . . s.
Since the smash product of an induced spectrum with any spectrum is in-
duced, we can do this by identifying the summand of stationary slice spheres
in each

S�0rG � ris
and smashing them together.
Take the generating inclusion

ri : S
iρC2 Ñ S�0rris,

apply NG
C2

to obtain

Nri : S
iρG Ñ S�0rG � ris,
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and extend it to an associative algebra map

S�0rNris Ñ S�0rG � ris. (13.3.3)

Lemma 13.3.4. A twisted monoid subring.
The map of (13.3.3) is the inclusion of the summand of stationary slice

spheres.

Proof The distributive law expresses S�0rG �ris � NG
C2
S�0rris as an indexed

wedge (see §2.9B)

S�0rG � ris �
ª

f :G{C2ÑN0

SVf ,

and Vf �
Àg{2

i�1 γ
ifpγiqρC2

. We now decompose the right hand side into an
ordinary wedge over the G-orbits. Since an indexed wedge over a G-orbit
is induced from the stabilizer of any element of the orbit, the summand of
stationary slice spheres consists of those f which are constant. If f : G{C2

is the constant function with value n, then Vf � nρG, so the summand of
stationary slice spheres is ª

n

SnρG .

The result follows easily from this.

Smashing these together gives

Corollary 13.3.5. A bigger twisted monoid subring. The associative
algebra map

S�0rNr1, . . . s Ñ S�0rG � r1, . . . s

is the inclusion of the summand of stationary slice spheres.

To put this all together, consider the Z�ROpGq-graded ring

Zp2qra, fi, us{p2a, 2fiq

with

|a| � p1, 1� σq
|fi| � pipg � 1q, igq
|u| � p0, 2� 2σq.

Define a map

Zp2qra, fi, us{p2a, 2fiq Ñ
à
s,k¥0
tP��kσ

Es,t2 pG{Gq (13.3.6)
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by

fi ÞÑ aiρ̄N
g
2 ri P Eipg�1q,ig

2 pG{Gq � πGi P
ig
igMU ppGqq

a ÞÑ aσ P E1,1�σ
2 pG{Gq � π�σP

0
0MU ppGqq

a ÞÑ aσ P E0,2�2σ
2 pG{Gq � π2�2σP

0
0MU ppGqq

,//.//- (13.3.7)

where the image of u is as in (13.3.1). The combination of Lemma 13.3.2 and
Lemma 13.3.4 gives

Proposition 13.3.8. The E2-term near the vanishing line. The map

Zp2qra, fi, us{p2a, 2fiq Ñ
à
s,k¥0
tP��kσ

Es,t2

is an isomorphism in the range

s ¥ pg � 1qppt� sq � pk � kσqq.

We now turn to the differentials. By construction, the fi are the represen-
tatives at the E2-term of the slice spectral sequence of the elements defined in
Definition 12.3.11 (and also called fi). They are therefore permanent cycles.
Similarly, the element a is the representative of aσ and also a permanent cycle.
This leaves the powers of u. The case G � C2 of the following result appears
in unpublished work of Araki and in Hu-Kriz [HK01].

Slice Differentials Theorem 13.3.9. In the slice spectral sequence for
πG� MU ppGqq (where G is a finite cyclic 2-group of order g), the differentials
dipu2n�1q are zero for i   r � 1� p2n � 1qg, and

drpu2
n�1q � a2

n

f2n�1.

Remark 13.3.10. Elements on the vanishing line which must die. It
follows from Proposition 13.3.8 that what lies on the “vanishing line”

s � pg � 1q�pt� sq � kσ
�� k

is the algebra

Zp2qra, fis{p2a, 2fiq.

In Proposition 12.3.10 it was shown that the kernel of the map

Zp2qraσ, fis{p2a, 2fiq Ñ πG� MU ppGqq Ñ πG� Φ
GMU ppGqq � π�MOra�1

σ s

is the ideal p2, f1, f3, f7, . . . q. The only possible non-trivial differentials into
the vanishing line must therefore land in this ideal.

For the following, the reader may find it helpful to consult Figure 13.3.
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Proof of the Slice Differentials Theorem 13.3.9. We establish the differential
by induction on k. Assume the result for k1   k. Then what is left in the range

s ¥ pg � 1qpt� s� kq
after the differentials assumed by induction is the sum of two modules over
Zp2qrfis{p2fiq. One is generated by a2n and is free over the quotient ring

Z{2rfis{pf1, f3, . . . , f2n�1�1q.
The other is generated by u2n�1 . Since the differential must take its value in
the ideal p2, a, f1, f3, . . . q, the next (and only) possible differential on u2

n�1

is the one asserted in the theorem. So all we need do is show that the classes
u2

n�1 do not survive the spectral sequence. For this it suffices to do so after
inverting a. Consider the map

a�1
σ πG� MU ppGqq Ñ a�1

σ πG� HZp2q.

We know the Z-graded homotopy groups of both sides, since they can be
identified with the homotopy groups of the geometric fixed point spectrum.
If u2n�1 is a permanent cycle, then the class a�2nu2

n�1 is as well, and repre-
sents a class with non-zero image in πG� ΦGHZp2q. This contradicts Proposi-
tion 12.4.22.

Remark 13.3.11. The effect of inverting aσ. After inverting aσ, the
differentials described in the Slice Differentials Theorem 13.3.9 describe com-
pletely the ROpGq-graded slice spectral sequence. The spectral sequence starts
from

Z{2rfi, a�1, us.
The class u2n�1 hits a unit multiple of f2n�1, and so the E8-term is

Z{2rfi, i � 2n � 1sra�1s �MO�ra�1s
which we know to be the correct answer since ΦGMU ppGqq � MO. This also
shows that the class u2n�1 is a permanent cycle modulo pr2n�1q. This fact
corresponds to the main computation in the proof of the Reduction Theo-
rem 12.4.8 (which, of course we used in the above proof). The logic can be
reversed, and for the group G � C2 the results are established in the reverse
order in [HK01].

Definition 13.3.12. The element dn � d
G
n P πGp2n�1qρG

MU ppGqq for n ¡ 0.
Applying the norm functor NG

C2
to the map

rG2n�1 : Sp2
n�1qρ2 ^ S�0 Ñ iGC2

MU ppGqq

of Definition 12.3.6 gives a map from Sp2
n�1qρG ^ S�0 to

NG
C2

�
iGC2

MU ppGqq
	
� NG

C2

�
MU

^pg{2q
R

	
�

�
MU ppGqq

	^pg{2q
.
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d
G
n is its composite with the multiplication map�

MU ppGqq
	^pg{2q

ÑMU ppGqq

given by the ring structure of MU ppGqq.
For H � G, we have

rHi P πC2
iρ2
MU ppHqq � πC2

iρ2
MU ppGqq,

and we can define

d
H
n � NH

C2
prH2n�1q P πHp2n�1qρH

MU ppGqq

in the same way.

The element dn � d
G
n is the map of (9.7.9) with

H � C2, X � Sp2
n�1qρ2 ^ S�0 and R �MU ppGqq.

Note that with this notation, the element f2n�1 of (13.3.7) becomes

f2n�1 � a2
n�1
ρ̄ dn.

In the proof of Corollary 13.3.14 below, we will make use of the identity

f2n�1�1dn � a2
n�1�1
ρ̄ dn�1dn � f2n�1a

2n

ρ̄ dn�1. (13.3.13)

The map

dn : Sp2
n�1qρG ^ S�0 ÑMU ppGqq

is represented at the E2-term of the ROpGq-graded slice spectral sequence by
a map

Sp2
n�1qρG ^ S�0 Ñ P

p2n�1qg
p2n�1qgMU ppGqq

which we will also call dn. Multiplying, this defines elements dnu
2n in the

E2-term of the ROpGq-graded slice spectral sequence.

Corollary 13.3.14. Some permanent cycles. In the ROpGq-graded slice
spectral sequence for MU ppGqq, the class dnu

2n is a permanent cycle.

Proof Write

r � 1� p2n�1 � 1qg.
The Slice Differentials Theorem 13.3.9 implies that differentials

dipdnu2
nq � dndipu2

nq
are zero for i   r, and

drpdnu2
nq � dna

2n�1

f2n�1�1 � a2
n�1

f2n�1a
2n

ρ̄ dn�1,
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the second equality coming from (13.3.13). But from the earlier differential

dr1u
2n�1 � a2

n

f2n�1

where r1 � 1� p2n � 1qg   r, we also have

dr1pu2
n�1

a2
n

a2
n

ρ̄ dn�1q � a2
n�1

f2n�1a
2n

ρ̄ dn�1

so that in fact drpdnu2nq � 0. The target of the remaining differentials work
out to be in a region of the spectral sequence which is already zero at the
E2-term. So once we check this, the proof is complete.
To check the claim about the vanishing region first note that with our con-

ventions, differential di�1 of the ROpGq-graded slice spectral sequence maps
a sub-quotient of

πGmP
n
nX

to a sub-quotient of

πGm�1P
n�i
n�iX.

The class in question starts out at the E2-term as

dnu
2n P πG2np2�2σq�p2n�1qρG

P
p2n�1qg
p2n�1qgMU ppGqq

so we are interested in the groups

πG2np2�2σq�p2n�1qρG�1P
p2n�1qg�i
p2n�1qg�iMU ppGqq

or, equivalently

πG2n�1�1

�
S2n�1σ ^ S�p2

n�1qρG ^ P
p2n�1qg�i
p2n�1qg�iMU ppGqq

�
with i� 1 ¡ r � 1� p2n�1 � 1qg. To simplify the notation, write

Xi � S�p2
n�1qρG ^ P

p2n�1qg�i
p2n�1qg�iMU ppGqq,

so that the group we are interested in is

πG2n�1�1

�
S2n�1σ ^Xi

�
. (13.3.15)

Now Xi ¥ i, so Proposition 11.2.6 implies that

πGj Xi � 0 for j   ti{gu.

Since S2n�1σ is p�1q-connected this means that if i ¥ 2n�1g the group of
(13.3.15) is trivial. The remaining values of i are strictly between p2n�1� 1qg
and p2n�1qg, and hence not divisible by g. But since MU ppGqq is pure, when
i is not divisible by g the spectrum P

p2n�1qg�i
p2n�1qg�iMU ppGqq is induced from a

proper subgroup of G, hence so is Xi. This means

S2n�1σ ^Xi � S2n�1 ^Xi,
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so
πG2n�1�1

�
S2n�1σ ^Xi

� � πG2n�1�1

�
S2n�1 ^Xi

� � 0

since Xi ¥ 0.

13.3B Periodicity theorems
We now turn to our main periodicity theorem. As will be apparent to the
reader, the technique can be used to get a much more general result. We
have chosen to focus on a case which contains what is needed for the proof of
§1.1C(ii), and yet can be stated for a general cyclic 2-group G � C2n .
Our motivating example is the spectrum KR of “real” K-theory first stud-

ied by Atiyah in [Ati66]. Multiplication by the real Bott class r1 P πρ2KR is an
isomorphism, giving KR an Sρ2 -periodicity. On the other hand, the represen-
tation 4ρ2 admits a Spin structure, and the construction of theKO-orientation
of Spin bundles leads to a “Thom” class u P πC2

8 KR ^ S4ρ2 . This class is rep-
resented at the E2-term of the slice spectral sequence by u4ρ2 . Multiplication
by r41u is then an equivariant map S8 ^ KR Ñ KR whose underlying map
of non-equivariant spectra is an equivalence. It therefore gives an equivalence
S8 ^KhC2

R � KhC2

R . Since the map KO Ñ KhC2

R is an equivalence, this gives
the 8-fold periodicity of KO.
In our situation we begin with an equivariant commutative ring spectrum

R, a representation V of G, and an element D P πGV R. We manually create a
spectrum with SV -periodicity by working with the homotopy colimit, D�1R,
of the sequence

R
D // S�V ^R

S�V ^D // S�2V ^R
S�2V ^D // � � � (13.3.16)

as in (5.8.18).
The unit inclusion

S�0 Ñ D�1R

gives a map
HZ � P 0

0 S
�0 Ñ P 0

0D
�1R

and hence defines, for every oriented representation V of G, elements

uV P π|V |�V P 0
0R � E

0,|V |�V
2

in the E2-term of the ROpGq-graded slice spectral sequence for πG� D�1R. We
will show, under certain hypotheses on D, that there is an integer k ¡ 0 with
the property that ukV is a permanent cycle. Let u P πG� D�1R be any element
representing ukV . Then the equivariant map

Sk|V | ^D�1R
uÝÑ SkV ^D�1R

DkÝÝÑ D�1R
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induces an equivalence of underlying, non-equivariant spectra, and hence an
equivalence of homotopy fixed point spectra�

Sk|V | ^D�1R
�hG Ñ �

D�1R
�hG

by Theorem 9.11.22. This establishes a periodicity theorem for the homotopy
fixed point spectrum pD�1RqhG.
The exposition is cleanest when one exploits multiplicative properties of

the spectrum D�1R. There are some easy general things to say at first. The
spectrum D�1R is certainly an R-module, and inherits a homotopy commu-
tative multiplication (over R) from R. The technique of [EKMM97, §VIII.4]
can be used to show that the non-equivariant spectrum underlying D�1R has
a unique commutative algebra structure for which the map iGHR Ñ iGHD

�1R

is a map of commutative rings.
With an additional assumption on D, one can go further. Let H � G

be a subgroup, and suppose that there is an m ¡ 0 for which the norm
NG
H

�
iGHD

�
divides Dm. We will abbreviate NG

H

�
iGHD

�
by NG

HD and write
Dm � DH �NG

HD. Then there is a commutative diagram

NG
HR

NG
H pDq //

��

NG
H

�
S�V ^R

� NG
H pDq //

��

NG
H

�
S�2V ^R

�
��

// � � �

R
NG

H pDq //

1��

S�V
1 ^R

NG
H pDq //

DH��

S�2V 1 ^R
DH

2

��

// � � �

R
Dm

// S�mV ^R
Dm

// S�2mV ^R // � � �

in which V 1 � IndGHV . Passing to the homotopy colimit gives a map

NG
H i

G
H

�
D�1R

�Ñ D�1R

extending the iterated multiplication. This allows one to form norms of ele-
ments in πH� D�1R as if D�1R were an equivariant commutative ring, that
is a commutative ring (in the category of orthogonal G-spectra) in which
indexed products, as well as ordinary ones, are defined.
A necessary condition for D�1R to actually be an equivariant commutative

ring, is that for every H � G, the norm NG
H i

G
HD divides a power of D. In fact

the condition is also sufficient. The proof of the following result is described
in [HH14, §4], and more details can be found in [HH16].

Proposition 13.3.17. A criterion for the telescope of an equivariant
commutative ring to be an equivariant commutative ring. Let R be
an equivariant commutative ring and D P πG� R. If D has the property that for
every H � G, the element NG

H i
G
HD divides a power of D, then the spectrum

D�1R has a unique equivariant commutative algebra structure for which the
map RÑ D�1R is a map of commutative rings.
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We will not make use of Proposition 13.3.17, as the ad hoc formation of
norms from the non-trivial subgroups of G is sufficient for our purpose.
Suppose that V P ROpHq and u P πHV D�1R is represented at the E2-term

of the ROpHq-graded slice spectral sequence by the image of u1 P πHV HZ

under the map πHV HZÑ πHV P
0
0D

�1R induced by the unit. We then have an
H-equivariant commutative diagram

SV

u

yysss
sss

sss
s

��

u1

**UUU
UUUU

UUUU
UUUU

UUUU
UUUU

D�1R P0D
�1R //oo P 0

0D
�1R HZ.oo

(13.3.18)

The maps in the bottom row are maps of homotopy commutative ring spec-
tra. Since the formation of slice sections commutes with filtered colimits, if
NG
HD divides a power of D then the spectra along the bottom row also come

equipped with maps ν : NG
H p� q Ñ p� q extending the iterated multiplica-

tion, and compatible with the maps between them. This means we may apply
the norm to the diagram of (13.3.18) and use the maps ν on the bottom row
to produce

SIndG
HV

NG
Hu

yyttt
tt
tt
tt
t

��

NG
Hu

1

**UUU
UUUU

UUUU
UUUU

UUUU
UU

D�1R P0D
�1R //oo P 0

0D
�1R HZ,oo

(13.3.19)

showing that NG
Hu

1 is a permanent cycle representing the class

NG
Hu P πGIndG

HV
D�1R.

We will take R to be the spectrumMU ppGqq. In order to specify the element
D we need to consider all of the spectra MU ppHqq for H � G, and we will
need to distinguish some of the important elements of the homotopy groups
we have specified. We use (12.2.7) to map

πH� MU ppHqq Ñ πH� MU ppGqq,

and make all of our computations in πH� MU ppGqq. In addition to g � |G| we
will write h � |H| for H � G and Ng

h for NG
H . We will sometimes write

ρG � ρg, and σG � σg, ρH � ρh, and σH � σh. Let

d
H
n � NH

C2
prH2n�1q P πHp2n�1qρH

MU ppGqq.

be as in Definition 13.3.12.

Theorem 13.3.20. An ROpGq-graded permanent cycle. Let

D P πG`ρGMU ppGqq
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be a class such that for every nontrivial H � G, the image of D in πH� MU ppGqq

is divisible by d
H
g{h and the element NG

H i
G
HD divides a power of D. Then the

class u2g{22ρG is a permanent cycle in the ROpGq-graded slice spectral sequence
for πG� D�1MU ppGqq.

Proof By Corollary 13.3.14, for each nontrivial subgroup H � G, the class
d
H
g{hu

2g{h

2σH
is a permanent cycle in the ROpHq-graded slice spectral sequence for

πH� MU ppGqq. Since iGHD is divisible by d
H
g{h, the class u2

g{h

2σH
is then a permanent

cycle in the ROpGq-graded slice spectral sequence for πH� D�1MU ppGqq. From
this inventory of permanent cycles, and the ad hoc norm of (13.3.19), we will
show that u2g{22ρG is also a permanent cycle.
To begin, note that if H � G has index 2, then IndGH1 � 1� σG. It follows

from Corollary 9.9.13 that

u2ρG � u
g{2
2σG

NG
Hu2ρH .

For G � C2, C4 and C8, this gives

u2ρ2 � u2σ2
,

u2ρ4 � u22σ4
N4

2 pu2ρ2q � u22σ4
N4

2 pu2σ2q
and u2ρ8 � u42σ8

N8
4 pu2ρ4q � u42σ8

N8
4 pu22σ4

N4
2 pu2σ2

qq
� u42σ8

N8
4 pu22σ4

qN8
2 pu2σ2

q.
For a cyclic 2-group G, a similar calculation gives

u`2ρg �
¹

e�H�G

Ng
h

�
u
`h{2
2σH

	
.

When ` � 2g{2 we have `h{2 � 2g{2h{2 ¥ 2g{h for every h � 1 dividing g, so
every term in the product is a permanent cycle (the inequality is an equality
only when h � 2). This completes the proof.

Corollary 13.3.21. An integer graded permanent cycle. In the situa-
tion of Theorem 13.3.20, let ∆G � u2ρGd

G
1 . Then the class

p∆Gq2g{2 � u2
g{2

2ρGpd
G
1 q2�2

g{2

(13.3.22)

is a permanent cycle. Any class in πG
2�g�2g{2

D�1MU ppGqq represented by (13.3.22)
restricts to a unit in πu�D

�1MU ppGqq.

Proof The fact that (13.3.22) is a permanent cycle is immediate from Theo-
rem 13.3.20. Since the slice tower refines the Postnikov tower, the restriction
of an element in the ROpGq-graded group πG� D�1MU ppGqq to πu�D�1MU ppGqq

is determined entirely by any representative at the E2-term of the slice spec-
tral sequence. Since u2ρG restricts to 1, the restriction of any representative
of (13.3.22) is equal to the restriction of pdG1 q2�2

g{2 , which is a unit since d
G
1

divides D.
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This gives

Theorem 13.3.23. The periodicity theorem for homotopy fixed point
spectra. With the notation of Theorem 13.3.20, if M is any equivariant
D�1MU ppGqq-module, then multiplication by p∆Gq2g{2 is a weak equivalence

Σ2�g�2g{2iGHM Ñ iGHM

and hence an isomorphism

p∆Gq2g{2 : π�M
hG Ñ π��2�g�2g{2M

hG.

For example, in the case of G � C2 the groups π�pD�1MU ppGqqqhG are
periodic with period 2 � 2 � 2 � 8, and for G � C4 there is a periodicity of
2 � 4 � 22 � 32. For G � C8 we have a period of 2 � 8 � 24 � 256. For the next
case, G � C16, the period is 213 � 8192.

Remark 13.3.24. Suppose that D P πG� R is of the form

D � NG
C2
x.

Then for C2 � H � G one has

NG
H i

G
HD � Dg{h.

Indeed,

NG
H i

G
HD � NG

H i
G
HN

G
C2
x � NG

H pNH
C2
qg{h � NG

C2
xg{h � Dg{h.

Since each d
H
n has this form, any class D which is a product of NG

Hd
H
n has the

property required for Theorems 13.3.20 and 13.3.23.

Corollary 13.3.25. The Periodicity Theorem of §1.1C for homotopy
fixed point spectra. Let G � C8, and

D �
�
N8

2 d
C2

4

	 �
N8

4 d
C4

2

	 �
d
C8

1

	
P πG19ρGMU ppGqq.

Then multiplication by p∆Gq16 gives an isomorphism

π�

�
D�1MU ppGqq

	hG
Ñ π��256

�
D�1MU ppGqq

	hG
.

For G � C2n , the dimension of D is
n�1̧

k�0

�
22

n � 1
	
ρG.

The Periodicity Theorem of §1.1C(ii) itself is stated in terms of ordinary
fixed points rather than homotopy fixed points. We will see in the next
subsection that for D�1MU ppGqq, the two are equivalent.
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Remark 13.3.26. Our choice of D. For a periodicity theorem, one gets
a sufficient inventory of powers of u2σH

as permanent cycles as long as for
each H, some d

H
j is inverted. This is also enough to prove the Homotopy

Fixed Point Theorem 13.3.28. Our particular choice of dHg{h is dictated by the
requirements of the Detection Theorem, specifically Lemma 13.4.6.

With this in mind, we can at last make the definition promised in the
beginning of this chapter and in the beginning of the book.

Definition 13.3.27. The spectra ΞO and Ξ are respectively the telescope
D�1MU ppGqq as in (13.3.16) and its fixed point spectrum

�
D�1MU ppGqq

�G,
where G � C8 and D is as in Corollary 13.3.25.

13.3C The homotopy fixed point theorem
We now consider a more general situation similar to the one in §13.3B.

Homotopy Fixed Point Theorem 13.3.28. Let

D P πG`ρGMU ppGqq

have the property that for all non-trivial H � G the restriction of D to
πH� MU ppGqq is divisible by d

H
n for some n, which may depend on H.

Then for any module M over D�1MU ppGqq is cofree as in Definition 9.11.23,
and

πG�M Ñ π�M
hG

is an isomorphism.

Proof We will show that D�1MU ppGqq satisfies Lemma 9.11.27(i). The result
will then follow from Corollary 9.11.28. Suppose that H � G is non-trivial.
Then

ΦHpD�1MU ppGqqq � ΦHpDq�1ΦHpMU ppGqqq.

But D is divisible by d
H
n , and so ΦHpDq is divisible by

ΦHpdHn q � ΦHpNH
C2
prH2n�1qqy � ΦC2prH2n�1q

which is zero by Proposition 12.3.10. This completes the proof.

Corollary 13.3.29. In the situation of Corollary 13.3.25, the map “multi-
plication by ∆G” gives an isomorphism

πG� pD�1MU ppGqqq Ñ πG��256pD�1MU ppGqqq.
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Proof In the diagram

πG� pD�1MU ppGqqq //

��

πG��256pD�1MU ppGqqq

��
π�pD�1MU ppGqqqhG // πG��256pD�1MU ppGqqqhG

the vertical maps are isomorphisms by the Homotopy Fixed Point Theo-
rem 13.3.28, and the bottom horizontal map is an isomorphism by Corol-
lary 13.3.25.

Corollary 13.3.30. The Periodicity Theorem of § 1.1C(ii) for ordi-
nary fixed point spectra. For G � C8, and D as in Corollary 13.3.25,
multiplication by p∆Gq16 gives an isomorphism

π�pD�1MU ppGqqqG Ñ π��256pD�1MU ppGqqqG.

13.4 The Detection Theorem

The account given here differs substantially from that of [HHR16, §11]. In
particular, it includes an explanation of why C8 is the smallest cyclic 2-group
G such that pNG

C2
MURqG detects the Kervaire invariant elements θj ; see Re-

mark 13.4.17.

13.4A θj in the Adams-Novikov spectral sequence
Browder’s theorem says that θj is detected in the classical Adams spectral
sequence by

h2j P Ext2,2
j�1

A pZ{2,Z{2q,
where A denotes the mod 2 Steenrod algebra. This element is known to be
the only one in its bidegree.
It is more convenient for us to work with the Adams-Novikov spectral se-

quence, which maps to the Adams spectral sequence. It has a family of ele-
ments in filtration 2, namely

βi{j P Ext2,6i�2j
BP�pBP q

pBP�, BP�q
for certain values of of i and j. The subscript i{j here is not to be interpreted
as a fraction. When j � 1, it is customary to omit it from the notation and
denote the element by βi. The definition of these elements can be found in
[Rav86, Chapter 5].
Here are the first few of these in the relevant bidegrees.

bidegree of θ2 :β2{2
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bidegree of θ3 :β4{4 and β3
bidegree of θ4 :β8{8 and β6{2
bidegree of θ5 :β16{16, β12{4 and β11

and so on.
The sequence of integers appearing as subscripts of the last element in the

list for oddly indexed θjs, namely

3 � 1� 23

3
, 11 � 1� 25

3
, 43 � 1� 27

3
, � � �

converges 2-adically to 1{3. The analogous sequence for an odd prime p con-
verges p-adically to 1{pp� 1q.
In the bidegree of θj , only β2j�1{2j�1 has a nontrivial image (namely h2j ) in

the Adams spectral sequence. There is an additional element in this bidegree,
namely α1α2j�1. According to [Shi81], [Rav86, Corollary 5.4.5], a basis for

Ext2,2
j�1

BP�pBP q
pBP�, BP�q

for j ¡ 1 is given by

tα1α2j�1u Y
 
βcpj,kq{2j�1�2k : 0 ¤ k   j{2( ,

where cpj, kq � 2j�1�2kp1� 22k�1q
3

.
(13.4.1)

For j � 1, the Ext group is spanned by α2
1. For j ¡ 1, α1α2j�1 supports a

nontrivial d3, but we do not need this fact. None of these elements is divisible
by 2. The element βcpj,kq{2j�1�2k is represented by the chromatic fraction (see
[Rav86, Chapter 5])

v
cpj,kq
2

2v2
j�1�2k

1

;

no correction terms are needed in the numerator.
We need to show that any element mapping to h2j in the classical Adams

spectral sequence has nontrivial image the Adams-Novikov spectral sequence
for the spectrum Ξ of §1.1C.

Detection Theorem 13.4.2. Let

u P Ext2,2
j�1

BP�pBP q
pBP�, BP�q

be any element whose image in Ext2,2
j�1

A pZ{2,Z{2q is h2j with j ¥ 6. Then
the image of u in H2pC8;π�ΞOq is nonzero.

We will prove this by showing the same is true after we map the latter
to a simpler object involving another algebraic tool, the theory of formal
A-modules, where A is the ring of integers in a suitable field. We will show
that the image β2j�1{2j�1 is nontrivial (see Lemma 13.4.10), while those of the
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other elements of (13.4.1) are trivial. The latter will be demonsatted following
the proof of Lemma 13.4.15 at the end of §13.4C.

13.4B Formal A-modules
Recall that a formal group law over a ring R is a power series

F px, yq � x� y �
¸
i,j¡0

ai,jx
iyj P Rrrx, yss

with certain properties.
For positive integers m one has power series rmspxq P Rrrxss defined recur-

sively by r1spxq � x and

rmspxq � F px, rm� 1spxqq.
These satisfy

rm� nspxq � F prmspxq, rnspxqq and rmsprnspxqq � rmnspxq.
With these properties we can define rmspxq uniquely for all integers m, and
we get a homomorphism

τ : ZÑ EndpF q (13.4.3)

where EndpF q is the endomorphism ring of F .
Equivalently, the power series fmpxq � rmspxq is characterized by

f 1mp0q � m and fmpF px, yqq � F pfmpxq, fmpyqq.
If the ground ring R is an algebra over the p-local integers Zppq or the p-adic

integers Zp, then we can make sense of rmspxq for m in Zppq or Zp.
Now suppose R is an algebra over a larger ring A, such as the ring of integers

in a number field or a finite extension of the p-adic numbers.

Definition 13.4.4. Formal A-modules. A formal group law F over an A-
algebra R is a formal A-module if the homomorphism τ of (13.4.3) extends
to A in such a way that

raspxq � ax mod px2q for a P A.
Equivalently for each a P A there is a power series fapXq P Arrxss with

f 1ap0q � a and fapF px, yqq � F pfapxq, fapyqq.
The theory of formal A-modules is well developed. Jonathan Lubin and

John Tate (1925–2019) used it to do local class field theory in [LT65]. A good
reference for this is Michiel Hazewinkel’s book [Haz78, Chapter 21].
The example of interest to us is A � Z2rζ8s, where ζ8 is a primitive 8th

root of unity. We will generalize this to A � Z2rζgs, where g � 2m and ζg is a
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primitive 2mth root of unity for some n ¡ 0. This will enable us to consider
the norms NG

C2
MUR for all cyclic 2-groups G � C2m . We will eventually see

that the proof of a would be detection theorem breaks down for m   3, and
that the cases m ¡ 3 lead to longer periodicities. Hence the optimal group G
for our purposes is C8, as stated at the end of §1.1C.
The maximal ideal of A � Z2rζgs is generated by π � ζg � 1, and πg{2 is a

unit multiple of 2 in A. In [Haz78, 24.5.2 and 25.3.16] it is shown that there
is a formal A-module F over R� � Arw�1s (with |w| � 2) with logarithm

logF pxq �
¸
n¥0

w2n�1x2
n

πn
. (13.4.5)

where
logF pF px, yqq � logF pxq � logF pyq.

What does this formal A-module (for the case G � C8) have to do with our
C8-spectrum ΞO � D�1MU ppC8qq? Recall (Definition 13.3.12) that

d
H
n � Nh

2 r
H
2n�1 P πHp2n�1qρH

MU ppHqq for h � |H|,
where H is a nontrivial subgroup of G, and rH2n�1 is as in Definition 12.3.6.
This can be mapped into

πHp2n�1qρH
MU ppGqq

using (12.2.7). Equivalently, we can map

rH2n�1 P πHp2n�1qρC2
MU ppHqq

itself into πp2n�1qρC2
MU ppGqq in the same way and apply Nh

2 there. Then we
have

D � pN8
2 d
C2

4 q pN8
4 d
C4

2 q pdC8

1 q
� N8

2

�
rC2
15

	
N8

4

�
N4

2 r
C4
3

	
N8

2

�
rC8
1

	
� N8

2

�
rC2
15 r

C4
3 rC8

1

	
P πC8

19ρC8
MU ppC8qq.

For G � C2m , the element to be inverted is

D �
¹

0¤` m

�
N2m

2`�1d
C

2`�1

2m�`�1

	
� N2m

2

� ¹
0¤` m

r
C

2`�1

22m�`�1�1

�
P πGcpmqρGMU ppGqq

where cpmq is defined by induction on m by

cpmq �
"

1 for m � 1

2g{2 � 1� cpm� 1q for m ¡ 1.

We saw in Theorem 13.3.20 that inverting a product of this sort is needed
to get a spectrum such as ΞO with a periodic fixed point set such as Ξ, but
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we did not explain the choice of subscripts of d; see Remark 13.3.26. For the
purposes of periodicity, any choice would do. The subscripts indicated above
the smallest ones that satisfy the second part of the following, as will be
explained in the last paragraph of its proof.

Lemma 13.4.6. The homomorphism classifying the formal A-module.
The classifying homomorphism λ : π�MU Ñ R� for the formal group law F

of (13.4.5) factors through π�MU^pg{2q in such a way that

(i) the homomorphism λpg{2q : π�MU^pg{2q Ñ R� is equivariant, where G

acts on π�MU^pg{2q as before, it acts trivially on A, and γpwq � ζgw for
a generator γ of G, and

(ii) the element iG0 D P π�MU^pg{2q, for D as in Corollary 13.3.25, maps to a
unit in R�.

We will prove this in §13.4D. For G � C8, this D is the element that we
invert to get i�0ΞO in Definition 13.3.27.

13.4C The proof of the Detection Theorem
As before, let G be the cyclic group C2m , making g � |G| � 2m. It follows
from Lemma 13.4.6 that we have a map

H�pG;π�pi�0Dq�1MU pg{2qq Ñ H�pG;R�q.
The source here is the E2-term of the homotopy fixed point spectral sequence
for M , and the target is easy to calculate. We will use it to prove Detec-
tion Theorem 13.4.2 by showing that the image of iG0 D in H2,2j�1pC8;R�q is
nonzero.
We will calculate with BP -theory. Recall that

BP�pBP q � BP�rt1, t2, . . . s where |ti| � 2p2i � 1q.
We will abbreviate Exts,tBP�pBP q pBP�,Mq (for a BP�pBP q-comodule M) by
Exts,tpMq.
We recall the description of it given in [Rav04, A2.1], starting in the para-

graph preceding [Rav04, Lemma A2.1.26]. The pair pBP�, BP�pBP qq repre-
sents the functor that assigns to each Zppq-algebra R the groupoid of p-typical
formal group laws and strict isomorphisms between them. The formal group
law over R� of (13.4.5) is 2-typical and is thus induced by a homomorphism
λ : BP� Ñ R�.
[Rav04, Lemma A2.1.26] says that if F is a p-typical formal group law over

some ring R and φ : F Ñ G is an isomorphism, then G is p-typical if

φ�1pxq �
¸
i¥0

Fφix
pi

(13.4.7)
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for φi P R with φ0 a unit. The isomorphism is strict when φ0 � 1. In that
case φ corresponds to a map BP�pBP q Ñ R sending ti to φi.
Suppose F and G are both the formal group law of (13.4.5) and the iso-

morphism is the series rz�1spxq for some gth root of unity z. Then (13.4.7)
reads

rzspxq �
¸
i¥0

Fφipzqx2
i P R�rrxss. (13.4.8)

Here we write φipzq P R� to emphasize its dependence on the choice of the
gth root of unity z. Let

φi � w1�2iφi.

Taking the logarithm of both sides of (13.4.8) gives the following.

z logF pxq �
¸
i¥0

logF pw2i�1φix
2iq

z
¸
n¥0

w2n�1x2
n

πn
�

¸
i¥0

¸
j¥0

w2j�1pw2i�1φix
2iq2j

πj

�
¸
i,j¥0

w2j�1pw2i�1φiq2
j

x2
i�j

πj

�
¸
n¥0

w2n�1x2
n ¸

0¤j¤n

φ
2n�j

j

πn�j

Equating coefficients of x2n for each n ¥ 0 we have

z �
¸

0¤j¤n

πjφ
2n�j

j � πnφn �
¸

0¤j¤n�1

πjφ
2n�j

j

φnpzq � π�n

�
z �

¸
0¤j¤n�1

πjφjpzq2
n�j

�
.

Thus we have φ0pzq � z and

φ1pzq � π�1pz � φ
2

0q �
z � z2

π
� zp1� zq

π
. (13.4.9)

This is a unit whenever z is a primitive 2mth root of unity, that is and odd
power of ζg � π. Each φn P pAbQqrzs is a polynomial in Z over AbQ which
is numerical in the sense of taking values in A for all z P A.
The Hopf algebroid associated with H�pG;R�q has the form pR�, R�pGqq,

where R�pGq denotes the ring of R�-valued functions on G. Its left unit sends
R� to the set of constant functions, and the right unit is determined by the
group action on R� via the formula

ηRprqpγq � γprq for r P R� and γ P G.
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This map is A-linear and G has a generator γ for which ηRpwqpγkq � ζkgw.
We identify the coproduct

∆ : R�pGq Ñ R�pGq bR� R�pGq

by composing it with the isomorphism

R�pGq bR� R�pGq Ñ R�pG�Gq

given by

pφ1 b φ2qpγ1, γ2q � φ1pγ1qγ1pφ2pγ2qq,

where the factor γ1pφ2pγ2qq refers to the action of G on R�. The resulting
composite

δ : R�pGq Ñ R�pG�Gq

is defined by pδφqpγ1, γ2q � φpγ1γ2q.

Lemma 13.4.10. An element in Ext2,2
j�1pBP�q detected by H�C2m for

m ¥ 3. Let

b1,j�1 � 1

2

¸
0 i 2j

�
2j

i


�
ti1|t2

j�i
1

�
P Ext2,2

j�1pBP�q

Its image in H2,2j�1pG;R�q is nontrivial for j ¥ 2, where G � C2m .

This element is known to be cohomologous to β2j�1{2j�1 and to have order
2; see [Rav86, Theorem 5.4.6(a)].

Proof Let γ P G be the generator with γpwq � ζgw, where ζg is a primitvie
2mth root of unity. Then H�pG;R�q is the cohomology of the cochain complex
of R�rGs-modules

R�
γ�1 // R�

Trace // R�
γ�1 // . . . (13.4.11)

where Trace is multiplication by 1� γ � � � � � γg�1. Note that

p1� γqw` �
#
π2iw` for ` � 2i mod 2i�1 with 0 ¤ i   m

0 for ` � 0 mod 2m

and

Tracepw`q �
"

2mw` for 2m|`
0 otherwise. (13.4.12)

It follows that the cohomology groups HspG;R�q for s ¡ 0 are periodic in
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s with period 2. We have

H0pG;R2`q � ker pζ`g � 1q

�
"
A for ` � 0 mod 2m

0 otherwise

H1pG;R2`q � ker p1� ζ`g � � � � � ζpg�1q`
g q{im pζ`g � 1q

�

$''&''%
A{pζ`g � 1q � w`A{pπ2iq � pZ{2q2i

for ` � 2i mod 2i�1

where 0 ¤ i   m

0 for ` � 0 mod 2m

H2pG;R2`q � ker pζ`g � 1q{im p1� ζ`g � � � � � ζpg�1q`
g q

�
"
w`A{p2mq for ` � 0 mod 2m

0 otherwise

,/////////////////////./////////////////////-

(13.4.13)

Note that the A-modules occurring above are

A{pπ2iq �

$'&'%
Z{2rπs{pπ2iq for 0 ¤ i ¤ m� 2,

A{p2q � Z{2rπs{pπ2m�1q, for i � m� 1

Z{2mrπs{p1� p1� πq2m�1q for i � m.

We also have a map

Ext�,�BP�pBP qpBP�, BP�{2q Ñ H�pG;R�{p2qq

Reducing the complex of (13.4.11) mod 2 makes the trace map trivial by
(13.4.12), so for t ¥ 0 we have

H2tpG;R2`{2q �

$'''&'''%
π2m�1�2iA{pπ2iq

for ` � 2i mod 2i�1,
where 0 ¤ i ¤ m� 2

A{p2q for ` � 0 mod 2m�1

H2t�1pG;R2`{2q �
$&%

A{pπ2iq for ` � 2i mod 2i�1,
where 0 ¤ i ¤ m� 2

A{p2q for ` � 0 mod 2m�1

,//////////.//////////-
(13.4.14)

For j ¥ 0, the image of the class

rt2j1 s P Ext1,2
j�1

BP�pBP q
BP�{2

in H1pG;R2j�1{p2qq is a unit in A{p2q � Z{2rπs{pπ2m�1q since by (13.4.9) the
function φ1, and hence any power of it, is not divisible by π. For j ¥ m,
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consider the following diagram.

Ext1,2
j�1pBP�q //

λ��

Ext1,2
j�1pBP�{p2qq δ //

λ��

Ext2,2
j�1pBP�q
λ��

H1pG;R2j q //// H1pG;R2j {p2qq δ1 //// H2pG;R2j q

0 // A{p2q // A{p2mq
Here δ and δ1 are the evident connecting homomorphisms, λ : BP� Ñ R�
is the classifying map for our formal A-module and the rows are exact. The
values of cohomolgy groups indicated in the bottom row follow from (13.4.13)
and (13.4.14). The connecting homomorphism δ sends rt2j1 s to b1,j�1, and
λprt2j1 sq is a unit, so λpb1,j�1q has the desired property.

To finish the proof of the Detection Theorem we need to show that α1α2j�1

and the other βs in the same bidegree map to zero. We will do this for j ¥ 6.
The appropriate Ext group was described in (13.4.1). Note that

βcpj,0q{2j�1 � β2j�1{2j�1 ,

so we need to show that the elements βcpj,kq{2j�1�2k with k ¡ 0 map to zero.

Lemma 13.4.15. The images of v1 and v2 in R�. Let λ : BP� Ñ R� be the
classifying map for the formal A-module of (13.4.5) for the group G � C2m .
Then

λpv1q � 2w

π
,

and λpv2q � p2π � 4qw3

π3
�

$''&''%
w3 for m � 1

p�1� 2
?�1qw3 for m � 2

2w3

π2

�
1� 2

π



for m ¡ 2

Proof The logarithm of the formal group law over BP� is

x�
¸
n¡0

`nx
2n

where the relation between the `ns and Hazewinkel’s vns is given recursively
by

2`n �
¸

0¤i n

`iv
2i

n�i.

Hence under the classifying map `n ÞÑ w2n�1{πn we find that

v1 ÞÑ 2w

π

v2 � v31
2
ÞÑ 2w3

π2
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v2 ÞÑ 2w3

π2
� 4w3

π3
� 2w3

π2

�
1� 2

π



When m � 1, π � �2, so v2 maps to w3. When m � 2, π �?�1 � 1, so v2
maps to the indicated element.

We can define a valuation || � || on R� by setting ||π|| � 21�m (so ||2|| � 1)
and ||w|| � 0. We can define one on BP�pBP q by defining

||vi|| � ||λpviq|| and ||ti|| � ||φi|| for i ¡ 0. (13.4.16)

The valuation extends in an obvious way to the cobar complex and to the
chromatic modules Mn, such as

M2 � v�1
2 BP�{p28, v81 q.

From there we can extend it to the chromatic cobar complex defined in [Rav86,
5.1.10]. Thus we get valuations on the groups

Ext0BP�pBP q
�
M2

�
// Ext2BP�pBP q pBP�q // H2pC8;R�q

The left group contains the chromatic fractions βi{j . The homomorphisms
cannot lower (but may raise) this valuation. We will show that for n � 3

(meaning the group is C8), the valuation of the relevant chromatic fractions
is ¥ 3. This valuation is a lower bound on the one in H�pC8;R�q, where every
group has exponent at most 8. Hence a valuation ¥ 3 means the β-element
has trivial image.
Hence for j ¥ 6 we have

||α1α2j�1|| ¥ ||v1
2
|| � ||v

2j�1
1

2
||

� 3

4
� 1� 3p2j � 1q

4
� 1 ¥ 46,

and for 1 ¤ k ¤ pj � 1q{2,

||βcpj,kq{2j�1�2k || ¥
�����
����� v

cpj,kq
2

2v2
j�1�2k

1

�����
�����

� cpj, kq
2

� 3 � 2j�1�2k

4
� 1

� 2j � 2j�1�2k

6
� 3 � 2j�1�2k

4
� 1

by (13.4.1)

� p4k � 7q2j�3�2k

3
� 1 ¥ 5.
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This means βcpj,kq{2j�1�2k maps to an element that is divisible by 8 and there-
fore zero. We leave the analogous computation for m ¡ 3, which leads to a
similar conclusion, as an exercise for the reader.

Remark 13.4.17. This argument does not work for the groups C2

and C4. In those cases the image of v2 in R� is a unit by Lemma 13.4.15,
and the computation above does show that we can detect θj.

This completes the proof of the Detection Theorem assuming Lemma 13.4.6.

4/4/20. Stopped listing notations here today.

13.4D The proof of Lemma 13.4.6
We will specialize here to the case G � C8, the argument in the general case
being similar. To prove Lemma 13.4.6(i), consider the following diagram for
an arbitrary ring K.

MU�pMUq

π�MU

ηL
55lllllll

λ1

%%KK
KKK

KKK
KKK

K π�MU^2

λp2q

��

π�MU

ηR
iiRRRRRRR

λ2

yysss
sss

sss
sss

K

The maps λ1 and λ2 classify two formal group laws F1 and F2 over K. The
Hopf algebroid MU�pMUq represents strict isomorphisms between formal
group laws. Hence the existence (and choice) of λp2q is equivalent to that
of a strict isomorphism between F1 and F2.
Similarly consider the diagram

π�MU^4

λp4q

��

π�MU

λ1

))TTT
TTTT

TTTT
TTTT

TT

η1
55kkkkkkkkkkkkkkk

π�MU
λ2

$$J
JJ

JJ
JJ

JJ

η2

::uuuuuuuuu
π�MU

λ3

zzttt
tt
tt
tt

η3

ddIIIIIIIII
π�MU

λ4

uujjjj
jjjj

jjjj
jjjj

j

η4
iiSSSSSSSSSSSSSSS

K

where the homomorphisms ηj are unit maps corresponding to the four smash
product factors of MU p4q. The existence of λp4q is equivalent to that of strict
isomorphisms between the formal group laws

F1 Ñ F2 Ñ F3 Ñ F4
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induced by the four maps λj .
Now suppose that K � R� and each λj classifies the formal A-module

given by (13.4.5). Then we have the required isomorphisms, so λp4q exists.
The inclusions ηj are related by the action of C8 on π�MU^4 via

γηj � ηj�1 for 1 ¤ j ¤ 3

and γη4 differs from η1 by the p�1qi in dimension 2i. The λj can be chosen
to satisfy a similar relation to the C8-action on R�. It follows that λp4q is
equivariant with respect to the C8-actions on its source and target. This proves
Lemma 13.4.6(i).
For Lemma 13.4.6(ii), recall from Corollary 13.3.25 that

D � N8
2 prC2

15 r
C4
3 rC8

1 q.

The norm sends products to products, and N8
2 pxq is a product of conjugates

of x under the action of C8. Hence its image in R� is a unit multiple of that
of a power of x, so it suffices to show that each of the three elements rC2

15 , r
C4
3

and rC8
1 maps to a unit in R�.

The generators rHi are defined by (12.3.7), which we rewrite as

x�
¸
i¡0

mix
i�1 �

�
x�

¸
k¡0

γHpm2n�1qx2
n

�
�
�
x�

¸
i¡0

rHi x
i�1

�

where γH � γ8{h denotes a generator of H � G and γ is a generator of C8.
Note here that the mi are independent of the choice of subgroup H. For our
purposes we can replace this by the corresponding equation in underlying
homotopy groups, namely

x�
¸
i¡0

mix
i�1 �

�
x�

¸
k¡0

γ8{hpm2n�1qx2
n

�
�
�
x�

¸
i¡0

rHi x
i�1

�
.

We have such an equation for each subgroup H � C8.
Applying the homomorphism λp4q : π�MU^4 Ñ R�, we get

x�
¸
k¡0

w2n�1

πk
x2

n

�
�
x�

¸
j¡0

ζ8{hw2j�1

πj
x2

j

�
�
�
x�

¸
i¡0

λp4qprHi qxi�1

�
.

(13.4.18)

For brevity, let sH,i � λp4qprHi q and

sHpxq � x�
¸
i¡0

sH,ix
i�1, (13.4.19)
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so (13.4.18) reads

x�
¸
k¡0

w2n�1

πk
x2

n �
�
x�

¸
j¡0

ζ8{hw2j�1

πj
x2

j

�
� sHpxq

� sHpxq �
¸
j¡0

ζ8{hw2j�1

πj
sHpxq2

j

.

(13.4.20)

Recall that 2 is a unit multiple of π4. For each H, we can solve (13.4.20)
directly for sH,2`�1 for various `. Doing so gives

sC2,1 �
��π3 � 4π2 � 6π � 4

�
w � π3 � unit � w

sC2,3 �
��4π3 � 5π2 � 14π � 26

�
w3 � π2 � unit � w3

sC2,7 �
��6182π3 � 21426π2 � 22171π � 1052

�
w7

� π � unit � w7

sC2,15 �
�
306347134π3 � 3700320563π2

�15158766469π � 16204677587qw15

� unit � w15

sC4,1 � p�π � 2qw � π � unit � w
sC4,3 �

�
8π3 � 26π2 � 25π � 1

�
w3 � unit � w3

sC8,1 � �w,

,////////////////////.////////////////////-

(13.4.21)

where each unit is in A.
Hence the images under λp4q of rC2

15 , r
C4
3 and rC8

1 are units as required. Thus
we have shown that each factor of i�0D and hence i�0D itself maps to a unit
in R�, thereby proving the lemma.
On the other hand, we see from (13.4.21) that the images of rC2

1 , rC2
3 , rC2

7 ,
and rC4

1 under λp4q are not units in R�. For this reason, smaller subscripts
of d in the definition of D would not lead to a detection theorem.
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Table of notations

3/28/20. These need to be alphabetized. The set of entries grouped to-
gether as “cofibrant generating sets” should be left intact under this sort-
ing. The same goes for “categories of spectra.”

Symbol Location Meaning
1X 2.1.1 Identity morphism on an object X.
1C 2.1.12 Identity functor on a category C.
αA and αA,X,Y 2.6.6 Left addition functor and induced

map of morphism sets.
ωA and ωA,X,Y 2.6.6 Right addition functor and induced

map of morphism sets.
Ab 2.2.30(i) Category of abelian groups.
CpX,Y q 2.1.1 Set of morphisms X Ñ Y in a cate-

gory C.
cX,Y,X 2.1.1 Composition pairing in a category C.
Cp� , �q or p� q� 2.6.33 Internal Hom functor..
Cop 2.1.3 Opposite category of C.
CJ 2.1.15 Category of functors J Ñ C.
C1 2.6.55 Arrow category of C.
∆ : C Ñ CJ 2.3C Diagonal functor.
CG � CBG 2.1.15 Category of G-objects in C.
rC,Ds 2.1.15 and 3.2.18

Category of functors C Ñ D.
Vectk 2.2.5 a Category of k-vector spaces.
T op and T 2.1.48 Categories of topological spaces.
T opG and T G 3.1.59 Categories of G-spaces.
T opG and TG 3.1.59 Categories of G-spaces and all contin-

uous maps.
Continued on next page
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Symbol Location Meaning
µ : T 2 ñ T 2.2.40 Natural transformation for monad.
µ : F p� q b F p� q ñ F p� ` �q

2.6.19 Natural transformation for lax mon-
oidal functor.

ι : F p0q Ñ 1 2.6.19 Structure map for lax monoidal func-
tor.

ι2 4.6.2 Inclusion map for solid cylinder ob-
ject in model category.

eGpV,W q 8.9.23 Thom space embedding.
µGH (2.2.26) and (8.3.20)

Relative action map for H � G.
ψGH (2.2.26) and (8.3.20)

Relative coaction map for H � G.
µR and µL 2.2.32 and 3.1.69

Right and left actions of an endomor-
phism object on a morphism object.

∆ 3.4 Category of finite ordered sets.
Set∆ and Set∆ 3.4.1 Category of simplicial or cosimplicial

sets.
C∆ and C∆ 3.4.1 Categories of simplicial and cosimpli-

cial objects in C.
ChR 4.2 Category of chain complexes of R-

modules.
CAT 2.1.14 and 2.7.2(ii)

Category of categories.
Cat 2.1.14 and 2.7.2(ii)

Category of small categories.
CATad 2.7.2(iv) The 2-category of adjunctions.
Mod 2.7.2(v) The 2-category of model categories.
MonCAT 2.7.2(vi) The 2-category of monoidal cate-

gories.
VCAT 3.1.20 The 2-category of V-categories.
VCat 3.1.20 The 2-category of small V-categories.
C b C1 3.1.28 The product of two V-categories.
MG 8.2.3 Category of Mackey functors on G.
B
�
G and BG 8.2.4 Lindner and Burnside categories.

H
A 2.2.10 Yoneda functor CpA,�q : C Ñ Set.

H 2.2.12 Yoneda embedding Cop Ñ rC,Sets.
Continued on next page
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Symbol Location Meaning
PpSq, P0pSq and
P1pSq

2.3.53 Categories of subsets of a finite set S.

Indexing categories for spectra
J

N
K 7.2.4 Presymmetric spectra in 7.2.32 and

7.2.33.
J

Σ
K 7.2.4 Symmetric spectra in 7.2.33.

J
O
K 7.2.4 Orthogonal spectra in 7.2.33.

J
U
K and JC 7.2.4 Unitary and complex spectra in

7.2.33 and 12.1.4.
JR 12.1.2 Real spectra in 12.1.4.
JG and J

�
G 8.9.24 Mandell-May categories for G-

spectra.
Categories of spectra.

SpNpM, T q 7.1.13 Hovey spectra.
SpNpM,Kq 7.2.33 Presymmetric spectra rJN

K ,Ms.
SpΣpM,Kq 7.2.33 Symmetric spectra rJΣ

K ,Ms.
SpOpM,Kq 7.2.33 Orthogonal spectra rJO

K ,Ms.
SpUpM,Kq 7.2.33 Unitary spectra rJU

K ,Ms.
SpFpM,Kq 7.2.33 Extraorthogonal spectra rJF

K ,Ms.
SpG 7.2.33 Extraorthogonal spectra rJF

K ,Ms.
SpG 9.0.2 Orthogonal G-spectra rJG, T s.
SpGnaive 9.3.2 Naive G-spectra .
SpBG{HG 9.3.18 Spectra with groupoid action.
SpBTG 9.3.24 Spectra over a G-set.
SpGfl (9.6.7) Subcategory of flat objects in SpG.
CommG 9.7.1 CommSpG.
AlgG 9.7.1 AssocSpG.
AlgG 9.7.1 AssocSpG.
SpBTG 10.1 T -diagrams of orthogonal spectra.
Sp 12.1.4 Complex spectra.

12.1.4 Real spectra.
Comm C 2.6.58 Commutative monoids in C.
T p� q 2.6.66 Free associative algebra functor.
Sym p� q 2.6.63 Free commutative algebra functor.
Φ 2.7.10 Generic pseudofunctor.
BTG and BG 2.9.1 Groupoid associated with a G-set T .
N 2.3.63 Sequential colimit category.
Nop 2.3.63 Sequential limit category

Continued on next page
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Symbol Location Meaning
Ob C 2.1.1 Collection of objects in a category C.
Arr C 2.1.1 Collection of arrows in a category C.
Dom f 2.1.1 Domain or source or a morphism f .
Cod f 2.1.1 Codomain or target or a morphism f .
% 2.2D Adjunction symbol, the turnstile.
ε : F ñ 1C 2.2.8 Augmentation for endofunctor.
η : 1C ñ F 2.2.8 Coaugmentation endofunctor.
η : 1C ñ GF 2.2.20 Unit of the adjunction F % G.
ε : FGñ 1D 2.2.20 Counit of the adjunction F % G.
θX 2.2.1 Morphism F pXq Ñ GpXq associated

with a natural transformation θ.
θpY,Zq 2.2.6 and

3.1.40
θpY,Zq : SetpY, Zq � F pY q Ñ F pZq
composition at Y in Set.pθpY,Zq 3.1.40 Adjoint to θpY,Zq in (3.1.42).

κpW,Xq 2.2.6 and
3.1.40

κpW,Xq : GpXq � SetpW,Xq Ñ GpW q
precomposition at X in Set.pκpW,Xq 3.1.40 Adjoint to κpW,Xq in (3.1.43).

εFA,B (3.1.38) Enriched composition map.
ηFA,B (3.1.38) Enriched cocomposition map.» J

Hpj, jq and»
J

Hpj, jq

2.4.5 End and coend of a functor
H : Jop � J Ñ C.

»
Φ 2.8.8 Grothendieck construction for a

pseudofunctor Φ.
pLanKF, ηq 2.5 and

3.2.35
Left Kan extension of a functor
F : C Ñ E along K : C Ñ D.

pRanKF, εq 2.5 and
3.2.35

Right Kan extension of a functor
F : C Ñ E along K : C Ñ D.

BGX 2.3.57 Boundary of a functor
G : PpSq Ñ D for a cocomplete cat-
egory D.

fA �
Ü

αPA fα 2.9.29 Indexed corner map.
l 2.6.1 and

2.6.12
Generic binary operation or pushout
corner map.

�l� 8.2.14 Box product of Mackey functors.
a�,�,� 2.6.1 and

2.6.42
Associator isomorphism.

λ� 2.6.1 Left unitor isomorphism.
Continued on next page
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Symbol Location Meaning
ρ� 2.6.1 Right unitor isomorphism.
τ�,� 2.6.1 Twist isomorphism.
3 2.6.12 Pullback corner map.
µ 2.6.19 Natural transformation for lax mon-

oidal functor.
φ 2.2D Adjunction isomorphism.
φ` and φr 2.6.26 two variable adjunction isomor-

phisms.
Hom` and Homr 2.6.26 two variable adjunction functors.
bA 2.9 Iterated monoidal product functor.
fil� 2.9.34 Target exponent filtration.
C3pi, pq 2.3.14 Lifting test map.
di 3.4 Face map.
si 3.4 Degeneracy map.
X and X 3.4.1 Simplicial or cosimplicial set.
cs�p� q 3.4.1 Constant simplicial object.
cc�p� q 3.4.1 Constant cosimplicial object.
∆ 3.4.2 Cosimplicial standard simplex.
∆n
i 3.4.2 ith face of the standard n-simplex.

Λni 3.4.2 ith horn of the standard n-simplex.
| � | 3.4.3 Geometric realization.
| � | 2.1.58 Degree of object.
Singp� q 3.4.7 Singular functor.
Np� q 3.4.12 Nerve of a small category.
B� 3.4.12 Classifying space.
M� and M 1

� 3.5.1 (Reduced) mapping sylinder.
EF 8.6.15 Universal F-space.
F 8.6.10 Family of subgroups.
P 8.6.11 Family of proper subgroups.
Q 4.1.20 Functorial cofibrant replacement.
R 4.1.20 Functorial fibrant replacement.
Cylp� q 4.3.7 Cylinder object in a model category.
Pathp� q 4.3.7 Path object in a model category.
`� r� and � 4.3.6 Left, right and 2 sided homotopy.
L� 4.3.15 Localization of category.
Ho� 4.3.16 Quillen homotopy category.
n 7.2.4 t1, 2, . . . , nu.
rns 3.4A t0, 1, 2, . . . , nu.

Continued on next page
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Symbol Location Meaning
N0 7.2.4 Set of natural numbers.
LF 4.4.7 Total left derived functor of F
RF 4.4.7 Total right derived functor of F
LF 4.4.5 Left derived functor of F
RF 4.4.5 Right derived functor of F
Solp�q 4.6.2 Solid cylinder object
Surfp�q 4.6.2 Surface object
π`1pA,B; f0, f1q and
πr1pA,B; f0, f1q

(4.6.4) Higher homotopy classes of left and
right homotopies between f0 and f1.

π1pA,Bq 4.6.16 Quillen’s fundamental group.
π`pA,Bq, πrpA,Bq
and πpA,Bq

4.3.11 Sets of homotopy classes of maps
AÑ B.

Σp�q 4.6.17 Suspension object.
Ωp�q 4.6.17 Loop object.

Cofibrant generating sets for various model categories.
I 2.6.15 and (5.2.10) 

in : Sn�1 Ñ Dn : n ¥ 0
(
in T op.

J (5.2.11) tjn : pt0u Ñ r0, 1sq � In : n ¥ 0u.
I� and J� (5.2.13) Pointed analogs of I and J .
IK and JK 5.6.38 Induced model structure on rJ,Ms.
IT and J proj

T 7.1.33 Hovey projective model structure.
JT � J proj

T YpIlSq (7.3.28) Hovey stable model structure.
IeG and J e

G 8.6.2 Naive or underlying model structure.
IA``
G and JA``

G , or
IG and JG

8.6.2 Genuine or Bredon model structure.

IF

G and J F

G 8.6.13 Model structure in T G for a subgroup
family F.

IF
L , I

F,�
L , J F

L ,
J F,�
L , KF

L and KF,�
L

(7.4.40) Maps for smashable spectra.

IG, IG,�, JG,
JG,�, KG and KG,�

(9.2.9) Generating maps for G-spectra.

rIG, rIG,�, rJG,rJG,�, rKG and rKG,� (9.2.12) Equifibrant maps for G-spectra.

� 4.6.22 Pinch map.
ker f 4.1.27 Kernel of f in a model category.
coker f 4.1.27 Cokernel of f in a model category.
CX 4.1.28 Reduced cone object or space.
PX 4.1.28 Reduced path object or space.

Continued on next page
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Symbol Location Meaning
Ff 4.1.28 Homotopy fiber of f .
Cf 4.1.28 Homotopy cofiber of f .
im p 2.3.10 Lifting properties of i and p.
X -inj � Xm 2.3.10 Morphisms with right lifting prop-

erty.
X -proj �m X 2.3.10 Morphisms with left lifting property.
cofibpX q �mpXmq 2.3.10 X -cofibrations.
fibpX q � pmX qm 2.3.10 X -fibrations.
C3pi, pq 2.3.14 Pullback corner map of 2.3.9.
3pi, pq 2.3.14 Pullback set of 2.3.5.
pL,Rq 2.3.19 Weak factorization system.
L 2.3.19 Left class of factorization system.
R 2.3.19 Right class of factorization system.
RegpIq 4.8.13 Regular class generated by I.
SatpIq 4.8.13 Saturated class generated by I.
5 5.1.22 Precofibration as in 5.1.15.
W 4.1.1 Class of weak equivalence.
C 4.1.1 Class of cofibrations.
F 4.1.1 Class of fibrations.
Adisc 2.1.7 Discrete category for a set A.
|J | 2.1.7 Discrete category for category J .
2 2.1.6 Walking arrow or interval category.
α� 2.2.54 Precomposition functor induced by α.
α! 2.2.54 Left adjoint of α�.
α� 2.2.54 Right adjoint of α�.

 2.1.49 Left half smash product.
� 2.1.49 Right half smash product.

H 5.5.33 Left half smash product over H.
H� 5.5.33 Right half smash product over H.
πα 5.6.5 Homotopy invariant.
EndA 2.2.32 Endomorphism category of A.
Ev : X � SetpX,Y q Ñ Y

2.1.16(v) Evaluation map.
EvA : rC, Es Ñ E 2.2.35 Evaluation functor.
FA : E Ñ rC, Es 2.2.35 Coevaluation functor.
Σ�1 5.7.3 Desuspension functor.
Ω�1 5.7.3 Deloopingfunctor.
Θk � ΩkΩ�k 5.7.3 Endofunctor.

Continued on next page
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Symbol Location Meaning
Θ8 5.7.3 hocolim

k
Θk.

holim and hocolim 5.8.1 Homotopy limit and colimit.
Bp�,�,�q 5.8.11 Two sided bar construction.
LEp�q 6.1A and

6.1B
Bousfield localization with respect to
homology theory E.

E 6.2.1 Class of morphisms.
LE 6.2.5 Left Bousfield localization with re-

spect to morphism class E.
Pnp�q 6.2.13 nth Postnikov section.
Υ 6.2.15 Homotopy idempotent functor.
Menla, Mconf and Menco

6.2C Altered model structures on M.
ΛpSq 6.3.8 Full set of S-horns.
τ and τK 6.3.12 Localizing subcategory and comple-

ment.
P τ and Pτ 6.3.17 Dror Farjoun localization functor and

fiber.
εXn 7.1.1 Structure map of spectrum.
ηXn 7.1.6 Costructure map of spectrum.
T 7.1.1 Hovey’s generalization of suspension.
ΩT 7.1.1 Hovey’s generalization of looping.
Evm 7.1.20 mth evaluation functor.
T�m 7.1.20 mth tensored Yoneda functor.
Rm 7.1.24 Right adjoint of Evm.
T�mS 7.1.30 mth Yoneda spectrum.
πα,np�q (7.2.21) π0MpAα ^ L^n,�q.
RF 7.2.26 Indexing group of J

O-algebra.
SV 7.2.29 Structured sphere J

F
L p0, V q.

ΩV p�q 7.2.29 Structured loop functor MpSW , �q.
πV p�q 7.2.30 Structured homotopy group of space.
πV p�q 7.3.14 Stable homotopy group of spectrum.
iΣN, iOΣ, iUO and iFO 7.2.34 Inclusion functors.
εXV,W and rεXV,W 7.2.38 Structure maps.
ξV,W (7.2.63) Stabilizing map.
sV (7.2.68) Stabilizing map.
sMm 7.3.1 Stabilizing map for Hovey spectra.
σk : ΣkΣ�k ñ 1Sp 5.7.3(i) Natural transformation.
θk : 1Sp ñ Θk 5.7.3(i) Natural transformation.

Continued on next page
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Symbol Location Meaningpθ : 1M ñ ΘkT 7.3.50 Natural transformation.pσ : T kT�k ñ 1M 7.3.50 Natural transformation.
T and T�1 7.3.52 Reduced Hovey suspension.
ΩT and Ω

�1

T 7.3.52 Reduced Hovey looping.
σk and pσk 7.3.52(ii) Natural transformations.
θk and pθk 7.3.52(ii) Natural transformations.pS and S 7.4.8 Sets of stabilizing maps.
Cpn 8.0.1 Cyclic group of order pn.
ResHK 8.2.3 and 9.4.14

Mackey functor restriction map.
TrHK 8.2.3 and 9.4.14

Mackey functor transfer map.
M 8.2.3 Mackey functor.
M 8.2.8 Fixed point Mackey functor.xM 8.2.8 Fixed quotient Mackey functor.
Z 8.2.6 Constant Mackey functor.
A 8.2.7 Burnside Mackey functor.
AS 8.2.7 Free Mackey functor.
I 8.2.7 Augmentation ideal Mackey functor.
ÒGH M 8.2.9 Induced G-Mackey functor.
ÓGHM 8.2.9 Restricted H-Mackey functor.
MS 8.2.9 Precomposite Mackey functor.
ZtSu 8.2.11 Permutation Mackey functor.
XG or X{G 8.3.8 Orbit space.
XhG 8.3.8 Homtopy orbit space.
XG 8.3.8 Fixed point space.
XhG 8.3.8 Homotopy fixed point space.
iGH 2.2.25 Forgetful or restriction functor.
NG
H 8.3.23 Norm functor.

SV 8.3.26 Representation sphere of V .
SpV q 8.3.26 Unit sphere of V .
DpV q 8.3.26 Unit disk of V .
ρG and ρG 8.3.27 Regular representations.
IndGHV 2.5.8(iv) Induced representation.
C�pX;Mq 8.5.14 Bredon chain comp-lex.
H�pX;Mq 8.5.14 Bredon homology.
OG 8.6.22 Orbit category of G.
OF 8.6.22 Orbit category of a family F.

Continued on next page
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Symbol Location Meaning
Φ : T G Ñ OGT 8.6.27 Fixed point functor.
FG 8.1.1 Category of finite G-sets.
Ψ : OGT Ñ T G 8.8.1 Elmendorf’s coalescence functor.
KpM,nq 8.8.4 Eilenberg-MacLane space for M .
ΣV (-) 8.9.3 Twisted suspension.
ΩV (-) 8.9.3 Twisted loop space.
πu�p�q 8.9.6 Underlying homotopy of G-space .
SV ��

tPT S
Vt 8.9.10(i) Sphere for representation of G-set.

|pT, V q| 8.9.10(iv) Degree of pT, V q.
Vt 8.9.10 Image of t under representation V .
OpV,W q 8.9.15 Space of orthogonal embeddings.
IG and I

�
G 8.9.19 Stiefel categories.

fpV qK 8.9.22 Orthogonal complement.
πGV p�q 9.1.1 Equivariant stable homotopy group.
BO`K (9.1.42) Variant of BO.
HM 9.1.47 Eilenberg-MacLane spectrum for M .
Snaive (9.3.3) Naive stabilizing maps.
Sgenuine (9.3.13) Genuine stabilizing maps.
Θ8
naive (9.3.4) Naive fibrant replacement.

Θ8
genuine (9.3.14) Genuine fibrant replacement.

πGV,naiveX (9.3.5) Naive stable homotopy group.
p^� and p_� 5.5.34 Functors induced by covering.
πV (9.4.9) ROpGq-graded homotopy group.ruGHpY,Xq 9.4.10 Equivariant homeomorphism.
πH,V 9.4.17 ROpGq-graded homotopy group .
rH,VK 9.4.19 Group action restriction map.
tH,VK 9.4.19 Group action transfer map.
HX and HY 9.4.20 Intersection and union of subgroups.
SWG 9.5.1 Adams category.
πstSpG 9.5.4 Homotopical approximation to SpG.
R0
HpXq (9.7.9) rX, iGHRsH for R in CommSpG.

aV 9.9.7(i) Element in π�VHZpG{Gq.
eV 9.9.7(ii) Element in πV�|V |HZpG{GV q.
uV 9.9.7(iii) Element in π|V |�VHZpG{Gq.
FX and FGX 9.10.2 Schwede fixed point spectrum.
RGX 9.10.2 Fibrant fixed point spectrum.rEP 9.11.2 Isotropy separation space.
ΦGp�q 9.11.7 Geometric fixed point functor.

Continued on next page
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Symbol Location Meaning
ΦGM p�q and Φ̃GM p�q 9.11.38,

9.11.49
Monoidal geometric fixed points.

Symnp�q 10.5.1 nth symmetric power of spectrum.
SymT

ΛX 10.5.6 Indexed symmetric power.
SymΛfT 10.5.7 Indexed symmetric corner map.
�^A^� (9.7.2) Smash product over A.
S�0rSV s � S�0rxs 10.10.2 Twisted monoid ring on SV .
S�0rG � SV s (10.10.5) Normed up twisted monoid ring.
L^ 10.4.7 Derived smash product.pSpm,Hq 11.1.1 Slice sphere.pScpm,Hq (11.1.2) Cofibrant slice sphere.
SpG¡n and SpG¤n 11.1.11 Slice categories.
X ¡ n and X   n 11.1.11 Slice connectivity and coconnectivity.
τGn 11.1.22 Geometric connectivity category.
t�u and r�s 11.1D Floor and ceiling of a number.
Pn� and Pn�1� 11.1.35 Slice section and slice cover.rPn and rPn�1 11.1.38 Putative slice section and cover.
Pnn� 11.1.43 n-slice.
Es,t2 X (11.2.7) Slice E2-term.xW 11.3.19 Wedge of dimensional slice spheres.
Pnc � 11.4.1 nth cofibrant slice section.
Pnalg (11.4.12) nth algebraic slice section.
VC 12.1 Complexification of V .
Vρ2 12.1 V b ρ2.
MUR 12.2.1 Real spectrum for MU .
MUR 12.2.3 Real bordism spectrum.
MU ppGqq (12.2.6) Normed real bordism spectrum.
mi P HC2

iρ2
MUR (12.2.20) Coefficient of C2 logarithm.

mi P H2iMU 12.3A Coefficient of ordinary logarithm.
ai,j P πC2

� MUR (12.2.21) Coefficient of C2 formal group law.
bi P πC2

iρ2
E ^MUR (12.2.23) Generator of E�MUR.

MU (12.0.1) Complex cobordism spectrum.
MO 12.2C Unoriented cobordism spectrum.
ri 12.2.42 Generator of πu2iMU ppGqq.
r̄i 12.3.6 Generator of πC2

iρ2
MU ppGqq.

fi P πGi MU ppGqq 12.3.11 aiρGNri.
Md 10.10.9(ii) Monoidal ideal.
AG 12.4A Associative algebra refiningMU ppGqq.

Continued on next page
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Symbol Location Meaning
RGp8q (12.4.7) MU ppGqq

ÂG

S�0.

RGpkq (12.4.17) Spectrum related to MU ppGqq.
b P π2ΦGHZp2q 12.4.21 u2σa

�2
σ .

yn (12.4.28) Preimage of Nrcn .
cn (12.4.26) 2n � 1.
Mpnq (12.4.26) MU ppGqq{pG � rcnq.
wi,j 12.3.3 Coefficient in QH2i.
dn � d

G
n 13.3.12 Element in πG� MU ppGqq.

A 13.4.4 Ring of integers in field.
|| � || (13.4.16) Detection Theorem valuation.
sH,i P R� (13.4.19) λp4qprHi q.
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2-of-6 property, 318
acyclicity condition, 332

left induced, 332
Adams, J. Frank, 2

letter to, 20–26
Adams-Novikov spectral sequence, 3

θj in , 862
adding a whisker, 256

as left deformation, 322
adjoint

functors, 85–96
left, 85
products of, 86
right, 85
uniqueness of, 86

adjunction
arrow, 92
change of group, 89
G-spectra, 661
composition and precomposition as

counits of, 89
coproduct diagonal, 290
counit of, 87
cylinder path space, 91
diagonal product, 290
disjoint base point, 290
Eilenberg-Moore, 98
enlarging, 339
enriched, 208–211
first change of group, 557
fixed point, 92
G-spectra, 609
fixed point for spectra as Quillen pair,

681
free forgetful, 91
Hirschhorn, 346
inclusion projection, 290
isomorphism, 85
McClure’s, 586
object set, 92
orbit, 92
overcategory, 290
Quillen, 289
related to groupoids, 92

second change of group, 90, 558
smash Hom, 363
spectral, 502
suspension loop in pointed topological

model category, 375
equivariant, 589
tensor cotensor, 363
transfer, 334
transfer, composite of, 337
transfer, product of, 335
two variable, and cofibrant generating

sets, 359
undercategory, 290
unit of, 87
Yoneda, see Yoneda adjunction

Araki, Shôrô, 5
Arf invariant, 12
Arf, Cahit, 12
arrow

Cartesian, 174
coCartesian, 174
opCartesian, 174

associator, 146
Atiyah duality, 529
Atiyah, Sir Micheal, 3
Barratt, Michael, 2
barycentric subdivision, 247
base change, 101
bicategory, 171
bisimplicial set, 243
Borel construction, 397, 554
boundary, 120
Bousfield localization

and Quillen rings, 428
left

as a left Quillen functor, 423
as left localization, 421
definition, 421

monoidal, 428
of a model category, 419–428
of a space with respect to homology, 418
of a spectrum, 419
of Quillen equivalences, 430
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relation with confinement and
enlargement, 427–428

via an idempotent functor, 425–427
when possible?, 429–434
with respect to a collection of

morphisms, 420–425
Bousfield, Aldridge, 18
Bredon cofibrant G-spectra, 628
Bredon homology and cohomology, 572

in terms of Eilenberg-Mac Lane spaces,
573

Bredon, Glen, 45
Browder, William, 2, 13
Brunside ring

for quaternion group, 539
S3, 538

Burnside mark, 537
Burnside ring, 536–541

definition, 536
Burnside’s table of marks, 538
Burnside, William, 536
canonical homotopy presentation, 524–525
cardinal, 308
Cartesian diagrams, 118–121
Cartesian product, 64
category

2-, 169–173
2-, examples of, 170
accessible, 309
Adams, 647
arrow, 78
arrow in a monoidal category, 165–167
bicomplete, 107
bitensored arrow, 229
braided monoidal, 147
Burnside, 545
closed monoidal, 158–162
cocomplete, 107
cofiltered, 123
comma, 77
complete, 107
concrete, 61
connected, 79
coslice, 78
cosubdivision, 134
covering, 174–176
definition of, 60
direct, 79
discrete, 61
endomorphism, 94
endomorphism V-, 222
enriched, 21
enriched arrow, 204, 229
enriched equivalence of, 208
enriched functor, 228–232
enriched monoidal, 216
enriched over V, 203
enriched related to group action, 219
equalizer, 61
filtered, 123
free V-, 210

functor, to model category, 341–356
generalized direct, 79
Hirschhorn, 429
homotopical, 318–327

definition, 318
homotopy, 23
homotopy, classical, 283
homotopy, of homotopical category, 321
homotopy, Quillen, 284
indexing, 438
internal to another category, 114–118
interval, 61
inverse, 79
Lindner, 545
localization of, see localization
locally presentable, 309
M-, generalized direct or inverse, 381
M-, generalized direct or inverse,

examples, 382
Mandell-May, see Mandell-May category
model, see model category
module over a monoidal category , 155
monoidal, 145–169
monoidal, monoids, modules and

algebras in, 167–169
morphisms in, 60
nth slice layer, 760
objects in, 60
of categories, 63
of finite ordered sets, 241–245
of sets, 63
of simplices, 248
opposite, 60
orbit, 581–584

definition, 581
over, 77
product and coproduct of, 61
sequential colimit, 123
sequential limit, 123
sifted, 126
simplicial, 244
slice, 78
small, 60
Stiefel, 595
subdivision, 135
symmetric monoidal, 22, 145–169

definition, 146
topological, 221, 244
topological G-, 221
under, 77
V-, 203
walking arrow, 61, 348

change of group, 557–561
for orthogonal G-spectra, 610–612
isomorphism, 534

class of morphisms, 105
classifying space, 245
classifying space BG, 552

examples, 553
cleavage, 174
cobase change, 100
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coefficient system, 581
coend, 129–140

definition, 131
enriched, 225–228
functoriality of, 133
reduction for small monoidal category,

149
coequalizer, 107

reflexive, 121–123
section of, 121

cofiber
homotopy, 398

cofibrancy
parametrized, 292

cofibrant
algebraically

definition, 729
cofibrant, approximation, 267
cofibrant, diagram, 342

example, 343
cofibrant, generation in functor categories,

344–350
cofibrant, object, 267
object in MJ , 342
cofibrant, object, parametrized, 292
cofibrant, replacement, 267
cofibrant, replacement, functorial, 269
cofibration, 103, 260

anodyne, 278
as h-cofibration, 375
colimit of, 264
Grothendieck, 174
h-, 273
inMJ , 342
injectivity of, 277
of topological spaces, 271
projective, 341
pushout of, 263
q-, 273

coinduction, 90, 558
colimit, 105–129

filtered, 123–128
h-cofibrations preserved by sequential,

251
homotopy, see homotopy colimit
sequential, 123
sifted, 123–128
weighted, 223–225

comonad, 97
composition

enriched, 207
cone, 106

over, 101
reduced, 271
under, 100

coreduction
enriched Yoneda, 230

coreflector, 98
corner map, 102, 120

as h-cofibration, 740
condition for equifibrant flatness, 742

indexed, 186
and arrow category, 710–712
and distributive law, 196
symmetric, definition, 716

indexed, of cofibration diagram, 707
indexed, of diagram trivial cofibrations,

712
n-fold pushout, 151
pullback, 102, 150
pushout, 102, 150

of cofibrations, 357
right lifting property, 217

corner map theorem
for Hovey spectra, 494
for orthogonal G-spectra, 625
for smashable spectra, 520

correspondence
examples, 297
of left and right homotopies, 297

cosimplicial space, 242
costructure map

for enriched functor category, 230
for spectrum, 437

cotensor, 211–216
commutativity, 212

cotriple, 97
covering

groupoid, 175
Crans-Kan Transfer Theorem, 335
CW complex

relative, 330
cylinder, 91

reduced, 280
cylinder and path objects, 281

properties of, 281
Day convolution, 21, 234–241

and Quillen ring, 384
definition, 235
notation for product in, 240
reflexivity of, 239
with tensored Yoneda functor, 240

deformation
left and right, 322
left, adding a whisker as, 322
left, retract, 322

deformation retract, 251
delooping functor, 389
desuspension and delooping functors, 508

for Hovey spectra, 501
desuspension functor, 389

and Yoneda functor for Hovey spectra,
501

Detection Theorem, 6, 862–874
proof, 866–872
proof of Lemma 13.4.6, 872–874

distributive law, 180–186
and indexed corner map, 196
in arrow category, 195
indexed, 182
indexed, example for G-orbit categories,

182–186
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original, 181
Doomsday Hypothesis, 2, 17
Dr. Seuss lemma

first, 302
second, 377

duality in a closed symmetric monoidal
category, 162–165

Dwyer-Hirschhorn-Kan Recognition
Theorem, 334

E-fibrant, 420
means E-local, 424

E-local
equivalence, 420
fibration, 420
object, 420

E-trivial cofibration, 420
E-local equivalence

and Quillen pairs, 423
E-local object

and Quillen pairs, 423
EHP sequence, 15–17
Eilenberg-Mac Lane

1-slices, 783
Eilenberg-Mac Lane spectrum

for a Mackey functor, 621
Eilenberg, Samuel, 21
Eilenberg-Mac Lane space, 247

for a Mackey functor, 587
equivalence, 586
Elmendorf’s theorem, 586–587
embedding

enriched Yoneda, 221
end, 129–140

coend duality, 134
definition, 131
enriched, 225–228
functoriality of, 133

enriched category, 21
epimorphism, 62
equalizer, 107

coreflexive, 121–123
equifibrancy, 580

why we need, 622
equifibrant enlargement, 442
equifibrantly flat

cofibrant commutative ring diagrams,
737

condition for pushout, 743
definition, 737
morphism, condition for, 741
wedges, smash products and filtered

colimits, 738
equifibrantly flat diagrams, 737–745
equivalence

hG-, 576
homotopical, 318
Quillen, see Quillen equivalence
stable, see stable equivalence
stable hG-, 690

equivariant commutative ring
telescope of, 857

equivariant map, 69
evaluation map, 64
exact sequence

Adams, 391–393
for original spectra, 496–500
Puppe and Adams for smashable spectra,

522–524
Puppe, extending, 390–391
Puppe, in exactly stable model category,

390
exact stability

definition, 389
for Hovey spectra, 500–503
for smashable spectra, 524
of original category of spectra, 497

exhausting sequence, 602
factorization

in a model category, 261
Quillen’s, 274–277

factorization system
weak, 105

families of subgroups of G, 577–581
definition, 577
examples, 577

Fenway, 3
fiber

homotopy, 398
fiber and cofiber sequences, 302–306

definition, 304
exact sequences for, 305
extending, 304
long, 305

fibrancy
parametrized, 292

fibrant, approximation, 267
fibrant, object, 267
fibrant, object, parametrized, 292
fibrant, replacement, 267, 418–419
fibrant, replacement, functorial, 269
fibration, 103, 260

as injective morphism, 263
defined by right Quillen functor, 291
Grothendieck, 174–176
h-, 273
Hurewicz, 272
inner, 278
Kan, 278
left, 278
limit of, 264
projective, 341
pullback of, 263
q-, 273
right, 278
Serre, 271, 330
strict, 341
surjectivity of, 277

filtration
Postnikov, 756
pushout ring, 194
slice, see slice filtration
symmetric product, 193
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target exponent, 188
as a series of pushouts, 190

target exponent, independence of, 191
fixed point and homotopy fixed point

space, 555
fixed point set, 220

as limit, 110
homotopy

as homotopy limit, 396
fixed point spectrum, 678–682

geometric, see geometric fixed points
flat object

smashing with weak equivalence of, 326
Formal A-modules, 864–866

definition, 864
framed cobordism, 8
framed manifold, 7
Fubini theorem for coends, 135
functor

2-, 172
addition, 147
augmented, 83
closed V-, 162
coaugmented, 83
coevaluation, 94
cofinal, 128
composite, 62
contravariant, 62
corestriction, 95
covariant, 62
definition of, 62
delooping, see delooping functor
derived, 285–288

definition, 286
derived, existence, 287
derived, in homological algebra, 288
derived, point set, 288
derived, total, 287
desuspension, see desuspension functor
duality, 163
enriched, 207
enriched addition, 216
enriched tensored Yoneda, 221
enriched Yoneda, 221
evaluation for Hovey spectra, 455
faithful, 62
fibered, 174
final, 128
fixed point Φ, 582
flat, 324
fully faithful, 62
global evaluation, 95
homotopical, 318
homotopy, 318, 322
homotopy idempotent, 425
identity, 62
induction, 90
internal Hom, 158
internal Hom in functor category, 238
iterated monoidal product, 177
lax, 173

lax (symmetric) monoidal, 153
left deformable, 322
left derived, existence of, 323
Mackey, see Mackey functor
monoidal, 154
nonhomotopical, 285–288
norm, see norm functor
opfibered, 174
oplax, 173
oplax (symmetric) monoidal, 153
Quillen, see Quillen functor
restriction, see restriction functor
singular, 244
strict, 173
strictly monoidal, 154
strong monoidal, 154
suspension and loop, 295–302

definition, 300
on cofibrant and fibrant objects, 303
total derived, 301

tensored Yoneda, 84
tensored Yoneda for Hovey spectra, 455
weak, 173
weak 2-, 172
weakly (symmetric) monoidal, 692
Yoneda, 84

functorial factorization, 83
G-cells

types of, 562
G-CW complexes, 561–567

definition, 562
equivariant homotopy equivalences of,

564
flatness of connective, 641
homology of, 567–574

G-CW spectra, 616
G-equivariant

Eilenberg-Mac Lane spectra, 620–621
algebra

definition, 657
unoriented cobordism spec- trum, 617

G-equivariant Thom spectra, 617–620
G-set

and indexed products, 177–180
definition of, 69
finite, 536–541
fixed point set of, 69
invariant subset of, 69
isotropy groups of, 69
orbit set of, 69

G-space
contractible free, 552
formal properties, 551–561
free pointed, 552
induction and coinduction functor for,

557
G-spectra

R-modules in, 731–735
R-modules in, cofibrancy of, 734
R-modules in, cofibrancy smash products

over R, 734
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R-modules in, model structure for,
731–733

R-modules in, tensor product of, 732
commutative algebras in, 728–731
commutative algebras in, model

structure for, 729
commutative algebras in, norm functor

on, 730
commutative algebras in, norm functor

on restriction of, 730
equivariant diagrams of, 706–707
equivariant diagrams of, precomposition

andchange of group , 706
indexed smash products and cofibrations

of, 707–710
symmetric monoidality of arrow

category, 710
rG-spectrum
Λ-free, 719

Gap Theorem, 6, 844–845
for pure bound spectra, 845
for regular representation sphere, 844
for slice spheres, 845
proof, 845

generating sets, 327–331
geometric connectivity, 684
geometric fixed points, 682–702

and equivariant homotpy type, 686
and the norm, 698–702
definition, 684
effect of the map MUppGqq Ñ HZp2q on,

831
effect of the map RGp8q Ñ HZp2q on,

831–837
for Bredon cofibrant spectra with trivial

G-action, 687
for generalized suspension spectra, 688
monoidal, 692–693

and smash products, 696–697
basic properties, 692
definition, 694
definition and categorical properties,

693–695
homotopy properties, 695–696
lax monoidality of, 696
left derived functor of, 692
of an indexed wedge, 694
preservation of cofibrations, 695
relation with geometric fixed points,

697
unaltered by attaching moving cells,

695
of HZ for a finite cyclic 2-group, 689
of HZp2q, 829
properties, 684
unaltered by attaching moving cells, 688

geometric realization, 243
Goerss-Hopkins-Miller theorem, 4
Grothendieck construction, 175
group

Quillen’s fundamental, 300

group action
continuous, 219–221

groupoid, 66–75
connected, 67
covering of, 67
definition of, 66
fundamental, 66

h-cofibration, 248–255
as closed inclusion, 252
cofiber and quotient of, 375
definition, 249, 374
examples, 251
preserved

by indexed monoidal products, 255
by left adjoint, 252
by monoidal powers, 254
by smashing, 253

property, 251
hare and tortoise, 19–20
Hawaiian earring, 257
Hirschhorn reference warning, 378, 459, 484
homotopical approximation to the category

of G-spectra, 647–654
homotopical structure

defined by functor, 319
for spectra, 442
for equivalent categories, 320
minimal, 319
strict, 319

homotopy
as an equivalence relation, 283
bijetcion of left and right sets, 299
composite left and right, 299
corresponding left and right, 297
equivalence, 280
higher left and right, 296
left and right for topological spaces, 279
left and right in a model category, 280
left and right, properties of , 282
two ways to define, 279

homotopy Cartesian square, 410
and lifting diagram, 413
and telescopes, 407
composing, 412
equivalence with homotopy fiber square,

410
preserved by right Quillen functors, 411

homotopy coCartesian square, 410
homotopy colimit, 393–414

and two sided bar construction, 402
homotopy extension property, 248–257
homotopy fiber, 411

of a fibration, 411
homotopy fiber square, 410

equivalence with homotopy Cartesian
square, 410

homotopy fixed point theorem, 861–862
homotopy fixed points, 690–691

definition of as spectrum, 608
homotopy group

equivariant, 606–607
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equivariant, of an orthogonal G-spectrum
definition, 606

indexed by representations of G, 588
of a spectrum, 471
ROpGq-graded of HZ, 663–678
ROpGq-graded of HZ, three elements in,

667–673
homotopy groups

of n-slices, 778
of PnX, 777

homotopy invariant, 373
complete set of, 373
of spectrum, 487

homotopy limit, 393–414
and homotopy pullbacks, 410
Bousfield-Kan’s toy counterexample, 396

homotopy limit and colimit
Bousfield-Kan definition, 394–401
change of indexing category, 402
definition, 395
examples, 396–400
homoopy invariance of, 401

homotopy pullback
and homotopy limits, 410
flexibility of, 409
homotopy invariance of, 409
in a right proper model category, 408

Hopf algebroid, 66
Hopf map

as a map of C2-spaces, 570
Hopf-Whitehead J-homomorphism, 10
horns, 431–433

and fibrant objects, 431
and local equivalences, 431
augmented set of, 431
definition, 431
full set of, 431
set of on f , 152

Hovey spectra
desuspension and delooping functors for,

501
five lemma for, 485
stabilization and model structures for,

481–503
stable h-cofibrations and precofibrations,

486
stably fibrant, 485

Hovey spectrum, 438, 449–460
definition, 449
evaluation functor for, 455
suspension, 455
tensored Yoneda for, 455

ΩT -, 450
Hovey twist, 453
I-cell complex

CW complex as, 311
relative, 311

I-small, 311
ideal

in symmetric monoidal category, 149
monomial, 198–201

idempotent, 79
indexed wedges, 654–656
induction

norm, 178
injective, 103
interchange law, 169
isomorphism, 62

Kelly, 229
isotropy group, 69

of product of two orbits, 540
isotropy separation and induced G-cells,

686
isotropy separation sequence, 682–684

definition, 683
isotropy separation space, 683
J-homomorphism, 10
JN

K , 462
monoidal structure of, 464

JO, stable homotopy condition, 469
JO

K and JU
K

connectivity of morphism objects, 466
JO

K , 463
JΣ

K , 462
JΣ

K , JO
K and JU

K
symmetric monoidal structure of, 465

K-theory
real, 4

Kan complex, 278
Kan extension, 140–145

along fully faithful functor, 145
as adjoint to precomposition, 141
definition, 140–141
enriched, 233–234
examples, 142
left, 25, 26
limit and colimit as, 144
pointwise, 141
pointwise as limit or colimit, 142
toy example of nonexistence of, 143

Kan fibration, 278
Kan, Daniel, 18
Kelly, Gregory Maxwell, 21
Ken Brown’s lemma, 320
Kervaire invaraint

odd primary, 3
Kervaire invariant, 13
Kervaire, Michel, 13
λ-sequence, 307
Lewis diagrams, 550
Lewis, Gaunce, 391
lifting, 103–105

Cartesian, 174
diagram, 103
enriched, 204
in enriched category, 216–219
pair, 103
property, left, 103
property, right, 103
test map, 104

limit, 105–129
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filtered, 123–128
homotopy, see homotopy limit
ordinary weighted, 224
sequential, 123
sifted, 123–128
weighted, 223–225

localization
left and right, 293
of category, 283

localizing subcategory, 433–434
definition, 433
generated by a set of objects, 434

loop, see also suspension and loop
loop space

twisted, 588
Mac Lane, Saunders, 57
Mackey functor, 541–551

box product, 550
Burnside, 546
constant, 546
examples, 546–550
first definition, 544
fixed point, 547
fixed quotient, 547
free, 546
induction, restriction and

precomposition, 547
Lewis diagrams for, 550
permutation, 548
restriction map, 544
second definition, 545
transfer map, 544
two definitions of, 544–546

Mackey functor homology
and the cohomology of the orbit space,

568
and the homology of the fixed point set,

568
of a G-CW complex, 567

Mahowald, Mark, 2
Mandell-May category, 471, 595–602

as spectral JO-algebra, 599
for a finite group

definition, 596
morphism spaces, 596

examples, 597
fixed point set, 598

positive, 597
real and complex, 796
topological, 597

map
Cartesian product for a closed monoidal

category, 164
cocomposition, 213
coevaluation, 163, 211
composition, 213
constant multiplication, 65
costructure, 213, see also costructure

map
degeneracy, 241
double dual, 163

evaluation, 64, 163, 211
face, 241
flat, 323
internal Hom product, 164
of spectra, 437
pinch, 301
Pontryagin-Thom, 530
self-duality, 164
Spanier, 529
stabilizing, see stabilizing maps
structure, 213, 341, see also structure

map
mapping cylinder, 248

and pullback, 252
as homotopy colimit, 397

mapping path space, 273
as homotopy limit, 397

model category, see also model structure
axioms, 260
cellular, 429
cofiber, 270
cofibrant object, see also cofibrant object
cofibrantly generated, 327–340

almost finitely generated, 329
definition, 327
finitely generated, 329
product of, 328

cokernel, 270
combinatorial, 309, 431
compactly generated, 327–340

definition, 329
definition, 260
dual of, 265
enlarged, monoidal structure for, 383
enriched, 371–389

functors into, 379–382
monoidal structure in, 382–389

exactly stable, see also exact stability,
389–393

definition, 389
factorization in, see factorization
fiber, 270
fibrant object, see also fibrant object
homotopy cofiber, 270
homotopy fiber, 270
homotopy in, 279–284
kernel, 270
left proper, 323
monoidal, 356–371

commutative monoid axiom, 365
indexed products in, 367–371
monoid axiom, 364–366
pushout product axiom, 360, 361
unit axiom, 360

morphism classes, 262
original axioms, 262
overcategories and undercategories of,

265
pointed, 269–270
pointed topological, 362
proper, 323, 340–341
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right proper, 323
right proper, homotopy limits in, 408–414
right proper, homotopy pullbacks in, 408
stabilizable, 460
stabilizable, homotopy groups for, 461
stable, 389–393

definition, 389
telescopically closed, 408
three classical examples, 271–279
topological and simplicial, 376
toy examples, 265–267

model structure
cofibrantly generated, example, 330, 331
comparing confined and projective, 351
G-spectra, 604–605
confined, 350–352
confined and enlarged, for functor

categories, 354
confined and enlarged, relation between,

352–356
confined as a monoidal category, 386
confined, cofibrant approximations in,

351
eight for orthogonal G-spectra, 443, 626
enlarging, 339
enriched projective, Quillen adjunctions

between, 381
for commutative ring spectra, 729
for family of subgroups, 578
G-spaces, 574–584
for modules over a commutataive ring

spectrum, 731–733
for naive and genuine G-spectra, 635–637
for orthogonal G-spectra, 621–628
for real spectra, 802
four monoidal on a functor category, 387
h-, 273
injective, 341–344
left induced, 333
maximal and minimal, 266
on Set, 266
on chain complexes, 277–278
on simplcial sets, Kan, 278
on simplcial sets, Quillen, 278
on simplicial sets, 278–279
on topological spaces, 271–277
positive for smashable spectra, 503
positive stable, cofibrant generation for,

515–522
projective, 286, 341–344

examples of, 346–348
Quillen adjunction between, 349

q-, 273
right and left induced, 331
seesaw effect, 263
stable for smashable spectra, 504–507

definition, 505
stable, Hovey spectra, 484
Strøm, 273, 331
transfer of, 331–340
transferred, 335

underlying and Bredon, 574
module

closed over a closed monoidal category,
160

monads, 96–99
monoidal geometric fixed points

of modules over a commutative ring, 733
of R-modules, 733
of smash product over R with sphere

spectrum, 734
relative, 733–735

monomorphism, 62
Morava stabilizer group, 3
morphism

2-, 169
addition, 147
C-injective, 263
enriched addition, 216
epi, 62
monic, 62
parametrized, 292
reduced composition, 206
regular class of, 309
saturated class of, 309
saturated class of in a model category,

310
split epi, 62
split monic, 62

morphism class
relation with homotopy idempotent

functor, 426
MU , the complex cobordism spectrum, 794
MUppGqq, 807

algebra generators
criterion for , 817–819
recognizing, 819
specific, 819–821
specific, definition, 820
specific, image of ΦG on norms of, 820

algebra generators for πu
�, 816–821

auxiliary spectra for, 828
purity of over index two subgroup, 828

purity of, 822
restriction to a subgroup, 811
slice structure of, 822–837
the elements fi in PG

� of, 821
MUR

definition, 806
MUR, the real bordism spectrum

definition, 806
homotopy of smash powers of, 809
periodicities, 843
properties, 806
real oriented homology of, 810

natural equivalence, 80
natural transformation, 80–83

composition and precomposition as, 82
enriched, 207
identity, 80
set of as an end, 137

nerve of a small category, 245–248
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nondegenerate base point, 256–257
nonequivariant, 219
norm functor, 657–661

definition, 658
of commutative ring, 738
on Yoneda spectrum, 659
properties, 658

object
C-injective, 263
compact in a topological model category,

329
I, 329
finite, 123, 308
finite in a closed symmetric monoidal

category, 165
finitely presented, 123

in a V-category, 225
in topological model category, 329

flat, see flat object
initial, 110
precofibrant, see precofibrant object
small, 308
small, colimit of, 309
solid cylinder, 296
surface, 296
terminal, 110

OG-CW-complex, 582
OG-space, 582
opfibration

Grothendieck, 174–176
orbit space

as colimit, 110
homotopy

as homotopy colimit, 396
orbit space and homotopy orbit space, 554
Orbit spaces and fixed point sets, 552–557
ordinal, 307

filtered by a cardinal, 308
orthogonal G-spectra

categorical properties, 605–621
change of group, 610–612
change of group and smash product,

661–663
eight model structures for, 626
equivalence of finite indexed products

and coproducts, 642
exact sequences for, 637–639
fixed point adjunction for, 609
fixed points and smash products, 615
function spectra and morphism spaces,

615
homotopical properties, 637–646
homotopy groups of

ROpGq-graded, 644
as Mackey functors, 643

homotopy groups, module strcure for,
645

model structure conditions for, 604–605
model structures for, 621–628
morphism objects, 609–610
naive and genuine, 629–637

model structures for, 635–637
categorical equivalence of, 632
homotopical structures for, 630–635
homotopical equivalence of, 635

products and coproducts, 639
smash product of, 613
suspension isomorphism for, 606
tautological presentation, smash

products and function spectra,
612–616

orthogonal G-spectrum
Bredon cofibrant decomposition of, 775
cofree, 690
cofreeness conditions, 691
decomposition of, 774
definition, 603
equivariant homotopy groups, 606–607

definition, 606
fixed point and orbit spectra of, 608–609
fixed point and orbit spectrum of

definition, 608
fixed point spectra of, 678–682
fixed point spectra of, failure of

homotopy invariance, 678
homotopy fixed point and homotopy

orbit spectrum of
definition, 608

homotopy fixed point spectrum, see
homotopy fixed points

indexed wedges and smash products of,
654–656

localizing subcategories of, 763
localizing subcategories of, geometric

connectivity, 764
positive, 604
pure, see pure spectrum
restriction of, 611
smash product with Yoneda spectrum,

614
underlying spectrum, 604

orthogonal group, 463
orthogonal morphism object

connectivity of, 466
orthogonal representations of G and related

structures, 588–602
orthogonal spectrum, 22
orthogonal G-spectra

homotopy groups of, 641–654
otropy separation sequence, 782
π0X, 373

colimit of, 375
pair

transfer, 334
path space, 91

mapping, see mapping path space
reduced, 271

Periodicity Theorem, 6, 846–862
for cyclic 2-groups, 856–861
for homotopy fixed point spectra, 860
for ordinary fixed point spectra, 862

πstSpG, 647–654



Index 911

as homotopical category, 652
definition, 648
long exact sequences in, 652
maps in, 650, 651
suspension and desuspension in, 651

Pontryagin, Lev, 7
positivization, 441
Postnikov section

as localization, 425
Postnikov, Mikhail, 27
precofibations

and pushouts, 325
precofibrant

object, 323
objects, enough, 323

precofibration, 323–327
definition, 323
in category of G-spectra, 326
in factorizations, 326
properties, 324
trivial, 323

presymmetric spectra
as functors on JN

K , 471
presymmetric spectrum

definition, 452
enriched

definition, 452
Princeton convention, 59
product

G-sets and indexed, 177–180
index smash, of commutative rings,

735–745
indexed monoidal, 176–201

along a finite covering, 178
and commutative algebras, 197–198

indexed smash
and trivial cofibrations, 712–714
behavior in arrow category, 711
behavior in diagram category, 711
left derived functor of, 714
of trivial cofibration, 713
of weak equivalence between cofibrant

objects, 714
of cofibrations, 708

projective, 103
pseudofunctor, 172
pullback, 100

composition of, 102
homotopy, 398
in the category of small categories, 112
n-fold, 119

Puppe, Dieter, 305
pure spectrum

associative
slice tower for, 825

definition, 786
MUppGqq as , 822
smash product with bound slice sphere,

827
pushout, 100

composition of, 102

homotopy, 398
n-fold, 119

Quillen adjunction, see also Quillen pair
between projective model structures, 349
M-model, 362
monoidal, 361
two variable, 357

Quillen algebra
M-, 362

Quillen bifunctor, 357–360
and cofibrant generating sets, 358
and lifting test maps, 358

Quillen equivalence, 288–295
and Bousfield localization, 430
and categorical equivalence, 293
and homotopy categories, 294
composition, 295
definition, 293
determined by a single functor, 295
units and counits of, 294

Quillen functor, 288–295
compact, 406
left, 289
limit, colimit as, 349
M-model, 362
right, 289

Quillen module, 362
M-, 362

Quillen pair, 289
E-local objects and equivalences, 423
change of rings, 732
examples, 290
invertible, 289
properties, 292

Quillen ring, 360–364
and Bousfield localization, 428
and Day convolution, 384
arrow category, 366–367
change of, 376
examples, 361
Set as, 361

Quillen’s diagram, 276
for algebraic slice tower, 792
for slice tower, 768

Quillen, Daniel, 35
real and C2-equivariant commutative rings

Quillen equivalence between, 805
real bordism, real orientations and formal

groups, 807–812
real cobordism spectrum, 5
real K-theory, 4
real orientation

definition, 808
for MUR and its norms, 808
on smash products, 808

real oriented cohomology of CP8 and
CP8 �CP8, 808

real space, 4
real spectra

and C2-spectra, 799–801
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and C2-spectra, Quillen equivalence
between, 800

C2-flat, 802–805
C2-flatness

definition, 802
in cofiber sequences, 803
of cofibrant commutative algebras, 803
of pushouts, 804
of symmetric powers, 803

indexed corner map, 801
model structure for, 802
multiplicative properties, 801–802

real vector bundle, 4
reduction

enriched Yoneda, 230
Reduction Theorem, 824

inductive approach, 827–828
proof, 829–837

refinement of underlying homotopy groups,
788

multiplicative, 814
of MUppGqq, 814
of smash powers of MUR, 813–816

reflector, 98
regular class, 309
relative finiteness, 125
representation

of finite G-set, 591–595
definition, 591
degree of, 591
disjoint union and disjoint sum, 591
examples, 592
induced, 592
orthogonal embeddings of, 593
representation sphere of, 591

orthogonal
examples for small groups, 542
induction or transfer, 544
restriction, 544

positive representative of, 745
regular, 590
regular for cyclic 2-group, 664

representation sphere
as a G-CW complex, 664
low dimensional homology of, 665
reduced regular, 573
H0 of, 574
top homology of, 666

restriction and transfer maps
fixed point, 545
group action, 644

restriction functor, 89, 588
properties of, 580

retract
enriched, 205

retraction, 62
saturated class, 309

in a model category, 310
small relative to, 311

sequence, see also exact sequence
Puppe, 305

set
empty, 64
one point, 64

simplex
boundary, 242
face, 242
horn, 242
standard n-, 242

simplicial identities, 241
simplicial set, 241–248

definition, 242
geometric realization of, 243

simplicial space, 241–248
slice

characterization of 0- and 1-, 784–785
spherical, 782–788

bound, 786
definition, 786

slice connectivity
and coconnectivity, 759–763
and coconnectivity, definition, 760
and geometric connectivity, 763–768
and indexed symmetric powers, 791
and ordinary connectivity, 763, 775
effect of restriction and induction on, 763
localizing subcategory, 760
localizing subcategory, generator for, 760
of a cofibrant indexed smash product,

790
of rEP and its suspension, 783
of EP 
X, 782
of G-cells, 762
of indexed products, 789–791
of representation spheres and Yoneda

spectra, 766
of smash products, 766
preserved by indexed smash products,

789
preserved by indexed wedges, 789
properties, 774

and ordinary connectivity, 783
Slice Differentials Theorem, 852
slice filtration, 756–774
slice n-connected cover, 768
slice Pn functor

algebraic, 791
multiplicative structures preserved by,

774
slice Pn-equivalence

definition, 773
fiber of, 773
smash product with slice connected

spectrum, 773
slice relations, 772
slice section, 768

and change of group, 771
recognition of the nth, 769

slice spectral sequence, 6, 774–782
E1-term, 777
E2-term near the vanishing line, 852
external pairing, 777
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for MUR, 839–843
E2-term, 840
differentials, 840
inversion and periodicity, 842

permanent cycles in, 854, 859
ROpGq-graded, 781–782

vanishing regions, 782
ROpGq-graded for MUG, 846–856
vanishing regions, 778

slice sphere, 757–759
bottom slice for, 786
cellular structure of, 775
definition, 757
dimension, 759
norm, 759
restriction, 759

slice theorem, 822–825
converse to, 825–827

slice tower, 768–772, 788–793
cofibrant, 788
cofibrant for a commutative ring,

791–798
definition, 770
multiplicative for a commutative ring,

792
multiplicative properties, 772–774
recognition, 780

small
relative to I, 311

small object argument, 306–311
morphism class permitting, 307

smash product, 77
left and right half, 77

smashable spectra
costructure maps for, 474
Day convolution for, 478
definition, 472
difference between presymmetric and,

439
exact sequences for, 522–524
four model structures for, 514
morphism objects and related notions,

475–479
morphism objects as enriched ends, 475
Ω-, 474

cotensors of, 476
recognition criterion for, 475

positive model structure for, 503
positive stable fibrant , 518
restricted and reduced structure maps

for, 473
restricted costructure map for, 512
stabilization and model structures for,

503–525
stabilizing maps for, 505
stable model structure for, 504–507

definition, 505
stably fibrant are Ω-spectra, 513
tautological presentation, 478
tensors and cotensors of, 476
trivial positive stable fibrations for, 516

Yoneda adjunction for , 477
Snaith, Victor, 2
Snρ

homology for G � C2, 673–678
Spanier-Whitehead duality

equivariant, 531–532
ordinary, 527–530

spectra, 19
as functors, 471–475
homotopical structures, 442
Hovey, see Hovey spectra
Hovey, projective model structure for,

458–460
Hovey, Yoneda adjunction for, 455
indexing categories for, 461–471
model structures for, 440–443
orthogonal, see orthogonal spectra
presymmetric, see presymmetric spectra
presymmetric, symmetric, orthogonal,

unitary and extraorthogonal, 472
projective or strict model structure for,

440
real and complex, 796–805

definition, 797
Homotopy theory of, 798–799
smash products, 798

smashable, see smashable spectra
stable model structure for, 444–445
symmetric, see symmetric spectra
Yoneda, see Yoneda spectra

spectral JO-algebra
definition, 467–468
ideal in, 468
indexing group of, 469

spectrum
costructure map for, 437
fibrant fixed point, 679
fibrant fixed point, homotopy groups of,

680
function

as end, 479
definition, 478

Hovey, see Hovey spectrum
map, 437
new ways to define, 439–440
Ω-, 437
orbit

as left Kan extension, 715
original definition, 437–439
orthogonal, see orthogonal spectrum
presymmetric, see presymmetric

spectrum, 438
real bordism, 806–816
real oriented, definition, 808
Schwede fixed point, 679
Schwede fixed point, homotopy groups

of, 680
Schwede fixed point, properties, 680
smashable, see smashable spectrum
stable equivalence, 438

definition, 443
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strict equivalence, 438
definition, 442

structure map for, 437
symmetric, 439
Yoneda, see Yoneda spectrum

SpG, see orthogonal G-spectra
splitting, 174
stabilization, 440

via homotopy idempotent functor,
489–492

stabilizing maps, 445
for Hovey spectra, 482, 486–489

as projective cofibrations, 483
for smashable spectra, 505, 512
for smashable spectra as stable

homotopy equivalences, 506
presymmetric, 488

stable equivalence
and Θ8 for Hovey spectra, 490
and stable homotopy groups of Hovey

spectra, 491
of Hovey spectra, 484
original definition, 484

stable equivalences
and positive ideals, 514

stable homotopy group, 443
of a spectrum, 487
of Hovey spectrum, 486–489

stable homotopy equivalence
definition, 488

stable model structure
cofibrant generating sets for Hovey

spectra, 492–496
trivial fibrations and projective weak

equivalences, 492
trivial fibrations in, 492

Stasheff pentagon, 146
Stiefel manifold, 463
structure map

for enriched functor category, 230
for spectrum, 437

structured spheres and loops, 470
subcategory

full and lluf, 60
reflective, coreflective and bireflective, 98
replete, 98
wide, 60

Sullivan conjecture, 557
suspension

twisted, 588
suspension and loop isomorphisms

for original spectra, 497
smashable spectra, 522

symmetric group, 462
symmetric power

badly behaved map of, 714
definition, 714
indexed, 714–724

and slice connectivity, 791
definition, 716

nice properties of indexed smash
products of, 726

of a cofibration of cofibrant diagrams,
717

iterated indexed, 724–728
nice properties of, 727

symmetric spectra
the prickly case of, 445–448

T -algebra, 97
T G, 533
tautological presentation, 232
telescope

and homotopy Cartesian squares, 407
as ordinary sequential colimit), 400
as sequential colimit, 405
as sequential homotopy colimit, 399
of weak equivalences and of

isomorphisms, 404
tensor, 211–216
Θ and Θ8, 389

for Hovey spectra, 489
for smashable spectra, 508–511

Thetajay, 2
Thom diagonal, 530
Thom space, 463
Toda, Hirosi, 3
T opG, 533
topological spaces, 76–77
tower

as sequential homotopy limit, 399
of weak equivalences and of

isomorphisms, 404
transfinite composition, 307
triple, 96
turnstile, 86
twisted monoid ring, 745–752

ideal in, 747
method, 748
noncommutativity of, 746
on one generator

definition, 745
quotient module, 749–752

definition, 750
twisted monoid subring, 851

bigger, 851
two variable adjunction, 156–158
Υ-cofibration, 425
Υ-equivalence, 425
Υ-fibration, 425
Υ-local, 425
unitor, 146
universal space

for a family F of subgroups, defintion,
578

for a family F of subgroups, examples,
578

universal spaces, 584–585
G-equivariant Λ-, 584

unoriented cobordism ring, 812–813
vector field problem, 16
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weak equivalence, 260
detecting with morphism objects,

376–378
not preserved by suspension, 257
of topological spaces, 271
products and coproducts of, 291
projective, 341
pushouts and pullbacks of, 291
strict, 341

Wirthmüller isomorphism, 533
working fiberwise, 178
World Without End Hypothesis, 17
Ξ, 5–6

definition, 861
key properties of, 6, 838

Yoneda adjunction, 92, 95
enriched, 222

as Quillen pair, 380
Yoneda coreduction, 144

generalized, 139
Yoneda embedding, 84

covariant, 84
Yoneda functor

and desuspension functor for Hovey
spectra, 501

Yoneda lemma, 84
enriched, 211, 222

Yoneda reduction, 138, 144
generalized, 138

Yoneda spectra
more, 477
properties of, 479–481
rigidity of, 480

Yoneda spectrum, 444
as representor of V th object functor, 479
definition, 457
norm of, 707

Yoneda, Nobuo, 57
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